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Spectroscopic signature of spin triplet odd-valley superconductivity in two-dimensional materials
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Motivated by recent discoveries of superconductivity in lightly doped multilayer graphene systems, we present
a low-energy model to study superconductivity in two-dimensional materials whose Fermi surface consists of
two valleys at ±K points. We assume a triplet odd-valley superconducting order with a pair potential that is
isotropic in each valley but has a different sign in the two different valleys. Our theory predicts the emergence of
an almost flat band of edge states centered at zero energy for certain edge orientations. As a result, a prominent
experimental signature of this type of superconductivity is the presence of a large zero-energy peak in the
local density of states near specific edges. The results of the effective low-energy theory are confirmed by
numerically analyzing a specific microscopic tight-binding realization of odd-valley superconductivity: f -wave
superconductivity on a honeycomb lattice in a ribbon geometry. Our work provides a test for odd-valley
superconductivity through edge spectroscopy.

DOI: 10.1103/PhysRevB.108.L180504

Introduction. Superconductivity emerges in multilayer
graphene stacks that are perturbed by a magic-angle twist
potential [1–12] or by a strong electric displacement
field [13–17]. These systems have received a lot of attention
lately. However, it is still unclear if and how the superconduct-
ing order parameter � changes sign in its hexagonal Brillouin
zones. The momentum dependence of the pair potential usu-
ally reflects the underlying pairing mechanism and thus can
be used to constrain microscopic theories of superconductiv-
ity [18–26]. In this Letter, we identify a smoking-gun local
tunneling spectroscopy signature to differentiate a spin-triplet
odd-valley superconductor from a spin-singlet even-valley
superconductor and illustrate it with a simple tight-binding
model calculation.

The Fermi surface of lightly doped multilayer graphene
systems is centered at the two valleys (K, K ′), i.e., the two
inequivalent corners of the hexagonal Brillouin zone. When
� changes sign in a single valley and has nodal points on
the Fermi surface, the density of states (DOS) decreases con-
tinuously to zero as the energy approaches the Fermi level.
Such DOS profile can be probed by scanning-tunneling spec-
troscopy and leads to a V -shaped tunneling spectrum [27,28].
By contrast, if there are no nodes on the Fermi surface, it leads
to the usual U -shaped local tunneling spectrum irrespective
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of the relative sign of � in the two valleys because in either
case the excitation energy of all Bogoliubov quasiparticles
is gapped. However, as we demonstrate below, the super-
conducting gap of an odd-valley superconductor can close
at the boundary of the two-dimensional materials, while the
spectrum of an even-valley superconductor remains gapped.
Moreover, the dispersion of the edge states in an odd-valley
superconductor is anomalously flat, with ω ∼ �2/μ, where μ

is the chemical potential and these in gap states lead to a large
local DOS as shown in Fig. 1. On the contrary, for even-valley
superconductors there are no edge states and a zero energy
peak is absent; see Fig. 1. Since the LDOS can be probed
using STM measurements, our calculations provide a tool for
identifying odd-valley superconductivity.

In what follows, we calculate the edge state dispersion of
a superconductor with spin-triplet odd-valley pairing, under
the assumptions that � � μ and that the Fermi surface con-
sists of a single band. Using a universal property of Fermi
liquids—the excitation energy is particle-hole symmetric at
the Fermi surface—we demonstrate that the edge spectrum
is macroscopically concentrated around zero energy. In the
second part of the Letter, we use a tight-binding Hamiltonian
to calculate the edge state dispersion and to confirm the results
of our low-energy theory.

Low energy model. We start with a general 2D multiband
superconductor described by the Hamiltonian

H =
∑

α

[
ξα,k �α,k

�α,k −ξα,−k

]
⊗ |uα,k〉〈uα,k| . (1)
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FIG. 1. Spin triplet odd-valley superconductivity in graphene
leads to a large peak in the local density of states near armchair edges.
The result is calculated using a tight-binding model presented later
in the paper with superconducting-gap/Fermi energy �/μ = 0.05.
Features at �/μ ≈ 0.6 are not related to superconductivity but to the
underlying band structure. The smearing parameter in the calculation
of the density of states was set to δ/� = 0.1.

Here ξα,k,�α,k are the quasiparticle energy and pair potential
and α, k are the band index and crystal momentum, respec-
tively; |uα,k〉〈uα,k| is the band projector. The corresponding
Green’s function Gk(ω) = (ω − H )−1 in momentum space
reads

Gk(ω) =
∑

α

(ω1τ − ξα,kτ3 + �α,kτ1)

ω2 − ξ 2
α,k − �2

α,k

⊗ |uα,k〉〈uα,k|, (2)

where τi (i = 1, 2, 3) and 1τ are, respectively, the Pauli and
the identity matrices spanning the Nambu space. We as-
sume that the Fermi surface crosses only one of the bands
and that the energy difference between bands is much larger
than the pairing energy, such that interband correlations can
be neglected.

We are interested in describing the bound states at the edge
of an odd-valley superconductor, that is, a superconductor
whose pair potential has a different sign in each valley. The
sharp edge, located at the line x = 0, is modeled by adding
to the periodic potential of the crystal a one-dimensional (1D)
delta potential, U (r) = V δ(x)τ3, and taking the limit V −→ ∞,
which automatically imposes the wave functions to vanish at
x = 0, effectively making it an edge.

Wave functions |ψ (x)〉 of the edge states are obtained using
the Lippmann-Schwinger equation [29],

|ψ (x)〉 = V τ3Gx,ky (ω)|ψ (x = 0)〉. (3)

Here Gx,ky is the Fourier transform, with respect to kx −→ x, of
the Green’s function in Eq. (2):

Gx,ky (ω) =
∫

BZ
eikxxGkx,ky (ω)

dkx

2π
. (4)

From Eq. (3), the energy of the bound states is determined by
the equation

det
[
V −1 − τ3Gx=0,ky (ω)

] = 0. (5)

FIG. 2. Schematic of a Fermi surface with two disconnected
components and an odd-valley pair potential. The dashed lines corre-
spond to integration lines for the Fourier transforms. The orientation
of the edge determines which integration line should be taken. The
blue lines cross both valleys and thus edges with this orientation will
have edge states. The red lines cross only one valley and therefore
edges with this orientation do not exhibit edge states.

Equations (3) and (5) depend parametrically on ky. This de-
pendence determines the dispersion of the edge states. In order
to solve this equation and then construct the wave function of
the edge states, one needs to evaluate the integral in Eq. (4).
The integration runs over kx at fixed ky, i.e., over straight lines
in k space. By assumption, the Fermi surface consists of two
disconnected pockets (valleys) surrounding two distinct points
in the Brillouin zone K and −K, related by the inversion
operation, as typically occurs in graphene-related materials;
see Fig. 2. The shape of the Fermi surfaces around these
two points is arbitrary. We assume that the pair potential is
constant within a single valley, but changes sign between
the valleys. As mentioned above, due to the Pauli exclusion
principle, this odd-valley superconductivity corresponds to a
triplet state [30].

When the pair potential is much smaller than both the
Fermi energy, � � μ [13,14], and the energy separation from
other bands, the integral in Eq. (4) is dominated by the band
crossing the Fermi level and all remote bands may be ignored.
We therefore leave only this relevant band in the Green’s
function of Eq. (2) and everywhere below drop the band index
by writing |uk〉, ξk, and �k.

The result of the integration depends on the orientation of
the integration lines in k space, which, in turn, are determined
by the normal to the edge as by construction they are orthog-
onal to the x axis. We focus here on two edge orientations,
indicated by the red and blue lines in Fig. 2. In the case of
graphene they correspond to zigzag and armchair edges, re-
spectively; see Fig. 1. In the red case, the integration lines may
cross the Fermi contour only in a single valley. Because the
pair potential is assumed to be isotropic across the valley, this
situation is equivalent to the edge of a conventional s-wave
superconductor and therefore the system does not exhibit edge
states at such edges.

More interesting is the orientation of the edge correspond-
ing to the blue lines in Fig. 2. In this case, the integration line
may cross neither or both valleys. In the former case, one can
verify from the Lippmann-Schwinger equation that no edge
states appear. Therefore, we focus on values of ky for which
the integration line crosses both valleys.

To compute the integral over kx we notice that in the case
� � μ the main contribution is from momenta close to the
Fermi momentum. Therefore, under the standard assumptions
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of Fermi liquid theory, we linearize the spectrum around the
points kn, where the integration line crosses the Fermi contour.
As a result, the integral in Eq. (4) is transformed to the sum
of the integrals over ξkn at each crossing point. Specifically,
Gx=0,ky (ω) is given by

Gx=0,ky ≈ −
∑

n=1,2

1

2vn

ω√
�2 − ω2

1τ ⊗ ∣∣ukn

〉〈
ukn

∣∣, (6)

where v1,2 = |∂ξk/∂kx|k1,2 are x components of the Fermi ve-
locities at the points k1,2 at which the integration line crosses
the Fermi contour in the K valley; see Fig. 2. Thus, at x = 0,
the Green’s function is proportional to the unit matrix in
Nambu space and comes from the term ∼ ω1τ in Eq. (2). The
term ∼ ξkτ3 vanishes upon ξ integration due to the particle-
hole symmetry inherent to the linearized spectrum. Finally,
the �kτ1 contribution vanishes after summation over the val-
leys due to the valley antisymmetry of the pairing potential.

By substituting Eq. (6) into Eq. (3) at x = 0 and projecting
it onto the Bloch states |uk1〉 and |uk2〉, we get a 4 × 4 problem
for two Nambu spinors 〈uk1,2 |ψ (0)〉. By evaluating the deter-
minant of the corresponding 4 × 4 matrix in Eq. (5) and taking
the limit V → ∞, it follows that there exist four edge states
with ω(ky) = 0, for all ky. Importantly, the zero energy of the
edge states and the absence of dispersion, while true with very
high accuracy, is nonetheless an approximate property. It is a
consequence of the approximate electron-hole symmetry that
is controlled by the parameter �

μ
� 1.

To find the wave functions of the edge states we compute
Gx,ky (ω) using the same approximations and insert the result
into Eq. (3). This yields four states which in the limit V → ∞
naturally split into two pairs of states localized on the opposite
sides of the barrier. The wave functions of these four edge
states with energies ω(ky) = 0 + O(�2/μ) read

�L1,2 =
(

sin k1,2x

[
1
±i

]
⊗ ∣∣uk1,2

〉
eκ1,2x

+ sin k2,1x
〈
uk2,1

∣∣uk1,2

〉[ 1
∓i

]
⊗ ∣∣uk2,1

〉
eκ2,1x

)

(−x),

(7)

�R1,2 =
(

sin k1,2x

[
1
∓i

]
⊗ ∣∣uk1,2

〉
e−κ1,2x

+ sin k2,1x
〈
uk2,1

∣∣uk1,2

〉[ 1
±i

]
⊗ ∣∣uk2,1

〉
e−κ2,1x

)

(x),

(8)

where the upper sign in ±,∓ corresponds to �L,R1 and the
lower sign to �L,R2 and where κn = √

�2 − ω2/vn. The states
�L1,2 and �R1,2 are localized on the left and right side of
the potential wall, respectively, as indicated by the Heaviside
functions 
(∓x). Therefore, to the leading order in �/μ � 1,
each physical edge supports two degenerate zero energy edge
states for each ky. Lifting the degeneracy and the appearance
of a weak dispersion as a higher order effect in �/μ is an-
alyzed in detail in the Supplemental Material [31] and also
discussed below for a specific lattice model of an odd-valley
superconductor.

The above results can be directly applied to graphene or
other materials with hexagonal lattices. Armchair edges with
�K = 2Kxx̂ correspond to the blue integration lines in Fig. 2.
In this case, our theory predicts the existence of a flat band of
zero-energy edge states. This will manifest as a large peak in
the density of states, localized at the edge over a coherence
length. On the other hand, zigzag edges with �K = 2Kyŷ
correspond to the red integration lines in Fig. 2. In this case,
no edge states are expected. We emphasize that this difference
between armchair and zigzag edges is due to the normal of
the surface being parallel or perpendicular to the K − K ′ line,
not to the exact shape of the edges. These two features can
be used to unequivocally characterize the odd-valley super-
conductivity in graphenelike materials. The superconductors
described by our low-energy model are topologically trivial,
since though they are odd parity, the Fermi surface does not
enclose time-reversal invariant momenta [32]. If additionally
mirror symmetry is present, the superconductors may have a
mirror topology, such as in odd-layer graphene stacks [33].

Lattice model. As a microscopic illustration of the above
low-energy theory, we use a specific lattice realization of an
odd-valley superconductor to demonstrate the appearance of
the massively degenerate edge states. We focus on a honey-
comb tight-binding lattice and consider a ribbon with infinite
extension in the y direction and restricted by two armchair
edges in the x direction. In order to generate an effective odd-
valley superconducting order parameter, we consider pairing
only in the next-nearest (AA) sublattice. This type of intrasub-
lattice pairing potential has been microscopically studied in
Refs. [19,34].

We consider spinless electrons. The Hamiltonian for a
given Bloch momentum ky reads

H (ky) =
∑

i

−μ
(
a†

i,ky
ai,ky + b†

i,ky
bi,ky

)
+ t

(
e−iky a†

i,ky
bi,ky + ei 1

2 ky a†
i,ky

bi+1,ky + ei 1
2 ky a†

i,ky
bi−1,ky

)
+ �

[(
a†

i−2,ky
a†

i,ky
− a†

i+2,ky
a†

i,ky

)

+
(

−2 cos
3

2
ky

)(
a†

i−1,ky
a†

i,ky
− a†

i+1,ky
a†

i,ky

)
+ (

b†
i−2,ky

b†
i,ky

− b†
i+2,ky

b†
i,ky

)
+

(
−2 cos

3

2
ky

)(
b†

i−1,ky
b†

i,ky
− b†

i+1,ky
b†

i,ky

)]

+ H.c., (9)

where the summation index i runs over all unit cells from
i = 1 to i = 1024, ai and bi are annihilation operators in unit
cell i on sublattices A and B, respectively, μ is the chemical
potential, �0 is the pair potential, and δ1 = a(0,−1), δ2 =
a
2 (

√
3, 1), δ3 = a

2 (−√
3, 1) are vectors between nearest neigh-

bors, while χ1 = δ3 − δ2, χ2 = δ1 − δ3, χ3 = δ2 − δ1 are vec-
tors between next-nearest neighbors. This model leads to
f -wave superconductivity, studied in Refs. [35–40]. As shown
in the Supplemental Material [31], the tight-binding Hamilto-
nian, Eq. (9), reduces to the low-energy model in Eq. (1) in the
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FIG. 3. (a) Dispersion for odd-valley superconductivity calculated using the tight-binding model for �/μ = 0.05 and μ/t = 0.4, plotted
over one full Brillouin zone. The edge states are clearly separated in energy from the other states. They are flat near ky = 0 and merge with the
band near ky = kF , indicated by the dashed lines. (b) The average value of the position operator for the edge states as a function of ky. The states
are well localized for ky � kF , indicated by the dashed lines in panel (a). The localization length is smallest near the Fermi surface ky = kF

and the states become delocalized as their energy approaches the bulk gap for ky > kF . Here a is the carbon-carbon distance. (c) Dispersion
for even-valley superconductivity calculated using the tight-binding model for �/μ = 0.05 and μ/t = 0.4. The bulk dispersion is similar to
odd-valley superconductivity, but edge states are absent.

limit t 
 μ 
 �. For this model the band projectors |uk〉〈uk|
are given by 1

2 (1 + kx√
k2

x +k2
y

ρx + ky√
k2

x +k2
y

ρy), where ρx,y are the

first and second Pauli matrix in sublattice space.
Figure 3(a) shows the energy dispersion En(ky) vs ky of

our Hamiltonian, Eq. (9). The bulk spectrum (blue region)
is gapped, with a gap of the order of �, and the edge states
form an almost flat band around zero energy in the gap. As
indicated using the dashed lines in 3(a), the flat band is well
separated from the bulk for ky < kF and merges with the bulk
bands for ky 
 kF . The small dispersion of the edge states
for ky � kF in Fig. 3(a) arises from particle-hole asymmetry
which is controlled by the small parameter �

μ
. This param-

eter is truly small for superconductors observed reported for
Bernal bilayer graphene and rhombohedral trilayer graphene
in Refs. [13,14], where Tc/TF ∼ 10−3. We set �

μ
= 0.05 and

μ

t = 0.4 in our numerical calculations. The result of this al-
most flat band is a strongly enhanced local density of states
close to zero energy, as shown in Fig. 1.

Next, we compute the expectation value of the position
operator for the eigenstate ψky,n:

xn(ky) =
∫

x
∣∣ψky,n

∣∣2
dx

a
∫ ∣∣ψky,n

∣∣2
dx

, (10)

where a is the carbon-carbon distance in our honeycomb
lattice. Figure 3(b) shows x0(ky) vs ky, where n = 0 labels
the positive energy states inside the superconducting gap.
x0(ky) is inversely correlated to the energy difference between
the edge states and the bulk-state continuum. For ky � kF ,
x0(ky) is very small compared to the width of the ribbon. In
fact, x0(ky = 0) ∼ t/� and x0(ky = kF ) ∼ t (�μ)−1/2; see the
Supplemental Material [31]. In Fig. 3(c) we show that in-gap
states are absent in the case of even-valley superconductivity,
while the bulk spectrum is similar. This leads to the absence of
a zero energy peak in the density of states as shown in Fig. 1,
confirming that the presence of a zero-energy peak signals
unconventional superconductivity.

Since the ribbon Hamiltonian we consider is invariant
under the mirror plane H (ky) = H (−ky), the counterpropa-

gating edge states are located on the same position: x0(ky) =
x0(−ky). We found generic disorder-induced transition matrix
elements between them are finite 〈ψ0,ky |τ3V |ψ0,−ky〉 �= 0, so
the counterpropagating edge states will in fact be affected by
edge imperfections. We may distinguish between smooth and
sharp disorder. The states are robust against smooth disorder,
since this does not mix the opposite valleys and thus leaves our
conclusions unaltered. Sharp disorder such as vacancies on
the other hand have zero-energy states themselves following a
mechanism very similar to edges. Therefore, as long as their
density is not too high, the zero energy peak in the density of
states remains. We also verified numerically using our tight-
binding model that the resulting energy shift of the bound
states is small as long as the density of edge vacancies is not
too large. Thus the large zero energy peak is robust against
edge impurities.

Conclusions. We have presented an effective low-energy
theory to analyze odd-valley superconductivity in 2D mate-
rials that have a Fermi surface split into two valleys. This
type of unconventional pairing is allowed by symmetry and
involves an odd-parity pair potential that has an opposite
sign in different valleys but remains isotropic within each
valley. Our model predicts the existence of an almost flat
band of edge states if the normal to the edge is such that
the integration line in k space passes through both val-
leys. To confirm this prediction, we have also studied a
tight-binding Hamiltonian for f -wave superconductivity in
honeycomb lattices. Our findings showed massively degener-
ate edge states that appear as a pronounced zero energy peak
in the density of states accessible through local spectroscopic
techniques.

Our study has broad applicability to materials with
hexagonal or triangular lattices, including graphene, NbSe,
MoS2 [41], nitrides [42,43], germanene [44], and sil-
icene [45].
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