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Recently, above-room-temperature superconductivity was reported in the Cu-doped lead apatite
Pb10−xCux (PO4)6O, dubbed LK-99. By relaxing the structure with Cu substitution, we derive a four-band low-
energy model with two 3/4 filled bands of predominantly Cu-dxz,yz character and two filled O-px,y bands. This
model is further downfolded to a two-band Cu-dxz/yz model. Using ab initio derived interaction parameters, we
perform dynamical mean-field theory calculations to determine the correlated electronic structure in the normal
state. These calculations yield a Mott insulator at x = 1 and a strongly correlated non-Fermi-liquid metal upon
doping. The very large interaction versus bandwidth ratio U/W ≈ 30−50 and the local moment paramagnetic
behavior in the relevant filling regime are hard to reconcile with diamagnetism and high-temperature supercon-
ductivity. Our calculations suggest that this behavior comes from a component with a different stoichiometry.
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Introduction. The report of 400 K ambient-pressure super-
conductivity and diamagnetism in the modified lead apatite
Pb10−xCux(PO4)6O [1,2] has caused considerable excitement
in the physics community and beyond. Such a discovery has
the potential to revolutionize many existing technologies. It is
thus not surprising that experimental and theoretical groups
around the world have immediately started to investigate the
properties of this material, which Lee, Kim, and co-workers
dubbed LK-99. Several independent groups have reported the
successful synthesis of LK-99 [3–8], but the investigations
of the physical properties have produced conflicting results.
Some failed to find signs of superconductivity and diamag-
netism [3,4,7], while others measured zero resistance below
100 K (but no Meissner effect) [5] or strong diamagnetism
(without measuring the resistivity) [6]. In particular, Ref. [3]
reported semiconducting and paramagnetic behavior. It was
also pointed out that the samples might in reality be inhomo-
geneous and contain superconducting droplets embedded in a
nonsuperconducting material [9].

Several theoretical groups have already performed elec-
tronic structure calculations using density functional theory
(DFT) and DFT + U [10–14]. While the parent compound
Pb10(PO4)6O is found to be insulating, in agreement with
experiment [1,2], the substitution of a single Cu atom on
a Pb(2) site (in the notation of Ref. [2]) yields two very
narrow bands of Cu-d character near the Fermi level. This
has led to speculations about a potentially new form of
flat-band high-temperature superconductivity [10]. However,
DFT and DFT + U are clearly not sufficient for this material
and electronic correlation effects beyond a standard DFT or
Hartree-Fock treatment need to be taken into account. In this
Letter, we clarify the correlated electronic structure of the
normal state of Pb10−xCux(PO4)6O by performing dynamical
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mean-field theory (DMFT) [15] calculations with ab initio
derived interaction parameters. We show that the structural
relaxation in the presence of Cu dopants leads to significant
changes in the lattice structure, and that the resulting low-
energy model contains two bands of Cu-d character near the
Fermi level and two oxygen bands slightly below. This model
can be further downfolded to a two-band model for the pre-
dominantly Cu-dxz/yz bands. We calculate realistic interaction
parameters using the constrained random phase approxima-
tion (cRPA) [16] and use them in DMFT calculations with a
numerically exact impurity solver. The results suggest that the
x = 1 system is deep in the Mott insulating regime (interac-
tion versus bandwidth ratio U/W ≈ 30−50), while for x > 1
and x < 1 we find a non-Fermi-liquid metal with a large local
spin susceptibility.

Low-energy model. The parent compound of LK-99 is
Pb10(PO4)6O4, which crystallizes in the space group P63/m
(No. 176). There are four oxygens along the c axis in
Pb10(PO4)6O4, whereas three of them are missing in both
the undoped and doped lead apatites Pb10−xCux(PO4)6O.
The band structure of Pb9Cu(PO4)6O does not depend on
the choice of the position (four possible choices: z = 0.134,
0.366, 0.634, 0.866) of the retained oxygen along the c axis
[dubbed O(4)] [12]. Pb9Cu(PO4)6O contains two types of Pb
atoms, referred to as Pb(1) (six sites in the unit cell) and
Pb(2) (four sites in the unit cell), as shown by the gray and
black spheres in Fig. 1. According to Refs. [1,2], the Cu
atom is substituted on one of the Pb(2) sites. Due to the pres-
ence of inversion symmetry in Pb10(PO4)6O4, there exist two
nonequivalent Pb(2) positions for the Cu substitution, namely
( 1

3 , 2
3 , 0.0035) and ( 1

3 , 2
3 , 0.4965). If the structure is relaxed

without relaxing the ions’ positions, to preserve the space
group, Cu should substitute the Pb(2) at the ( 1

3 , 2
3 , 0.0035)

site and O(4) should occupy the (0, 0, 0.134) site, since this
combination yields the minimum total energy among the enu-
merated choices in DFT calculations [12]. This combination
of Cu and O(4) is the starting point of our crystal structure
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FIG. 1. (a), (b) [(c), (d)] Crystal structure of unrelaxed (relaxed) Pb9Cu(PO4)6O. In both (a) and (c), the bond lengths between the
substituted Cu atom and its nearby oxygens, as well as the fractional coordinates of O(4) along the c axis, are shown. In (b) and (d), a
green dashed hexagon is added to emphasize that the symmetry is lowered in the relaxed structure. (e)–(j) Band structure of the relaxed
system, with red lines showing the DFT bands. The blue lines in (e) and (f) show the bands of the d + p low-energy Hamiltonian obtained
using the WANNIER90 package. The green lines in (f) further show the bands of the two-band d model downfolded from the d + p model using
the NMTO method. (g)–(j) Orbital-resolved projected bands.

relaxation, in which we relax the ionic positions but not the
lattice constants. Such a relaxation is necessary because the
radii of Cu and Pb are different.

In the relaxation we use the lattice constants reported in
Ref. [1], which are a = b = 9.865 Å, c = 7.431 Å. The initial
and the relaxed structures are shown in Figs. 1(a) and 1(b),
respectively. There are four important observations regarding
the relaxed structure: (i) The symmetry is lowered to P3. In
the initial structure, the Pb(1) atoms (which are not in the
same plane) form a hexagonal pattern if viewed from the c
axis [see the green hexagon in Fig. 1(b)]. However, in the
relaxed structure, the Pb(1) atoms are shifted and deviate from
the hexagonal pattern [see Fig. 1(d)]. (ii) The O(4) is shifted
along the c axis from (0, 0, 0.134) to (0, 0, 0.246). (iii) The
bond lengths between Cu and its adjacent oxygens shrink.
(iv) The shifted O(4) atom is closer to Pb(1) (bond length
reduced from 2.58 to 2.27 Å) but farther from Cu (distance
increased from 5.76 to 5.96 Å). The band structure of the
relaxed Pb9Cu(PO4)6O crystal is shown by the red lines in
Fig. 1(e). There are four bands near the Fermi energy, which
are mainly contributed by the Cu-dxz, Cu-dyz, O(4)-px, and
O(4)-py orbitals, as demonstrated by the band projections onto
these orbitals [see Figs. 1(g)–1(j)].

The four-band tight-binding Hamiltonian of the d + p
model is obtained from the maximally localized Wannier
functions constructed by WANNIER90 [17,18], and reproduces
the DFT dispersion near the Fermi energy well [see blue
dashed lines in Figs. 1(e) and 1(f)]. The orbital projected
bands in Figs. 1(g)–1(j) indicate that there exists some hy-
bridization between the Cu-dxz/yz orbitals and the px/y orbitals
of O(4) [19]. To obtain a two-band model for Cu-dxz/yz,
we have to project out the O(4)-p states which are almost
completely occupied and presumably less relevant for the
low-energy physics. This can be achieved by performing the
N th-order muffin-tin orbitals (NMTO [20]) band downfolding
onto the Cu-dxz and Cu-dyz basis. Here, we choose N = 1

(first order). It turns out that the low-energy bands of predom-
inantly Cu-dxz and Cu-dyz character can be well reproduced
by this procedure, as shown by the green dotted-dashed lines
in Fig. 1(f). We note that the resulting basis functions have a
larger spatial extent than the initial ones, but are still Wannier-
like (localized, with maximal localization) and retain their
specific d characters [20].

In contrast to the undoped compound, the low-energy
band structure of Pb9Cu(PO4)6O—corresponding to stacked
triangular lattices—has no particular one-dimensional (1D)
character. The nearest-neighbor hoppings between the d or-
bitals in the d + p model are t (100)

xz,xz = t (100)
yz,yz = −4.65 meV,

t (001)
xz,xz = t (001)

yz,yz = −3.37 meV.
Interaction parameters. We calculate realistic interac-

tion parameters for the two low-energy models using the
constrained random phase approximation (cRPA) [16] imple-
mented in the VASP package [21–23]. Screening from bands
in an energy window from −4.3 to +7.8 eV (correspond-
ing to roughly 100 occupied and 60 unoccupied bands, spin
counted) are taken into account. The static (ω = 0) values of
the density-density interactions U and Hund couplings J are
listed in Table I. (We have also obtained qualitatively consis-
tent, but somewhat smaller, interaction parameters using the
SPEX code [24].) As may be expected, U changes appreciably
between the models, while J is only weakly screened. These

TABLE I. Static cRPA interaction parameters (in eV) for the d
and d + p models. The bare values are shown in parentheses.

U J

d model d-d 2.94 (17.33) 0.61 (0.71)
d + p model d-d 5.67 (17.32) 0.65 (0.71)

p-p 2.66 (6.23) 0.24 (0.40)
p-d 1.36 (2.43) 0.004 (0.007)
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FIG. 2. (a) Orbitally averaged local spectral function A(ω) at
T = 100 K. (b) Intercept C and exponent γ , extracted from the low-
frequency behavior of the self-energy �, as a function of filling. (c),
(d) −Im �(iωn) on the Matsubara frequency axis for (c) T = 300 K
and (d) T = 100 K.

interaction parameters are comparable to cuprates (the single-
band d model for La2CuO4 has Udd = 3.65 eV and the d-p
model Udd = 7.00 eV [25]), and in particular they are much
larger than the d bandwidth W ≈ 0.08 eV. For integer filling,
we thus expect Mott insulating behavior.

DMFT framework. Focusing on the two-band model,
we treat the local correlation effects in the narrow d
bands within the framework of DFT + DMFT [15,26].
This formalism maps the lattice problem to a self-
consistent calculation of a quantum impurity problem,
which is solved using continuous-time quantum Monte
Carlo simulations in the hybridization expansion (CT-HYB)
[27,28]. The local interactions are treated at the density-
density level [29], Hint = ∑

α Unα,↑nα,↓ + ∑
α �=β,σ [(U −

2J )nα,σ nβ,σ̄ + (U − 3J )nα,σ nβ,σ ], where α, β = dxz, dyz are
orbital indices, σ denotes spin, and the interaction parameters
are listed in Table I. Since the system is close to the atomic
limit, the average perturbation order in the hybridization ex-
pansion is almost zero, even at temperature T = 100 K. This
creates a problem with poor Monte Carlo statistics in the
standard measurement of the Green’s function [27]. To solve
this problem, we use virtual updates [30].

Results. Figure 2(a) shows the orbitally averaged (dxz and
dyz are degenerate) local spectral function obtained from the
d model for the indicated fillings at T = 300 K. These spec-
tra have been obtained using maximum entropy (MaxEnt)
analytical continuation of the local imaginary-time Green’s
functions [31]. Doping x = 1 corresponds to 3/4 filling, or
n = 3 electrons in the two orbitals. At this integer filling, the
system is Mott insulating, with a gap of approximately U −
3J = 1.1 eV. We notice that the spectral function is highly
asymmetric, with a narrow upper Hubbard band (UHB) and
a broad lower Hubbard band (LHB). This can be understood

by considering the atomic limit: The UHB corresponds to
the creation of quadruplons, whose hopping leads to a dis-
persion with a width comparable to the noninteracting bands
(W ≈ 0.08 eV). The LHB, on the other hand, splits into three
subbands corresponding to the creation of high-spin and low-
spin doublon states with local energy U , U − 2J , and U − 3J .
MaxEnt spectra cannot resolve these subbands, since they are
smeared out at higher energies, but the upper edge of the
lower Hubbard band can be associated with the creation of
high-spin doublons (local energy and gap ≈U − 3J), and the
width of the LHB is consistent with the above estimate of
approximately 3J = 1.8 eV.

If we electron-dope the system (n = 3.3, black spectrum),
the chemical potential shifts into the UHB, and we obtain
a quasiparticle band with width comparable to W , separated
from the LHB by the U − 3J = 1.1 eV gap. In the hole-
doped spectrum (n = 2.7, green curve), the quasiparticle band
merges with the first subband of the LHB, and we can now
recognize the gap of J = 0.6 eV to the second subband (which
in the MaxEnt spectrum is merged with the third subband).

In Figs. 2(c) and 2(d) we plot the imaginary part of the
orbitally averaged self-energy � as a function of Matsub-
ara frequencies ωn = (2n + 1)πT for T = 300 K [Fig. 2(c)]
and T = 100 K [Fig. 2(d)]. The metallic self-energies of the
higher-T system look non-Fermi-liquid like, while the lower-
T results at first sight seem to exhibit a linear behavior at low
frequencies. Upon closer inspection, one notices that these
almost linear curves do not extrapolate to zero as ωn → 0,
but to a finite intercept (see black arrow), indicating scattering
off frozen local moments. (Note that the downturn of the
Matsubara self-energy for the Mott insulating n = 3 solutions
at low frequencies is a consequence of the particle-hole asym-
metry of the system.) We perform an analysis analogous to
Ref. [32] by fitting the low-frequency behavior of −Im �(ωn)
to C + A(ωn)γ , with C, A, and γ fitting parameters. For the
metallic solutions, we plot the fitted values of C (scatter-
ing rate) and γ (non-Fermi-liquid exponent) as a function
of filling n in Fig. 2(b). The finding of a non-Fermi-liquid
self-energy with nonzero intercept (scattering rate) C and γ

close to 1 both for the electron- and hole-doped n = 3 Mott
insulator is consistent with the generic spin-freezing phase
diagram of the two-orbital model with density-density inter-
actions [33]. In the large-U regime, the spin-frozen bad-metal
regime extends from half filling to beyond n = 3.

The freezing of the moments is directly seen in the lo-
cal spin-spin correlation function Cs(τ ) = 〈Sz(τ )Sz(0)〉, with
Sz = 1

2

∑2
α=1(nα↑ − nα↓), which is plotted in Figs. 3(a) and

3(b). The flat curves imply a large local spin susceptibility
χs = ∫ 1/T

0 dτCs(τ ) and the presence of robust local moments
[estimated in Fig. 3(c) as 2

√
T χs]. This is not only the

case in the Mott insulator (n = 3), but also in the doped
systems. Since hole doping produces high-spin moments,
the freezing effect is particularly pronounced in the hole-
doped metal. On the electron-doped side, the fluctuations
increase—see Fig. 3(d), which plots the dynamical contri-
bution to the susceptibility, �χs = χs − 1

T Cs( 1
2T ) [34]. The

crossover regime between the spin-frozen (or orbital-frozen)
bad metal and the more conventional Fermi-liquid-like metal
is characterized by γ ≈ 0.5 and is closely linked to uncon-
ventional superconductivity [34–37]. In the two-band model
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FIG. 3. (a), (b) Local spin-spin correlation function Cs(τ ) =
〈Sz(τ )Sz(0)〉 of the d model for the indicated fillings and (a) T =
300 K and (b) 100 K. (c) Estimate of the local moment 2

√
T χs.

(d) Dynamical contribution to the spin susceptibility �χs = χs −
1
T Cs( 1

2T ).

of LK-99, a spin-freezing crossover exists on the electron-
doped side of the n = 3 Mott insulator. However, even if
we assume some doping of the Cu-dxz/yz bands, this mate-
rial is in an unusually strongly correlated regime (U/W >

30). The most pronounced local moment fluctuations in the
two-band system are found for n ≈ 2.5 near the tip of the
half-filled Mott lobe (U/W ≈ 1) [35], and also the models
for cuprates [36] and fulleride superconductors [37,38] exhibit
the strongest fluctuations and highest superconducting Tc in
this intermediate-coupling regime.

As far as magnetic order is concerned, based on previous
studies of two-orbital Hubbard systems [35], we expect a fer-
romagnetic ordering tendency for filling n ≈ 3 in the large-U
regime, in agreement with the recent experimental findings in
Ref. [8].

Conclusions. We presented DMFT calculations for the cor-
related electronic structure of Pb10−xCux(PO4)6O, focusing
on the system with original O(4) position at (0, 0, 0.134) and
with Cu substitution of the Pb(2) on the ( 1

3 , 2
3 , 0.0035) site.

We showed that the structural relaxation of this system leads
to a significant shift in the O(4) position to (0, 0, 0.246) and
derived a four-band d + p model describing the physics near
the Fermi level, as well as a two-band d model obtained
by a subsequent NMTO downfolding. In qualitative agree-
ment with other DFT studies, we find that the two bands of
predominantly Cu-dxz/yz character have a narrow bandwidth
of approximately 0.08 eV, which is due to the large spatial

separation of 9.84 Å between the Cu sites. Since the realistic
interaction parameter U , obtained from cRPA, is about 30
times larger, it is not surprising that DMFT predicts a Mott
insulator with a large gap. This is at odds with the report
of high-temperature superconductivity, even if we assume
some extra doping. While unconventional superconductors
(cuprates, pnictides, fullerides, ...) exist in proximity to a Mott
state, or in a spin/orbital-freezing crossover regime which is
controlled by a Mott phase [34–38], high-Tc superconductivity
typically appears in the intermediate correlation regime with
U/W ≈ 1 and not in the extremely correlated limit U/W 
 1.
Our LK-99 model, with filling near n = 3, exhibits frozen
local spin ∼1/2 moments, which is not consistent with the
experimentally reported diamagnetism [1,2]. In the four-band
model, depending on the choice of double-counting term, we
expect that a small-gap charge-transfer insulating solution
could be obtained [39]. This, together with the paramag-
netism, would look qualitatively consistent with the findings
of Ref. [3], while the physics of our models cannot be recon-
ciled with the phenomena reported in Refs. [1,2].

The observation of flat bands in the DFT band structures
has immediately raised the question of a possible manifesta-
tion of flat-band superconductivity, but it is not obvious how
such a mechanism should work in the present case. At first
sight, the flatness of the Cu-d bands is simply a consequence
of the spatial separation of the Cu atoms, and not of some
nontrivial interference effect. (The Wannier spread of the Cu
orbitals of 4.08 Å2.) While the quantum metric and Chern
numbers of the model bands still need to be computed, the
scenario discussed in Ref. [41] is not directly applicable, since
one would first have to identify a mechanism which over-
comes the large repulsive interactions in the Cu-d orbitals.
The local moment fluctuations discussed above appear to be
too weak to achieve this.

A more likely scenario is that the LK-99 samples are in-
homogeneous, as also speculated in Refs. [8,9]. The actual
material is expected to have random Cu substitutions at Pb(2)
sites, according to Refs. [1,2], and the substitution at Pb(1)
sites may be energetically favored [10]. More importantly, one
can imagine a phase-separated situation with small patches ac-
cumulating higher Cu dopant concentrations. These regions,
with different composition and electronic structure, may be
more compatible with diamagnetism and high conductivity.
More experimental investigations are needed to clarify the
morphology and structure of the (superconducting) LK-99
samples, if they exist.
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