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Probing Luttinger liquid properties in a multichannel two-site charge Kondo simulator
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We study the influence of many-body interactions on the transport properties in a two-site charge Kondo
circuit recently implemented in a hybrid metal-semiconductor double-quantum dot device [W. Pouse et al., Nat.
Phys. 19, 492 (2023)]. There emerge two principal types of interactions: (i) an intrinsic one, described by the
Luttinger liquid model, and (ii) an induced one, which appears due to the coupling of the system to an Ohmic
environment. Case (i) could be achieved if the charge Kondo circuit operates in the fractional quantum Hall
regime, while case (ii) can be implemented via a finite number of open ballistic channels coupled to both the
quantum dots. We demonstrate that the conductance scaling for the case of strong and weak interdot coupling is
fully determined by the effective interaction parameter, which is the combination of the fractional filling factor
ν = 1/m and the number of transmitting channels. Furthermore, we predict that the fractional filling factor
ν defines a universal Kondo scaling in the vicinity of a special triple-quantum critical point featured by the
emergence of a Z3 parafermion.
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Introduction. The Kondo model introduced in a pioneering
work [1] allowed for the explanation of the minimum in the
dependence of resistance on temperature in dilute magnetic
alloys. Soon, it became clear that this model represents a pow-
erful tool, giving access to a wide range of strongly correlated
phenomena [2], providing a testbed for various many-body
theoretical methods [3–8]. The rebirth of the model occurred
with the development of mesoscopic physics, when it became
clear that a quantum dot (QD), a principal element of the
single-electron transistor [9–11], under certain conditions be-
haves as a quantum spin-1/2 impurity, thus manifesting the
properties of the Kondo model [12–16].

It turned out that the Kondo model has many different
implementations: Kondo-like effects occur in systems where
few local degrees of freedom are coupled to one or more bath
continua [17–19]. One such system, which we focus on in
this Letter, is called the charge Kondo (CK) circuit. It was
proposed by Matveev et al. in the early 1990s [20–23]. They
considered a large QD formed in a two-dimensional electron
gas (2DEG) connected to the leads via single-mode quan-
tum point contacts (QPCs). In contrast to the original Kondo
problem, in which the Kondo effect is attributed to the spin
degree of freedom, a quantum pseudospin in the charge Kondo
implementation is represented by two degenerate macroscopic
charge states of the QD [20,22].

The first experimental implementation of the CK device
represented a hybrid metal-semiconductor single-electron
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transistor on the base of a GaAs/AlGaAs heterostructure op-
erating in the integer quantum Hall (IQH) regime [24–26].
Due to remarkable control over the conducting channels enter-
ing the QD, the CK device in [24–26] provides unprecedented
access to multichannel Kondo physics. A breakthrough se-
ries of experiments devoted to various aspects of a two- and
three-channel CK problem [24–28] induced enormous inter-
est among the theoretical [29–44] and experimental [45–49]
scientific community in the field.

A very recent experiment [49] suggested a two-site (two-
QD) generalization of the CK circuit as a platform for probing
frustrated interaction at the exotic quantum critical point with
fractional excitation [37,42]. The circuit represents two hybrid
metal-semiconductor islands coupled in series via QPCs, with
each island connected to its own lead. In a way, such a setup
“simulates” the competition between the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction of two QDs/impurities
and an individual Kondo screening of each QD/impurity
[50,51]. It should be noted that such a two-site CK (2SCK)
circuit [49] with a tunnel interisland coupling was initially
proposed in Ref. [29] to identify the competition between
Fermi- and non-Fermi-liquid behavior featured by individual
CK simulators.

In this Letter, we address a fundamental question: How
does the many-body interaction in the conducting channels
of the circuit [49] affect low-temperature transport properties
in the 2SCK device? (Is it possible to probe the compe-
tition between Fermi- and non-Fermi-liquid behavior of a
2SCK device via conductance scaling?) For this, we examine
two types of interaction: (i) an “intrinsic” one, which we
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(a)
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FIG. 1. (a) System schematic: a hybrid metal-semiconductor de-
vice consists of two metallic quantum dots (QDs) strongly coupled
via a single-mode quantum point contact (QPC). The 2N1 and 2N2

edge modes ballistically enter the first and the second QD, respec-
tively. The system is exposed to a strong magnetic field, which
drives it in the fractional quantum Hall regime. In this regime, 1D
chiral edge (Laughlin) excitations with a fractional filling factor
ν = 1/m (with m an odd integer) flow along the top and the bottom
edges. They are characterized by the bosonic fields ϕ

t(b)
α,i (x). (b) An

equivalent electric circuit of the device: a conducting channel with a
backscattering coefficient v formed in the Luttinger liquid with the
interaction constant ν is coupled to two resistors R1 = (νN1G0 )−1

and R2 = (νN2G0 )−1 (with G0 = R−1
0 = e2/2π h̄). This circuit cor-

responds to the Luttinger liquid with the weak potential barrier
and an effective interaction parameter K = 1/(ν−1 + r1 + r2), where
ri = Ri/R0 [58].

describe by the Luttinger liquid (LL) model [52–56], and (ii)
an “induced” one, which may appear due to the coupling of
the coherent conductors to an Ohmic dissipative environment
[18,46,48,57,58]. The first type of interaction can be experi-
mentally studied in the setup [49] in the fractional quantum
Hall (FQH) regime [59]. The second type of interaction can
be implemented by controlling the number of open ballistic
channels connected to the QDs. We show that the interac-
tion mechanisms mentioned above uniquely determine the
quantum transport behavior of the system, in particular, the
maximum of the conductance and the temperature scaling.

Model. Consider a multichannel 2SCK circuit—a hybrid
metal-semiconductor device consisting of two large metal-
lic islands or QDs incorporated into the 2DEG hosted in a
GaAs/AlGaAs heterostructure [Fig. 1(a)]. The circuit is in the
FQH regime since it is exposed to a strong magnetic field. Fur-
thermore, we assume that the two QDs are strongly coupled
via a single-mode QPC, while 2N1 and 2N2 edge modes freely
enter the first and the second QDs, respectively. Suppose an
external magnetic field and the density of 2DEG satisfy such

conditions that the FQH has a filling factor ν = 1/m, where
m is an odd integer. In this regime, 1D chiral Laughlin [60]
excitations conduct the fractional charge e∗ = νe along the top
and bottom edge channels.

The low-energy physics of the FQH edge states can
be characterized by the scalar bosonic fields ϕ

t(b)
α,i (x)

[61,62], which satisfy the Kac-Moody commutation re-
lation [∂xϕ

t(b)
α,i (x), ϕt(b)

α′,i′ (x
′)] = ±2iπνδαα′δii′δ(x − x′). Here,

ϕ
t(b)
1,i (ϕt(b)

2,i ) denotes the N1(N2) incoming and N1(N2) outgoing

edge states, which enter the first (second) QD, while ϕ
t(b)
3,i

describe the modes connecting both QDs. The whole system
can be described by the Hamiltonian H = H0 + HC + HBS ,
where

H0 = h̄vF

4πν

3∑
α=1

Nα∑
i=1

∫
dx

{(
∂xϕ

t
α,i

)2 + (
∂xϕ

b
α,i

)2}
(1)

is the kinetic energy of the top and bottom fractional edge
excitation, and vF is the Fermi velocity. Since N3 = 1, we use
the simplified notation ϕ

t(b)
3,1 ≡ ϕ

t(b)
3 in what follows.

Two large metallic islands (QDs) can be described by the
mesoscopic Coulomb blockade Hamiltonian,

HC = 1

2C

(
Q2

1 + Q2
2

)
, (2)

where C is the capacitance of metallic islands, and

Q1 = e
∑
σ=t,b

[
N1∑

i=1

∫ ∞

0
dx ρσ

1,i(x) +
∫ 0

−∞
dx ρσ

3 (x)

]
,

Q2 = e
∑
σ=t,b

[∫ ∞

0
dx ρσ

3 (x) +
N2∑

i=1

∫ 0

−∞
dx ρσ

2,i(x)

]

are the charges accumulated at the first and second QD,
respectively, while ρ

t(b)
α,i = ±(1/2π )∂xϕ

t(b)
α,i is the density op-

erator [63].
A weak tunneling of the Laughlin quasiparticles between

counterpropagating (top and bottom) channels at the QPC
placed between two QDs is covered by the Hamiltonian

HBS = D

2π
v
[
eiϕt

3 (0)−iϕb
3 (0) + H.c.

]
, (3)

where v � 1 is the backscattering matrix element and D is the
energy cutoff.

In the spirit of early works [21,23,64], it is more com-
mon to describe the system via an Euclidean action, S =
S0 + SC + SBS . In this case, combining the top and bottom
chiral fields ϕ

t(b)
α,i (x) is more convenient to represent the action

in terms of new variables: φα,i = (ϕt
α,i − ϕb

α,i )/2 and θα,i =
(ϕt

α,i + ϕb
α,i )/2ν, which obey the canonical commutation re-

lation [φα,i(x), ∂xθα′,i′ (x′)] = iπδαα′δii′δ(x − x′). As a result,
the free Euclidean action of the Laughlin edge modes S0

acquires the form of a nonchiral Luttinger liquid action [56]
(in h̄ = kB = 1 units),

S0 = vF

2πK

3∑
α=1

Nα∑
i=1

∫
dx

β∫
0

dτ

(
[∂τφα,i]2

v2
F

+ [∂xφα,i]
2

)
, (4)
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where the Luttinger interaction parameter K =ν and β = T −1

is the inverse temperature. It should be noted that the fields
θα,i(x, τ ) were integrated out in the derivation of Eq. (4); see,
e.g., [56] and the Supplemental Material [65].

The action of the double-QD Coulomb blockade corre-
sponding to Eq. (2) has the form

SC = EC

π2

∫ β

0
dτ

[
n̂2

1 + n̂2
2

]
, (5)

where EC = e2/2C is the charging energy of two Ohmic con-
tacts (with zero-energy level spacing) [63], and

n̂1(2) = ±
⎡
⎣φ3(0, τ ) −

N1(2)∑
i=1

φ1(2),i(0, τ )

⎤
⎦

is the total number of quasiparticles that enter the first (sec-
ond) QD.

Finally, SBS is the small contribution to the action S due to
backscattering at the QPC,

SBS = D

π
v

∫ β

0
dτ cos[2φ3(0, τ )]. (6)

Effective model. Next, let us implement all the reason-
able assumptions in order to derive an effective model (see
Supplemental Material for details [65]). First, we present
φ1,i(φ2,i ) in terms of the new fields φ1,c, φ1,s, . . . , φ1, f

(φ2,c, φ2,s, . . . , φ2, f ), which characterize the charge, spin,
and other flavor modes. Interestingly, only the charge
φα,c = (Nα )−1/2 ∑Nα

i=1 φα,i (α = 1, 2) and φ3 modes enter the
Coulomb blockade action, while all other flavor modes are
excluded from further consideration. The coefficients

√
Nα ,

which appears in Eq. (5) after the redefinition of variables,
effectively renormalize the Luttinger interaction parameters of
the charge fields φ1,c, φ2,c: K = ν → νNα (one can see it by
rescaling

√
Nαφα,c → φα,c).

Since the action S is Gaussian everywhere except for the
x = 0 point, a further simplification of the problem to one that
is local in space but not local in time is possible by integrat-
ing out all the degrees of freedom, φ1,c(x 	= 0, τ ), φ2,c(x 	=
0, τ ), φ3(x 	= 0, τ ). After this procedure, the resulting action
S can be diagonalized by a unitary transformation, such that
it reduces (φ1,c, φ3, φ2,c) to (φA, φB, φC ) (see Supplemental
Material [65]).

After the rescaling φη/
√

ν → φη (η = A, B,C), the effec-
tive actions turn into

S0 =
∑

η=A,B,C

∑
ωn

|ωn|T
π

φη(−iωn)φη(iωn), (7)

SC = νEC

π2

∫ β

0
dτ

{
A−φ2

B(τ ) + A+φ2
C (τ )

}
, (8)

SBS = Dv

π

∫ β

0
dτ cos{

√
4ν[AAφA − ABφB − ACφC]}, (9)

where φη(iωn) = ∫ β

0 dτφη(τ ) exp(iωnτ ) and ωn = 2πT n
is the Matsubara frequency; A± = 1 + (N1 + N2)/2 ±√

1 + (N1 − N2)2/4, and coefficients Aη are explicitly
presented in [66]. Thus, we found the effective action for
three modes, two of which are gapped due to the Coulomb
blockade.

Strong interdot coupling. Let us estimate the linear conduc-
tance through the 2SCK circuit in the zero-frequency limit.
Using the current conservation (Kirchoff’s) law, the Kubo
formula can be presented,

G = Gmax
2T

π i
lim
ω→0

ω lim
iωn→ω+i0+

〈φA(iω)φA(−iω)〉, (10)

where Gmax = νG0N1N2/(N1 + N2 + N1N2), and G0 =
R−1

0 = e2/2π is a unitary conductance. We treat Eq. (10) by
using the functional integration technique and by utilizing the
perturbation theory over the weak backscattering amplitude,
v � 1. Applying Wick’s theorem and performing the
Gaussian integration of all the fields, in the low-temperature
limit T � EC , we obtain (see Supplemental Material [65])

G(T ) = G0K − G0K2ṽ2Csc

√
π�(K )

2�
(
K + 1

2

)(
πT

νEC

)2K−2

. (11)

Here, K = νN1N2/(N1 + N2 + N1N2) is an effective Lut-
tinger parameter, ṽ = v(νEC/D)ν−1 is the interaction-
renormalized backscattering amplitude (the Kane-Fisher ef-
fect [67,68]), �(x) is a gamma function, and Csc(ν, N1, N2) =
(γ /π )

2ν(N1+N2 )
N1+N2+N1N2 (AA2

C+ AA2
B− )2ν , where γ = exp(0.577) is the

Euler’s constant.
We can compare formula (11) with the existing results by

noting that Eq. (11) coincides with the expression describing
the conductance of a multichannel single-site CK circuit in
the FQH regime [40] when one of the QDs connects to an
infinite number of channels (N1 → ∞). Indeed, in this case,
K → νN2/(1 + N2) and A− = A2

B = 1 + N2, while A2
C → 0

[66]. In the other limiting case N1 = N2 = 1, and in the IQH
regime ν = 1, Eq. (11) coincides with the first two terms in
Eq. (D7) derived in [37] and with Eq. (3 b) reported in [42].

Moreover, Eq. (11) resembles the conductance in the LL
with a weak potential barrier, when the interaction parameter
K is determined by the fractional filling factor ν = 1/m and by
the number of ballistic channels that enter both QDs, N1 and
N2. This can be attributed to a well-known result by Safi and
Saleur [58]. The Luttinger interaction parameter K ′ will ex-
perience renormalization if the quantum conducting channel
formed in the LL is set in series with the resistance Rtot (dis-
sipative environment) as K = 1/(K ′−1 + Rtot ). Indeed, bare
interaction in the system is K ′ = ν, while N1 (N2) channels
attached to the first (second) QD can be treated as N1 (N2)
resistors, each with the resistance r = (νG0)−1/R0, coupled in
parallel, rα = 1/(

∑Nα

i=1 r−1) [see Fig. 1(b)]. As a result, all the
open channels implement the total resistance, Rtot = r1 + r2,
and thus K = 1/[ν−1 + (νN1)−1 + (νN2)−1].

The perturbation theory justifies Eq. (11) down to the
“boundary” temperature TB ∼ νEC ṽ1/(1−K ), while descending
down to even lower temperatures requires the consideration of
the model with a tunnel barrier between two QDs.

Weak interdot coupling. Let us consider the temperatures
T � TB, when the coupling between two QDs is due to
tunneling, w = √

1 − v2 � 1. In this regime, it is more con-
venient to calculate the conductance using the Hamiltonian
formalism. The total Hamiltonian of the system shown in
Fig. 2 reads H̃ = H̃0 + H̃C + H̃tun, where the first term is a
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FIG. 2. The device presented in Fig. 1(a) in the case of tunnel
coupling between two QDs.

chiral LL Hamiltonian of the 2(N1 + N2 + 2) edge modes,

H̃0 = vF

4πν

∑
α=1,2

Nα+1∑
i=1

∫
dx

{(
∂xϕ

t
α,i

)2 + (
∂xϕ

b
α,i

)2}
, (12)

while the second term is the charging energy of the 2SCK
circuit,

H̃C = EC

4π2

(
n̂2

1 + n̂2
2

)
, n̂α =

Nα+1∑
i=1

[
ϕt

α,i(0) − ϕb
α,i(0)

]
. (13)

Since the QPC between two QDs pinches off the 2SCK cir-
cuit into two weakly coupled subsystems, four bosonic fields
ϕ

t(b)
Nα+1 describe two “looped” edge states. The term “looped”

means that the outgoing edge mode, say ϕt
N1+1, from the first

QD after nearly perfect reflection at the QPC enters back the
first QD as an incoming state, ϕb

N1+1. Thus, the fields ϕt
Nα+1

and ϕb
Nα+1 can only differ by an insignificant phase factor [44].

Both these fields merge into one looped field, which we denote
as ϕ+ (ϕ− is used for the looped state of the second QD)
in what follows; see Fig. 2. Nevertheless, these two looped
states participate in the tunneling events and “contain the
information” about other modes that enter the QDs. Thus, the
single-electron tunneling between two QDs can be described
by the Hamiltonian

H̃tun = D

2πvF
w{eiν−1[ϕ+(0)−ϕ−(0)] + H.c.}. (14)

The average tunneling current in the lowest order of pertur-
bation theory reads

I = e|w|2D2

(2πvF )2

∫
dt{eieV tG+(t )G†

−(t ) − (t → −t )}, (15)

where V is a bias voltage between two QDs and the correlation
function G±(t ) is given by (see, e.g., [44,69,70])

G±(t ) = 〈eiϕ±(0,t )/νe−iϕ±(0,0)/ν〉 =
(

πT

D

) 1
ν
(

π2T

γ N1(2)νEC

) 2
νN1(2)

×
[

1

i sinh[πT (t − i0+)]

] 1
ν
+ 2

νN1(2)

. (16)

After substituting Eq. (16) in Eq. (15), a straightforward
calculation gives (see Supplemental Material [65])

G = GtunCwc

√
π�

(
1
K

)
2�

(
1
2 + 1

K

)(
πT

νEC

)2/K−2

, (17)

where Gtun = e2|w̃|2/(2πv2
F ), with w̃ = w(νEC/D)1/ν−1

a renormalized tunnel amplitude in accordance with
the Kane-Fisher effect [67,68], and Cwc(ν, N1, N2) =
(π/γ )

2
K

N1+N2
N1+N2+N1N2 N−2/νN1

1 N−2/νN2
2 .

Formula (17) is consistent with the previous studies. In
particular, if N1 → ∞, Eq. (17) recalls Eq. (21) in [40].
In the IQH regime (ν = 1), Eq. (17) scales as G(T ) ∝
T 2(N1+N2 )/N1N2 —the scaling, which was predicted in Ref. [29]
for the cases N1, N2 = 1, 2. In addition, Eqs. (11) and (17) at
the limiting case N1 =N2 =1 (ν = 1) are in agreement with
the universal crossover scaling of the conductance calculated
by the Bethe ansatz in [37] [see Eq. (27) there] and [71,72].

The similarity of Eq. (17) with the backscattering correc-
tion in Eq. (11) is simply the K to K−1 correspondence, well
known for the LL with “weak” and “strong” potential barriers
[56,58]. Both the formulas (11) and (17) cover the temperature
dependence of the conductance through the 2SCK circuit at
two temperature regimes, T � TB and T � TB.

It is rather easy to explain the power-law temperature
dependence of Eqs. (11) and (17), and their relation to
the LL physics. Indeed, the fluctuations of two gapped
modes φB(0, τ ) and φC (0, τ ) in the effective model given by
Eqs. (7)–(9) are suppressed due to the Coulomb blockade. At
low temperatures, T � EC , these degrees of freedom can be
integrated out. The reduced model (see Eq. (23) in the Supple-
mental Material [65]), similar to the impurity problem in LL
with Luttinger parameter K [67], is referred to as the boundary
sine-Gordon (BSG) model in the literature [55]. The BSG
model describes “similar physics” in a broad class of physical
systems (see, e.g., [73–76]), including a quantum impurity
embedded in a 1D nanowire [56] or single conducting channel
coupled to an Ohmic dissipative environment [18,57,58]. The
comparison between different systems, defined by the BSG
model, makes it possible to simulate [46,48], interpret [40,58],
and even predict physical effects.

Interestingly, the 2SCK device can also be treated as a
mesoscopic circuit simulating the tunneling between two dif-
ferent LLs equivalent to the tunneling between two FQH
edges with different filling factors [77]. Each LL is determined
by Nα channels connected to the αth QD [the correspond-
ing interaction constant reads Kα = νNα/(2 + Nα )]. In this
case, K from Eqs. (11) and (17) can be presented as the
reduced Luttinger parameter, K = 2/(K−1

1 + K−1
2 ), in accor-

dance with [77]. Thus, Eqs. (11) and (17) can be used to
analyze the transport properties of two LLs coupled via weak
or strong potential barriers in the spirit of experiments per-
formed in [46,48].

Concluding this section, let us pose an important question:
Is it possible to account for the effects of interaction at the
quantum critical point of the 2SCK problem when the non-
Fermi-liquid behavior prevails? It can only be done in the
particular case of N1 = N2 = 1 channels when the system is
tuned to the triple point [37,42]. As it was shown [37,42], this
critical point corresponds to the existence of the fractionalized
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(Z3 parafermion) excitation, while the whole problem can be
exactly solved by the analogy of the Emery-Kivelson solution
[78] in the Toulouse limit.

Triple-quantum critical point. Let us consider the situ-
ation when the 2SCK circuit operates in the FQH regime
with ν = 1/m, while N1 = N2 = 1. We account for the gate
voltage dependence of the charging energy by considering
the weak backscattering at three QPCs, vα � 1 (α = 1, 2, 3).
For this, one needs to replace n̂α → n̂α − πNα,g in Eq. (5),
where Nα,g is the dimensionless gate voltage parameter at
α = 1, 2 QD. The half-integer value Nα,g = 1/2 + n (n is
integer) corresponds to the charge degeneracy between n
and n + 1 charge states in the αth QD. We also use S ′

BS =
(D/π )

∑3
α=1

∫
dτvα cos[2φα (0, τ )] instead of Eq. (6) (here,

φα,1 ≡ φα with α = 1, 2, 3).
Following the calculations made in Ref. [37], we find

G = νG0

3

{
1 − C1

(
πT

νEC

) 2ν
3 −2

− C2

(
πT

νEC

) 2ν
3

}
, (18)

where C1(2) = (ν/3) 3ν/3(γ /π )4ν/3√π�(ν/3)/[2�(ν/3 +
1/2)] · C̃1(2) (constants C̃1 and C̃2 are presented in
the Supplemental Material [65] and [79]) are ν- and
Nα,g-dependent constants fully consistent with Eqs. (D8)
and (D9) in Ref. [37]. Thus, Eq. (18) generalizes the universal
conductance scaling in the vicinity of a quantum critical
(triple) point in the case of the FQH regime. The conductance
scaling of the first two terms in Eq. (18) coincides with
Eq. (11) since K → ν/3 at N1 = N2 = 1. At ν = 1, the
conductance given by Eq. (18) reduces to the scaling given
by Eq. (13) from [42].

At the tricritical point, N1,g = N2,g = 1/2, |v1| = |v2|, and
v3 = 2 × 3−ν/2|v1| (here, we choose the simplest set of pa-
rameters; the detailed analysis of the triple point for other
sets of parameters can be found elsewhere [37]), the constant
C1 vanishes, while the third term in Eq. (18) associated with
the least irrelevant perturbation at the quantum critical point

survives. Thus, Eq. (18) at the triple point can be treated as
a universal Kondo scaling of the 2SCK model in the FQH
regime, G(T ) = Gmax{1 − (T/TK )2ν/3}, with the Kondo tem-
perature TK ∝ νEC/|ṽ1|3m (m is odd integer, which comes
from ν = 1/m). At T � TK , we would expect a logarithmic
correction, log−2(T/TK ), to the conductance. Far from the
tricritical point, the second term in Eq. (18) prevails over the
third one. In this case, the Kondo screening is suppressed
either by channel asymmetry (|v1| 	= |v2| 	= |v3|) or by a pseu-
domagnetic field (gate voltages N1,g and N2,g that lift charge
degeneracy in the QDs). An exaggerated channel asymmetry
(|v3| = v, |v1| = |v2| = 0) allows us to formulate a univer-
sal conductance scaling [see Eqs. (11) and (17)] in the case
N1 	= 1, N2 	= 1.

Conclusions. We studied the effects of interaction in a
2SCK simulator by considering a hybrid metal-semiconductor
double-dot setup in the FQH regime with a filling factor ν =
1/m (m is an odd integer). We showed that the number of open
ballistic channels N1, N2 connected to both the QDs uniquely
determines the transport properties at low temperatures. The
conductance scaling at the strong KG0 − G(T ) ∝ T 2K−2 and
weak G(T ) ∝ T 2/K−2 interdot coupling is fully featured by
the effective interaction parameter K = νN1N2/(N1 + N2 +
N1N2). Meanwhile, the 2SCK circuit can be treated as a
simulator of tunneling between two different LLs, whose in-
teraction parameters are defined by N1 and N2, respectively.
Moreover, in a particular case of N1 = N2 = 1 and ν = 1/m 	=
1, we predict how the finite-temperature correction at the
triple-quantum critical point, characterized by the emergence
of fractional Z3 excitation, is determined by the fractional
filling factor ν: 1 − G(T )/Gmax ∼ (T/TK )2ν/3.
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1+ṽ2

2+3ν ṽ2
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