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Sign change of the extrinsic spin Hall effect in binary alloys
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The spin Hall effect and its inverse have supported charge-spin conversion in spintronics for a long time,
and a large spin Hall angle, which corresponds to the charge-spin conversion efficiency, is always needed for
fast magnetic switching and energy conservation. Conventionally, the spin Hall angles in alloys are larger than
those in pure metals with similar structures and elements, making them competitive candidates in spintronics.
However, along with the introduction of disorder, the extrinsic spin Hall effect dominates and remains unclear
because the corresponding sign could be different between experiments and theoretical calculations. Here, the
first-principles-based scattering wave approach is used for binary PtxPd1−x and AuxAg1−x alloys. The spin Hall
effect therein is systematically studied, and the results reveal that the sign of the anomalous Hall angle can
be changed by the components of the alloys in the dilute region due to the competition between different
contributions. Our findings contribute to the understanding of the spin Hall effect in alloys and indicate that
the localized clusters in dilute alloys should be the key to the sign difference in the spin Hall effect between
theoretical and experimental results.
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I. INTRODUCTION

The spin Hall effect, as an efficient charge-spin conversion
mechanism, plays an important role in the field of spintronics
[1,2] and can generate spin-orbit torque (SOT) in bilayer
systems to switch the magnetization [3–5] and be applied
to magnetic random access memory (MRAM) to reduce the
writing current for low-energy consumption and high opera-
tion speed [6–8]. As the spin Hall angle gives the charge-spin
conversion efficiency, a large spin Hall angle is always imper-
ative for applications. Therefore, many materials have been
studied and been reported to have large spin Hall angles,
such as metallic Pt [9–11], β-W [12–15], β-Ta [3,16–19], and
topological insulators [20–24]. However, the intrinsic strong
spin-orbit coupling therein leads to high resistivity and a short
spin diffusion length, which limit their application prospects
in chips. Based on these considerations, dilute alloys with
light element seeds and slight heavy element doping become
competitive candidates that can combine the advantages of
low resistivity, long spin diffusion length, and a large spin Hall
angle.

The whole story and mystery of the spin Hall effect in di-
lute alloys began with the measurement of the spin Hall angle
of Au in an FePt/Au bilayer using a nonlocal technique [25].
The reported spin Hall angle therein is approximately 0.113,
which is significantly large and beyond the commonsense
value for the weak spin Hall effect in bulk Au. Therefore, Guo
et al. [26] proposed the possibility of an extra contribution
from the Fe impurity and the corresponding resonant skew
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scattering to explain this large spin Hall effect. However,
Gradhand et al. [27,28] carried out spin Hall angle calcu-
lations by introducing multiple impurities and demonstrated
that the slight C or N impurities introduced in the thin-film
growth process should be the key. Although clarifying the
origin of the giant spin Hall angle of Au in experiments is
challenging, the information that minor impurities may enor-
mously enhance the spin Hall angle has inspired many studies
on dilute alloys [29–34], such as CuBi and CuIr. Furthermore,
there appears to be another difficult problem as shown in
Table I: For example, the sign of the spin Hall angle obtained
by theoretical calculations [28,35] is different from that mea-
sured by experiments for CuBi [29], which may be attributed
to a phase shift [35,36] or electron correlations [37,38].

To clarify this sign problem in dilute alloys, in this paper,
first-principles calculations based on the scattering wave-
function method are carried out. Typically, to avoid mismatch
of the crystal structure, PtxPd1−x and AuxAg1−x alloys are
chosen. The calculation results reveal that the skew-scattering
and side-jump contributions for x → 0 and x → 1 could
be significantly different, which results in a concentration-
dependent sign change of the spin Hall effect. Moreover,
by analyzing the competition of the contributions in binary
alloys, the formation of localized clusters can potentially be
considered as one of the elements explaining the difference in
sign between theoretical and experimental works.

II. MODEL AND METHOD

The two-lead model from Ando [45] is an efficient method
to calculate the transport properties of the materials, where
the calculated structure is constructed by two semi-infinite
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TABLE I. The signs of spin Hall effect obtained in previous
theoretical and experimental studies for different X (Y ) alloys with
minor impurity Y in X . Here, “P” represents positive, “N” stands
for negative, and “A” means the results are adjustable by tuning
parameters.

Alloys Theory Experiment

Cu(Bi) P [28]; A [35,36] N [29]
Cu(Ir) A [38] P [29]; P [39]
Cu(Pt) P [28] P [40]; P [41]
Au(Pt) P [42]; P [28] P [43]
Pt(Au) P [42]; N [28] P [43]
Au(Cu) N [28] P [44]
Pt(Cu) N [28] P [41]

crystallines (L-Lead and R-Lead) and one scattering region as
shown in the inset of Fig. 1, respectively. Technically, the cor-
responding formalism was realized based on a tight-binding
(TB) muffin-tin orbital (MTO) [46] within the local-spin-
density approximation (LSDA) of density-functional theory
(DFT) and then promoted to a spin-orbit coupling version
using a perturbation approach [47]. This method is compat-
ible with many kinds of disorders, such as impurity [46,48–
50], phonon [51–57], and magnon [56,57], which have been
demonstrated to be able to recover the temperature depen-
dences of the resistivity, spin diffusion length, and spin Hall
effect observed in experiments [55–60].

Furthermore, as the conventional MTO basis was updated
to the exact muffin-tin orbitals (EMTOs) [61,62] and a fully
relativistic (FR) effect [63,64] can be introduced to describe
the Hamiltonian with spin-orbit coupling more precisely, we
combined them with the previous TB-MTO codes to realize
the FR-EMTO transport code [65–67], accordingly.

FIG. 1. Normalized spin Hall current jsH as a function of z inside
the scattering region and estimated effective spin Hall angle �sH. The
inset shows the calculation model with two ideal leads sandwiching a
scattering region, the arrows illustrate the corresponding charge and
spin currents in the system, and the dashed lines display the range of
z coordinates of the scattering region.

A. Spin Hall effect

As described in Ref. [65], the charge current operator gen-
erated from atom R′ to atom R reads as

JRR′ = 1

ih̄
[〈�R|ĤRR′ |�R′ 〉 − 〈�R′ |ĤR′R|�R〉], (1)

where |�R〉 is the scattering wave function [45–47,65] at site R
and ĤRR′ is the corresponding hopping Hamiltonian between
atom R and atom R′. By inserting the Pauli matrix σ̂m,m∈{x,y,z},
this equation can also be used to calculate the spin current as
[59,60,68]

Js
m,RR′ = 1

ih̄
[〈�R|TRR′ |�R′ 〉 − 〈�R′ |TR′R|�R〉], (2)

where TRR′ = σ̂mĤRR′ and TR′R = ĤR′Rσ̂m. Summarizing all
the above information and projecting the spin/charge current
onto the global axis, as shown in the inset of Fig. 1, the spin
Hall effect can be obtained. Here, one should note that jz

c
denotes the charge (c) current flowing in the z direction and
jx
sy represents the spin (s) current flowing in the x direction

for electrons with σ̂y polarization, for example. Thus, the spin
Hall angle will be �sH = jx

sy/ jz
c = − jy

sx/ jz
c , with the minus

sign coming from the definition of the global axis.

B. Computational details

For all calculations, the transport direction (z) is along the
fcc [111] direction, and a 6 × 6 lateral supercell with peri-
odic boundary conditions in the x-y plane is used to generate
the alloy by randomly placing different atoms according to
the corresponding concentration. To ensure that the results
converge, the supercell Brillouin zone (BZ) is sampled with
32 × 32 k points, the disordered scattering region for the alloy
is ∼27 nm long, and ten random disorder configurations are
calculated. Typically, for Pt0.5Pd0.5, as shown in Fig. 1, the
calculated spin Hall currents jx

sy and jy
sx are almost constant

except at the interfaces between the leads and the scattering
region. Therefore, the spin Hall angle of the bulk alloy can
be estimated by averaging the interior results far from the
interfaces, e.g., as shown by the dashed lines in Fig. 1, and the
spin Hall angle of Pt0.5Pd0.5 is approximately �sH � 0.054.
Here, to avoid misleading results, �sH = jx

sy/ jz
c is used and

will be the default option in the rest of the paper.

III. RESULTS AND ANALYSIS

By changing the concentration x, the corresponding spin
Hall angles for AuxAg1−x and PtxPd1−x alloys in the di-
lute region can be calculated, and the results are plotted in
Figs. 2(a) and 2(d), respectively. Unsurprisingly, the abso-
lute values of the spin Hall angles are much larger with
x > 0.99 than with x < 0.01, and one may note that for the
clean limit of the alloys (x → 0 or x → 1), the spin Hall
angles remain at a significant value for the Au- and Pt-rich
cases but almost vanish for the Ag- and Pd-rich cases; these
phenomena occur because the spin-orbit coupling strength is
stronger when the heavy elements Au and Pt constitute the
main components of the alloys and the spin Hall effect is
proportional to the spin-orbit coupling strength, convention-
ally. Moreover, the corresponding longitudinal resistivity ρL

can also be calculated at the same time, and the results are
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FIG. 2. Spin Hall effect-related parameters of AuxAg1−x and PtxPd1−x alloys in the dilute region. (a) and (d) plot the spin Hall angle �sH

vs the concentration x, (b) and (e) plot the corresponding longitudinal resistivity ρL , and (c) and (f) show the scaling law between the spin Hall
conductivity σ sH and longitudinal conductivity σL , with σL = 1/ρL and σ sH = �sHσL . Here, the solid lines are the linear fitting using Eq. (4).

plotted in Figs. 2(b) and 2(e). Combining the above results,
the longitudinal conductivity and spin Hall conductivity are
estimated by σL = 1/ρL and σ sH = (h̄/2e)�sHσL for further
analysis, as shown in Figs. 2(c) and 2(f). Here, the additional
factor of (h̄/2e) is the ratio between the electron spin (h̄/2)
and electron charge (e) to convert the conductivity of charge
to the conductivity of spin. Thus, the spin Hall angle �sH still
remains dimensionless.

More important information from Figs. 2(a) and 2(d) is that
the signs of the spin Hall angles are different with x < 0.01
and x > 0.99 for both the AuxAg1−x and PtxPd1−x alloys,
indicating that the sign of the spin Hall effect strongly de-
pends on the concentration. Here, it should be noticed that
the concentration-dependent sign change of the anomalous
Hall effect had been reported previously [69,70], which can be
attributed to the competition between the intrinsic, side-jump,
and skew-scattering contributions. Considering that, the spin
Hall effect shares similar physical origins with the anomalous
Hall effect, the above sign change of the spin Hall angles may
be understood by a similar physical picture.

To discriminate the different contributions to the spin Hall
effect in alloys to understand the corresponding sign change,
the scaling law [71] is used, in which the spin Hall resistivity
can be expressed as

ρsH = αρL + βρ2
L, (3)

where β is a constant that contains both intrinsic and
side-jump contributions, and α denotes the skew-scattering

coefficient. Considering the transformation equation between
the spin Hall resistivity and conductivity (ρsH � σ sH/σ 2

L ), the
following scaling law in the frame of conductivity can be
obtained as

σ sH = ασL + β. (4)

According to previous results [65], the scaling law works
when the concentration of the minor element in the alloy is
less than 1%; thus, the calculated spin Hall conductivities in
the dilute region for AuxAg1−x and PtxPd1−x are appropriate
for the scaling law in Eq. (4), as shown by the linear fitting
(solid lines) in Figs. 2(c) and 2(f).

The fitting parameters of Eq. (4) for AuxAg1−x and
PtxPd1−x are given in Table II, and the signs of α and β

differ from each other, indicating that the overall spin Hall
effect comes from the competition between α corresponding

TABLE II. Fitting parameters of Figs. 2(c) and 2(f) obtained
using Eq. (4), where α, a dimensionless parameter, denotes the skew-
scattering coefficient and β contains both intrinsic and side-jump
contributions with units of 106 (h̄/2e)�−1 cm−1.

AuxAg1−x PtxPd1−x

Au rich Ag rich Pt rich Pd rich

α 0.015 ∼0 −0.024 ∼0
β −0.0058 −0.0056 0.036 0.0015
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to the skew scattering and the constant β. More detailed in-
formation of the spin Hall conductivity can be provided as
follows: (i) For the Au-rich case, the intrinsic contribution
mainly comes from Au, which is only approximately σint �
800 (h̄/2e)�−1 cm−1 [72]; thus, the corresponding side-jump
contribution of the Ag impurity in Au will be σsj = β − σint �
−6600 (h̄/2e)�−1 cm−1. Then, the overall spin Hall effect
is dominated by the skew-scattering contribution (α) of the
Ag impurity in Au, and the spin Hall conductivity remains
positive, as shown in Fig. 2(c). (ii) For the Ag-rich case, the
intrinsic contribution is mainly from Ag, which is negligi-
ble due to the weak spin-orbit coupling [73]; therefore, the
corresponding side-jump contribution of the Au impurity in
Ag will be σsj � β � −5600 (h̄/2e)�−1 cm−1. Considering
that the skew-scattering contribution (α) of the Au impurity
in Ag is almost zero, the overall spin Hall effect is now
dominated by the side-jump contribution of the Au impurity in
Ag, and the spin Hall conductivity remains negative. (iii) For
the Pt-rich case, similarly, the intrinsic contribution of Pt is ap-
proximately σint � 4400 (h̄/2e)�−1 cm−1 [74], and the side-
jump contribution of the Pd impurity in Pt is approximately
σsj = β − σint � 31 600 (h̄/2e)�−1 cm−1. In this case, the
corresponding skew-scattering contribution (α) of the Pd im-
purity in Pt dominates, and the overall spin Hall conductivity
is negative. (iv) For the Pd-rich case, the intrinsic contribution
of Pd is approximately σint � 2800 (h̄/2e)�−1 cm−1 [72], and
the side-jump contribution of the Pt impurity in Pd is approx-
imately σsj = β − σint � −1300 (h̄/2e)�−1 cm−1. Because
the skew-scattering contribution (α) of the Pt impurity in Pd
is negligible, the competition between the intrinsic and side-
jump contributions makes the overall spin Hall conductivity
positive.

It should be also noticed that the skew-scattering contribu-
tion for the Ag impurity in Au is much larger than that for
Au impurity in Ag, which is counterintuitive due to the spin
Hall effect should be proportional to the spin-orbit coupling
strength. This can be understood by the scattering process, in
which the electrons travel within the mean free path and all
the spin-orbit coupling of the related atoms inside the mean
free path should be considered. Therefore, for the case with
Ag impurity in Au, the effective spin-orbit coupling is mainly
from the Au; for the case with Au impurity in Ag, the effective
spin-orbit coupling is mainly from the Ag. Then the effective
spin-orbit coupling is stronger for the first case, and the corre-
sponding skew scattering is larger. Similar discussions can be
applied to the results of PtxPd1−x.

The sign change of the spin Hall angle as a function of the
concentration provides evidence that the corresponding sign
is strongly dependent on the detailed impurity distribution of
the materials. For example, for a given dilute alloy with 1%
Ag and 99% Au, there could be two different types of alloys
as shown in the insets of Fig. 3, where one is a conventional
homogeneous alloy of Au0.99Ag0.01, and in the other case, the
Ag can form very small localized clusters of Au0.01Ag0.99 that
are surrounded by pure Au environment. These two types of
alloys may have different signs of spin Hall angles due to
the above concentration-dependent sign change of the spin
Hall effect, even though they have the same total impurity
concentrations.

FIG. 3. Spin Hall conductivity (σ sH) as a function of the localiza-
tion level (c) for Au0.99Ag0.01. The insets illustrate the homogeneous
alloy and localized cluster cases for understanding the sign change
of the spin Hall conductivity.

On top of the above considerations, the disharmony
between the theoretical calculations and experimental mea-
surements, as illustrated at the beginning of this paper, can be
reconsidered.

Let us start the discussion for the AuxAg1−x alloy with the
Au-rich case. If there are some localized Ag clusters with a
few Au atoms inside, then a localized Ag-rich environment
appears, and all six contributions of the spin Hall effect exist.
Considering the negligible intrinsic contribution of Ag and
skew-scattering contribution of the Au impurity in Ag, four
contributions remain, i.e., the intrinsic contribution of Au
(σ Au

int ), the side-jump contribution of the Au impurity in Ag
(σ Au

sj ), the side-jump contribution of the Ag impurity in Au

(σ Ag
sj ), and the skew-scattering contribution of the Ag impurity

in Au (αAg). We define a parameter c to describe the level of
localization and assume that the total longitudinal conductiv-
ity σL remains constant for a given concentration x, then a
simple linear combination of the spin Hall conductivity can
be written as

σ sH = (1 − c)
(
αAgσL + σ

Ag
sj

) + cσ Au
sj + σ Au

int . (5)

When c = 0 without any Ag clusters, Eq. (5) represents the
Au-rich case, and when c = 1 with all Ag atoms forming
clusters, only the side-jump contribution of the Au impurity in
Ag and the intrinsic contribution of Au remain. Thus, Eq. (5)
can be used to qualitatively analyze the localization effect.

Numerically, by putting the calculated parameters into
Eq. (5), the spin Hall conductivity (σ sH) as a function of the
localization level (c) can be obtained, as shown in Fig. 3,
which shows the sign change of the spin Hall conductivity
for a given concentration x = 0.99.

Moreover, the previous theoretical works all focus on ho-
mogeneous alloys (c = 0), as shown in the inset of Fig. 3,
due to the periodic boundary conditions [27,28,35]; thus, a
positive spin Hall effect appears. On the contrary, the experi-
ments have a great chance of forming small localized clusters
around the surface/interface in the thin-film growth process
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FIG. 4. Spin Hall angle (�sH) and longitudinal resistivity (ρL)
vs the concentration (x) of AuxAg1−x and PtxPd1−x alloys. The
green stars are the experimental measurements of the corresponding
longitudinal resistivity for AuxAg1−x [75] and PtxPd1−x [76] alloys,
respectively.

according to the phase segregation [77]; therefore, if the
localization effect is sufficiently strong (c ∼ 1), then the spin
Hall effect therein will be negative. Under these conditions,
the disharmony between theoretical and experimental works
can be attributed to the distinct microstructures of the impurity
distributions (homogeneous or localized clusters) and the im-
purity concentration-dependent sign change of the spin Hall
effect of the dilute alloys.

Furthermore, the spin Hall angles and longitudinal resistiv-
ities of AuxAg1−x and PtxPd1−x with x ∈ (0, 1) are calculated,
and the results are plotted in Fig. 4. It can be seen that
the calculated longitudinal resistivities ρL are close to the

experimental measurements in the dilute region (x < 0.1 or
x > 0.9), but show distinct differences for the dense alloys
around x = 0.5. The corresponding maximum differences are
17.5% for AuxAg1−x and 34.9% for PtxPd1−x, respectively.
This discrepancy may come from the polycrystalline grain
boundary, defects, and other impurities in the experimental
measurements, which may enhance the resistivity in experi-
ments and are not included in the first-principles calculations.
Moreover, the calculated spin Hall angles show a nonlinear
curve so that the corresponding scaling law is beyond the
conventional linear scaling law of Eq. (4), indicating that the
competition between the contributions to the spin Hall effect
from the two elements in binary alloys can be stronger in
dense regions, even in homogeneous alloys.

Based on the above analysis, the spin Hall effect in binary
alloys can be attributed to the competition between the six
contributions, which can be split into the intrinsic contribu-
tions of the two elements if they form a quasicrystal and the
side-jump and skew-scattering contributions of the scattering
process between the two elements. Thus, the scaling of the
spin Hall effect in binary alloys should be more complex than
the conventional relation of Eq. (4), especially in dense alloys,
which is why Eq. (4) can only be used when the minor element
is less than 1%. Moreover, this nonlinear scaling of the spin
Hall effect has already been reported based on experimental
measurements of binary alloys, such as CuW [78], AuPt [43],
BiSb [79], and WTa [80]. Therefore, a new scaling law for the
spin Hall effect in alloys is desired and should be studied in
the future.

IV. CONCLUSION

In summary, the spin Hall effect of AuxAg1−x and PtxPd1−x

alloys is systematically studied based on first-principles calcu-
lations. The skew-scattering contribution is separated out from
the intrinsic and side-jump contributions in the dilute region,
which show different signs. The competition between the
contributions therein results in a complex scaling of the spin
Hall effect and reveals that the formation of localized clusters
in a dilute alloy might be at the origin of the disharmony
between the theoretical and experimental studies. This work
contributes to the understanding of the current experimental
results of the spin Hall effect in binary alloys and will further
push the study of the scaling of the spin Hall effect in binary
or even more complex alloys.
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[69] A. Hamzć, S. Senoussi, I. Campbell, and A. Fert, Solid State
Commun. 26, 617 (1978).

[70] A. Crépieux, J. Wunderlich, V. Dugaev, and P. Bruno, J. Magn.
Magn. Mater. 242-245, 464 (2002).

[71] S. Takahashi and S. Maekawa, Sci. Technol. Adv. Mater. 9,
014105 (2008).

[72] G. Y. Guo, J. Appl. Phys. 105, 07C701 (2009).
[73] T. Tanaka, H. Kontani, M. Naito, T. Naito, D. S. Hirashima, K.

Yamada, and J. Inoue, Phys. Rev. B 77, 165117 (2008).
[74] G. Y. Guo, S. Murakami, T.-W. Chen, and N. Nagaosa, Phys.

Rev. Lett. 100, 096401 (2008).
[75] T. H. Davis and J. A. Rayne, Phys. Rev. B 6, 2931 (1972).
[76] P. Blood and D. Grieg, J. Phys. F: Met. Phys. 2, 79 (1972).
[77] J. M. Blakely, Crit. Rev. Solid State Mater. Sci. 7, 333 (1978).
[78] B. Coester, G. Wong, Z. Xu, J. Tang, W. Gan, and W. Lew,

J. Magn. Magn. Mater. 523, 167545 (2021).
[79] Z. Chi, Y.-C. Lau, X. Xu, T. Ohkubo, K. Hono, and M. Hayashi,

Sci. Adv. 6, eaay2324 (2020).
[80] J.-Y. Kim, D.-S. Han, M. Vafaee, S. Jaiswal, K. Lee, G. Jakob,

and M. Kläui, Appl. Phys. Lett. 117, 142403 (2020).

014208-7

https://doi.org/10.1103/PhysRevB.84.014412
https://doi.org/10.1103/PhysRevB.91.220405
https://doi.org/10.1103/PhysRevB.77.184430
https://doi.org/10.1103/PhysRevLett.116.196602
https://doi.org/10.1103/PhysRevB.99.144409
https://doi.org/10.1103/PhysRevB.71.094415
https://doi.org/10.1103/PhysRevB.102.035405
https://doi.org/10.1103/PhysRevB.103.054204
https://doi.org/10.1103/PhysRevB.107.L220402
https://doi.org/10.1063/5.0069504
https://doi.org/10.1103/PhysRevB.107.195431
https://doi.org/10.1016/0038-1098(78)90091-1
https://doi.org/10.1016/S0304-8853(01)01066-6
https://doi.org/10.1088/1468-6996/9/1/014105
https://doi.org/10.1063/1.3054362
https://doi.org/10.1103/PhysRevB.77.165117
https://doi.org/10.1103/PhysRevLett.100.096401
https://doi.org/10.1103/PhysRevB.6.2931
https://doi.org/10.1088/0305-4608/2/1/014
https://doi.org/10.1080/10408437808243444
https://doi.org/10.1016/j.jmmm.2020.167545
https://doi.org/10.1126/sciadv.aay2324
https://doi.org/10.1063/5.0022012

