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Boundary-sensitive Lindbladians and relaxation dynamics
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It is well known that non-Hermitian systems can be extremely sensitive to boundary conditions owing
to non-Hermitian skin effect (NHSE). Analogously, we investigate two boundary-sensitive U(1)-symmetric
Lindbladians: one carries current in the steady state, and the other does not. The numerical results indicate
significant change of the Liouvillian spectrum, eigenmodes, and relaxation time for both Lindbladians when the
boundary conditions are altered. This phenomenon is found to be triggered by the Liouvillian skin effect (LSE),
specifically the localization of eigenmodes, which stems from the NHSE of the non-Hermitian effective Hamil-
tonian. In addition, these two Lindbladians manifest different LSE, ultimately resulting in distinct relaxation
behaviors.
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I. INTRODUCTION

Open quantum systems have attracted growing inter-
est due to the rapid advancements in quantum technology,
which enable the engineering of specific environments and
the realization of diverse nonequilibrium phenomena [1–9].
Moreover, given the inevitable coupling between the system
and the environment in practical applications, it is both essen-
tial and practical to explore physical processes encompassing
system-environment interactions. Under Markovian approxi-
mation, it is widely acknowledged that the Lindblad master
equation effectively describes the evolution of the system
[10]. One pivotal quantity that characterizes this evolution
is the relaxation time τ , serving as a significant intrinsic
timescale. Another closely related quantity is Liouvillian gap
�, which is defined as the smallest modulus of the real part of
nonzero eigenvalues of the Lindbladian. Conventionally, for
open quantum systems governed by the Markovian Lindblad
master equation, the relaxation time τ is approximately in-
versely proportional to the Liouvillian gap � of the system.
Therefore, extensive prior research has focused on investigat-
ing the scaling relationship between the Liouvillian gap and
system size [11–13]. However, recent studies have uncovered
the discrepancy between the inverse of the Liouvillian gap
and the relaxation time [14–17]. This anomalous relaxation
behavior is attributed to superexponentially large expansion
coefficients of the lowest relevant Liouvillian eigenmodes.

On another front, recent works have uncovered numer-
ous novel phenomena of non-Hermitian Hamiltonian, one
of which is the extreme sensitivity of the boundary con-
ditions, which originates from non-Hermitian skin effect
(NHSE) [18–36]. There are two marked signals for NHSE:
one is accumulation of extensive eigenstates near the edge,
and another is dramatic change of energy spectrum when
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switching boundary conditions. Evidently, NHSE will induce
rich nontrivial dynamical effects, such as unconventional re-
flection, entanglement suppression, etc. [37–44]. However,
the non-Hermitian Hamiltonian suffers from postselection
problem [45], which renders it exponentially hard to imple-
ment in experiments. Moreover, the physical phenomena of
a non-Hermitian Hamiltonian can undergo breakdown when
considering environmental fluctuations [46]. So it is natu-
ral to ask how to design a postselection free open quantum
model hosting skin effect and how skin effect will shape the
Liouvillian spectrum, eigenmodes (including steady state),
and the relaxation dynamics?

The first question is answered inspired by recent progress
on measurement-induced phase transition (MIPT) [47–55],
which similarly encounters the postselection issue. An inter-
esting attempt to overcome the problem is to apply corrective
unitary operations, as long as the unexpected measurement
outcome appears. In doing so, the system can be steered
towards a particular target state [56–60]. By choosing ap-
propriate continuous measurement and feedback operators,
recent studies successfully attain the Liouvillian skin effect
(LSE) in the steady state. The numerical findings corroborate
that the skin effect effectively immobilizes a substantial por-
tion of particles, thereby significantly suppressing the growth
of entanglement and ultimately preventing the occurrence
of MIPT [61,62]. It is worthwhile to mention that other
mechanisms such as interactions [63] and asymmetric jump
operators can also induce LSE [15,64].

In this paper, we will address the second question. In or-
der to clearly show the rich and nontrivial role of LSE, we
investigate two Lindbladians, one with feedback and the other
without, under both periodic boundary conditions (PBCs)
and open boundary conditions (OBCs). The first Lindbladian
holds a current-carrying steady state, whereas the second
Lindbladian hosts a no-current steady state. It is reasonable to
anticipate these two Lindbladians will manifest distinct relax-
ation behaviors. Our paper indeed demonstrates that LSE will
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TABLE I. Summary of the main results of the paper. “LSE,” abbreviation for Liouvillian skin effect, represents the skin localization of the
eigenmodes and ξ characterizes the localization length. The steady state for the Lindbladian with feedback under PBCs is ρss = ∑

k λk |k〉 ⊗
|k〉∗, in which λk = 1−sink

1+sink /
∑

k
1−sink
1+sink , k = 2π j

L , j = 1, 2 . . . , L, and |k〉 = 1√
L

∑L
j=1 e−ik j | j〉. For the Lindbladian without feedback under PBCs,

if system size L = 4N, N ∈ Z , there exist bistable steady states I/L and | − π

2 〉 ⊗ | − π

2 〉∗. Otherwise, the steady state is the unique maximally
mixed state I/L. Moreover, the relaxation time approximately obeys τ ∝ O(Lα ), in which α is dependent on γ and smaller than 2 due to faster
relaxation process. For the no-feedback case under OBCs, the relaxation time follows O(Lβ ), in which β is given by the scaling behavior of
Liouvillian gap � ∝ L−β and β depends on γ . The initial states are all chosen as |L〉〈L| for the above four cases.

Steady The majority Relaxation Relaxation Cutoff Liouvillian gap vs
state of eigenmodes time vs L time vs γ phenomena relaxation time

Feedback, PBCs
∑

k λk |k〉 ⊗ |k〉∗ Extended O(L2 ) Monotonic Not exist τ ∼ 1
�

Feedback, OBCs LSE LSE O(L) Nonmonotonic Exist τ ∼ 1
�

+ L
ξ�

No feedback, PBCs I/L for L 
= 4N ; I/L, | − π
2 〉⊗ Extended O(Lα ), α < 2 Monotonic Not exist τ < 1

�

| − π
2 〉∗ for L = 4N

No feedback, OBCs I/L LSE O(Lβ ) Nonmonotonic Not exist τ ∼ 1
�

greatly alter the Lindbladians’ eigenvalues and eigenmodes.
Consequently, the relaxation behaviors are also fundamen-
tally changed. Furthermore, the Lindbladians studied in this
paper can be well understood by perturbation theory, which
unveils the close connections between the NHSE of non-
Hermitian effective Hamiltonian and the LSE of the whole
Lindbladian. For clarity, we adopt NHSE to denote skin effect
for the eigenstates of the non-Hermitian Hamiltonian, while
LSE represents skin effect for the eigenmodes of the Lind-
bladians, despite both of them sharing the same mathematical
origin.

The rest of the paper is organized as follows: In Sec. II,
we introduce two Lindbladians and their corresponding mea-
surement protocols. Next, Sec. III provides a brief overview
of some basic knowledge of Lindbladians. Subsequently, we
proceed to present our research findings. First, in Sec. IV,
the Lindbladian with feedback is investigated. Specifically, in
Sec. IV A 1, we acquire Liouvillian spectra for different mon-
itoring rates γ under OBCs and PBCs. Second, Sec. IV A 2
shows that the eigenmodes including steady state under OBCs
exhibit LSE, while the eigenmodes under PBCs are extended.
Third, in Sec. IV A 3, utilizing exact diagonalization, we ob-
tain the scaling relation between the Liouvillian gap � and
system size L for OBCs and PBCs. We find the relaxation
timescales as τ ∼ O(L) under OBCs and τ ∼ O(L2) under
PBCs. The former displays discrepancy between the inverse
of the Liouvillian gap and the relaxation time, which approx-
imately follows τ ∼ 1/� + L/ξ�, while the latter obeys τ ∼
1/�. Interestingly, a cutoff phenomenon exists under OBCs.
In Sec. IV B, we consider the half-filled many-body case in
brief, in which the LSE and cutoff phenomenon survive. The
scaling relations between τ and L remain valid. In Sec. V,
the Lindbladian without feedback is investigated. Although
the steady state and eigenmodes around steady state are free
from LSE, the majority of eigenmodes still display LSE.
Hence, the Liouvillian spectrum, Liouvillian gap, and re-
laxation time are also dramatically altered when changing
boundary conditions. Interestingly, we observe that the relax-
ation time τ is smaller than the inverse of Liouvillian gap
under PBCs, i.e., τ < 1/�, while for the OBCs, the relax-
ation time still satisfies the usual rule τ ∼ 1/�. Appendix A
presents a perturbation analysis of Liouvillian spectrum and
eigenmodes. Exact solutions of the nontrivial steady state

under PBCs are also available. Lastly, in Appendix B, some
additional numerical results are provided to support our con-
clusions. The main results of the paper are summarized in
Table I.

II. LINDBLADIANS AND MEASUREMENT PROTOCOLS

The measurement protocols to achieve the Lindbladians we
studied have been illustrated in detail before [61,62]. Here, we
will briefly introduce them for completeness. We consider a
one-dimensional (1D) free-fermion model, subject to contin-
uous measurement and unitary feedback. The Hamiltonian is
given by

Ĥ =
∑

i

t

4
(c†

i+1ci + c†
i ci+1), (1)

where ci (c†
i ) denotes annihilation (creation) operator of the

spinless fermion at site i and t represents the hopping strength.
We set t = 1 throughout the work. The measurement opera-
tors act on two neighboring sites and can be expressed as P̂i =
ξ

†
i ξi, in which ξ

†
i = 1√

2
(c†

i − ic†
i+1). It is readily known that

measurement operator Pi detects right-moving quasimode. To
achieve nontrivial steady state exhibiting LSE, additional sub-
sequent unitary feedback operator Ui should be applied after
measurement Pi, which converts the right-moving quasimode
ξ

†
i = (c†

i − ic†
i+1)/

√
2 into the left-moving quasimode ξ

′†
i =

(c†
i + ic†

i+1)/
√

2 [61,62]. The unitary feedback operator is ex-
pressed as Ui = eiπni+1 , in which ni+1 is the number operator,
i.e., ni+1 = c†

i+1ci+1. Thus, for the Lindbladian with feedback,
the corresponding Lindblad operator is

Li = UiPi = eiπni+1 ξ
†
i ξi. (2)

Furthermore, we also consider the Lindbladian without feed-
back. In this scenario, the Lindblad operator simplifies to
the measurement operator alone, represented as Li = Pi. It is
noted that L†

i Li is invariant with unitary feedback. In addition,
both Lindbladians are number conserving, or U(1) symmetric.

For continuously monitored systems, it is widely acknowl-
edged that the system’s evolution is described by the Lindblad
master equation within the framework of the Markovian
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approximation [52]. The master equation is as follows:

dρ

dt
= Lρ

= −i[H, ρ] + γ
∑

μ

(
LμρL†

μ − 1

2
{L†

μLμ, ρ}
)

= −i(Heffρ − ρH†
eff ) + γ

∑
μ

LμρL†
μ,

(3)

where L is referred to as Lindbladian or Liouvillian su-
peroperator and Lμ denotes Lindblad operator mentioned
previously. Furthermore, γ represents the monitoring rate,
namely, the frequency for the environment observing the
system. It should be noted that the Lindblad operators are
quadratic in the single-particle sector. Moreover, we highlight
that both Lindbladians (with and without feedback) share the
same effective non-Hermitian Hamiltonian Heff, which can be
expressed as

Heff = H − i
γ

2

∑
μ

L†
μLμ

= 1

4

∑
i

[(t + γ )c†
i ci+1 + (t − γ )c†

i+1ci − iγ (ni + ni+1)].

(4)
Neglecting overall dissipation, Ĥeff corresponds to the
Hatano-Nelson model [65], renowned for its manifesta-
tion of NHSE under OBCs. The eigenstates display ex-
ponential localization characterized by r−i, in which r =√|t + γ |/|t − γ | and i = 1, 2, . . . , L. Conversely, under
PBCs, owing to [H,

∑L
μ=1 L†

μLμ] = 0, the non-Hermitian ef-
fective Hamiltonian Heff shares common eigenstates |k〉 with
free-fermion Hamiltonian H . As a result, the eigenvalues are
Heff|k〉 = E (k)|k〉, in which E (k) = 1

2 (cosk − iγ sink) − i γ

2 ,
and k = 2π j

L , j = 1, 2, . . . , L. In Appendix A, perturbation
theory explicitly demonstrates that the sensitivity of the Lind-
bladian is inherited from the sensitivity of non-Hermitian
effective Hamiltonian Heff.

In this paper, we investigate two Lindbladians, correspond-
ing to feedback case and no-feedback case, respectively. Both
of them are boundary sensitive, but it is noteworthy that there
is an essential difference between the cases with and without
feedback. Specifically, under PBCs, for the former, the system
carries current in the steady state, while the latter adheres to
detailed balance condition, resulting in a vanishing current
[62]. Therefore, it is reasonable to anticipate distinct relax-
ation dynamics between the Lindbladians with and without
feedback.

Before delving into our findings, we emphasize the dif-
ference of this work with previous works, which concentrate
on the entanglement dynamics by utilizing the quantum jump
method to approximately simulate evolution of the system, in
terms of the stochastic Schrödinger equation [61,62]. In con-
trast, our work primarily focuses on the Liouvillian spectrum,
eigenmodes (including steady state) of Lindbladian, and its
associated relaxation dynamics.

III. BASIC KNOWLEDGE OF LINDBLADIAN

First of all, let us introduce some basic knowledge of
Liouvillian superoperator. For the fermionic Liouvillian su-
peroperator L, it is well known that there is at least one steady
state ρss if the dimension of the Hilbert space is finite [66].
Aside from the steady state, there are other (right) eigen-
modes ρR

i satisfying LρR
i = λiρ

R
i . Physically, the real parts

of Liouvillian eigenvalues must obey Re[λi] � 0. Further-
more, due to LρR

i = λiρ
R
i , it can readily be deduced LρR

i
† =

λ∗
i ρ

R
i

†, thereby ensuring that the Liouvillian eigenvalues ap-
pear in complex-conjugate pairs. In general, we can order
Liouvillian eigenvalues as 0 = Re[λ0] > Re[λ1] � Re[λ2] �
· · · , in which λ0 represents the unique steady state (in special
cases, there exist multiple steady states). The Liouvillian gap
is defined as � = |Re[λ1]|. Hence, if the initial density matrix
is given by ρR

ini = ρss + ∑
i ciρ

R
i , the density matrix at time t

can be expressed as ρ(t ) = ρss + ∑
i 
=0 cieλitρR

i . To preserve
the trace, it is evident that the eigenmodes except for steady
state must satisfy tr[ρR

i ] = 0. Intuitively, the relaxation time
will behave as τ ∼ 1/�. However, recent works discover that
coefficient c1 can be superexponential, leading to a discrep-
ancy between the Liouvillian gap and the relaxation time
[14,15].

Alternatively, we can vectorize the Lindblad master
equation [see Eq. (3)] and transform Liouvillian super-
operator L into matrix form L̃, which is dubbed as the
Choi-Jamiolkowski isomorphism [67,68]. The vectorized
master equation is as follows:

d|ρ〉〉
dt

= L̃|ρ〉〉

=
[
− i(H ⊗ I − I ⊗ HT ) + γ

∑
μ

(
Lμ ⊗ L∗

μ − 1

2
L†

μLμ

⊗ I − 1

2
I ⊗ LT

μL∗
μ

)]
|ρ〉〉

=
⎡
⎣−i(Heff ⊗ I − I ⊗ H∗

eff ) + γ
∑

μ

Lμ ⊗ L∗
μ

⎤
⎦|ρ〉〉,

(5)

in which |ρ〉〉 = ∑
i, j ρi, j |i〉 ⊗ | j〉 is the vectorized form of

density matrix ρ = ∑
i, j ρi, j |i〉〈 j|, and the non-Hermitian

effective Hamiltonian is given by Heff = H − i γ

2

∑
μ L†

μLμ.
Apparently, L̃ is a non-Hermitian matrix.

Due to the non-Hermitian nature of Lindbladian L, an-
other set of left eigenmodes is needed to construct orthogonal
relations. The left eigenmodes are defined as L†ρL

i = λ∗
i ρ

L
i ,

in which L† is given by L†ρ = −i[ρ, H] + ∑
μ(L̂†

μρL̂μ −
1
2 {L̂†

μL̂μ, ρ}). It is easy to demonstrate that the right and
left eigenmodes corresponding to different eigenvalues are
orthogonal to each other: (ρL

i |ρR
j ) = 0 (λi 
= λ j ), where the

inner product (A|B) is defined as (A|B) = Tr[A†B]. There-
fore, the coefficients of eigenmodes ρi can be expressed as
ci = (ρL

i |ρR
ini )/(ρL

i |ρR
i ).
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FIG. 1. Single-particle Liouvillian spectrum for different moni-
toring rate γ under OBCs (purple) and PBCs (orange). The system
size is chosen as L = 20 (a) γ = 0.04, (b) γ = 0.6, (c) γ = 1.0,
(d) γ = 2.0. We set precision as 30 digits to avoid numerical
inaccuracy.

IV. LINDBLADIAN WITH FEEDBACK

This section is focused on the Lindbladian with feedback,
namely, Li = UiPi. It has been known that the system carries
nonzero current for the feedback case under PBCs [62], which
results in LSE of the steady state under OBCs. We consider
the single-body case in Sec. IV A and the many-body case in
Sec. IV B.

A. Single-body case

In this subsection, we perform exact diagonalization and
perturbation analysis in the single-particle sector and inves-
tigate its Liouvillian spectrum {λi}, steady state ρss, and
Liouvillian gap �. Additionally, we analyze its relaxation
dynamics, demonstrating the profound impact of LSE on the
relaxation behaviors.

1. Liouvillian spectrum

As shown in Fig. 1, the Liouvillian spectrum under
PBCs is totally different from OBCs, which is reminis-
cent of distinct energy spectrum under PBCs and OBCs
for the non-Hermitian Hamiltonian hosting NHSE. Indeed,
there is a deep connection between the Liouvillian spec-
trum and energy spectrum of the effective non-Hermitian
Hamiltonian for the model in this paper, which is directly
reflected by the perturbation analysis in Appendix A. We will
briefly illustrate it in the following.

For the feedback case under PBCs, we observe that
[H,

∑
j L†

j L j] = 0, enabling us to take L̃0 = −i(Heff ⊗ I −
I ⊗ H∗

eff ) as the unperturbed part. Its corresponding eigen-
modes |k〉 ⊗ |k′〉∗ are the zeroth-order eigenmodes of the
whole Liouvillian superoperator L̃, with |k〉 denoting Bloch
waves with crystal momentum k. The resultant zeroth-order
eigenvalues are expressed as λ

(0)
k,k′ = −i[E (k) − E (k′)∗] =

− i
2 (cosk − cosk′) − γ

2 (2 + sink + sink′). Moreover, the first-
and second-order corrections of eigenvalues are about

O(L−1), so for large system size L, the border of PBCs Liou-
villian spectrum is well characterized by λ

(0)
k,k′ . For example,

zeroth-order eigenvalues set the restrictions −2γ � Re{λi} �
0 and −1 � Im{λi} � 1, which agree well with the numerical
results. Furthermore, as shown in Fig. 22 of Appendix A, we
also consider the first-order corrections of eigenvalues, which
are more close to the numerical results [see Fig. 1(a)] of exact
diagonalization.

On the other hand, under OBCs, a similar perturbation
analysis is performed in Appendix A 2. In contrast with PBCs,
the effective non-Hermitian Hamiltonian Heff exhibits NHSE
under OBCs, implying that its eigenstates are exponentially
localized instead of extended Bloch waves. Neglecting two
terms of unperturbed Liouvillian L̃0(see Appendix A 2), the
zeroth-order Liouvillian eigenvalues roughly take the form

λ
(0)
k,k′ = −i[EOBC(k) − EOBC(k′)∗]

≈
{− i

2

√
1 − γ 2(cosk − cosk′) − γ for γ < 1,

− 1
2

√
γ 2 − 1(sink + sink′) − γ for γ > 1,

(6)

in which k (k′) = 2π j ( j′)/L, j ( j′) = 1, 2, . . . , L. Although
the approximation is pretty loose, λ

(0)
k,k′ indeed explains some

properties of OBCs Liouvillian spectrum. For instance, when
γ < 1, as depicted in Figs. 1(a) and 1(b), a large propor-
tion of eigenvalues are located around Re[λ] = −γ , with
the imaginary part of eigenvalues approximately follow-
ing −

√
1 − γ 2 � Im{λi} �

√
1 − γ 2. Moreover, when γ =

1, the eigenvalue λ = −γ is hugely degenerate. As for γ >

1, most eigenvalues tend to reside on the real axis. These
observations can be directly interpreted to some extent us-
ing Eq. (6). However, there are many features of OBCs
Liouvillian spectrum beyond the scope of zeroth-order
approximation [i.e., Eq. (6)]. Therefore, as shown in
Fig. 22(c), we also include the first-order corrections
of eigenvalues, which already roughly provide correct
shape of Liouvillian spectrum displayed in Fig. 1. Fur-
thermore, it is reasonable to predict that higher cor-
rections will further improve the accuracy. In summary,
our perturbation analysis reveals that the sensitivity of
the Liouvillian spectrum is originated from the sensitiv-
ity of the energy spectrum of the non-Hermitian effective
Hamiltonian.

2. Steady state

As proved in Appendix A 1, under PBCs, the steady state
can be exactly determined as

ρss =
∑

k

λk|k〉 ⊗ |k〉∗, (7)

in which λk = 1−sink
1+sink /

∑
k

1−sink
1+sink and k = 2π j

L , j =
1, 2, . . . , L. This steady state is nontrivial since it is
highly coherent. In particular, for L = 4N, N ∈ Z ,
ρss = 1

L

∑L
n,m=1 ei π

2 (n−m)|n〉 ⊗ |m〉, which means the absolute
value of all elements of ρss is equal to 1/L. However, it is
common for an open quantum system to undergo decoherence
and reach an incoherent steady state finally. Therefore, we
attribute this coherent steady state to the intricate interplay
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FIG. 2. Localization length ξ for various γ and L. (a) γ � 0.6.
(b) 0.8 � γ � 3.0. (c) The localization length ξ varies with γ . Sys-
tem sizes are chosen as 20 � L � 100.

between unitary evolution, continuous measurements, and
special feedback operations.

As for OBCs, an analytical form of steady state ρss is
absent. Nevertheless, our perturbation theory suggests that the
majority of Liouvillian eigenmodes will tend to be localized
due to the exponential localization behavior of H ′

effs eigen-
states. We numerically acquire the steady state under OBCs,
whose off-diagonal elements are almost zero. Moreover, the
diagonal elements exhibit exponential localization behaviors
similar to the Hatano-Nelson model (i.e., |ρss|x,x ∝ e−x/ξ ).
Therefore, we extract the localization length ξ through fit-
ting the diagonal elements of steady state ρss. As shown
in Fig. 2, the localization length ξ initially experiences a
rapid decline with increasing γ when γ < 0.6. However, once
γ > 0.6, the localization length ξ smoothly increases with
growing γ . Furthermore, as depicted in Fig. 2, the localization
length is independent of system size L. These observed behav-
iors closely resemble those exhibited by the Hatano-Nelson
model.

The preceding analysis indicates that the Liouvillian
spectrum and Liouvillian eigenmodes, including the steady
state, are greatly altered when changing boundary condi-
tions. In the subsequent section, we delve into a detailed
investigation of the distinct relaxation processes under both
PBCs and OBCs. To quantify relaxation time τ , we evalu-
ate distance d (t ) = ||ρ(t ) − ρss||tr, in which ||ρ(t ) − ρss||tr =
Tr

√
[ρ(t ) − ρss]†[ρ(t ) − ρss]. We define relaxation time τ as

the smallest time at which d (t ) < 0.01.

3. Liouvillian gap and relaxation dynamics

Before discussing relaxation time τ , we first calculate the
scaling relation between Liouvillian gap � and system size
L. As illustrated in Fig. 3, we find good scaling relations
� ∝ L−2 and � ∝ γ under PBCs. These scaling relations
under PBCs are well explained by perturbation theory in
Appendix A 1, from which the Liouvillian gap approximately
satisfies � ≈ γ

2 [1 + sin(−π
2 + �k)] ≈ γπ2

L2 . On the contrary,
as shown in Fig. 4, for arbitrary γ , Liouvillian gap � remains

FIG. 3. Liouvillian gap � versus system size L and monitoring
rate γ on a log-log plot under PBCs. (a) Liouvillian gap � approx-
imately behaves as � ∝ L−2. (b) Liouvillian gap � approximately
behaves as � ∝ γ .

finite with the increase in system size L under OBCs. Addi-
tionally, for systems with various size L, with the increase in
γ , Liouvillian gap � initially increases and then decreases.

As for relaxation time, we find the relaxation time τ fol-
lows the usual law τ ∼ 1/� under PBCs. Specifically, as
indicated in Figs. 5(a) and 5(b), the relaxation time τ exhibits
scaling behaviors of τ ∝ L2 and τ ∝ γ −1, respectively. More-
over, as shown in Fig. 26, another evidence is that distance
d (t ) under PBCs immediately decays as the manner controlled
by the inverse of Liouvillian gap, thus inferring τ ∼ 1/�.

When switching into OBCs, as shown in Fig. 6(a), the re-
laxation time is approximately proportional to L. However, for
small γ , such as γ = 0.02, τ deviates from the relation τ ∝ L,
which is finite-size effect. Because the localization length
ξ is comparable with system size L when γ is sufficiently

FIG. 4. Liouvillian gap � for various system size L and mon-
itoring rate γ under OBCs. (a) γ � 0.6. (b) 0.8 � γ � 3.0. The
Liouvillian gap saturates at a finite value with the increase in L.
(c) The Liouvillian gap first increases with γ and then decreases.
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FIG. 5. Relaxation time versus system size L and monitoring rate
γ on a log-log plot under PBCs. The initial state is |L〉〈L|. The
relaxation time τ is the smallest time t satisfying d (t ) � 0.01. (a) Re-
laxation time τ approximately behaves as τ ∝ L2. (b) Relaxation
time τ approximately behaves as τ ∝ γ −1.

small and L ∼ O(10). Moreover, as depicted in Fig. 6(b), the
minimum relaxation time occurs around γ = 0.6, at which
the steady state displays the strongest LSE. Therefore, we can
infer that the Liouvillian skin effect can help shorten the relax-
ation time. We note that similar nonmonotonic behaviors with
respect to system-environment coupling have been observed
in other contexts, such as noise-assisted transport [69–71]. A
previous work has unveiled similar scaling relation between
relaxation time and system size L [τ ∼ O(L)], despite the
big difference between our Lindbladians and theirs [15]. This
anomalous scaling relation under OBCs can be primarily at-
tributed to the LSE of the first eigenmodes ρR

1 and ρR
1

†. The
corresponding coefficient follows c1 = (ρL

1 |ρR
ini )/(ρL

1 |ρR
1 ), in

FIG. 6. Relaxation time τ for various system size L and moni-
toring rate γ under OBCs. The initial state is |L〉〈L|. The relaxation
time τ is the smallest time t satisfying d (t ) � 0.01. (a) For fixed γ ,
relaxation time τ ∝ L. (b) τ first decreases with γ for γ < 0.6 and
then slightly increases with γ .

FIG. 7. Evolution of the first site’s density n1 under OBCs. The
initial state is |L〉〈L|. (a) L = 20, γ � 0.4. (b) L = 20, 0.6 � γ �
3.0. (c) γ = 2.0, L = 10, 20, 30, 40, 50.

which (ρL
1 |ρR

1 ) is approximately e−O(L/ξ ) because of the
exponential localization of ρR

1 and ρL
1 (see Fig. 23). Therefore,

the relaxation time τ should approximately obey eL/ξ e−�τ ∼
e−1, leading to τ ∼ L/ξ� + 1/� [15]. In the thermodynamic
limit, since Liouvillian gap � is finite, the first term will
dominate, yielding τ ∼ O(L).

In addition to distance d (t ), we also directly observe the
evolution of the density at the first site 〈n1〉 and the last site
〈nL〉 to gain the intuitive pictures for different scaling behav-
iors of relaxation time. We imagine the initial state |L〉〈L|
as a “particle” situated at site L. Under OBCs, we observe
the evolution of density at the first site. When γ > 0.4, 〈n1〉
remains zero until the “particle” moves to the left, after which
the density rapidly reaches a maximum value and remains
constant, which means the “particle” is sticky to the edge once
the “particle” touches the boundary. However, for γ < 0.2,
after reaching the peak, 〈n1〉 begins to fall down, suggesting
partial reflection of the “particle.” When γ is very small, the
evolution of density resembles the unitary case with γ = 0, in
which 〈n1〉 will constantly irregularly oscillate. For example,
for γ = 0.01 or 0.02, it should undergo several oscillations
until it finally reaches the steady state, so the relaxation time
is significantly longer than the big γ cases as indicated in
Fig. 6(b). Furthermore, for γ > 0.4, it is shown in Fig. 7(b) the
relaxation time for n1 is relatively insensitive to γ at least for
small sizes, aligning with the results in Fig. 6(b). Moreover,
as illustrated in Fig. 7(c), the relaxation time τ is proportional
to system size L, which makes sense since the propagation
“velocity” is finite due to the Lieb-Robinson bound [72,73].
Therefore, it always takes at least O(L) time for “particle” to
move through the whole bulk.

In contrast, the relaxation dynamics under PBCs differs
significantly from the case under OBCs. As depicted in Fig. 8,
compared with the OBCs case, the observable 〈nL〉 under-
goes numerous oscillation periods before reaching the steady
state. Notably, larger monitoring γ leads to shorter oscilla-
tory periods. Specifically, as shown in Fig. 8(c), for γ = 2.0
and L = 10, 20, 30, 40, 50, the time of the first peaks of nL
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FIG. 8. Evolution of the last site’s density nL under PBCs on a
semilogarithmic plot. The initial state is |L〉〈L|. (a) L = 20, γ � 0.5.
(b) L = 20, 0.5 � γ � 3.0. (c) γ = 2.0, L = 10, 20, 30, 40, 50.

under PBCs are approximately t ≈ 20, 42, 62, 83, 103, which
indicates that the period linearly grows with L. Moreover, the
system should undergo about N periods before reaching the
steady state. We observe that N is approximately proportional
to L, so the relaxation time under PBCs follows τ ∼ O(L2).

Interestingly, for the single-particle case under OBCs,
we observe the cutoff phenomena, indicating that relaxation
does not occur until a certain time, after which it rapidly
proceeds within a time window of O(1). To be concrete,
as depicted in Fig. 9, distances d (t ) remain constant up
to a considerable time [∼O(L)] before rapidly decreasing.
This phenomenon can be attributed to the steady state ρss

being close to |1〉〈1|, while the initial state is |L〉〈L|, en-
suring the state ρ(t ) “far from” the steady state ρss for a
considerable time during evolution. A straightforward cal-

FIG. 9. Evolution of distance d (t ) under OBCs on a semiloga-
rithmic plot. The initial state is |L〉〈L|. (a) γ = 0.6. Distance keeps
invariant for O(L) time and then exponentially decays. (b) L = 60.
The LSE for γ = 0.6 is stronger than γ = 2.0, so the cutoff phe-
nomenon for the former is more evident.

FIG. 10. Evolution of density distributions. The initial state
is half-filled |00 . . . 011 . . . 1〉〈00 . . . 011 . . . 1|. L = 30, γ = 2.0.
(a) PBCs, the density distribution of steady state is uniform.
(b) OBCs, the steady state displays skin effect.

culation is that d (t ) ≈ tr
√

(ρ(t ) − |1〉〈1|)(ρ(t ) − |1〉〈1|) ≈
tr
√

ρ(t )2 + |1〉〈1| ≈ tr[ρ(t ) + |1〉〈1|] = 2. The approxima-
tion relies on the fact that if the initial state is away from
|1〉〈1|, then ρ(t )|1〉〈1| and |1〉〈1|ρ(t ) will keep close to zero
for a while, as ρ(t ) takes time to gradually approach |1〉〈1|.
Hence, it is clear that cutoff phenomena depend on ini-
tial state. For instance, given a uniform initial state, then
ρ(t )|1〉〈1| 
= 0, implying that cutoff phenomena will disap-
pear. Additionally, as depicted in Fig. 9(b), the duration
for which the distance remains constant increases with the
strength of the skin effect. Conversely, under PBCs, the cutoff
phenomena are absent due to the delocalized structure of ρss.
Moreover, cutoff phenomena provide us another viewpoint to
intuitively understand the scaling behavior τ ∼ L/ξ� + 1/�,
which can be divided into two parts τ = τ1 + τ2. As depicted
in Fig. 9, the first part is that distance keeps unchanged for a
duration τ1 ∼ O(L/ξ�), and the second part is that distance
roughly exponentially decays as the inverse of Liouvillian
gap, thus resulting in τ2 ∼ O(1/�).

B. Many-body case

In this section, we briefly explore the Lindbladian with
feedback under OBCs in the many-body half-filled sector. The
aim is to see the relaxation behaviors of many-body LSE.

Due to exponential growth of dimensions of the Liouvillian
superoperator for the many-body case, the exact diagonal-
ization is limited to very small system size L. Therefore,
aside from exact diagonalization, we also employ the quan-
tum jump method to simulate the evolution, enabling us to
obtain the evolution of the density distribution. The numeri-
cal implementations have been elucidated in previous works
[61,62,74].

1. Many-body Liouvillian skin effect

As shown in Fig. 10(b), the steady state under OBCs
exhibits the many-body LSE, which represents that almost
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FIG. 11. Imbalanced density distribution of steady state for
many-body half-filled cases with feedback.

all of particles are localized at the left-half side, leaving the
right-half side nearly empty. Previous studies have proved
that many-body LSE immensely suppress the entanglement
growth, driving the system into area-law phase for any
nonzero γ . This effect arises because most of the particles
become frozen due to the Pauli exclusion principle, while
only fluctuation areas around the middle contribute to the
generation of entanglement [61,62].

For many-body cases, to quantify the strength of skin ef-
fect, we define

η = Nleft − Nright

Ntot
, (8)

where Nleft and Nright represent the number of particles on the
left and right halves, respectively. Obviously, the larger the η

is, the stronger the skin effect is. The density distribution is
uniform for η = 0, while particles are entirely localized on
the left side for η = 1.

Interestingly, the many-body LSE bears some resemblance
to the single-body LSE. Specifically, as depicted in the
Fig. 11, η is maximum when γ is around 0.5, in which
the localization length ξ is approximately minimum for the
single-body case. In other words, γ ≈ 0.5 (±0.1) is roughly
corresponding to the strongest LSE for both single-body and
many-body cases. In addition, when γ is small, the slope is
steeper, whereas for larger γ , the slope is smoother, agreeing
with the behavior observed in the single-body case. However,
for the many-body case, η will increase with system size L and
we suspect that η will always equal one in the thermodynam-
ics’s limit. We argue that it is because the middle fluctuation
zone is O(1), thus the proportion of frozen areas, namely,
completely occupied or unoccupied zone, increases with L
[62]. The corresponding single-body picture is that localiza-
tion length ξ is independent of L, so the particle will always
be completely localized in the left-half side for sufficiently
large L.

FIG. 12. Liouvillian gap versus L on a log-log scale for the half-
filled case with feedback. (a) PBCs: Liouvillian gap approximately
scales as � ∝ L−1.9. The inset lists data of Liouvillian gap for various
γ when L = 14. It indicates � linearly grows with γ . (b) OBCs: For
fixed γ , Liouvillian gap � decreases more and more slowly with the
increase in γ . The inset lists data of Liouvillian gap for γ = 0.6,
the blue dotted line is fitting curve, whose segments are respectively
corresponding to L−2.05, L−1.25, L−0.93, L−0.75, L−0.72.

2. Relaxation dynamics

First, we perform exact diagonalization for the half-filled
case up to L = 14. As Fig. 12(a) shows, under PBCs, we
find the Liouvillian gap approximately scale as � ∝ L−1.9

and displays a nearly linear growth with γ . In contrast, under
OBCs, the Liouvillian gap � decreases with the system size L,
along with the decreasing slope. Consequently, it is reasonable
to predict that Liouvillian gap � under OBCs will keep finite
in the thermodynamic limit. In conclusion, the many-body
finite-size results of Liouvillian gap are consistent with the
single-body results.

FIG. 13. Relaxation time τ versus L on a log-log scale for many-
body half-filled case with feedback. The monitoring rate is γ = 0.8.
The dashed red line is fitting curve of OBCs data. The slopes are,
respectively, τ ∝ L1.85, L1.79, L1.63, L1.5, L1.35. The relaxation time
under PBCs is about τ ∝ L1.93. It is worth noting that the relaxation
time τ under PBCs is defined as the smallest time satisfying d (t ) <

0.015, while for OBCs, the τ is defined as the smallest time obeying
d (t ) < 0.43.
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FIG. 14. Evolution of distance d (t ) on a semilogarithmic scale
plot for half-filled many-body case with feedback. The monitoring
rate is γ = 0.8. (a) PBCs. The distance immediately decays as the
inverse of Liouvillian gap. (b) OBCs. Cutoff phenomenon survives
in many-body case.

As shown in Fig. 13, the relaxation time under PBCs
roughly obeys τ ∝ L1.93, which approximately satisfies τ ∼
1/�. However, this simple relation between relaxation time
τ and Liouvillian gap � fails under OBCs, analogous to
the single-particle case. As Fig. 13 shows, the exponent ε

in τ ∝ Lε under OBCs constantly decreases with L within
the range of L that we are capable to calculate. We suspect
that the relaxation time will still behave as τ ∼ O(L) in the
thermodynamic limit. Furthermore, Fig. 14 indicates that the
cutoff phenomenon still persists in the many-body context
under OBCs. Although the Liouvillian gap gives the correct
asymptotic decay rate (blue dotted line), the crossover time to
get into the asymptotic regime diverges with system size L, as
shown in Fig. 14(b).

V. LINDBLADIAN WITHOUT FEEDBACK

In the above section, we have already studied the
Lindbladian with feedback, which supports a current-carrying
steady state under PBCs and exhibits LSE in the steady
state under OBCs. In this section, we turn to investigate the
Lindbladian without feedback, namely, Lindblad operators are
given by L̂i = P̂i. Without feedback, the Lindblad operators
are Hermitian, so the maximally mixed state I/L must be
one steady state. However, the situation seems more intricate
under PBCs. As proved in Appendix A 3, when the system
size L = 4N, N ∈ Z , there exists bistable steady states, one
is I/L, the other is | − π

2 〉 ⊗ | − π
2 〉∗. It is evident that any

linear combinations of I/L and | − π
2 〉 ⊗ | − π

2 〉∗ is steady
state as well. In general, bistable steady states can significantly
influence the relaxation process. For example, given different
initial states, the system can evolve into different steady states.
For simplicity, we will not discuss the dynamical effect caused
by bistable steady states. In comparison, under OBCs, the
steady state is just the maximally mixed state I/L regardless
of system size L.

FIG. 15. Single-particle Liouvillian spectrum versus different
monitoring rate γ for the no-feedback case under OBCs (purple)
and PBCs (orange). The system size is L = 20. (a) γ = 0.04, (b)
γ = 0.6, (c) γ = 1.1, (d) γ = 2.0. The numerical precision is set to
30 digits to avoid numerical inaccuracy.

A. Sensitive of boundary condition

Interestingly, even though the steady state is free
from skin effect for the no-feedback case, Liouvillian
spectrum, Liouvillian eigenmodes, and relaxation dynamics
are still sensitive to boundary conditions.

As shown in Fig. 15, the Liouvillian spectrum differs be-
tween PBCs and OBCs. The shapes of Liouvillian spectra can
also be roughly explained by perturbation theory, similar with
the feedback case (see Appendixes A 3 and A 4 and Fig. 22).
Aside from the whole Liouvillian spectrum, the Liouvillian
gap �, namely, the real part of first nonzero Liouvillian eigen-
value λ1, is also sensitive to boundary conditions. As shown in
Fig. 16, the Liouvillian gap exhibits good scaling behaviors as
� ∝ L−2 and � ∝ γ under PBCs, the same with the feedback

FIG. 16. Liouvillian gap � versus system size L and monitor-
ing rate γ on a log-log plot for the no-feedback case under PBCs.
(a) Liouvillian gap scales as � ∝ L−2. (b) Liouvillian gap � linearly
grows with γ , namely � ∝ γ .
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FIG. 17. Liouvillian gap � versus system size L and monitoring
rate γ on a log-log plot for the no-feedback case under OBCs.
(a) Liouvillian gap � approximately scales as � ∝ L−β , β increases
with γ . When γ is big, β ≈ 2.0. (b) Liouvillian gap � seems to be
irregular with γ .

case under PBCs. In contrast, as illustrated in Fig. 17, the
Liouvillian gap is irregular under OBCs. Moreover, we find
that λ1 for the no-feedback case under OBCs always has a
nonzero imaginary part, which explains the fluctuation of the
distance d (t ) in Fig. 27.

As for eigenmodes, as indicated in Fig. 18, apart from the
steady state and a few eigenmodes around the steady state,
the majority of Liouvillian eigenmodes exhibit LSE, which is
the signal of the sensitivity. It is consistent with the perturba-
tion analysis, from which we know the zeroth-order solutions
display skin effect. Moreover, we also compare the eigen-
modes for the no-feedback case under OBCs (see Fig. 18) with
the eigenmodes for feedback case under OBCs (see Fig. 23).
As a comparison, for the latter, its steady state and eigenmodes

FIG. 18. Liouvillian spectrum and eigenmodes for the no-
feedback case under OBCs. The parameters are L = 20, γ = 0.6.
Apart from steady state and a few eigenmodes around steady state,
the majority of eigenmodes exhibit Liouvillian skin effect.

FIG. 19. Relaxation time τ versus system size L and monitoring
rate γ on a log-log plot for the no-feedback case under PBCs. The
initial state is |L〉〈L|. The relaxation time τ is the smallest time t
satisfying d (t ) � 0.01. (a) The relaxation time τ ∝ Lα , α < 2. (b) τ

decreases with the increase in γ .

around steady states also exhibit strong LSE. This difference
leads to completely distinct relaxation behaviors for Lindbla-
dian with feedback and without feedback under OBCs.

B. Relaxation behaviors

Due to the sensitivity of Liouvillian spectrum and
Liouvillian eigenmodes, it is natural to expect that the relax-
ation time is also sensitive to boundary conditions. Indeed, as
shown in Figs. 19 and 20, the relaxation time is greatly altered
when changing boundary conditions.

Interestingly, for the Lindbladian without feedback under
PBCs, we find the relaxation time is much shorter than the

FIG. 20. Relaxation time τ versus system size L and monitoring
rate γ on a log-log plot for the no-feedback case under OBCs. The
initial state is |L〉〈L|. The relaxation time τ is the smallest time t
satisfying d (t ) � 0.01. (a) The relaxation time τ ∝ Lβ , β is the same
exponent in the scaling relation � ∝ L−β . (b) τ behaves irregularly
with γ .
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FIG. 21. Evolution of distance d (t ) on a semilogarithmic plot
for the no-feedback case under PBCs. Before entering asymptotic
regime decay as e−�t (the blue dotted line), the system undergoes
faster relaxation. (a) The monitoring rate is γ = 0.6. (b) System size
is L = 30.

inverse of the Liouvillian gap. Specifically speaking, the nu-
merical results [see Fig. 19(a)] indicate τ ∼ Lα, α < 2, while
the inverse of the Liouvillian gap gives 1/� ∼ O(L2). More-
over, the relaxation time τ will also deviate from τ ∝ γ −1

as shown in Fig. 19(b). These phenomena stem from the
accelerated relaxation in the transient regime. As shown in
Fig. 21, before entering the asymptotic regime determined
by Liouvillian gap �, the system undergoes a faster relaxing
process for a long time. This transient regime takes up a large
part for the overall relaxation process, so the faster relaxation
rate in the transient regime will greatly decrease the relax-
ation time and lead to τ < 1/�. A recent study explains the
accelerated relaxation phenomenon in bulk-dissipative system
from the operator spreading, which deserves further research
[17,75]. As for the Lindbladian without feedback under PBCs,
the faster relaxation has a simple reason. Numerically, we find
that ||c1ρ

R
1 + c∗

1ρ
R
1

†|| ∼ O(10−2), which means other higher
eigenmodes, such as ρ2, ρ3, . . ., also play an important role
in the relaxation process, thus resulting in faster decay of
distance. In contrast, for the no-feedback case under OBCs,
||c1ρ

R
1 + c∗

1ρ
R
1

†|| ∼ O(100), implying that the ρ1 is the domi-
nant term for relaxations.

For the Lindbladian without feedback under OBCs, we find
that the relaxation time is again controlled by the inverse of
Liouvillian gap �. First, we have numerically checked the
scaling behavior of relaxation time τ in Fig. 20, which is well
fitted with the inverse of Liouvillian gap in Fig. 17 for various
γ . Another evidence is to observe the evolution of distance
d (t ) (see Fig. 27). We discover that the distance immediately
decays in the manner controlled by Liouvillian gap Re(λ1),
and the fluctuation of distance is caused by the imaginary part
of λ1. Physically, it is reasonable since the steady state and low
Liouvillian eigenmodes are free from skin effect. Therefore,
the coefficients of eigenmodes around the steady state are still
finite, although the coefficients of high eigenmodes can be
exponentially large. After a short time, the relaxation process

is dominated by ρR
1 , and thus leading to τ ∼ 1/�. Moreover,

the relation between the relaxation time τ and monitoring rate
γ under OBCs is nonmonotonic, while the relaxation time τ

under PBCs always decreases with γ .

VI. CONCLUSION AND OUTLOOK

In summary, we have investigated the Liouvillian
spectrum, eigenmodes, and relaxation dynamics of two
Lindbladians, which share the same non-Hermitian effec-
tive Hamiltonian. We find both Lindbladians are sensitive to
boundary conditions due to LSE, which is originated from
the NHSE of non-Hermitian effective Hamiltonian. When
changing the boundary conditions, the Liouvillian spectrum,
Liouvillian eigenmodes, and relaxation dynamics are all dra-
matically altered.

To be specific, we list the main results as follows: (i) For
the Lindbladian with feedback under PBCs, the steady state is
highly coherent and eigenmodes are extended. The relaxation
time is controlled the inverse of the Liouvillian gap τ ∼ 1/�

and scales as τ ∼ O(L2). (ii) For the Lindbladian with feed-
back under OBCs, because the corresponding Lindbladian
under PBCs carries current in the steady state, the steady
state will be localized under OBCs. In other words, the eigen-
modes including the steady state exhibit LSE, which is able to
lead to cutoff phenomena. Moreover, the LSE of low eigen-
modes, especially for ρ1, can result in exponentially large
coefficients c1. As a consequence, the relaxation time obeys
τ ∼ 1

�
+ L

ξ�
, implying τ ∼ O(L) in the thermodynamic limit.

Our finite-size results support that the LSE and distinct scal-
ing relations between relaxation time τ and system size L
under PBCs and OBCs still hold in the many-body system.
(iii) For the Lindbladian without feedback under PBCs,
we find if system size L 
= 4N, N ∈ Z , the steady state
is the unique maximally mixed state I/L. Interestingly, if
the system size L = 4N, N ∈ Z , there exist bistable steady
states, one is I/L and another is | − π

2 〉 ⊗ | − π
2 〉. More-

over, the eigenmodes are extended due to the translation
invariance. Remarkably, we observe that the relaxation time
[τ ∼ O(Lα ), 1 < α < 2] is smaller than the inverse of the
Liouvillian gap [1/� ∼ O(L2)], which stems from the faster
relaxation persisting for a long time in the transient regime
before entering the asymptotic regime governed by the Liou-
villian gap. (iv) For the Lindbladian without feedback under
OBCs, although the majority of eigenmodes exhibit LSE, the
steady state and a few eigenmodes around steady state are
extended. Moreover, we find the eigenmodes ρ1 and ρ

†
1 dom-

inate the decay of the distance immediately, which implies
that the relaxation time follows τ ∼ 1/�. Consequently, the
relaxation time scales as τ ∝ Lβ , in which β is the same
scaling exponent of the Liouvillian gap � ∝ L−β . Moreover,
the relation between relaxation time τ and monitoring rate γ is
also dramatically altered when changing boundary conditions.
Roughly speaking, for both Lindbladians with feedback and
without feedback under PBCs, the relaxation time τ decreases
with γ , while the relaxation time τ presents nonmonotonic
dependence on γ under OBCs.

Our work investigates two typical U(1)-symmetric
boundary-sensitive Lindbladians, whose sensitivity originates
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from Liouvillian skin effect. There are several interesting
directions which merit further study. First of all, it remains
unclear whether the single-particle relaxation behaviors still
generally hold in the many-body case? Second, it is tempting
to construct other boundary-sensitive Lindbladians beyond
skin effect [11,76]. For example, the topological edge mode
under OBCs can also dramatically alter the relaxation prop-
erties [11]. Another direction is to investigate the nontrivial
dynamics induced by the interplay of the Anderson localiza-
tion and the skin effect [77,78]. It is reasonable to predict the
Anderson localization will compete with skin effect and may
enrich the relaxation dynamics. Lastly, our work shows that
Lindbladians with current-carrying steady state and Lindbla-
dians with no-current steady state exhibit different relaxation
behaviors. So, it is worthwhile to investigate the dynamics
of other Lindbladians hosting current-carrying steady state,
such as the asymmetric exclusion process [79], and uncover
possible universal laws.
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APPENDIX A: PERTURBATION THEORY
OF LINDBLADIANS

1. With feedback, PBCs

In this section, we investigate the Lindbladian with feed-
back under PBCs. The discussion will be restricted in the
single-particle sector. The Hamiltonian is given as H =
1
4

∑L
j=1(c†

j c j+1 + c†
j+1c j ). Moreover, the Lindblad opera-

tors are Lj = 1
2 (n j − n j+1) + i

2 (c†
j c j+1 + c†

j+1c j ) and L†
j L j =

1
2 (n j + n j+1) + i

2 (c†
j c j+1 − c†

j+1c j ).

a. Liouvillian spectrum and gap

First, it can be easily verified [H,
∑L

j=1 L†
j L j] = 0, so H

and
∑L

j=1 L†
j L j will share common eigenstates. By virtue of

this property, we decompose the Lindbladian L̃ into two parts:
L̃ = L̃0 + γ L̃1. L̃0 and L̃1 are, respectively, as follows:

L̃0 = −i(Heff ⊗ I − I ⊗ H∗
eff ),

L̃1 =
L∑

j=1

Lj ⊗ L∗
j ,

(A1)

in which Heff = H − i γ

2

∑L
j=1 L†

j L j and H∗
eff = HT +

i γ

2

∑L
j=1 LT

j L∗
j . For the translation-invariant free-fermion

Hamiltonian H , we can perform Fourier transformation
c j = 1√

L

∑
k e−ik jck , and thus H can be rewritten as

H = ∑
k

1
2 coskc†

kck , in which k = 2πm
L , m = 1, 2, . . . , L. k1

and k2 are equivalent, if they differ by integer multiples of 2π .
Obviously, |k〉 ⊗ |k′〉∗ are right eigenvectors of the Liouvillian
L̃0, satisfying L̃0|k〉 ⊗ |k′〉∗ = [− i

2 (cosk − cosk′) − γ

2 (2 +
sink + sink′)]|k〉 ⊗ |k′〉∗, namely, the zeroth-order eigen-
values are λ

(0)
k,k′ = − i

2 (cosk − cosk′) − γ

2 (2 + sink + sink′).
Utilizing the perturbation theory, the first-order corrections of
eigenvalues can be obtained as follows:

λ
(1)
k,k′ = (〈k| ⊗ 〈k′|∗) L̃1 (|k〉 ⊗ |k′〉∗)

=
L∑

j=1

〈k|Lj |k〉(〈k′||Lj |k′〉)∗

=
L∑

j=1

(
i

L
cosk

)(−i

L
cosk′

)

= 1

L
cosk cosk′.

(A2)

Furthermore, the second-order corrections of eigenvalues take
the form

λ
(2)
k,k′ =

∑
(k2,k′

2 )
=(k,k′ )

(〈k2| ⊗ 〈k′
2|∗ L̃1 |k〉 ⊗ |k′〉∗)(〈k| ⊗ 〈k′|∗L̃1 |k2〉 ⊗ |k′

2〉∗)

λ
(0)
k,k′ − λ

(0)
k2,k′

2

=
∑

(k2,k′
2 )
=(k,k′ )

(∑L
j=1 Lk2k

j L
k′

2k′

j

∗)(∑L
l=1 Lkk2

l L
k′k′

2
l

∗)
λ

(0)
k,k′ − λ

(0)
k2,k′

2

, (A3)

in which Lj
k2k = 〈k2|Lj |k〉 and L

k′
2k′

j

∗ = (〈k′
2|Lj |k′〉)∗. Then substituting 〈k2|Lj |k〉 = 1

2L ei(k2−k) j (1 − ei(k2−k) + ie−ik + ieik2 ) into
the above equation, Eq. (A3) is reduced to

λ
(2)
k,k′ = 1

L2

∑
k2 
=k

cosk cosk2cosk′cos(k2 + k′ − k)

λ
(0)
k,k′ − λ

(0)
k2,k2+k′−k

. (A4)

The eigenvalues are approximated as λk,k′ ≈ λ
(0)
k,k′ + γ λ

(1)
k,k′ + γ 2λ

(2)
k,k′ . In general, for relatively large L, because both λ

(1)
k,k′ and

λ
(2)
k,k′ are about O(1/L), λ(1)

k,k′ , λ
(2)
k,k′ 
 λ

(0)
k,k′ . In other words, the Liouvillian spectrum is dominated by λ

(0)
k,k′ . Therefore, the real and

imaginary parts of the Liouvillian spectrum are Re[{λ}] = {− γ

2 (2 + sink + sink′)|k, k′ ∈ [−π, π )} and Im[{λ}] = {− 1
2 (cosk −

cosk′)|k, k′ ∈ [−π, π )}, respectively, which is consistent with Fig. 1, which shows −2γ � Re[{λ}] � 0 and −1 � Im[{λ}] � 1.
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The first-order perturbation of the eigenvectors is

(|k〉 ⊗ |k′〉∗)(1) =
∑

(k2,k′
2 )
=(k,k′ )

〈k2| ⊗ 〈k′
2|∗ L̃1|k〉 ⊗ |k′〉∗

λ
(0)
k,k′ − λ

(0)
k2,k′

2

|k2〉 ⊗ |k′
2〉∗

= 1

2L

∑
k2 
=k

1 + sink + sink′ − sink2 + cos(k − k′) + cos(k2 + k′) − cos(k2 − k) − sin(k2 + k′ − k)

λ
(0)
k,k′ − λ

(0)
k2,k2+k′−k

|k2〉 ⊗ |k′
2〉∗.

(A5)

Obviously, the first-order correction of eigenvector (| −
π
2 〉 ⊗ | − π

2 〉∗)(1) = 0. Moreover, the zeroth-order and higher-
order eigenvalues for | − π

2 〉 ⊗ | − π
2 〉∗ satisfy λ

(0)
−π/2,−π/2 =

λ
(1)
−π/2,−π/2 = λ

(2)
−π/2,−π/2 = 0. Therefore, it is straightforward

to speculate that | − π
2 〉 ⊗ | − π

2 〉∗ is the steady state for the
whole Lindbladian L̃ and indeed we can readily verify it later.

The first- and second-order perturbation analyses above
are restricted in the nondegenerate case. Aside from L non-
degenerate zeroth-order eigenvalues, there are also L2 − 2L
and L zeroth-order eigenvalues, whose degeneracies are 2
and L, respectively. For instance, λ

(0)
k,2π−k is L-fold degen-

erate, and λ
(0)
π,π−2π/L is twofold degenerate (degenerate with

λ2π/L,0). According to degenerate perturbation theory, assume
|k1〉 ⊗ |k′

1〉∗ is degenerate with |k2〉 ⊗ |k′
2〉∗, the corresponding

first-order correction of eigenvalues is given by

λ(1)
α = 1

2

[
L̃α1α1

1 + L̃α2α2

±
√

(L̃1
α1α1 − L̃1

α2α2 )2 + 4L̃α1α2
1 L̃α2α1

1

]
, (A6)

in which L̃αiα j

1 = 〈ki| ⊗ 〈k′
i |∗L̃1|k j〉 ⊗ |k′

j〉∗. For the L-fold
degenerate case, the first-order corrections of eigenvalues
follow:∣∣∣∣∣∣∣∣∣∣

L̃α1α1
1 − λ(1)

α L̃α1α2
1 . . . L̃α1αL

1

L̃α2α1
1 L̃α2α2

1 − λ(1)
α . . . L̃α2αL

1

. . . . . . . . . . . .

L̃αLα1
1 L̃αLα2

1 . . . L̃αLαL
1 − λ(1)

α

∣∣∣∣∣∣∣∣∣∣
= 0,

(A7)

in which L̃αiα j = 〈ki| ⊗ 〈k′
i |∗L̃1|k j〉 ⊗ |k′

j〉∗. The first-order
perturbation results are shown in Fig. 22(a).

b. Steady state

As mentioned above, the steady state ρss is correspond-
ing to k = k′ = −π

2 . The Liouvillian gap Re(λ1) ≈ γ

2 [1 +
sin(−π

2 + �k)] ≈ γ

4 (�k)2 = π2γ

L2 , aligning with Fig. 3.
Specifically, the unique steady state ρss takes the form

ρss =
∣∣∣−π

2

〉
⊗

∣∣∣−π

2

〉∗

= 1

L

L∑
n,m=1

ei π
2 (n−m)|n〉 ⊗ |m〉,

(A8)

which is highly coherent. However, steady state ρss should
maintain periodicity, which demands ei π

2 L = 1, namely, L =

4N , N ∈ Z . Another evidence is that k = −π
2 can be exactly

chosen only when L = 4N, N ∈ Z .
In comparison, for L 
= 4N , N ∈ Z , it is known that

k = 2πm
L , m = 1, 2, . . . , L, so k 
= −π

2 ( 3π
2 ), thus, | − π

2 〉 ⊗
| − π

2 〉 will not be steady state. However, from the per-
turbation results, it is justifiable to assume that the steady
state takes the form ρss = ∑

k λk|k〉 ⊗ |k〉∗, k = 2π j/L, j =
1, 2, . . . , L. Therefore, the steady state is required to obey
L̃ρss = (L̃0 + γ L̃1)ρss = 0, which can be simplified as

∑
k

λk

L
(1 + sink)

∑
k1

(1 − sink1)|k1〉 ⊗ |k1〉∗

=
∑

k

λk (1 + sink)|k〉 ⊗ |k〉∗. (A9)

According to Eq. (A9), it can be readily inferred that λk =
1∑

k
1−sink
1+sink

1−sink
1+sink .

So, in general, the steady state is ρss = ∑
k λk|k〉 ⊗ |k〉∗,

λk = 1∑
k

1−sink
1+sink

1−sink
1+sink . When L = 4N , all λk = 0 equal zero ex-

cept λ−π/2 = 1, which is consistent with Eq. (A8).

2. With feedback, OBCs

In this section, we also perform the perturbation anal-
ysis for the feedback case under OBCs, which elucidates
the Lindbladians’ extreme sensitivity of boundary conditions
and the localization of eigenmodes under OBCs. For the

FIG. 22. The Liouvillian spectrum obtained through first-order
degenerate and nondegenerate perturbation analysis. The parameters
are L = 20, γ = 0.04.
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FIG. 23. Liouvillian spectrum and eigenmodes for the feedback
case under OBCs. The parameters are L = 20, γ = 0.6. Aside from
steady state, almost all eigenmodes exhibit Liouvillian skin effect.

feedback case under OBCs, the Hamiltonian is expressed
as H = 1

4

∑L−1
j=1 (c†

j c j+1 + c†
j+1c j ) and the effective non-

Hermitian is given by Heff = H − i γ

2

∑L−1
j=1 L†

j L j .

Liouvillian spectrum

Likewise, we can perform the same decomposition of
the Lindbladian as Appendix A 1, namely, L̃ = L̃0 + γ L̃1,
in which L̃0 = −iHeff ⊗ I + iI ⊗ H∗

eff and the perturbed part
is L̃1 = ∑L−1

j=1 Lj ⊗ L∗
j . The effective non-Hermitian Hamil-

tonian is Heff = H − i γ

2

∑L−1
j=1 L†

j L j = ∑L−1
j=1 ( 1+γ

4 c†
j c j+1 +

1−γ

4 c†
j+1c j ) − i γ

4 (2 − nL − n1). Neglecting the terms i γ

4 (nL +
n1) of Heff, the right eigenvectors of Heff are approximate to

|kR〉 ≈ 1√
L

∑L
n=1(

√
|1−γ |
1+γ

)ne−ikn|n〉, while the left eigenvectors

of Heff are approximately as 〈kL| ≈ 1√
L

∑L
n=1(

√
1+γ

|1−γ | )
neikn〈n|.

The right and left eigenvectors satisfy biorthogonal relation
〈kL|k′R〉 = δk,k′ . Consequently, we can obtain 〈kL|Heff|kR〉 ≈
1
2

√
1 − γ 2 cosk − i γ

2 for γ < 1, while 〈kL|Heff|kR〉 ≈
− i

2 (
√

γ 2 − 1 sink + γ ) for γ > 1. Therefore, the zeroth-
order eigenvalues of the Lindbladian are approximately

λ
(0)
k,k′ = 〈kL| ⊗ 〈k′L|∗L̃0|kR〉 ⊗ |k′R〉∗

≈
{− i

2

√
1 − γ 2(cosk − cosk′) − γ for γ < 1,

− 1
2

√
γ 2 − 1(sink + sink′) − γ for γ > 1

(A10)

The approximate zeroth-order eigenvalues of the Liouvillian
roughly tell that for γ < 1, the Liouvillian eigenvalues
will satisfy Re{λ} = −γ , Im{λ} ∈ [−

√
1 − γ 2,

√
1 − γ 2],

which is roughly fitted with Fig. 1(a), and for γ > 1, the
Liouvillian eigenvalues should satisfy Re{λ} =
[−

√
γ 2 − 1 − γ ,

√
γ 2 − 1 − γ ], Im{λ} = 0, which is also

approximately consistent with Fig. 1(d), where most of
eigenvalues are located at real axis. For γ = 1, there are huge

degeneracies of the Liouvillian eigenvalue λ = 1 in Fig. 1(c),
which can be simply understood from Eq. (A10).

Certainly, although being able to capture some properties
of spectrum, the above approximate zeroth-order solution is
too inaccurate. Therefore, we also numerically perform the
perturbation analysis without neglecting the terms i γ

4 (nL +
n1). Interestingly, numerical results indicate that corrections
above zeroth order are also about O(1/L), similar with the
case under PBCs. In addition, we find degeneracies are com-
mon as well under OBCs. For example, when γ = 0.04,
there are L2 − L double-degenerate zeroth-order eigenvalues
and L nondegenerate zeroth-order eigenvalues. Therefore,
we also perform degenerate perturbation theory as men-
tioned before. The first-order perturbation results are shown in
Fig. 22(c).

As for steady state, unlike the PBCs case, we can not
analytically derive out the exact form of the steady state.
The numerical results show that the steady state exhibits
Liouvillian skin effect. Theoretically, because |kR〉 is ex-
ponentially localized around the left edge, the resultant
approximated zeroth-order eigenvectors |kR〉 ⊗ |k′R〉∗ imply
that the eigenmodes under OBCs tend to localize around the
corner |1〉 ⊗ |1〉, aligning with Fig. 23.

3. No feedback, PBCs

Compared with the feedback case under PBCs, the
Lindblad operators for the no-feedback case are modified
as Lj = 1

2 (n j + n j+1) + i
2 (c†

j c j+1 − c†
j+1c j ) = L†

j L j , while H

and L†
j L j keep invariant. Therefore, we can perform the same

analysis as Appendix A 1. The zeroth-order eigenvalues are
still λ

(0)
k,k′ = − i

2 (cosk − cosk′) − γ

2 (2 + sink + sink′). More-

over, the first-order corrections are λ
(1)
k,k′ = 1

L (1 + sink)(1 +
sink′), indicating that λ

(1)
k,k′ is of the order O(1/L). So the Liou-

villian spectrum still approximately satisfies −2γ � Re{λ} �
0 and −1 � Im{λ} � 1. The first-order perturbation results
are depicted in Fig. 22(b).

FIG. 24. Many-body Liouvillian spectrum for feedback case un-
der OBCs (purple) and PBCs (orange). The system size is L = 8 and
particle numbers are N = 4.
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FIG. 25. Many-body Liouvillian spectrum for the no-feedback
case under OBCs (purple) and PBCs (orange). The system size is
L = 8 and particle numbers are N = 4.

Because Lindblad operators Lj are Hermitian, it is well
known that LI = 0. In other words, the σ = 1

L

∑L
j=1 | j〉 ⊗

| j〉 satisfies L̃σ = 0. Interestingly, we discover that there
can exist bistable steady states. Specifically, the same as
Appendix A 1, we assume the steady state is ρss =∑

k ηk|k〉 ⊗ |k〉∗, then solve L̃ρss = 0 and obtain

∑
k

⎡
⎣
⎛
⎝ 1

L

∑
k1

ηk1 (1 + sink1) − ηk

⎞
⎠(1 + sink)|k〉 ⊗ |k〉∗

⎤
⎦ = 0.

(A11)

For L 
= 4N , it is evident that 1 + sink 
= 0 ∀ k, so it requires
ηk = 1

L

∑
k1

ηk1 (1 + sink1). Combined with
∑

k ηk = 1, the
solutions are ηk = 1

L ∀ k, which tells that ρss = I/L. While

FIG. 26. Evolution of the distances on a semilogarithmic plot for
four cases we studied in this paper. The parameters are L = 30 and
γ = 0.6. The blue dotted lines represent the asymptotic regime, in
which the distance almost decays as the inverse of the Liouvillian
gap.

for L = 4N , it is clear that ρss = I/L is still the solution.
However, there is another set of solutions. Owing to 1 +
sin( 2π

L
3L
4 ) = 1 + sin(−π

2 ) = 0, we can set all ηk = 0 except
for η−π/2 = 1. Therefore, for L = 4N , the steady state is

ρss = a1I/L + a2
1

L

∣∣∣∣ − π

2

〉
⊗

∣∣∣∣ − π

2

〉∗

= a1
1

L

L∑
n=1

|n〉 ⊗ |n〉 + a2
1

L

L∑
n,m=1

in−m|n〉 ⊗ |m〉, (A12)

in which a1 + a2 = 1 for preserving unity of trace.

4. No feedback, OBCs

For the no-feedback case under OBCs, L̃0 is the same
as the feedback case under OBCs. So we can perform the
same perturbation analysis as Appendix A 2, which also
roughly explains the shape of Liouvillian spectrum. The
first-order perturbation results are depicted in Fig. 22(d).
In addition, despite the steady state being the trivial
maximally mixed state I/L, the majority of eigenmodes
still exhibit localization, which can be roughly under-
stood from the localization of the approximated zeroth-order
eigenvectors.

In summary, by perturbation analysis, it is obvious that
the sensitivity of the Lindbladian is inherited from the non-
Hermitian effective Hamiltonian Heff. Specifically, comparing
Fig. 22 with Figs. 1(a) and 15(a), the first-order perturbation
results already roughly give the correct shape of Liouvillian
spectrum. Moreover, the perturbation results also imply that
eigenmodes under OBCs will tend to be exponentially lo-
calized, which is also consistent with exact diagonalization
results in Fig. 18 and Fig. 23. Of course, there are still some
deviations between perturbation and exact diagonalization re-
sults, one of which is that the steady state can not be acquired
by perturbation analysis.

FIG. 27. Evolution of distances on a semilogarithmic plot
for the no-feedback case under OBCs. The parameters are L =
10, 20, 30, 40 and γ = 0.6.
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APPENDIX B: ADDITIONAL NUMERICAL RESULTS

1. Eigenmodes with feedback

As Fig. 23 shows, for Lindbladian with feedback under
OBCs, aside from steady state, almost all eigenmodes exhibit
LSE, in contrast with the no-feedback case in Fig. 18.

2. Many-body Liouvillian spectrum

As shown in Figs. 24 and 25, the PBCs Liouvillian spectra
are still distinct from the OBCs Liouvillian spectra for the
many-body case. Moreover, the many-body Liouvillian spec-
trum for Lindbladian with feedback differs considerably from
the Liouvillian spectrum for the no-feedback case. Because in
the many-body case, the Lindblad operators for feedback case
are quartic Li = 1

2 (ni − ni+1) + i
2 (c†

i ci+1 + c†
i+1ci ) − nini+1.

However, the Lindblad operators for the no-feedback case are
still quadratic Li = 1

2 (ni + ni+1) + i
2 (c†

i ci+1 − c†
i+1ci ). Hence,

it is worthwhile to investigate the relaxation behavior in the
many-body case and explore possible new phenomena beyond
the single-body case.

Interestingly, for the many-body case, if L = 4N, N ∈ Z ,
there still exist bistable steady states for Lindbladian with-
out feedback under PBCs, which can be constructed from
bistable steady state in the single-particle case. For exam-
ple, if L = 4, N = 2, aside from I/L, another steady state is∑

k | − π
2 , k〉 ⊗ | − π

2 , k〉∗ (not normalized).

3. Evolution of distance

Figure 26 shows typical decay behaviors of distances
for both Lindbladians with feedback and without feedback
under PBCs and OBCs. The different decay behaviors of dis-
tances are evident signatures of boundary-sensitive relaxation
behaviors.

As shown in Fig. 27, the distances for the no-feedback case
under OBCs immediately decay as the manner controlled by
Liouvillian gap �. Therefore, the corresponding relaxation
time τ is given by τ ∼ 1/�.
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