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Inverting multiple quantum many-body scars via disorder
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The observations of persistent revivals in the Rydberg atom chain have revealed a weak ergodicity breaking
mechanism known as quantum many-body scars, which is typically a collection of states with low entanglement
embedded in otherwise thermal spectra. Here, by applying a generic formalism, we reveal a direct evolution from
the quantum many-body scars to the multiple inverted quantum many-body scars, i.e., different sets of excited
states with volume-law entanglement entropy embedded in a sea of states with area-law entanglement. When
increasing the disorder strength, a series of exact eigenstates, acting as conventional quantum many-body scars
in a regime of weak disorder, remain unchanged. Around each of these states, the inverted quantum many-body
scars are introduced by the increased disorder. Moreover, the strong disorder also gives rise to additional sets of
inverted quantum many-body scars with their energies concentrating in the middle of the exact eigenstates. As a
result, all the multiple inverted quantum many-body scars are approximately equidistant in energy, reminiscent
of conventional quantum many-body scarred states. Despite being the measure-zero states in the whole spectrum,
these inverted quantum many-body scarred states significantly influence nonequilibrium dynamics in the large
disorder regime. Random thermal states in a specific subspace show periodic revivals in the fidelity dynamics,
while the typical charge-density-wave states exhibit persistent imbalance dynamics. We further examine the
stability of the conventional and the inverted quantum many-body scars against the external random field.
Our findings expand the variety of nonthermal systems and draw a connection between the weak violation of
ergodicity and that of nonergodicity.
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I. INTRODUCTION

Most isolated quantum many-body systems evolve into
an equilibrium statistical ensemble under the mechanism of
quantum ergodicity [1–4]. Due to the quest to realize long-
lived coherent dynamics, tremendous attempts have been
made to develop ergodicity-breaking mechanisms. Among the
very few exceptions of quantum ergodicity in isolated sys-
tems, a weak ergodicity-breaking system with the so-called
quantum many-body scar (QMBS) states [5–10] has recently
garnered intense interest and was realized in ultracold-atom
experiments [11–13]. Having only a few conserved quanti-
ties and being typically disorder-free, QMBS is characterized
by certain initial states that periodically revive and is com-
prised of isolated nonthermal eigenstates embedded in a sea of
thermal states. These features are significantly distinguished
from the previously known strong ergodicity-breaking mech-
anisms, i.e., integrable systems with an extensive number
of conserved quantities [14–17] and many-body localization
(MBL) [3,18–23] with low entangled eigenstates in the pres-
ence of strong disorder, typically. Moreover, beyond isolated
systems, QMBS states have also been found in the relevant
contexts of open quantum systems [24–26].

Recently, the exploration of QMBS has taken an intrigu-
ing turn with efforts aimed at conceptualizing their inverse.
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This refers to highly entangled excited states with volume-
law entanglement embedded in a sea of states with area-law
entanglement. This phenomenon, known as inverted QMBS,
diversifies the landscape of nonthermal quantum systems.
Previous studies [27–29] in this regard focused on nonther-
mal states in a single narrow energy window. However, a
critical aspect that remains uncertain is the potential for
inverted QMBS to manifest in multiple energy windows, es-
pecially with energies that are approximately or precisely
equidistant. Additionally, unlike the unified formalisms of
QMBS [30–40], the systematic formalism to construct the
inverted QMBS that resembles thermal states is still elusive.
Addressing this gap could offer profound insights into the
intricate dynamics of quantum systems and potentially lead
to novel applications in quantum computing and information
science.

On the other hand, the connections between distinct
ergodicity-breaking mechanisms lie at the core of understand-
ing thermalization and its absence. Indeed, the disorder, which
is ubiquitous across the realistic quantum simulators [41–43],
can bring integrability, MBL, and QMBS together [34,44–52].
According to recent studies [46,47] of QMBS in PXP mod-
els, in the process of increasing the disorder, the system is
always first deprived of the original QMBS and becomes
fully thermal, and then the possible transition/crossover to
MBL emerges. The mechanisms causing scars in the PXP
model are only approximately understood [53–63], then it is
fundamentally important to explore the exact QMBS that are
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analytically tractable [31–35,64–69] in the presence of the
disorder with the interplay of different ergodicity-breaking
mechanisms. In particular, the direct evolution from a system
with exact QMBS to the one with an MBL background has
not been revealed.

Since both conventional and inverted QMBS are a small
fraction of states that have very different thermalization prop-
erties from other excited states, here we realize them under the
same formalism and invert them directly through disorder. We
study a typical disordered model that represents a large class
of Hamiltonians with a tower of exact QMBS states at weak
disorder. Then we increase the disorder strength and drive the
majority of the states to be many-body localized, while the
original exact QMBS eigenstates are protected as invariable
in the whole process. Moreover, the large disorder also intro-
duces multiple inverted QMBS states at finite energy density
within the MBL spectrum, as characterized by a collection
of states with volume-law entanglement entropy (EE) while
the whole spectrum follows Poisson statistics. We further
explore the nature and the properties of the inverted QMBS.
We discover that the inverted QMBS are states superposed
with randomness by the null vectors of the disorder. Despite
such fundamentally different physical implications of inverted
QMBS compared to their conventional counterparts, both
share certain conceptual similarities. First, both inverted and
conventional QMBS comprise sets of states that are equidis-
tant in energy. Second, both are considered measure-zero
states in their respective spectrums. Third, they can manifest
periodic revivals in fidelity dynamics; however, for inverted
QMBS, such dynamics emerge from a random thermal state
within a specific subspace. We also apply the on-site random
field to examine the stability of the scarring states, and find
both the original exact QMBS and the inverted QMBS states
disappear with increasing on-site randomness.

II. GENERIC FRAMEWORK FOR INVERTED QMBS

We consider a generic framework for QMBS [37–39] and
also apply it to realize the inverted QMBS. Such a framework
constructs a Hamiltonian

H = Hsym + HSG + HA. (1)

Here, Hsym is G-symmetric with [Hsym, Q+] = 0 and
[Hsym, HSG] = 0, where G is a non-Abelian symmetry and
Q+ is the spectrum-generating “ladder” operator. The second
term HSG is a linear combination of generators in the Cartan
subalgebra of G and fulfills a spectrum-generating algebra
(SGA) [HSG, Q+] = ωQ+ that can lead to a tower of eigen-
states |Sk〉 with energy spacing ω and low EE. Here, {|Sk〉}k is
a particular set of eigenstates and labeled by the eigenvalue
under the Casimir operators of G and states in the set are
distinguished by their eigenvalues under Cartan generators of
G. The term HA breaks the G-symmetry, and is immaterial
to the dynamics of the scarred eigenstates {|Sk〉}k since it
annihilates them HA|Sk〉 = 0. By noting that scarred states
|Sk〉 distinguish themselves by being the superposition of the
null vector of HA, which is a fundamental element for deter-
mining the thermalization properties of the total Hamiltonian,
we generalize the framework to construct the multiple inverted
QMBS states as random superpositions. Specifically, when

considering a disordered version of HA with a large amplitude,
considerable null vectors, and the potential for inducing low
entanglement for majority states, we can effectively construct
the multiple inverted QMBS. In the following, we will apply
this framework to show an exemplary case that realizes both
conventional and multiple inverted QMBS states.

We adopt Hsym as the S = 1/2 XX Heisenberg chain
that is potentially realizable in Rydberg quantum simulators
[43,48,70,71]

Hsym =
L∑

j=1

S+
j S−

j+1 + S−
j S+

j+1. (2)

Hsym is integral [72] and has the Onsager symmetry [45,73],
i.e., Hsym commutes with all the Onsager-algebra elements,
including

Q =
L∑

j=1

Sz
j, Q+ =

L∑

j=1

(−1) j+1S+
j S+

j+1. (3)

Letting HSG = Q, we have the SGA

[HSG, Q+] = 2Q+. (4)

Due to (4), the set of degenerate states

|Sk〉 = (Q+)k|⇓〉 (k = 0, . . . , �L/2�) (5)

of Hsym can be lifted and promoted to the evenly spaced exact
tower of eigenstates with energies ES = −L/2 + 2k. Here,
|⇓〉 denotes a polarized spin-down state. Finally, HA is added
to destroy the integrability and annihilate each of the {|Sk〉}k .
Furthermore, we choose a disordered term HA which can drive
the majority states to be MBL when increasing the disorder
strength,

HA = �

L∑

j=1

{c j |010〉〈010|} j−1, j, j+1, (6)

where c j are the uniform random numbers c j ∈ [−1, 1] and �

denotes the disorder strength. In the following, we will show
that HA preserves not only the exact special states {|Sk〉}k , but
also a set of states with higher EE than the MBL states. To
summarize, the total Hamiltonian reads

H =
L∑

j=1

(
S+

j S−
j+1 + S−

j S+
j+1 + h0Sz

j

)

+ �

L∑

j=1

{c j |010〉〈010|} j−1, j, j+1. (7)

Unless otherwise stated, we choose h0 = 1. We use the exact
diagonalization (ED) approach to examine the whole spec-
trum of the model (7). In the following, we mainly focus on
the bulk Sz

tot sectors and we average data over 10–100 disorder
realizations (denoted as [·]) depending on the system size L
and the Sz

tot sectors.

III. CONVENTIONAL QMBS

The exact tower of eigenstates |Sk〉 exhibit exactly equal
energy spacing and persevere at any disorder strength �. They
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FIG. 1. Typical features of exact quantum many-body scar.
(a) SvN/SPage with respect to all eigenenergies at weak disorder for
L = 18. The black circle denotes the scarred state |S4〉. Darker col-
ors imply a higher density of the states. (b) The disorder-averaged
fidelity dynamics [|〈ψ (t )|ψ (0)〉|2] of the initial state |ψ (0)〉 ≡ |ψ0〉
in scar subspace as a function of disorder strength � when L = 18.

are conventional exact QMBS states embedded in otherwise
thermal spectra at smaller �, while at larger �, they are
embedded in MBL spectra. Below we reveal their nature from
the eigenstate EE and the fidelity dynamics.

A wealth of thermalization information on physical states
can be obtained from the EE. We consider the density ma-
trix ρn of the nth eigenstate |φn〉 defined by ρn = |φn〉〈φn|,
and study the EE SvN = −TrA(ρA,n ln ρA,n), where ρA,n is the
reduced density matrix for subsystem A (chosen as a half
chain here) after tracing out the rest of the system. Figure 1(a)
shows one typical example of EE at small � for Sz

tot = −1.
The majority of the bulk eigenstates have EE approaching
the Page value for a random pure state [74] SPage ≈ ln(DA) −
0.5DA/DB, where DA (DB) is the Hilbert space dimensions of
subsystem A (B), while the scarred state |S4〉 (marked by a
black circle) exhibits anomaly low EE. Sz

tot sectors with other
eigenstates |Sk〉 exhibit similar behavior at small disorder
strength. In the following, we will show that, with the increase
of the disorder strength, the energy-level statistics of the bulk
energy spectra change from Wigner-Dyson to Poisson, while
the EE of the exact tower of states |Sk〉 remains the same for
any disorder strength �.

The existence of exact QMBS can also be inferred by the fi-
delity dynamics for specific initial states in the scar subspace.
Figure 1(b) shows perfectly periodic revivals in the fidelity of
the initial state |ψ0〉 = 1

N
∑�L/2�

k=0 |Sk〉, where N is the normal-
ization factor. The revival period T = π corresponds to the
energy interval ω = 2 of the scarred states |Sk〉, as expected
from the SGA (4). Since the disorder term HA annihilates |Sk〉,
the exact states |Sk〉 and the fidelity dynamics are preserved
regardless of the disorder strength �, as Fig. 1(b) shows.

IV. ERGODIC TO NONERGODIC BACKGROUND

Although increasing the disorder strength in HA does not
influence the eigenstates |Sk〉, most of the other bulk states
alter from ergodic to nonergodic. To show this, we examine
the energy level statistics, half-chain EE, and the imbalance
dynamics as a function of disorder strength �, as shown in
Fig. 2. Here we remark that the existence and stability of
MBL in thermodynamics is under active debate [23,75–78].
Although our following finite-size numerics do not allow us to

FIG. 2. The nature of bulk states as functions of disorder strength
�. (a) Mean level spacing ratios [〈rE 〉] for eigenenergies in the mid-
dle 60% of the spectrum with Sz

tot = 0 for L = 12, 16 and Sz
tot = −1

for L = 14, 18. As a comparison, Wigner-Dyson (WD) statistics of
the GOE 〈rE 〉 ≈ 0.536 (dashed black lines) and Poisson (P) statis-
tics 〈rE 〉 ≈ 0.38 (dashed gray lines) are plotted. (b) The energy
level spacing statistics for one particular disorder realization in Sz =
−1 sector with L = 18, after performing the spectrum unfolding.
(c) [SvN/SPage] as a function of � with Sz

tot = 0. The data are averaged
over 100 disorder realizations and over 1/2 (but not 1/12) of all the
eigenstates that are around the state |S4〉. (d) The disorder-averaged
fidelity dynamics [|〈Z2(t )|Z2〉|2] of the initial state |Z2〉 with L = 14
at different disorder strength �.

infer the existence and stability of MBL in the thermodynamic
limit, the realm of finite systems is nonetheless intriguing
and pertinent in and of itself, for example, for contemporary
experiments using platforms like cold atoms, superconducting
processors, and trapped ions.

The energy-level spacing ratios are defined by [79] rE =
[min(sEn , sEn−1 )]/[max(sEn , sEn−1 )], where sEn = En+1 − En is
the nearest-neighbor energy-level spacing and En is an
increasing-ordered set of energy levels. We eliminate 20% of
the eigenenergies at the spectrum’s edges when calculating
the statistics of energy-level spacings. The mean energy-
level spacing ratios [〈rE 〉] as functions of � are depicted in
Fig. 2(a), with 〈·〉 denoting the average over the spectrum. In
Fig. 2(a), we find that [〈rE 〉] converges to the value of Wigner-
Dyson statistics of the Gaussian orthogonal ensemble (GOE)
when � is small, implying the thermalization of the bulk
states, and [〈rE 〉] approaches to the value of Poisson statistics
at larger �, indicating that the system is localized [80]. For
a single disorder realization in each of these two different
regimes, typical profiles of the energy-level spacing distribu-
tions in Fig. 2(b) are consistent with the disorder-averaged
energy-level spacing ratios [〈rE 〉].

We then look at the characteristics of the state- and
disorder-averaged EE SvN that distinguishes thermalization
from MBL [81]. Figure 2(c) shows divided by SPage for various
system size L in the Sz

tot = 0 sector, where we denote the state
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average as ·̄. With increasing disorder strength �, [SvN/SPage]
goes from 1 of the thermalized states to 0 of the many-body
localized states.

We also choose the initial product state |Z2〉 ≡
|101010 . . .〉 to represent the imbalance and calculate
its dynamics at different �. As shown in Fig. 2(d), the
fidelity rapidly approaches zero as time evolves at small
�, demonstrating ergodic behavior. In contrast, at larger �,
the persistent imbalance dynamics indicate a nonergodic
evolution, consistent with MBL.

V. MULTIPLE INVERTED QMBS

We demonstrated that the majority of the bulk states change
from ergodic to nonergodic when increasing disorder strength;
below we will show the inverted QMBS states with anomaly
high entanglement in the MBL background.

We examine the energy-resolved EE [SvN/SPage] that is
averaged over disorder realizations and states in the targeted
Sz

tot sector. We first look into the Sz
tot sectors with states |Sk〉.

As illustrated in Figs. 3(a) and 3(b), we find highly entangled
states located very close to |Sk〉 in energy, in sharp contrast
to other localized states with low entanglement. For instance,
in Fig. 3(a), the state |S4〉 residing in the sector Sz

tot = 0 for
L = 16 has its energy ES = 0, besides which many highly
entangled states jointly give a [SvN/SPage] peak at the energy
window of E = 0. Figure 3(b) shows how such highly en-
tangled states emerge with increasing the disorder strength �

with another Sz
tot . Although states |Sk〉 have a sub-volume-law

EE [45], the disorder-averaged maximum entropies [Smax
vN ]

exhibit a volume-law behavior, as shown in Fig. 3(c). More-
over, at large �, Fig. 3(d) shows that the ratio between the
number N of high-entanglement states and the Hilbert space
dimension D approaches zero in the large system limit, i.e.,
limL→∞ [N]/D → 0, signaturing that the inverted QMBS are
also measure zero states, which shares the same spirit of
conventional QMBS. In the bulk Sz

tot sectors without states
|Sk〉, we also find abnormally high entanglement states, and
they concentrate in the middle of the energies of the exact
eigenstates |Sk〉. Therefore, the Hamiltonian (7) realizes mul-
tiple inverted QMBS concentrating in different narrow energy
windows with approximately equal energy spacing ≈1, which
is half of the energy spacing of states |Sk〉. We remark that the
number of high entanglement states in every energy window
is much larger than 1 [as detailed in the caption of Fig. 3(a)],
and the narrow energy windows with highly entangled states
also exhibit peaks of the energy density of states (DOS).

We further understand the behavior of the inverted QMBS.
Indeed, we find these highly entangled states have a large
overlap with the states |φHA

α 〉 in the null space of HA [see
Fig. 3(e)], where HA|φHA

α 〉 = 0. As a result, such states stay
delocalized and remain largely unaffected by the disorder
strength. Therefore, in both conventional and inverted QMBS,
the Hamiltonian term HA plays a pivotal role in dictating the
thermalization properties of the total Hamiltonian. Specifi-
cally, it acts differently on these two kinds of measure zero
states compared to other majority states. However, while |Sk〉
is written by a certain superposition of null vectors |φHA

α 〉,
the superposition constituting the inverted QMBS can be
random. Similar to the conventional QMBS, for inverted

FIG. 3. Energy-resolved features of states in Sz
tot sectors. (a) The

energy-resolved [SvN/SPage] for L = 16 in Sz
tot = 0 sector. The peak

appears at the energy window that has 722 eigenenergies on average.
(b) The energy-resolved [SvN/SPage] as a function of � for L = 18,
Sz

tot = −1. The bright vertical line resides in the energy window of
E = −1. (c) The scaling of [Smax

vN ] with L, where [Smax
vN ] are averaged

over the maximum entropies Smax
vN of eigenstates in each disorder

realization, with the corresponding averaged energies very close to
ES . (d) The scaling of log2([N]/D) with L, where N is the number
of states with SvN > 0.4SPage, and D is the Hilbert space dimension of
Sz

tot . (e) The overlap between eigenstates of H (i.e., |φn〉) and |φHA
α 〉

for L = 16, where HA|φHA
α 〉 = 0. (f) The disorder-averaged fidelity

dynamics [|〈ψ (t ) | ψ0〉|2] with L = 14, where |ψ0〉 is a random
thermal state in the null space of HA. Gray vertical dashed lines are
plotted with separation 2π , manifesting that the period of the revival
in fidelity dynamics is 2π/h0.

QMBS there are also distinct experimentally observed signa-
tures in dynamics. Quenching from a random thermal state
|ψ (0)〉 restricted in the null space of HA, the fidelity revives
periodically in dynamics, as demonstrated in Fig. 3(f).

VI. STABILITY TO ONSITE RANDOM FIELD

Now we consider the stability of the aforementioned exact
QMBS |Sk〉 and inverted QMBS to the on-site random z
fields that break the formalism H (1). To be more specific,
we modify H in (7) to be H ′ = H + h

∑L
j=1 δ jS

z
j, where δ j

are the uniform random numbers in the range δ j ∈ [−1, 1].
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FIG. 4. Stability of |Sk〉 and the inverted QMBS at large dis-
order strength �. (a) The disorder-averaged fidelity dynamics
[|〈ψ (t )|ψ (0)〉|2] of the initial state |ψ (0)〉 ≡ |ψ0〉 in scar subspace
with L = 14. (b) The energy-resolved [SvN/SPage] as a function of
h for L = 16, Sz

tot = 0. The peak resides in the energy window that
includes ES = 0 of the state |S4〉.

Unlike the disordered HA, the disorder term in H ′ can drive
all eigenstates to the localization. In Fig. 4, with a localized
spectrum background, both the periodic revival of the fidelity
for the initial state |ψ0〉 and the peak of [SvN/SPage] show
certain stability of both exact tower of eigenstates |Sk〉 and
inverted QMBS against the on-site random z field, though
they eventually disappear for a large disorder strength h. In
a thermalizing background, with the increase of h, the con-
ventional QMBS |Sk〉 first disappears and the system becomes
thermal before the final localization of all the states, consistent
with previous scenarios of the QMBS in the disordered PXP
models [46,47].

VII. SUMMARY AND OUTLOOK

In this work, we extend the framework of QMBS to
construct multiple inverted QMBS states using random super-
positions realized by a disordered version of HA with large
amplitude and considerable null vectors. With this generalized
framework, we realized a direct evolution from a thermal
spectrum background with a tower of exact QMBS to the
MBL background with multiple inverted QMBS in a disor-
dered spin-1/2 XX Heisenberg chain. The forms of the exact
tower of states are independent of the disorder, while the
energy-level statistics of the bulk eigenstates changes from
Wigner-Dyson to Poisson when increasing the disorder, de-
spite the existence of the embedded highly entangled states at
strong disorder. Embedded in the otherwise MBL spectra with
low entanglement, the multiple sets of many highly entangled
states are located within different narrow energy windows
that are approximately equidistant in energy. To the best of
our knowledge, such a scenario that inverts multiple QMBS
directly is not constructed before. Our model can also be
generalized to other non-Abelian symmetry, and to the large
classes of QMBS Hamiltonian that resort to the annihilating
term HA. The proposal to invert QMBS in this work may
also serve as a catalyst for experimentalists to either develop
new methods or adapt existing technique to realize setups that
weakly violate the MBL [43,48,70,71].

Note added. When finalizing the paper, we became aware
of one recent work [82] on related topics.
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APPENDIX A: MULTIPLE INVERTED QMBS
IN DIFFERENT SYMMETRY SECTORS

At strong disorder, multiple sets of highly entangled states
concentrating in equidistant energy windows emerge in differ-
ent Sz

tot sectors, as shown by the peaks of the energy-resolved
[SvN/SPage] in Fig. 5(a). We remark that these energy windows
with peaks of [SvN/SPage] are indeed very narrow compared to
the large width of the whole energy spectrum. For example,
for Sz

tot = 2 sector of L = 16 in Fig. 5(a), the width of the
whole energy spectrum is ∼336, while the peak of [SvN/SPage]
is only ∼8. The spacing between these energy windows is
roughly 1. Figure 5(b) shows that the highly entangled states
are indeed almost annihilated by the term HA and thus remain
largely undisturbed by the disorder. Moreover, at large �, we
also find the peak of the averaged density of states [ρ(E )]
appears at the narrow energy window where the highly en-
tangled states locate, as shown by the typical sector Sz

tot = −1
of L = 18 in Fig. 5(c).

APPENDIX B: UNDERSTANDING INVERTED QMBS
FROM THE NULL SPACE OF THE ANNIHILATING TERM

The definition and the properties of inverted QMBS share
a similar spirit to those of conventional QMBS. For both the
inverted and conventional QMBS in our case, the annihilating
Hamiltonian term that plays the key role in the thermalization
properties of the total Hamiltonian acts completely differently
on these two kinds of measure zero states compared to other
majority states. In the Hamiltonian (7) in the main text, the
disorder term HA treats states

∏
j (I − |010〉〈010| j−1, j, j+1)|n〉

all the same, i.e., those states feel no disorder strength. Here,
|n〉 is the product state. Since the highly entangled states live
almost in such a disorder-free subspace spanned by

∏
j (I −

|010〉〈010| j−1, j, j+1)|n〉, the effective disorder they feel is in-
sufficient to cause their localization, unlike most other states
experiencing a large disorder strength. For the conventional
QMBS |Sk〉, this situation is even more thorough since con-
ventional QMBS are completely annihilated by the disordered
term in the Hamiltonian and thus feel no disorder at all.
Notably, using the annihilating term to construct conventional
QMBS is already widely used in various kinds of models
and formalisms. However, while both inverted and conven-
tional QMBS are largely superposed by the null vectors of
the annihilating term, the ways of superposition are different,
which makes the essential difference between the two. To
gain more understanding of the inverted QMBS, we propose
a tentative wave function |S IQMBS

k 〉 with random coefficients
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FIG. 5. Features of multiple inverted QMBS in different Sz
tot sectors. (a) The energy-resolved [SvN/SPage] for L = 16. (b) The overlap

between eigenstates of H (i.e.,|φn〉) and |φHA
α 〉 for L = 16, where HA|φHA

α 〉 = 0. (c) Density of states for L = 18, Sz
tot = −1. At � = 46, the

peak of DOS appears in the energy window of inverted QMBS. For comparison, the DOS for smaller � are also plotted.

that can well capture the key signature of the inverted QMBS,
analogous to the role played by the |Z2〉 state in the PXP scar
model. Such a wave function can be written as
∣∣S IQMBS

k

〉 = (1/N )
∑

n

δn

∏

j

(I − |010〉〈010| j−1, j, j+1)|nk〉,

where
∑

j Sz
j |nk〉 = k, N is the renormalization factor, and

δα to be the Gaussian random number. We will explain more
about our considerations for choosing this wave function in
the following. We also noticed that nearly every

∣∣φHA
n

〉 ≡
∏

j

(I − |010〉〈010| j−1, j, j+1)|n〉,

instead of just a few specific ones, contributes to the in-
verted QMBS eigenstates, and their contributions change
dramatically from one disorder realization to another. Thus,
we choose |S IQMBS

k 〉 to be superposed by all the product
states |φHA

n 〉. Moreover, the inverted QMBS states still expe-
rience a very small effective disorder strength, thus showing
randomness and disorder dependence. Since the eigenstate
coefficients of a nonintegrable many-body Hamiltonian gen-
erally follow a random matrix theory prediction and display
Gaussian distribution, we choose the coefficients δα to be
Gaussian random. To confirm |S IQMBS

k 〉 captures the key fea-
tures of inverted QMBS, we confirm the inverted QMBS have
a large overlap with the proposed |S IQMBS

k 〉 compared with
other eigenstates, as shown in Fig. 6(a) for a representative

FIG. 6. (a) The overlap between |S IQMBS
k 〉 and all the eigenstates.

Average over states and disorder in each energy window has been
applied. Here L = 16, Sz

tot = 0, � = 46. (b) Entanglement entropy
of |S IQMBS

k 〉 (blue circles) as a function of system size L. SPage and
S0

Page are also plotted for comparison, where SPage (red squares) is
the Page value for a random pure state in the Sz

tot = 0 sector, S0
Page

(green diamonds) is the Page value in the null space of HA.

SZ
tot = 0 sector. Furthermore, we notice that the largest value

of |〈S IQMBS | φn〉|2, as depicted in Fig. 6(a), is comparable
to the averaged overlap of the inverted QMBS states from
different disorder realizations with identical parameters. This
consistency is in line with the characteristic of a Gaussian
random superposition for |S IQMBS

k 〉. We also confirmed that
the entanglement entropies of |S IQMBS

k 〉 show a volume law
scaling [see the blue circles in Fig. 6(b)]. Such behavior is
very close to the Page entropy S0

Page (green diamonds) of the
null space of HA and the Page entropy Spage (red squares) of
Sz

tot sectors. Thus, such a putative wave function captures the
major features of inverted QMBS.

FIG. 7. Stability of QMBS |Sk〉 at weak disorder strength
�. (a) The disorder-averaged fidelity dynamics [ f (t )] =
[|〈ψ (t )|ψ (0)〉|2] of the initial state |ψ (0)〉 ≡ |ψ0〉 (defined in
the main text) with L = 12. (b) Mean level spacing ratios [〈rE 〉]
as a function of h. As a comparison, Wigner-Dyson statistics of
the GOE 〈rE 〉 ≈ 0.536 (dashed black lines) and Poisson statistics
〈rE 〉 ≈ 0.38 (dashed gray lines) are plotted. The [〈rE 〉] are averaged
over 100 disorder realizations for L = 12, 14 and between 10
and 40 for L = 16. (c) The disorder-averaged fidelity dynamics
f (t ) = |〈Z2(t )|Z2〉|2 of the initial state |Z2〉 with L = 14 at different
disorder strength h. (d) The energy-resolved [SvN/SPage] as a function
of h for L = 12.
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APPENDIX C: FATE OF QMBS WITH ONSITE
RANDOM FIELD

In this section, we study the fate of QMBS in the presence
of onsite random z field h. Here we consider a different anni-
hilating disorder with more terms

H ′
A = �

∑

j

{
c(1)

j |010〉〈010|

+ c(2)
j

2
(|011〉 + |110〉)(〈011| + 〈110|)

+ c(3)
j [|010〉(〈011| + 〈110|) + H.c.]

}
j−1, j, j+1,

where c(α)
j with α = 1, 2, 3 are the uniform random numbers

c(α)
j ∈ [−1, 1]. We remark that H ′

A breaks U(1) symmetry. The

total Hamiltonian reads

H =
L∑

j=1

(
S+

j S−
j+1 + S−

j S+
j+1 + Sz

j

) + H ′
A + h

L∑

j=1

δ jS
z
j .

(C1)
The last term in (C1) can be regarded as the on-site random
fields that break the symmetry-based formalism mentioned in
the main text. Some characteristic features of QMBS, such
as the slow relaxation from certain initial states, still exist in
the presence of a modest disorder strength h, as shown by
Fig. 7(a). As h is increased, however, the model (C1) loses
the QMBS features before switching to MBL [cf. Figs. 7(b) to
7(d)]. Remarkably, in the MBL spectrum background, there
is no peak of [SvN/SPage] since the random z fields can affect
every eigenstate.
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Disorder enhanced quantum many-body scars in Hilbert hyper-
cubes, Phys. Rev. B 103, L220301 (2021).

[49] B. Lian, A quantum breakdown model: From many-body local-
ization to chaos with scars, Phys. Rev. B 107, 115171 (2023).

[50] J. C. Halimeh, L. Barbiero, P. Hauke, F. Grusdt, and A. Bohrdt,
Robust quantum many-body scars in lattice gauge theories,
Quantum 7, 1004 (2023).

[51] K. Tamura and H. Katsura, Quantum many-body scars of
spinless fermions with density-assisted hopping in higher di-
mensions, Phys. Rev. B 106, 144306 (2022).

[52] G. Zhang and Z. Song, Quantum scars in spin-1/2 isotropic
Heisenberg clusters, New J. Phys. 25, 053025 (2023).

[53] V. Khemani, C. R. Laumann, and A. Chandran, Signatures
of integrability in the dynamics of Rydberg-blockaded chains,
Phys. Rev. B 99, 161101(R) (2019).

[54] S. Choi, C. J. Turner, H. Pichler, W. W. Ho, A. A. Michailidis,
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