
PHYSICAL REVIEW B 109, 014209 (2024)

Ab initio investigation of the first-order liquid-liquid phase transition in molten sulfur
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Ab initio molecular dynamics simulations are used to investigate the first-order liquid-liquid phase transition
(LLPT) in molten sulfur recently observed in experiments [Henry et al., Nature (London) 584, 382 (2020)]. Our
calculated pair correlation functions are in good agreement with the experimental results, and our simulations
capture the structural change from low-density liquid (LDL) to high-density liquid (HDL). By studying the
microstructure, it is found that this structural change is in fact one between two polymer phases with different
degrees of order, with HDL having a higher degree of order than LDL. There are more S8 diradical structures
in the long chain of LDL, but less in the long chain of HDL. This structural change may be related to the
self-organized behavior of long-chain molecules in molten sulfur. However, no discontinuous change in density
is found along the simulated isotherms, that is, the structural change based on ab initio calculations is continuous
but not a first-order LLPT.
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I. INTRODUCTION

The phenomenon of first-order phase transitions in liquids
has attracted a great deal of public interest in recent decades.
Traditionally, it has been widely believed that the structure
of a simple liquid varies continuously with temperature or
pressure. However, as early as 1990, Brazhkin et al. [1] found
that the nonmetallic-metallic transition in liquid Se exhibits
some features of a first-order liquid-liquid phase transition
(LLPT) and predicted the possible existence of a liquid-liquid
critical point (LLCP). In 1992, Poole et al. [2] found more di-
rect evidence for LLPT and LLCP in supercooled water when
they studied its anomalous thermodynamic properties using
computer simulations. They found that each of the pressure-
volume isotherms at lower temperatures exhibits an inflection
that increases in strength with decreasing temperature. The
shape and temperature dependence of these inflections are
similar to what would occur for isotherms if a critical point
were approached in temperature from above. This critical
point was called the “second critical point,” below which there
coexist two phases with different densities and structures.
Subsequently, extensive evidence for LLPT has been found
not only in supercooled water [3] but also in other liquids such
as Al2O3-Y2O3 [4], carbon [5,6], phosphorus [7–9], triphenyl
phosphite [10], arsenic sulfide [11–13], silicon [14–19], ni-
trogen [20], hydrogen [21–23], and B2O3 [24,25]. Brazhkin
and co-workers [26,27] provided a systematic and detailed
summary of the evidence for the possible existence of LLPT
in many liquids under high pressure. Among these, only
the LLPT in molten phosphorus has unambiguous experi-
mental evidence [7,8]. Most of the other evidence comes
from computer simulations [6,11–23] and some evidence is
even controversial [28,29]. Therefore, the first-order LLPT
remains a focus of research. In all cases where evidence for
a first-order LLPT has been found, the boundary between the
high-density liquid (HDL) and low-density liquid (LDL) on
the pressure-temperature phase diagram has a negative slope,

except for molten carbon [6]. This is due to the fact that
HDL typically exhibits a more disordered structure and higher
entropy than LDL. Thus, the slope is negative according to the
Clapeyron equation (dP/dT = �S/�V ).

Molten sulfur has also been suggested as a potential candi-
date for the existence of LLPT. Under atmospheric pressure,
the stable solids, α sulfur (below 368 K) and β sulfur (368–
388 K), consist of S8 molecules [30], whereas at high pressure
and temperature, the stable phase becomes a polymeric solid
composed of helical chains [31]. At ambient pressure, the
melting of β sulfur occurs at 388 K and the S8 molecular
structure remains in molten sulfur. As the temperature in-
creases to 432 K, the molecular liquid undergoes a so-called
“λ transition” where it polymerizes into chains or larger ring-
like structures, whereas this transition is not a first-order phase
transition [32]. For molten sulfur at high temperature and
pressure (above 900 K and 5 GPa), while the breakage of
the chain structure accompanied by the semiconductor-metal
transition has been observed [33–35], there is insufficient
evidence to determine whether this transition is a first-order
phase transition.

Recently, Henry et al. [36] conducted combined in situ den-
sity, x-ray diffraction, and Raman scattering measurements of
molten sulfur in the pressure region below 3 GPa and observed
the discontinuous change in density along the isotherms below
1035 K. This suggests the existence of a first-order LLPT and
an LLCP in molten sulfur. Interestingly, unlike the LLPT in
other liquids [3,4,7,8,11–23], the boundary of LDL and HDL
in their results has a positive slope, indicating that HDL has a
lower entropy than LDL. Due to the lack of atomic-level infor-
mation on the structure of LDL and HDL, they were only able
to infer that HDL may contain more polymer components than
LDL based on the variation of the pair correlation function,
which can lead to a lower mixing entropy in HDL. At the same
time, again based on pair correlation functions, they obtained
that the conformational entropy of HDL is lower than that of
LDL. This is in complete contrast to the results obtained in
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other liquids [3,4,7,8,11–23]. Therefore, in order to clarify
the experimental observations, it is necessary to study the
microstructure of molten sulfur at the atomic scale.

The development of ab initio molecular dynamics simu-
lations has made it possible to study the atomic structure of
molten sulfur from a first-principles perspective. In the present
work, by means of ab initio molecular dynamics simulations,
we focus on investigating the structural changes of molten
sulfur as a function of density along the isotherm, in the hope
of obtaining some detailed microscopic structural information
of molten sulfur and theoretically discovering the nature of
the structural changes. The paper is organized as follows:
in Sec. II we describe the methodology of our simulations,
the results and the corresponding discussion are reported in
Sec. III, and a short summary is given in Sec. IV.

II. CALCULATIONAL METHODS

Our density function theory (DFT) based simulations were
performed by the Vienna ab initio simulation package (VASP)
[37,38] together with projector augmented wave (PAW)
potentials [39,40]. For the exchange correlation function,
Perdew-Burke-Ernzerhof generalized gradient approximation
(PBE-GGA) [41] and local density approximation (LDA) [42]
were used, respectively. The pair correlation functions g(r)
based on two approximate methods are compared with the
experimental measurements [43] in Fig. S1 of the Supplemen-
tal Material [44]. It can be observed that GGA overestimates
the positions of the first three coordination shells, especially
the third one, compared to LDA. The calculated pressures
based on PBE-GGA and LDA under the same temperature and
density conditions are also compared with the experimental
values [45,46]. Here, we monitored the reported “external
pressure” in VASP and added the kinetic energy contribution
ρkBT to obtain the thermodynamic pressure. The results are
listed in Table S1 of the Supplemental Material [44]. GGA
overestimates the calculated pressure, while LDA underesti-
mates it. However, the LDA based values are closer to the
experimental results, hence the use of LDA in the present
work. It should be noted that in Table S1 of the Supplemental
Material [44] the negative pressure (−0.1363 GPa) means the
liquid at T = 550 K, ρ = 1.70 g/cm3 is stretched within the
frame of LDA.

The simulated system consists of 192 sulfur atoms placed
in a simple cubic box with periodic boundary conditions. We
evaluate the effect of the size of the simulation box and the
results are shown in Fig. S2 of the Supplemental Material
[44]. It can be found that a system of 192 atoms is sufficient
to give converged structural properties and calculated pres-
sures within the allowed error margin. The electronic wave
functions are expanded in the plane wave basis set with an
energy cutoff of 380 eV, which is proved to be adequate
for achieving converged pressure (see Fig. S3 of the Sup-
plemental Material [44]); the Г point is used to sample the
supercell Brillouin zone. The canonical ensemble (NVT) is
adopted with a Nosé thermostat for temperature control [47].
The Newton equations of motion are integrated using the
Verlet algorithm with a time step of 2 fs for the ion motion.
Three isotherms are simulated at 550, 740, and 950 K. The
adopted initial atomic configuration is a random distribution

FIG. 1. The calculated g(r) at different densities from 1.70 to
2.25 g/cm3 along the 550-K isotherm. The most noticeable position
changes occur at the third and fourth peaks, located around 4.45 and
5.20 Å, respectively.

of 24 S8 molecules in the supercell, followed by an initial
equilibration run of 60 ps at 1100 K, after which the system
is quenched to 550 K. A total of 13 state points with increas-
ing densities ranging 1.70–2.25 g/cm3 were simulated along
the 550-K isotherm. At each state point, molecular dynamics
simulations are performed for at least 100 ps. For the 740-K
isotherm simulations, the density is gradually reduced from
2.25 to 1.70 g/cm3. Simulations at 950 K isotherm are similar
to those at 550 K.

III. RESULTS AND DISSCUSSION

For comparison with experimental results, we first simu-
late 13 state points along the 550-K isotherm with densities
ranging 1.70–2.25 g/cm3. Our calculated pair correlation
functions g(r) are shown in Fig. 1. It can be seen that
the positions of the first and second peaks are almost con-
stant with density, which is in agreement with experimental
observation [36,48]. The most noticeable position changes
occur at the third and fourth peaks, located around 4.45 and
5.20 Å, respectively. Their enlarged images and comparison
with the experimental results are shown in Fig. 2. The lo-
cation of the third peak in our results is in good agreement
with the experimental observation under low temperature and
low pressure [36,43,48,49], and the location of the fourth
peak is also in good agreement with the experimental ob-
servation under high temperature and high pressure (900 K,
5.6 GPa) [33]. This implies that our calculated results above
are plausible and capture the transition between these two
structures. At low densities, the intensity of the third peak
is significantly higher than that of the fourth peak. As the
density increases, the intensity of the third peak gradually
decreases and the position gradually shifts to the right until it
becomes a shoulder. However, the intensity of the fourth peak
gradually increases with density, its position gradually shifts
to the left, and its height becomes significantly higher than
that of the third peak at high densities. These results suggest
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FIG. 2. Enlarged images of the third and fourth peaks in
g(r) at 550 K and comparison with the experimental results
[33,36,43,48,49]. Our results qualitatively reproduce experimental
observations. The direction of the arrow indicates an increase in
density.

that the structural order of molten sulfur changes with increas-
ing density. Considering that van der Waals interactions and
noncovalent interactions may affect the third and fourth peaks
of the g(r), we also performed ab initio molecular dynamics
based on the strongly constrained and appropriately normed
(SCAN) functional [50,51], which satisfies all 17 known exact
constraints on the semilocal exchange-correlation functional
and is able to capture much of the intermediate-range part
of the van der Waals interaction. The results are shown in
Fig. S4 of the Supplemental Material [44]. The SCAN func-
tional does capture the height of the third peak better than
LDA, but the trend of the third and fourth peaks with density
is the same in both cases.

In the experimental observation by Henry et al. [36], except
for a peak at about 4.45 Å, another peak occurs at about
4.0 Å for LDL. As LDL transforms into HDL, the peak height
at 4.45 Å becomes lower, while the peak height at 4.0 Å
becomes higher and moves to 4.15 Å. As can be seen in
Fig. 2, there is no such clear peak at 4.0 Å in the LDL of
the other experiments [43,48,49], nor is it found in our work.
However, it can be found that in our results the valley around
3.75 Å becomes shallower and shifts to the right with increas-
ing density. In addition, it also can be found that, in g(r) of
Henry et al. [36], a peak at 5.5 Å in LDL is also shifted to
the left to about 5.25 Å in HDL, in qualitative agreement with
the change of the fourth peak in our results. Thus our results
qualitatively reproduce the experimental results of Henry et al.
[36]. Henry et al. suggest that the 4.45-Å peak is related
to molecule content and the decrease of its height is due to
reduced molecule content, while the variation in the 4.0-Å
peak indicates that the polymer content in HDL is greater
than in LDL. In Fig. 3 we show atomic snapshots at 1.70
and 2.25 g/cm3. It can be seen that almost no S8 molecules

FIG. 3. Atomic snapshots at 1.70 and 2.25 g/cm3. One color
represents a chain or a ring. The ends of finite-length atomic chains
are marked with “End.” Almost no S8 molecules are found even in
LDL; instead many chains or larger ringlike structures can be found.

are found even in LDL; instead many chains or larger ring-
like structures can be found. This suggests that LDL is also
dominated by the polymeric component. Thus, the peak of
4.45 Å in g(r) actually indicates that the S8 diradical in the
polymer still partially retains the structural characteristics of
S8 molecules. That is, the structural transition we captured
is the one between two structurally distinct polymer phases.
There are more S8 diradical structures in the long chain of
LDL, but less in the long chain of HDL.

In order to compare the degree of order between LDL
and HDL, we calculate the two-body pair correlation ex-
cess entropy S2 according to the following equation: S2 =
−2πρ ∫∞

0 {g(r)ln[g(r)]−[g(r) − 1]}r2dr. The excess entropy
Sex is the difference between the thermodynamic entropy of
the system and that of the equivalent ideal gas, which is given
as Sex = S2 + S3 + · · · , where S2 is the pair correlation en-
tropy, S3 is the triplet correlation entropy, and so on. Baranyai
and Evans [52,53] have found that S2 contributes at least 85%
of Sex at liquid densities and the difference between Sex and
S2 is nearly constant over a wide range of densities. Such a
constant shift of S2 would simply translate into a constant
shift of the data on the graph with respect to Sex. So, in the
present work, Sex is approximated by S2 and discussed. The
results of our calculated S2 at different densities on the 573-K
isotherm are shown in Fig. 4. It can be seen that S2 decreases
with increasing density, suggesting that HDL is more ordered
than LDL. This is in agreement with the experimental results
of Henry et al. [36], i.e., the conformational entropy of HDL
is lower than that of LDL.

Henry et al. found that this phase transition could not be
observed at temperatures above 1035 K [36]. Here, to examine
the effect of temperature on this structural change, we also
performed simulations at two additional isotherms, 740 and
950 K. The results for the variation of the structure with
density at these two temperatures are shown in Fig. 5. It can
be seen that the structural changes due to density become less
and less pronounced as the temperature increases. This is in
general agreement with experimental observations. Figure 6
gives a snapshot of the atoms at 950 K. Comparing Fig. 3,
it can be seen that at 550 K there are many infinite-length
chains of atoms, which all become finite length at 950 K.
Combining the above results, we speculate that this structural
transition may be related to the self-organized behavior of
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FIG. 4. Two-body excess entropy S2 at different densities on the
550-K isotherm. It decreases with increasing density, suggesting that
HDL is more ordered than LDL.

long-chain molecules. As the density increases, the atoms
in the chain tend to be arranged in a more ordered manner in
order to obtain a larger free volume, leading to a decrease in
entropy. Upon increasing the temperature, this self-organized
behavior becomes less pronounced due to the shortening of
the long-chain molecules.

The pressure-density isotherms of Henry et al. [36] are
replotted in Fig. 7(a), where the discontinuous changes in
density are observed, which are direct evidence of a first-order
LLPT. This discontinuous change in density disappears at
temperatures greater than or equal to 1035 K, suggesting that
the LLCP occurs at around 1035 K. In the present work, for
comparison with experimental results, we also calculate the
pressure as a function of density along the 550-K isotherm,
which is shown in Fig. 7(b). At temperatures above 550 K
and pressures below 3 GPa, there is a little experimental
data available for comparison. Apart from the experimental
results of Henry et al. [36], we only found those of Feher
et al. [45]. In addition, Funakoshi and Nozawa [46] measured

FIG. 5. The change of g(r) with density at three temperatures.
The structural changes become less and less pronounced as the
temperature increases.

FIG. 6. Atomic snapshot of LDL and HDL at 950 K. One color
represents a chain or a ring. The ends of finite-length atomic chains
are marked with “End.”

the density of molten sulfur at high temperature (� 668 K)
and high pressure (� 3 GPa). As can be seen in Fig. 7(b),
although the pressure is underestimated by our simulations
due to the limitations of the LDA itself, the trend of the
variation of the pressure with density is generally consistent
with the experimental results [36]. However, along the 550-K
isotherm, we find no evidence for a first-order phase transi-
tion, that is, a discontinuous change in density. The SCAN
functional overestimates the pressure, but no discontinuous
change in density is observed in the curve either. In addition,
we also simulate the 950-K isotherm [as shown in Fig. 7(c)],
but still no discontinuous change in density is found. We
suspect that this may be because the discontinuous change
in density on these two isotherms is too small to be easily
detected [see Fig. 7(a)]. In the results of Henry et al. [36], a
larger discontinuous change in density is observed along the
740-K isothermal decompression curve. Such a large change
makes the 740-K isotherm look very different from the other
isotherms, as shown in Fig. 7(a). To test this scenario, we
simulate the isothermal decompression curve at 740 K and
the results are shown in Fig. 7(c). However, we still find
no discontinuous density change. Using the GGA exchange
correlation function, we do not find the discontinuous change
in density either (not shown here). If the density-dependent
pressures of LDL and HDL are fitted linearly, respectively,
a crossover occurs at a density of about 1.985 g/cm3 [see
Fig. 7(b)], indicating a rapid structural change in the density
range 1.90–2.05 g/cm3, but not a first-order phase transition.
This rapid structural change can also be observed from the
changes in the third and fourth peaks of g(r) in Fig. 7(d).
When the density is lower than 1.95 g/cm3, the third peak is
higher than the fourth one, meaning that the polymer com-
ponent contains more S8 diradical structures. However, the
opposite is true for densities larger than 2.0 g/cm3.

We believe that the reason why no first-order phase tran-
sition is found in the simulations should not be due to the
small number of atoms. In simulations of a first-order LLPT,
even if it is not possible to reproduce the coexistence of the
two phases on the isotherm with a small number of atoms,
the isotherm usually exhibits van der Waals isotherm features,
as in simulations of phosphorus [9], silicon [16,18], nitrogen
[19], etc. However, the isotherms here also do not exhibit
van der Waals isotherm features. Based on present results,
we are unable to give a reason for the discrepancy between
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FIG. 7. (a) The replotted pressure-density isotherms of Henry et al. [36]. The discontinuous changes in density are direct evidence of a
first-order LLPT. An LLCP (grey circle) occurs at around 1035 K. (b) The calculated pressure-density isotherm at 550 K is compared with
experimental results [36,45]. The trend of the variation of the pressure with density is generally consistent with the experimental results.
However, no evidence for a first-order phase transition is observed. (c) The calculated pressure-density isotherms at 550, 740, and 950 K
are compared with experimental results [36]. The 740-K isotherm is decompression curve. No evidence for a first-order phase transition is
observed in our simulations. (d) Enlarged images of the third and fourth peaks in g(r) with the densities of 1.90, 1.95, 2.00, and 2.05 g/cm3 at
550 K.

the simulations and the experimental results. It should be
noted that there are some experimental issues that need to
be further investigated. As Franzese et al. [54] discussed,
the density anomalies will occur if the slope of the liquid-
liquid two-phase boundary is negative, as in water, but not
if the slope of the two-phase boundary is positive. In the
experiments of Henry et al. [36], the slope of the two-phase
boundary is positive, but their experimental results show
obvious density anomalies in both LDL and HDL. For ex-
ample, as shown in Fig. 7(a), at about 0.5 GPa, the density at
845 K is obviously higher than at 740 K, indicating an anoma-
lous temperature-dependent behavior. In addition, Henry et al.
plotted some lines to highlight the discontinuous changes in
density. However, if these lines are extended towards high and
low pressures [as shown by the dashed lines in Fig. 7(a)], both
HDL and LDL exhibit an anomalous dependence of density
on temperature. For HDL, at pressures greater than 1.0 GPa,
the density at 650 K will be lower than at 740, 845, and 950 K,
and at pressures higher than 2.0 GPa, the density at 950 K
will be lower than at 1035 K. For LDL, at pressures below
0.25 GPa, the density at 650 K will be larger than at 550 K.
These temperature-dependent density anomalies are puzzling
since no such anomaly has been observed in existing density
measurements at low pressures. It should be noticed that,
within the margin of error, the eye guide lines of the ex-
perimental data can also be drawn to the style as shown in
Fig. 7(c). This may clear up the above puzzle, but implies that
liquid sulfur is not undergoing a first-order phase transition.

Whether this is the case needs to be further verified by exper-
imentally measuring more densities.

IV. CONCLUSION

DFT-based ab initio molecular dynamics simulations are
used to investigate the experimentally observed first-order
LLPT in molten sulfur. Our calculated pair correlation func-
tions are in good agreement with the experimental results, and
our simulations capture the structural changes between LDL
and HDL. By studying the microstructure, we find that this
structural change from LDL to HDL is actually a transition
between two polymer phases with different degrees of order,
with HDL having a higher degree of order than LDL. There
are more S8 diradical structures in the long chain of LDL, but
less in the long chain of HDL. This structural change may be
related to the self-organized behavior of long-chain molecules
in molten sulfur. However, no discontinuous change in density
is found along our simulated isotherms, that is, the structural
change based on ab initio calculations is continuous but not
a first-order LLPT. Ab initio molecular dynamics simulations
give no evidence for a first-order LLPT.
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