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Suppressed superexchange interactions in the cuprates by bond-stretching oxygen phonons
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We study a multiorbital Hubbard–Su-Schrieffer-Heeger model for the one-dimensional (1D) corner-shared
cuprates in the adiabatic and nonadiabatic limits using exact diagonalization and determinant quantum Monte
Carlo. At half filling and in the adiabatic limit, lattice dimerization can be achieved only over a narrow range
of couplings slightly below a critical coupling gc. Beyond this value, the sign of the effective hopping changes,
and the lattice becomes unstable. Strong lattice fluctuations replace the dimerization state in the nonadiabatic
case. We also examine the model’s temperature-dependent uniform and dynamical magnetic susceptibilities
and compare them to the results of an effective spin-1/2 Heisenberg model. In doing so, we demonstrate that
lattice fluctuations induced by the e-ph interaction suppress the effective superexchange interaction when g < gc.
Our results elucidate the effect of bond-stretching phonons in the parent cuprate compounds in general and are
particularly relevant to 1D cuprates, where strong e-ph interactions have recently been inferred.
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Introduction. There is growing experimental evidence that
the electron-phonon (e-ph) or the spin-phonon interaction
plays a crucial role in shaping the magnetic properties of
correlated materials such as the high-temperature cuprate
superconductors [1–9], the Kitaev spin-liquid candidate
α-RuCl3 [10–13], and multiferroics [14–16]. Nevertheless,
understanding the physics of strong e-ph interactions in cor-
related quantum materials remains a significant challenge for
the community.

Atomic motion in correlated materials can couple to
charge carriers via several mechanisms. For example, vari-
ations in the interatomic distances naturally modulate the
nearest-neighbor hopping integrals. This mechanism can be
described using a Su-Schrieffer-Heeger (SSH)-like e-ph in-
teraction, which is off diagonal in orbital space [17–21].
Conversely, changes in the local bond distances can modify
local Madelung energies [22,23]. This effect can be captured
using a(n) (orbital) diagonal Holstein-like interaction, where
the atomic displacements couple directly to the on-site orbital
energies. In the context of strongly correlated models, the
diagonal e-ph interaction has received far more attention. For
example, numerous studies of the Hubbard-Holstein model
and its extensions have been carried with a variety of nonper-
turbative numerical methods [24–40]. Comparatively fewer
nonperturbative studies have been conducted for correlated
SSH models [41–48], and nearly all of these have focused on
single-band models.

In this Letter, we use the one-dimensional (1D) corner-
shared cuprates as a platform to study the effects of the

*lishaozhiphys@gmail.com

transition-metal (TM)-O bond-stretching modes in oxides.
Our focus on the 1D cuprates is partly motivated by recent
experiments that have inferred strong coupling to optical
oxygen phonons in the spin-chain material Ba2−xSrxCuO3+δ

[49,50]. However, we also wish to understand better the 2D
high-temperature superconducting cuprates, where numerous
experiments have suggested a strong coupling to the optical
Cu-O bond-stretching modes [1–9], leading to a sizable mod-
ulation of Cu-O hopping integral tpd [23]. More specifically,
we study a multiorbital Hubbard-SSH model for corner-
shared cuprate spin chains, which retains the full Cu and O
orbital basis and the optical Cu-O bond-stretching modes.
The model is solved using exact diagonalization (ED) and
determinant quantum Monte Carlo (DQMC), which provide
numerically exact results on finite-size clusters. (Here, we can
run DQMC simulations at comparatively low temperatures
due to a milder sign problem in 1D [51–53].)

Focusing on half filling, we find that the system has a
narrow window of coupling strengths g � gc where it supports
a strong q = π/a bond correlations. (In the adiabatic limit,
the lattice is fully dimerized; in the antiadabatic limit, the
bonds are strongly fluctuating at the lowest accessible tem-
peratures.) Above this window, the lattice becomes unstable
due to an unphysical sign change in the effective hopping in-
tegrals. Below this window, strong antiferromagnetic (AFM)
correlations persist, but the SSH interaction suppresses the
overall magnitude of the superexchange interaction. This re-
sult is in direct contrast to the predictions of the single-band
Hubbard-Holstein model, where weak e-ph interactions can
enhance J by lowering the effective Coulomb interaction U .
Our results imply that the bond-stretching motion of the O
atoms can directly affect the cuprate’s magnetism, as proposed
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FIG. 1. The four-orbital SSH-Hubbard model. (a) A sketch of the
four-orbital CuO pd model describing the corner-shared spin-chain
cuprates such as Sr2CuO3. The orange arrow denotes the motion of
oxygen atoms for the half-breathing mode. (b) The phase diagram
of the four-orbital SSH-Hubbard model in the e-ph coupling g and
elastic constant Kph plane in the adiabatic limit. (c) The variation of
energy as a function of the displacement u for three different values
of g at Kph = 1 eV/Å2.

in Ref. [54]. The physical principles we identify here are
expected to be general and should carry over to models for
the two-dimensional cuprates.

Model. We consider a four-orbital Hubbard-SSH model
for the corner-shared cuprates, which includes the Cu 3dx2−y2

and O 2px/y orbitals (the pd model hereafter), as shown in
Fig. 1(a). Its Hamiltonian is given by

H = (εd − μ)
∑
i,σ

n̂d
i,σ +

∑
j,γ ,σ

(εp,γ − μ)n̂p
j,γ ,σ

+
∑
〈i, j〉
γ ,σ

t i j
pγ d (d†

i,σ p j,γ ,σ + H.c.) +
∑
〈 j, j′〉

γ ,γ ′,σ

t j j′
pγ pγ ′ p†

j,γ ,σ p j′,γ ′,σ

+Ud

∑
i

n̂d
i,↑n̂d

i,↓ + Up

∑
j,γ

n̂p
j,γ ,↑n̂p

j,γ ,↓

+
∑

j

(
P̂2

j

2M
+ Kphx̂2

j

)
. (1)

Here, 〈· · · 〉 denotes a sum over nearest-neighbor orbitals;
d†

i,σ and p†
j,γ ,σ create a hole with spin σ (=↑,↓) on the ith

Cu 3dx2−y2 and the jth O 2pγ (γ = x,±y) orbitals, respec-
tively; εd and εp,γ are the on-site energies; n̂d

i,σ and n̂p
j,γ ,σ

are the number operators for the 3dx2−y2 and 2pγ orbitals,
respectively; x̂ j and P̂j are the displacement and momentum
operators for the 2px orbital; g is the e-ph coupling strength;
and t i j

pγ d and t j j′
pγ pγ ′ are the nearest-neighbor Cu-O (2pγ ) and

O-O hopping integrals. Their signs are shown in Fig. 1(a).

We assume that the vibration of the oxygen atom linearly
modulates the magnitude of the hopping t i j

pxd (x j ) = t i j
pxd (1 −

Q±gx̂ j ), where Q± = ±1 for hopping to the left/right. The
effective hopping integrals will retain the phase convention
shown in Fig. 1(a) provided that the magnitude of the dis-
placements is not too large. Ud and Up are the on-site Hubbard
interactions on the Cu and O orbitals; μ is the chemical
potential, which sets the average hole density. M and Kph

are the mass and elastic constant, and the phonon frequency

is given by ωph =
√

2Kph

M . Throughout this work, we study
the model at half filling (1 hole/unit cell) and set (in units
of eV) εd = 0, εp,x = 3, εp,y = 3.5, |tpxd | = 1.5, |tpyd | = 1.8,
|tpp| = 0.75, Ud = 8, Up = 4. These parameters are inferred
from prior experimental and theoretical work (see Ref. [52]).
Periodic boundary conditions are assumed.

Our model includes the motion of 2px orbitals, which is
more critical for describing the electronic structure along the
chain direction. One should also consider the movement of the
2py orbital when modeling a 2D system.

Adiabatic limit. We first examine the adiabatic limit ωph →
0, where phonons can be treated as classical fields. In this
case, we consider the half-breathing mode and parametrize
x j = (−1) ju. We then obtain the ground state by minimizing
the system’s energy E (u) with respect to u, which is done
by performing ED on a Cu4O12 cluster. Figure 1(b) plots the
resulting Kph-g phase diagram, where we find three distinct
solutions (denoted as I, II, and III), each characterized by their
E (u) behavior [see Fig. 1(c)]. In region I, the chain has strong
antiferromagnetic correlations, and E (u) is a monotonically
increasing function of u such that the ground state has no
static distortion (u = 0). In region II, E (u) develops a shallow
local minimum at finite u, and the ground state has a small
half-breathing distortion leading to a dimerized state. We note
that the energy well for this state is very shallow, implying that
the dimerization fluctuates significantly even at low tempera-
tures. In region III, appearing at large e-ph coupling strength,
the total energy E (u) monotonically decreases as u increases,
indicating that the lattice is unstable. The boundary for this
region is determined by the condition |gu| > 1, which corre-
sponds to the boundary where the effective hopping integral
changes sign.

Nonadiabatic case. Next, we study a nonadiabatic case at
finite temperatures with ωph = √

2 eV, M = 1, and L = 16
unit cells using DQMC. (For details of the method, we refer
the reader to Refs. [21,52].) We now include the individual
atomic motion of each 2px orbital along the chain direction.

Figure 2(a) plots the displacement correlation function
Sx(d ) = 1

L

∑
i〈x̂i+d x̂i〉 at T = 580 K. At g = 0.6 and g = 0.7,

the q = π correlations are short ranged; for g = 0.8, they
grow stronger and extend across the entire cluster. In the
latter case, the error bars are larger than the mean value,
indicating that the lattice displacements fluctuate significantly
at this temperature. Figure 2(b) shows the variation of g2〈x̂2〉
as a function of g. This quantity increases with coupling
when g � 0.8 but rapidly jumps above one when g > 0.8,
implying that the lattice is unstable for these larger couplings.
Note, the results for g > 0.8 are obtained at T = 1160 K
because the average fermion sign for g = 0.9 and T = 580 K
is extremely small [see Fig. 2(c)]. Based on these results,
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FIG. 2. (a) The displacement correlation function 〈Sx (d )〉 for
three different values of g at T = 580 K. (b) The variation of g2X 2 as
a function of the e-ph coupling strength g. (c) The average value of
the sign as a function of g. (d) A sketch of the pseudo phase diagram
as a function of g.

it is difficult to determine whether the strong fluctuations
at g = 0.8 will give way to a long-range ordered state at a
lower temperature. Nevertheless, we can qualitatively divide
the parameter space into three regions, shown in Fig. 2(d). In
region I (g < 0.78), the system has strong antiferromagnetic
correlations and short-range dimerization fluctuations; in re-
gion II (0.78 < g < 0.82), the system has antiferromagnetic
(see Figs. 3 and 4) and dimerization fluctuations; finally, in
region III (g > 0.82), the system is unstable. We also observe
region III in our ED studies using quantum phonons (see
Supplemental Material [55]).

Finite-temperature magnetic correlations. Our primary
goal is to study the effect of the SSH-like e-ph interaction
on the magnetic properties in the cuprates. To address this
question, we trace the evolution of the uniform magnetic and
dynamical spin susceptibility as a function of g. Figure 3(a)
plots the density of states (DOS) at the Fermi level D(ω = 0)
as a function of temperature. For g = 0, D(0) approaches
zero around T ≈ 967 K, indicative of a metal-to-insulator
transition. The inset of Fig. 3(a) shows the DOS over a wider
energy interval at T = 725 K, which also exhibits a clear
gap at ω = 0. When g 
= 0, the metal-to-insulator transition
shifts to lower temperatures, and the corresponding Mott gap
narrows.

To gain insight into the effect of bond-stretching phonons
on the magnetic properties, we calculate the uniform magnetic
susceptibility χm(q = 0) = β

∑
i〈Ŝz

i Ŝz
0〉. Here, Ŝz

i = ∑
γ Ŝz

i,γ
is the total spin operator for the unit cell [52]. For a spin-1/2
system such as Sr2CuO3, the uniform magnetic susceptibility
is frequently used by experimentalists to determine the value
of the effective superexchange coupling J [56–59]. We apply
the same methodology here. Figure 3(b) plots χm vs T for

FIG. 3. (a) The density of states D(ω) as a function of tempera-
ture for three different e-ph coupling strengths g. The inset plots the
density of states in the frequency space at T = 725 K. (b) The uni-
form magnetic susceptibility χm(q = 0) as a function of temperature.
The dashed curves show the results of the Heisenberg model.

several values of g. For comparison, the dashed curves repre-
sent results obtained from exactly diagonalizing a Heisenberg
model defined on an L = 16 site chain with different values
of J . For g = 0, the low-temperature behavior of χm overlaps
with Heisenberg model predictions when J = 0.42 eV. This
observation implies that a simple Heisenberg model can cap-
ture the magnetic behavior of the multiorbital system for our
choice of parameters. Increasing the e-ph interaction increases
χm of the pd model, implying that the effective superex-
change interaction is suppressed. We also find that the pd
model’s χm for g = 0.4 and g = 0.7 deviate from predictions
of the Heisenberg model at low temperatures. This discrep-
ancy likely originates from the increased role of the oxygen
atoms at these coupling strengths.

The suppression of the superexchange interaction with in-
creasing g can be rationalized using a mean-field analysis. At
half filling, J can be obtained using perturbation theory and

is given by J = t2
pd,1t2

pd,2

�2
d p

( 1
�d p+Up/2 + 1

Ud
) [60,61]. Here, �d p =

εd − εpx , and tpd,1/2 is the hopping integral between 2px and
the left/right 3dx2−y2 orbitals. When the oxygen atom moves
away from its equilibrium position, J becomes J (1 − g2x2)2.
Consequently, the SSH interaction suppresses the effective su-
perexchange interaction. While this analysis neglects potential
phonon-induced renormalization of the Hubbard interaction,
it does demonstrate that the modulation of hopping integrals
induced by the lattice displacement suppresses the effective
superexchange interaction.
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FIG. 4. The imaginary part of the dynamical magnetic suscepti-
bility Im χm(q, ω) at T = 645 K. (a) and (b) show DQMC results for
Im χm(q, ω) of the pd model with an e-ph coupling strength g = 0
and 0.7, respectively. (c) and (d) show ED results for Im χm(q, ω)
of the Heisenberg model for J = 0.42 and 0.36, respectively. (e) and
(f) plot Im χm(q, ω) at q = π

2a for the pd and Heisenberg models,
respectively. (g) plots the estimated effective superexchange interac-
tion of the pd model as a function of the e-ph coupling strength.

Next, we analyze the imaginary part of the dynamical
magnetic susceptibility Imχm(q, ω), which is plotted in Fig. 4.
Here, Figs. 4(a) and 4(b) present DQMC results of the pd
model, while Figs. 4(c) and 4(d) show ED results of the 1D
Heisenberg model. The white triangles denote the frequency
ωm(q) of the maximum of the spectra at each momentum
point. Our system is a charge-transfer insulator with ro-
bust antiferromagnetic correlations at low temperatures and
half filling. Its low-energy magnetic excitations are therefore
characterized by a two-spinon continuum [62,63], which is
observed in both the pd and Heisenberg model results. Com-
pared to the results at g = 0, ωm(q) of the pd model is smaller
at g = 0.7. For better visualization, Fig. 4(e) plots Im χm(q, ω)
for g = 0, 0.4, and 0.7 at q = π

2a . Here, we observe that the
peak in the susceptibility softens to lower energy and spec-
tral weight is concentrated at lower energies as g increases.
Figure 4(f) shows that an effective Heisenberg model would
capture the softening but does not capture the redistribution
of the spectral weight. This inconsistency occurs because
the effective Heisenberg model cannot correctly describe the
distribution of the local moment onto the oxygen sites [52],
which will also be modulated by the SSH modes.

As an alternative to fitting the uniform magnetic suscep-
tibility, we can estimate the effective J by adjusting the
interaction in the Heisenberg model to fit ωm(q) of the pd
model. Figure 4(g) plots the estimated superexchange interac-
tion J extracted from our DQMC simulations as a function of
g. At g = 0, the superexchange interaction is about 0.46 eV,
which is slightly larger than the value shown in Fig. 3(b)
(J = 0.42 eV). Due to the thermal broadening and the max-
imum entropy method, the spectra have a broad peak. We,
therefore, provide approximate error bars for our fits, which
are estimated as the energy range over which Im χm(q, ω) �
0.99 Im χm[q, ωm(q)]. As the e-ph coupling strength increases
in region I of our phase diagram, the effective superexchange
interaction decreases, consistent with our analysis in Fig. 3.

Summary. We studied the effects of SSH-like e-ph in-
teraction in a four-orbital Hubbard-SSH model for cuprate
spin chains. The model only supports a dimerized state in an
extremely narrow window of e-ph coupling strengths in the
adiabatic limit and at zero temperature. In the nonadiabatic
case, the dimerized state is replaced by strong lattice fluctu-
ations at a finite temperature. In both cases, we found that
the lattice becomes unstable when the e-ph coupling exceeds
a critical value roughly corresponding to the point where
the effective hopping changes sign. Our results suggest that
achieving a dimerized state in the linear Hubbard-SSH model
may be challenging; however, this state could be stabilized by
including nonlinear couplings or anharmonic lattice potentials
neglected by our model.

We also examined the pd model’s electronic and mag-
netic properties as a function of e-ph coupling strengths. By
mapping the pd model’s magnetic properties to an effective
Heisenberg model, we find that the effective superexchange
interaction decreases quadratically with the e-ph coupling
strength in the region where the linear SSH interaction is
physical. Our results, therefore, speak against the idea that
these interactions can enhance AFM correlations in cuprate
materials [64]. In addition, we demonstrate that different e-ph
interactions can generate opposite effects on the superex-
change coupling.

Understanding the hidden role of the oxygen atom on the
superexchange interaction is essential to understanding the
superconductivity in the cuprates, where the spin fluctuations
play a crucial role in the extraordinary electronic proper-
ties. Numerical studies of the t-J model demonstrate that
the superconducting temperature strongly depends on the su-
perexchange interaction [65]. Our theoretical analysis implies
that the SSH-like e-ph interaction suppresses the supercon-
ductivity, while the Holstein-like e-ph interaction enhances
the superconductivity. It would be interesting to study a model
with both e-ph interactions to understand the role of bond-
stretching phonons in the cuprates.

Finally, our results may be relevant to other transition metal
oxides. For example, a recent experiment on the infinite-
layer nickelate PrNiO2 [66] found that the superexchange
interaction is suppressed under the application of 1% com-
pressive strain, while the oppositive behavior is observed in
La2CuO4 [67]. Empirically, J in an insulator is expected to
be proportional to the inverse of the interatomic distance
and should, therefore, be enhanced by a compressive strain.
The suppressed superexchange interaction in PrNiO2 could be
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attributed to the SSH-like e-ph interaction as proposed in our
work via an increase in the effective e-ph coupling constant.
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