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Percolation transition in a topological phase
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Transition out of a topological phase is typically characterized by discontinuous changes in topological
invariants along with bulk gap closings. However, as a clean system is geometrically punctured, it is natural
to ask the fate of an underlying topological phase. To understand this physics we introduce and study both
short- and long-ranged toy models where a one-dimensional topological phase is subjected to bond percolation
protocols. We find that non-trivial boundary phenomena follow competing energy scales even while the global
topological response is governed via geometrical properties of the percolated lattice. Using numerical, analytical,
and appropriate mean-field studies we uncover the rich phenomenology and the various crossover regimes of
these systems. In particular, we discuss the emergence of the “fractured topological region” where an overall
trivial system contains a macroscopic number of topological clusters. Our study shows the interesting physics
that can arise from an interplay of geometrical disorder within a topological phase.
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Introduction. Percolation transition [1-7] is a geometri-
cal phase transition which deals with the connectivity of a
graph without any underlying energetic considerations. For
short-ranged bond percolation in one dimension [3,6], with
p as the probability of having the nearest-neighbor bond, the
percolation transition happens at p. = 1. However, in higher
dimensions [8—10] it is known that p. can be less than 1. Crit-
ical exponents at the percolation transition follow universal
behavior similar to second-order phase transitions [5,6,11].
Thus, percolation transitions offer an alternate playground
to study critical phenomena which are not engineered by
thermal fluctuations but rather are governed by geometrical
“fluctuations” of the graph. Interplay of such geometrical
phase transitions with conventional Hamiltonian based clas-
sical and quantum symmetry broken phases has been long
investigated [12-21]. In particular, the effective dimension
of the critical cluster at the percolation threshold has been
shown to determine the nature of the phase diagrams both
in higher dimensions [15] and in long-range systems even
in one dimension [18,22-26]. However, similar questions in
the context of topological quantum phases have been only
slightly explored [27,28]. Such questions can help shed light
on a plethora of experimental studies where the interplay of
disorder and topological phases have become increasingly
important [29-40].

In this work, we pose the question—can a topological
phase and its response functions detect an underlying geomet-
rical (percolation) phase transition? To answer this question
we introduce and study two toy models in one dimension
where the graph is a one-dimensional chain with short- and
long-range couplings and the decorated Hamiltonian on the
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graph is the paradigmatic Su-Schrieffer-Heeger (SSH) chain
[41,42] [see Fig. 1(a)]. The first model we discuss is the
short-ranged (SR) model, where the inter-unit-cell (composed
of sites A and B) bond hopping (w) in the conventional SSH
model is percolated while the intra-unit-cell hopping (v) is
kept intact. Here, we find interesting signatures of the perco-
lation transition as p — (p. = 1), where a response function,
such as polarization [43-45], approaches 1 and the system
hosts zero energy modes. For p < 1 we show the breakdown
of bulk-boundary correspondence, where polarization is ~0
even though the system hosts robust zero modes. In order to
capture the physics of p. < 1 we introduce a long-range (LR)
model where inter-unit-cell bonds are now long-ranged and
chosen probabilistically. In particular, the probability of a LR
bond falls as p/r® (o > 1) but the hopping strength is kept
as w such that geometrical p. < 1. Interestingly, we find that
typical signatures of a topological phase in one dimension
such as polarization (P) and robust zero-modes (Ny) follow
distinctive behaviors reflecting either geometrical or energetic
considerations. Using a combination of numerical and “mean-
field” analytic studies, we show that these models can indeed
capture interesting aspects of percolation transitions in a topo-
logical phase.

Bond-diluted SSH chain. We first consider a percolating
SR-SSH chain [41,42] with the Hamiltonian

L
f i
H=v Z(CmACn,B + C,LBCn,A)
n=1
L-1
+ Z Wn,n+1 (CZ’BCn-&-l,A + C,IH_LACn,B)a (1)

n=I
where L is the number of unit cells, ¢, 4 (cjl ) is the annihi-

lation (creation) operator for a fermion in sub-lattice A (B)
of n-th unit cell. The parameters v and w, ,+; denote the
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FIG. 1. (a) Bond-diluted long-range (LR) SSH chain where intra-
unit-cell (A and B sites) hopping is v. The probability of having the
bond between the unit cells separated by a distance r is p,, ., = p/r®
and the hopping strength is w, .+, = w. In (b), a schematic phase
diagram for p and o in the deep topological phase (Jw| > |v]) is
shown. Schematic phase diagram for w/v with p for a fixed « is
shown in (¢), where p* is the threshold where end-to-end connectivity
of the chain is established. P and N, are the polarization and the
number of zero-energy modes, respectively. The dotted curves in
(c) are the mean-field critical curves (see text).

intra- and inter-unit-cell hopping strengths, where the latter
is chosen from a probability distribution:

ﬁSR(wn,n-k—l) = pS(wn,;H-l —w)+ (1 - P)(S(wn,n+l)- 2)

Thus, p (where 0 < p < 1) is the probability of having a
bond between the nearest neighboring unit cells with hopping
strength w. Choosing w and v as real, our system always
belongs to the symmetry class BDI [46,47]. We always study
the system at half-filling, such that Fermi energy remains
pinned to zero.

Phase diagram. At p =1 we restore a clean SSH chain
(see Refs. [48-50]), which is topologically non-trivial with
two zero-modes (Ny =2) when |w| > |v| and is trivial
when |w| < |v|. The polarization (see Supplemental Mate-
rial (SM) [51]) takes P =1 and P = 0 in the two phases,
respectively, indicating the existence of bulk-edge correspon-
dence at p = 1. As the chain is diluted (i.e., p < 1), we find
that the polarization is always zero (P ~ 0) for both |w| > |v|
and |w| < |v], as evident from Fig. 2(a). Importantly, with in-
creasing system size, P — 1 (in the topological regime) only
at p = 1 [see Fig. 2(b)]. This would suggest that any amount
of percolation in the SR-SSH chain immediately renders it
trivial. However, the number of zero-modes in the system
shows a nontrivial behavior which we now discuss.

Given a typical Kubo gap in the system is AE ~ 1/L, we
associate the number of zero modes = N, to be the number of
single-particle eigen-energies E; which lie within the window
|E;| < AE. We find that Nj is identically zero when |w| < |v|
for all values of p but can take non-zero values when |w| > |v|
even when p < 1 [see Fig. 2(c)]. This indicates a breakdown
of bulk-edge correspondence in the percolating (i.e., when
p < 1) topological phase—where even though the individual
clusters have robust zero modes, the overall system does not
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FIG. 2. (a) Polarization (P) as a function of w/v and p for a
bond-diluted SR-SSH chain [see Eqs. (1) and (2)] with L = 64. (b)
P as a function of p for different sizes L (w/v = 10.0). (c) The
number of zero-energy modes (Ny) as a function of w/v and p for
L = 64. (d) Behavior of Ny with p in the deep topological regime
(w/v = 100.0) for L = 100. (e) Schematic phase diagram with the
parameters w/v and p. (f) Mean energy-gap (€) per cluster [see
Eq. (3)] in the units of v (where v = 1) as a function of p for L = 100
for different w/v. The dotted lines in (a), (c), (e) are the mean-field
critical lines: wp = £v. p. = 1 is the classical percolation threshold.
Configuration averaging is performed over 200 realizations in (a), (c)
and over 1000 realizations in (b), (d), (f). The error-bars are always
denoted by shaded thickness of the curves.

have a finite polarization. This implies that polarization is
a truly global object, which requires end-to-end connectiv-
ity in the system. Interestingly, Ny goes to zero at a much
lower value of p given by ~|v/w| shown by a dashed line
in Fig. 2(c). To estimate this competing energy scale, we
construct an effective “mean-field” Hamiltonian (Hyr) where
a translationally invariant model is considered where hopping
strength between unit cells (w) is scaled by the probability
of having the corresponding connectivity p (see [51]). This
is similar to coherent potential approximation common in
study of alloys [52,53]. Thus, the trivial to topological phase
transition here happens at |wp| = |v|. Therefore, while the
appearance of the robust zero modes is governed by Hyp,
the behavior of polarization is determined by the geometric
transition. The robustness of these zero modes are against
further intra-cluster weak energetic disorder that continues to
preserve the BDI symmetry class and are perturbative com-
pared to the bulk gap scale.

Geometrical properties of the percolating clusters deter-
mine the number of zero-modes deep in the topological phase
(i.e., |[w| > |v|) since every cluster hosts two “edge modes”.
An upper bound on Ny is 2 Y o2, Ny = 2Lp(1 — p), where
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N is the number of clusters with s unit-cells (see [51]). This
is confirmed numerically in Fig. 2(d). Thus the following
qualitative phase diagram emerges: the percolation transition
(pc = 1) is captured by P while Ny follows the mean-field
critical lines wp = %v [see Fig. 2(e)]. The approach to per-
colation transition criticality predicts interesting scaling for
physical quantities. For instance, P approaches 1 near p — p,
as (1 — P) ~ L™*/», where v, = | and is thus determined by
percolation exponent (see [51]). Similarly, the mean energy
gap (€) per cluster, defined as

_ Zs 63./\/’5
LN

€

3

exhibits interesting behavior near p. for different values of
w, v. Here, €; is the energy-gap in a cluster with s unit cells.
A typical cluster of size s, for |w| > |v| has €; ~ exp(—s/1)
because of hybridizing edge modes. For |w| < |v|, the clus-
ters are trivial and gapped with €; ~ 2|v — w| and at |w| =
|v], € ~ 1/s. This results in a linear behavior of € — 0 as
p— 1 at |[w| > |v| and a logarithmic dependence at |w| =
[v] (see [51]). All these results are numerically confirmed in
Fig. 2(f). Thus, the SR-SSH chain shows the non-trivial role
of percolation physics in a topological phase. We now discuss
long-range chains where p. can be tuned below 1.

Bond-diluted LR-SSH chain. Geometrically, for long-
ranged bond-diluted chains [23,24,26], where the probability
of having a bond between the n-th and (n + r)-th sites goes
as pun+r = p/r* (where o > 1), the percolation transition
is found to occur at p. =1 for « > 2 and p. < 1 for 1 <
a < 2, respectively, thus differentiating the two situations
within a renormalization group study [24,26]. A lower bound
on p. is given by Bethe threshold (p‘fe‘he) [23,26] which
is the value of p where a site is coupled to at least one
other site, i.e., pBM® > (2/r%) ~ 1, which implies pBethe ~
1/(2Li4 (1)), where Liy (x) = > o2 | (x"/r®). In order to study
the role of topological quantum Hamiltonian on such a LR
chain we study the following model:

L
T t
H=v E (cn,Acn,B + cn,Bcn,A)
n=1
L—1L—n

+ Z Z wn,n+r(clqgcn+r,A + CZJFr’ACn,B)s (4‘)

n=1 r=1

where the probability distribution of the inter-cell hopping
strength w, ,+, between the n-th and (n 4 r)-th unit cells is

p

75LR(wn,n-H) = r%g(wn,n-kr —w)+ (1 - r_a>3(wn,n+r),

&)

where w, ,+, can assume the values w (# 0) and zero with
the probabilities p/r® and (1 — (p/r®)), respectively, where
o > 1. The probability of having a bond between the unit
cells decreases with the distance r, but the inter-cell hopping
strength (w) remains constant. The corresponding Hyr where
the inter-unit-cell hopping goes as ~'f7{’ (see [51]) governs
physics which is determined by the average energetics of the
problem.
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FIG. 3. (a) Number of zero-modes (N,) as a function of w/v
and p for Model-LR with « = 1.6 and L = 100, (b) N, as a func-
tion of w/v for LR and mean-field (MF) model with « = 1.6, p =
0.3, and L = 100. The dotted lines are the MF critical lines wp =
(—v)/(Lig(—1)) and wp = (—v)/(Liy(1)). Configuration averaging
is performed over 200 realizations in (a) and over 1000 realizations
in (b).

Results and phase diagram. In the LR system we calculate
Ny and find it is non-zero in the same parameter regime
where the corresponding Hyg is non-trivial [see Fig. 3(a)
where the mean-field critical lines and Ny are shown]. The
mean-field critical lines can be easily estimated to be wp =
(—v)/(Lig(—1)) and wp = (—v)/(Liy(1)). This also corrob-
orates with the behavior in the SR model in o >> 2 limit.
The number of zero modes, however is dependent on the
nature of the geometrical disorder—as can be seen in Fig. 3(b)
where Model-LR has significantly higher Ny compared to the
mean-field (MF) model. This is expected since for translation-
ally invariant MF model Ny = 2 in the topological regime;
while in LR given a finite p. the system has larger number
of disconnected clusters for the same value of o and w/v
(see [51]). We next investigate the behavior of polarization
in this system. While in the trivial regime (Jw| < |v]) P ~ 0
irrespective of the value of @ and p, deep in the topological
regime the behavior of P is quite unique. For |w| > |v|,
when o > 2, P ~ 1 only when p — 1 consistent with the SR
system. However, as « is reduced, we find that P undergoes a
transition from 1 to zero, at neither the mean-field value nor
the geometrical percolation transition. The transition happens
at a different crossover scale p we label p*. This divides the
complete phase space into three distinct regions: for p > p*,
where both P ~ 1, Ny # 0 and thus the system is “topologi-
cal” even while percolation disorder is present. For p < pmr
[where pyr = |(—v)/(wLiy(1))]] both P and N, are O sig-
naling a trivial phase. In between, for p > pyr and p < p*
while the system has a number of zero modes (coming from
underlying topological clusters), P ~ 0 signaling an absence
of any global topological response [see Figs. 4(a), 4(b)]. We
dub this regime a Fractured Topological Region (FTR). Study
of local density of states for zero energy modes [LDOS (n) =
ngl (n|y;)]?, n is site index] confirms such modes localized
at the “edges” of different clusters in FTR [see Fig. 4(c)]. The
fractured region is thus characterized by an extensive number
of zero modes (see [51]), determined by a combination of
topological and geometrical properties—before the system
eventually transits to a trivial phase. However, for p > p*
the system undergoes a transition from topological to trivial
phase as w/v is tuned at a value determined by the Hyr. This
qualitatively points out the schematic phase diagrams shown
in Figs. 1(b) and 1(c).
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FIG. 4. (a) Polarization (P) as a function of « and p for Model-
LR with |w|/|v| =5.0 and L = 64. (b) Number of zero-energy
modes (Ny) and P with p for LR with |w|/|v] =5.0,L =64 and @ =
3.0. (c) Local density of states (LDOS) of the zero-energy modes as
a function of site index (n) and p for LR with |w|/|v] = 5.0 and
o = 3.0. Here, p. is classical percolation threshold, p* = 1/(Li, (1))
and pyr = |(—v)/(wLi,(1))|. Configuration averaging is performed
over 200 realizations in (a) and over 1000 realizations in (b).

We note that while at « > 2 value of p* =p, ~ 1, at
small «, p* # p.. Thus the polarization physics is not just
decided by the formation of a spanning cluster; in fact we find
p* is broadly the value of p when ) 2, & ~ 1 [ie., p* ~
(Liy(1))~'] which is the probability when a site is connected
to any site on one of its sides. Thus p* represents end-to-end
connectivity between the two ends of the lattice which is — 1
as « > 2 thus coinciding with the geometrical p.. In another
model, where w, ,+ has the following probability distribution
(pe = 0):

~ w
PLRZ(wn,rH-r) = [75 (wn$n+r - V_a> + - p)S(wn,n+r)a 6)

another p* emerges due to a different percolation properties
of the links (see [51]), even though the pyp remains the
same as before. While our qualitative argument shows that the
end-to-end connectivity gets established at p* we do not find
any signatures of a thermodynamic phase transition for the
electronic system. This is not unexpected since the electronic
problem still resides on a highly disordered landscape. It will
be interesting to find classical signatures of p* and how they
are different from p..

Discussion. It is pertinent to note that while in a translation-
ally symmetric Hamiltonian, topological and trivial phases
are separated by a critical point where both the topological
invariant and its boundary manifestations undergo concurrent
transitions—the same physics does not occur under a geo-
metrical disorder. As a topological phase is punctured (here
using a percolation protocol), it is expected that eventually the

topological phase gives way to a trivial phase. However, our
study shows that these two well-defined limits are separated
by a large region where bulk-boundary correspondence breaks
down. We also point out that even though we maintain the
symmetry class of the underlying parent topological phase;
these different regimes which seem to be separated out by
distinct energy scales or geometrical properties are not sep-
arated via a critical point in the sense of a diverging length
scale. The behavior of quantities such as gap, fidelity suscep-
tibility, IPR, and entanglement entropy suggests that all these
phases and their crossover boundaries have localized states
near Fermi energy (see [51]). In this sense, these transitions
are also distinct from studies of perturbative disorder such as
Anderson/hopping disorder where no geometrical phase tran-
sitions occur [37,54-56]. We also point out that polarization
and its real space equivalent as a topological response have
been rigorously investigated for one-dimensional topological
insulators in both clean and disordered settings [37,54-56],
however they have not been discussed in context of geomet-
rical transitions. While we have used P to characterize the
global topological response, it may be useful to find other
topological markers which may be better suited to capture the
signatures of the percolation transition.

Outlook. While the nature of topological phases and their
phase transitions are well understood in crystalline systems,
an alternate method to trivialize a topological phase is via
geometrical disorder. Unlike the perturbative energetic disor-
der where a disorder energy scale is introduced, a geometrical
disorder allows an interplay of both geometrical and Hamil-
tonian based phase transitions in the same system. We create
toy models based on the simplest one-dimensional topological
phases (SSH) to delineate such interplay of geometrical and
topological physics. In the SR model as the system is per-
colated, it creates a macroscopic number of topological zero
modes, even when the global P — 0. In the LR model, where
pe < 1, we find a new percolation scale p* above which po-
larization remains large, and below which we find a fractured
topological region, where zero modes appear even in absence
of global topological order.

The experimental detection of signatures of percolation
transition in physical observables like polarization for bond-
diluted topological systems is an interesting open question.
Experimental observation of the SSH topological phase in a
Rydberg system [34] and a concrete proposal to study glassy
physics in the same setup [35] offer an exciting platform
to realize this physics. While our work focuses on the one-
dimensional system, generalization of this study to higher
dimensions and topologically ordered phases is a natural and
exciting future direction. While a few such studies focusing on
Chern insulators have appeared which show interesting hints
of geometrical criticality [27,28], it will be interesting to see
if there is a general framework which opens up a new class of
unique phases and phase transitions which are associated with
just the geometrical properties of the system.
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