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We show that high harmonic generation (HHG) in carbon nanotubes (CNTs) can be efficiently controlled
using the Aharonov-Bohm (AB) effect. When a static magnetic field (B) is applied along the tube, electronic
wave functions acquire complex phases along the circumferential direction (the AB effect), which modifies the
band structure. When the magnetic field is applied to metallic CNTs, which can be regarded as one-dimensional
massless Dirac systems, realistic values of B lead to a nonzero gap in the THz regime. We demonstrate that such
a change from gapless to gapped Dirac systems drastically increases the HHG intensity in the THz regime. In
the gapless Dirac system, the velocity of each electron never changes under the electric field, and thus there is
no HHG. On the other hand, the gap opening activates both the interband and intraband currents, which strongly
contribute to HHG. Our work demonstrates a unique way to manipulate HHG in nanotubes by tuning electronic
wave functions using the magnetic field and the tube structure.
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The recent development of strong lasers in the terahertz
(THz) and midinfrared regimes enables us to study various
nonlinear and nonequilibrium phenomena in condensed mat-
ter [1–7]. Among them, high harmonic generation (HHG),
where the higher harmonics of the laser injected into ma-
terials are radiated, is a fundamental and technologically
important example [8–10]. HHG was originally studied in
gas systems [11–13]. Recently, HHG in condensed matter
has been observed, and the scope of the HHG research is
widely extended to conventional semiconductors, band insu-
lators [14–28], topological materials [29–36], and strongly
correlated systems [37–50].

Condensed matter is considered an interesting playground
for HHG research for at least two good reasons. First, the
periodic potential from atoms, which is absent in gaseous
systems, can lead to the peculiar motion of electrons under
a strong electric field. An interesting example is the Dirac
system, which is characterized by nonparabolic band disper-
sion. Due to the nonlinear dynamics of electrons in the vicinity
of the Dirac node, such systems are theoretically expected to
exhibit large nonlinearity [51–60]. HHG was experimentally
studied for two-dimensional (2D) Dirac systems realized in
graphene [30,31] and on the surface of topological insulators
[29,35,36], and for the 3D Dirac system in Cd3As2 [34,61].
It was reported that the efficiency of HHG is indeed large
compared to other systems [31,34,35], although the origin
of HHG is not necessarily the theoretically expected process
[31,62]. The second reason is the controllability of HHG.
Generally, the properties of condensed matter can be tuned
by system parameters such as temperature and doping level,
which can be also applicable to HHG. For example, a peculiar
HHG dependence on crystal orientations [14,26], electronic
phases [37,44,45,47,48], physical pressure [63], and doping

[49,64,65] has been proposed theoretically or been observed
experimentally.

In this Letter, we propose a unique way to efficiently con-
trol HHG in carbon nanotubes (CNTs) combining the physics
of the Dirac system and the Aharonov-Bohm (AB) effect [see
Fig. 1(a)]. The proposed setup provides an ideal platform
to study HHG in Dirac systems, systematically. When the
static magnetic field (B) is applied along the tube, electrons
in the CNT gain complex phases along the circumferential
direction, which modifies the band structure (the AB effect)
[66–69]. In particular, metallic CNTs, which can be regarded
as 1D massless Dirac systems, become massive Dirac systems
when B �= 0. This change qualitatively modifies the electron
dynamics, and drastically enhances HHG.

In the dipolar gauge [70–72], the tight-binding Hamilto-
nian for the CNT with a magnetic field and ac electric field
[E (t )] along the tube is expressed as

Ĥ (t ) = −thop

∑
〈i j〉

ei q
h̄ A(t )·ri j ĉ†

i ĉ j − μ
∑

i

n̂i. (1)

ĉ†
i is the creation operator of an electron at the ith site and

we neglect the spin degrees of freedom. 〈i j〉 indicates the
nearest-neighbor sites, thop is the hopping parameter, q is
the charge of an electron, h̄ is the Dirac constant, μ is the
chemical potential, and n̂i = ĉ†

i ĉi. The model is defined on the
graphite sheet imposing the periodic boundary condition with
respect to the chiral vector L, which is characterized by the
chiral index (n, m) as L = na1 + ma2 [see Fig. 1(b)] [73]. The
effects of the magnetic and electric fields are included via the
Peierls phase through the vector potential A(t ) = AB + AE (t ).
The contribution from the static magnetic field is AB = ABe⊥
and that from the electric field is AE (t ) = AE (t )e‖. AB = B·|L|

4π

and E (t ) = −∂t AE (t ). e‖ and e⊥ are unit vectors of the tube
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FIG. 1. (a) A CNT with a static magnetic field (B = Be‖) and ac
electric field (E(t ) = E (t )e‖) along the tube. (b) A graphite sheet. bi

represents the vector from a site of the A sublattice to neighboring
sites of the B sublattice. a1 and a2 are primitive translation vectors.
L ≡ na1 + ma2 (∝e⊥) is the chiral vector characterizing CNTs. e‖
and e⊥ are unit vectors of the tube and circumferential directions.
(c) Correspondence of the momentum of an armchair CNT and that
of graphene. The blue hexagon is the BZ of graphene, where K and
K ′ are the Dirac points. (d) The band structure of the armchair CNT
with (n, m) = (15, 15) with and without a static magnetic field. The
solid line indicates the bands closest to K and K ′, which form 1D
Dirac systems.

and circumferential directions, respectively [see Fig. 1(b)]. In
the following, we focus on the armchair CNT with the chiral
index (n, m) with n = m.

The Fourier transform of the Hamiltonian (1) is Ĥ (t ) =∑
k ψ̂

†
kh(k(t ))ψ̂k, where

h(k) =
[ −μ F (k)

F ∗(k) −μ

]
, (2)

and k(t ) ≡ k − q
h̄ A(t ) [see the Supplemental Material (SM)

[74] for details]. Here, ψ̂
†
k = [ĉ†

kA, ĉ†
kB], ĉ†

kA, and ĉ†
kB are the

Fourier transforms of ĉ†
i on the A and B sublattices, respec-

tively, and F (k) = −thop[eik·b1 + eik·b2 + eik·b3 ] [see Fig. 1(b)
for bi]. The Hamiltonian (2) is the same as that of graphene
[72], and the set of kB(≡ k − q

h̄ AB) for the CNT corresponds
to some lines along k⊥ on the Brillouin zone (BZ) of graphene
[see Fig. 1(c)]. Note that k(t ) = kB − q

h̄ AE (t ), which moves
along k‖ in time. For B = 0, kB’s for the CNT pass the Dirac
points K and K ′ of graphene, hence the CNT bands host
gapless Dirac bands [see Figs. 1(c) and 1(d)]. Meanwhile, for
B �= 0, kB’s are shifted by − q

h̄ AB and do not pass the Dirac
points. Hence the CNT bands host gapful Dirac bands. Around
the Dirac points, the Hamiltonian (2) is effectively described
by the Dirac model [see Fig. 1(d) and SM [74] for details]. In

our setup, the dynamics of electrons around the Dirac points
leads to HHG, which is captured by this model.

The diameters of single-wall CNTs are typically 0.7–2 nm
[75]. The static magnetic field applied to CNTs in opti-
cal experiments can be several tens of tesla [68]. In the
following, we set thop = 3 eV and a = 0.246 nm and fo-
cus on the CNT with (n, m) = (15, 15), whose diameter is
2.04 nm. The band gap for B = 30 T becomes 29.7 meV
(�7.5 THz) [see Fig. 1(d)]. We mainly focus on half filling
(μ = 0) and apply the Gaussian electric field described by
AE (t ) = E0

h̄�
exp[− (t−t0 )2

2σ 2 ] sin[�(t − t0)]. We set the electric-
field frequency h̄� = 10 meV (�2.5 THz), the pulse center
t0 = 3.95 ps, and the pulse width σ = 658 fs, in the main text.

We simulate the time evolution of the tight-binding and
Dirac models using the semiconductor Bloch equation (SBE)
[76,77]

∂tρk(t ) = i

h̄
[ρk(t ), h(k(t ))] − ρk(t ) − ρeq,k(t )

T1

+
(

1

T1
− 1

T2

)
U(k(t ))ρH

off,k(t )U†(k(t )), (3)

where ρk(t ) is the single-particle density matrix consisting
of ραβ,k(t ) = 〈ĉ†

kβ
(t )ĉkα (t )〉 with α, β = A, B. The last two

terms express the relaxation processes within the relaxation-
time approximation. ρeq,k is the equilibrium density matrix
for the initial temperature (T ). U(k) is a unitary matrix
diagonalizing h(k) as U†(k)h(k)U(k) = ε(k) with ε(k) =
diag[ε0(k), ε1(k)]. It offers the description in the band (Hous-
ton) basis. In this basis, the density matrix becomes ρH

k (t ) ≡
U†(k(t ))ρk(t )U(k(t )), whose off-diagonal components are
ρH

off,k(t ) [72]. The diagonal components of ρH
k indicate the

occupation of the bands, and the off-diagonal components
indicate the interband hybridization. Thus, T1 represents the
relaxation time of the band occupation, while T2 represents
the dephasing time of the interband coherence. We set T1 =
98.8 fs and T2 = 19.8 fs to be consistent with previous studies
for graphene and CNTs [59,78–81].

The light radiation originates from the oscillation of elec-
tric polarization (or corresponding current) [82]. Since the
current along the circumferential direction does not yield
polarization, the HHG spectrum (normalized by the number
of sites) is evaluated from J‖(t ) (the current along e‖) as
IHHG(ω) = |ωJ‖(ω)|2. Here, J‖(ω) = ∫

dteiωt J‖(t ), and J‖(t )
is evaluated from ραβ,k(t ) using the current operator Ĵ‖(t ) ≡
− 1

N
δĤ (t )
δAE (t ) . 2N is the number of atoms (sites) for the CNT. In

the conditions studied here, HHG mainly originates from the
bands closest to the Dirac points, i.e., solid lines in Fig. 1(d).

Figure 2(a) shows IHHG of the armchair CNT with and
without the magnetic field obtained from the tight-binding
model. Only odd harmonics components appear in IHHG(ω),
because the system (1) is symmetric under a time-space op-
eration, t → t + π

�
and e‖ → −e‖ during the time-periodic

excitation (see Ref. [83] for a general argument). When B = 0
the intensity for l (� 3)th harmonics is very small. When
B �= 0 the HHG intensity for l � 3 is strongly enhanced by
more than several orders of magnitude. Figure 2(b) shows
the intensity at the HHG peaks Ipeak(l ) as a function of B
for l = 3, 5, 7. Ipeak(l ) is defined as the maximum value of
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FIG. 2. (a) HHG spectra IHHG of the armchair CNT with and
without the static magnetic field simulated with the tight-binding
model. IHHG for graphene is also shown. The inset show the band gap
induced by the magnetic field B. (b) The intensity at the HHG peaks
Ipeak (l ) as a function of B. We set the chiral index (n, m) = (15, 15),
μ = 0, T = 11.6 K, T1 = 98.8 fs, and T2 = 19.8 fs. The parameters
of the electric field are h̄� = 10 meV and E0 = 30 kV/cm.

IHHG(ω) for ω ∈ [l� − �, l� + �]. Ipeak(l ) is nonmonotonic
against B, since a gap too large compared to � suppresses the
excitation and thus HHG [see the inset of Fig. 2(a)]. Namely,
there exists the optimal value of B maximizing IHHG(ω) for
a given E0. Furthermore, the HHG intensity in the CNT per
atom for this optimal B is much larger than that in graphene
per atom [see Fig. 2(a)]. This is understood as follows. In
the CNT, we can tune B such that the bands closest to the
Dirac points yield HHG most efficiently for a given E0, and
the contributions from the rest of the bands are negligible.
Meanwhile, in graphene, which is identical to a CNT with
n, m → ∞, the number of bands along k‖ contributing to
HHG increases. However, the contribution from each band is
not optimal for a given electric-field condition, and they may
interfere and cancel each other on average. We also note that
the drastic enhancement of HHG with B can be observed even
for doped CNTs or for higher-frequency excitations (see SM
[74]).

The efficiency of the enhancement depends on the chiral in-
dex n(= m). First, the momentum shift due to the AB effect is
q
h̄ AB, which is proportional to B and L(≡ |L| ∝ n). Therefore,
in order to realize a given value of AB (or the gap), smaller B
is required for larger n (see SM [74] for examples). Thus, as
far as only the bands closest to the Dirac points are involved in
HHG, a larger n is favorable for the efficient control of HHG.
Meanwhile, with increasing n, the number of bands along k‖
increases, and many bands start to contribute to HHG. Then,

FIG. 3. (a), (b) Comparison of the HHG spectra of the armchair
CNT obtained in different ways for (a) B = 0 T and (b) B = 30 T.
IHHG(ω) is evaluated from the tight-binding model, while IDirac

HHG (ω),
Iintra (ω), and Iinter (ω) are evaluated from the Dirac model considering
only bands closest to K or K ′. The parameters of the system and the
electric field are the same as Fig. 2. (c) The dynamics of electrons
with and without the magnetic field. The momentum shift originates
from the intraband acceleration by the electric field.

the impact of the AB effect on HHG becomes less prominent.
In the extreme limit of n → ∞ (graphene), the AB effect has
no impact on physical properties.

To understand the origin of the enhancement of HHG with
the magnetic field, we compare the HHG intensity evaluated
from the tight-binding model (IHHG) and that from the Dirac
model (IDirac

HHG ) [see Figs. 3(a) and 3(b)]. We only consider
the contributions from the bands closest to K and K ′ for the
Dirac model. The results from the Dirac model match well
those from the tight-binding model both for B = 0 and B =
30 T. The only exception is the third harmonic generation at
B = 0, which originates from the nonlinear part of the band
dispersion. Namely, the 1D gapless Dirac model shows no
HHG at B = 0. Simply speaking, this is because the transition
of electrons between bands in the 1D gapless Dirac system
under an electric field is always perfect and electrons never
change the velocity [see Fig. 3(c)]. Without the relaxation,
this leads to J‖(t ) ∝ AE (t ) [84,85]. If we take into account
the relaxation, we obtain

∂t J‖(t ) = 1

n

thop

h̄
σ0E (t ) − 1

T1
J‖(t ), (4)

from the SBE (3), where σ0 =
√

3a2q2

2π h̄ (see SM [74]). This is
a linear differential equation, leading to no HHG. The last
term of Eq. (4), which we call [∂t J‖(t )]corr, originates from the
relaxation term of the SBE. The present form originates from
the relaxation-time approximation in Eq. (3). In principle, if
[∂t J‖(t )]corr depends on J‖ nonlinearly, the 1D gapless Dirac
system can show HHG. Still, in a previous experiment of
HHG in CNTs [64], metallic CNTs show very weak HHG,
which is consistent with the consequence from Eq. (4).

To obtain further insight, we evaluate the contribu-
tion from the intraband current (Iintra = |ωJ‖,intra (ω)|2) and
that from the interband current (Iinter = |ωJ‖,inter (ω)|2) us-
ing the Dirac model. We define the intraband current
as J‖,intra (t ) ≡ q

h̄N

∑
k Tr[ρH

k (t )∂k‖ε(k(t ))] and the interband
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FIG. 4. The intensity at the HHG peaks Ipeak (l ) for the armchair
CNT as a function of the strength of the ac electric field E0 for (a) l =
3, (b) l = 5, and (c) l = 7. The tight-binding model is used. The
dashed lines are proportional to (E0)2l for each panel. The parameters
of the system and the electric field are the same as in Fig. 2.

current as J‖,inter (t ) ≡ J‖(t ) − J‖,intra (t ). The former is asso-
ciated with the change in the band occupation, while the
latter is associated with that of the interband polarization [the
off-diagonal component of ρH

k (t )] (see SM [74] for details).
When B = 0, the perfect transition between the conduction
and valence bands happens without inducing the interband po-
larization, leading to IHHG = Iintra [see Fig. 3(c)]. Meanwhile,
when B �= 0, the gap opens and the dipole moments between
the bands become finite. These allow electrons to stay in the
same band and tunnel to the other band changing their group
velocity [see Fig. 3(c)]. Thus, both the intraband and interband
currents are activated to contribute to HHG [see Fig. 3(b)].
In the present case, the gap and the excitation frequency are
comparable, which makes the contributions from these cur-
rents comparable. The HHG contributions from J‖,intra (t ) and
J‖,inter (t ) cancel each other due to their interference.

Finally, we discuss the dependence on the strength of the
applied ac electric field E0 [see Fig. 1(a)]. In Fig. 4, we show
the intensity at the HHG peaks Ipeak (l ) as a function of E0 for
l = 3, 5, 7. In the perturbative regime with respect to E0, we
expect Ipeak(l ) ∝ (E0)2l . (For small B, this perturbative behav-
ior is recovered with E0 below the range shown in Fig. 4.)
For all harmonics, the deviation from the perturbative regime
happens at larger E0 for larger B, i.e., larger gap. Ipeak(l ) tends
to be saturated due to the higher-order corrections. Because of
this, the value of B maximizing Ipeak(l ) for a given E0 depends
on the value of E0. Namely, when E0 is small, the optimal B
is small, while for larger E0, the optimal B becomes large. We
note that these properties are insensitive to the choice of T1

and T2 (see SM [74]).
One interesting observation is that the optimal value of B

continuously decreases with decreasing E0 and it becomes a

few tesla for E0 ∼ 1 kV/cm. This indicates that σ (l ) monoton-
ically increases with decreasing B. Here, σ (l ) represents the
lth-order optical conductivity, i.e., J‖(l�) � σ (l )(E0)l . How-
ever, this peculiar behavior turns out to be sensitive to the
choice of T1 and T2 (see SM [74]). When T1 = T2, the optimal
B for small E0 remains around 20 T, where the gap is almost
double of �. The crucial dependence on T1 and T2 can be
attributed to the change in cancellation between the interband
and intraband currents. This point can be directly seen in the
analytic expression of σ (3). If we express contributions from
Jinter and Jintra as σ

(3)
inter and σ

(3)
intra, the leading terms in the limit

of B → 0 read

σ
(3)
intra � −F

1

A2
B

1

ζ3
, σ

(3)
inter � F

1

A2
B

1

ξ3
,

F ≡ iσ0thoph̄2 1

n

1

ξ1

(
λ0

2ζ2
+ λ2

ξ2

)
, (5)

at T = 0. Here, ζm = mh̄� + ih̄/T1, ξm = mh̄� + ih̄/T2, and
λm = ∫

dx xm
√

1+x27 . The expression tells that σ (3) diverges for

B → 0 when T1 �= T2, while the divergence is absent when
T1 = T2 due to the cancellation between σ

(3)
inter and σ

(3)
intra. Our

numerical simulation suggests that the same happens also for
higher harmonics with l � 5. Namely, for T1 = T2, the contri-
butions from the interband and intraband currents cancel each
other efficiently, while for T1 �= T2, the cancellation becomes
weaker (see SM [74]). Although we used T1 = 98.8 fs and
T2 = 19.8 fs to be consistent with previous studies, to fully
determine the realistic choice of T1 and T2 for the present
energy scale, a microscopic evaluation of the relaxation and
dephasing processes is required [86–91].

To summarize, we showed that HHG in metallic CNTs can
be drastically manipulated in the THz regime using the AB
effect. Tuning the strength of the magnetic field, the HHG
intensity can be maximized, where HHG per atom is more
efficient than in graphene. Such controllability of HHG may
be useful to develop an efficient HHG device in the THz
regime. In addition, with realistic parameters of CNTs and
external fields, a metallic CNT under magnetic fields can be
regarded as a tunable 1D Dirac system for THz excitations.
Therefore, it serves as a useful platform to systematically
study HHG in Dirac systems. Furthermore, the unique idea
of manipulating HHG via the AB effect can be applied for all
kinds of nanotubes including semiconducting CNTs, boron ni-
tride nanotubes [92,93], and transition-metal dichalcogenide
nanotubes [94].
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