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We find a class of Floquet topological phases exhibiting gap-dependent topological classifications in quantum
systems with a dynamical space-time symmetry and an antisymmetry. This is in contrast to all existing Floquet
topological phases protected by static symmetries, where the topological classification across all quasienergy
gaps is characterized by the same Abelian group. We demonstrate this gap-dependent classification phenomenon
using the frequency-domain formulation of the time-dependent Hamiltonian. Moreover, we provide an interpre-
tation of the resulting Floquet topological phases using a frequency lattice with a decoration represented by color
degrees of freedom on the lattice vertices. These colors correspond to the coefficient N of the group extension of
the system symmetry group G along the frequency lattice, given by N = Z × H1[A, M]. The distinct topological
classifications that arise at different energy gaps in its quasienergy spectrum are described by the torsion product
of the cohomology group H2[G, N] classifying the group extension.
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Remarkable progress has recently been made towards un-
derstanding the interplay between symmetry and topology.
Equilibrium topological states of matter have been sys-
tematically classified by their symmetries, including local
symmetries such as time-reversal, particle-hole, and chiral
[1–5], as well as symmorphic and nonsymmorphic crystalline
symmetries [6–18]. Moving beyond equilibrium, periodically
driven Floquet systems supporting exotic new phases have
been discovered with no equilibrium analogs [19–30], in-
cluding the anomalous Floquet insulator [20,31–35]. For the
Altland-Zirnbauer (AZ) symmetry classes, a complete classi-
fication of noninteracting Floquet topological insulators and
superconductors has been obtained [36,37], which is further
enriched when considering crystalline symmetries [38,39].

Intuitively, the distinction between the static and Floquet
classifications for these symmetry classes arises because there
is no notion of the Fermi energy in Floquet systems. This
means that we must classify all n gaps in the quasienergy spec-
trum, as opposed to simply the gap at the Fermi energy. Thus,
the Abelian group G ∈ {Z1,Z2,Z} classifying the phases in
the static case generalizes to G×n in the Floquet [36].

In order to isolate the phases that do not exist in the static
limit, one can decompose the Floquet unitary time-evolution
operator as Û (t ) = V̂ (t )e−iĤF t [40]. The time-independent
Floquet Hamiltonian ĤF governs the stroboscopic time evolu-
tion, while the time-dependent unitary loop V̂ (t ) = V̂ (t + T )
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inherits the Floquet time period T . As ĤF shares exactly
the same set of symmetries with the original time-dependent
Hamiltonian when AZ and crystalline symmetries are consid-
ered, one can obtain the topological classification induced by
ĤF from the results for static Hamiltonians in the correspond-
ing symmetry class. This serves as the basis for that ĤF is
connected to the static limit Hamiltonian, obtained by turning
off the time-dependent terms, or equivalently, by taking the
time average of the original Hamiltonian within one period.
This further leads to that the literature on Floquet topological
phases has been focusing mainly on the topology of the loop
V̂ (t ).

In the AZ and crystalline symmetry classes, V̂ (t ) is indeed
solely responsible for the intrinsically nonequilibrium Floquet
topological modes [20]. But recently, intertwined nonsym-
morphic space-time symmetries [41,42] have gained interest,
which combine temporal translation with spatial transforma-
tions. It has been shown that these space-time symmetries
lead to a richer topological classification compared to that ob-
tained using purely static symmetries [43–46]. In particular, in
Ref. [44], one of the present authors classified the Floquet sys-
tems with order-two space-time symmetries/antisymmetries
using a unitary loop in the case of a spectral flattened Floquet
Hamiltonian, ĤF = 0.

In this Letter, we introduce a class of Floquet topological
systems whose ĤF satisfies symmetry constraints different
from the ones in any known static system. In these systems,
as a consequence of the combination of an order-two space-
time symmetry with a static antisymmetry, the topological
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classifications at the zero gap and π gap (at half of the driv-
ing frequency) are different, contrary to all existing known
Floquet systems whose classifications have the G×n structure
across all quasienergy gaps [36].

We provide a clear interpretation of these topological
phases by explaining how the action of the two symmetries
decorates the frequency lattice with an emergent “color” de-
gree of freedom. In particular, we show that on the frequency
lattice, the order-two space-time symmetry is on site, but
alternates in sign between even and odd sites. This distinc-
tion is typically hidden by the equivalence of even and odd
lattice sites, but is revealed by the nonlocal action of the
antisymmetry operation. Notably, the nontrivial interplay be-
tween space-time symmetries and antisymmetries, manifested
through distinct symmetry group algebras in the enlarged
symmetry group G̃ of the frequency lattice (derived from the
symmetry group G of the given periodically driven Hamilto-
nian), leads to the emergence of this color.

We attribute the distinct topological classifications appear-
ing at different energy gaps in the quasienergy spectrum to
the emergence of this distinct color decoration across the
frequency lattice. The mere presence of space-time or static
symmetry alone cannot generate these distinct topological
classifications due to the absence of a definable color degree
of freedom. This aligns with the conventional perspective that
topological classification remains consistent across all energy
gaps.

We demonstrate that the equivalence classes of the en-
larged symmetry group G̃ are fully characterized by the
second cohomology group H2[G, N], where the coefficient N
captures the decorative feature (color). Additionally, we show
how the torsion product of H2[G, N] naturally accounts for
the presence of these distinct topological classifications.

Symmetries and frequency-domain formulation. We study
noninteracting Floquet systems which exhibit an order-
two space-time unitary symmetry (such as time-glide [41])
and a static antiunitary antisymmetry. In momentum-space
representation, the Bloch Hamiltonian H (k, t ) transforms re-
spectively under these as

UT/2H (k, t )U †
T/2 = H (−k‖, k⊥, t + T/2),

Ā0H (k, t )Ā−1
0 = −H (k‖,−k⊥, t ), (1)

where UT/2 and Ā0 represent the unitary time-glide symmetry,
which transforms t into t + T/2 under the operation, and the
static antiunitary antisymmetry, respectively. Here, k‖ and k⊥
denote the components of the momentum which flip under the
symmetry/antisymmetry, respectively [44,47].

Recall that a Floquet system can be described by a
static frequency-enlarged Hamiltonian H(k) whose ma-
trix blocks are given by Hm,n(k) = −m�δm,nI + hm−n(k),
� = 2π/T , where hm−n(k) = (1/T )

∫ T
0 dtH (k, t )ei(m−n)�t =

hn−m(k)†. Here, I is the identity matrix of the same size
as H (k) and m, n ∈ Z are frequency indices [20]. We now
consider the action of the symmetries in Eq. (1) on this static
enlarged Hamiltonian.

One can readily show that the enlarged Hamiltonian H(k)
inherits a spatial unitary symmetry U and antiunitary anti-
symmetry Ā from the original space-time symmetry UT/2 and

antisymmetry Ā0 in H (k, t ). Indeed, given UT/2hn(k)U †
T/2 =

(−1)nhn(−k‖, k⊥) and Ā0hn(k)Ā−1
0 = −h−n(k‖,−k⊥), it im-

mediately follows

U =

⎛
⎜⎜⎜⎝

. . .

UT/2

−UT/2
. . .

⎞
⎟⎟⎟⎠,

Ā =

⎛
⎜⎜⎜⎝

. .
.

Ā0

Ā0

. .
.

⎞
⎟⎟⎟⎠, (2)

where the enlarged Hamiltonian satisfies UH(k)U† =
H(−k‖, k⊥) and ĀH(k)Ā−1 = −H(k‖,−k⊥) [44,47].

Here, we identify a topological classification of nontrivial
edge states appearing at the gap EF = 0 or �/2 from that
of truncated matrices made up of a finite number 2n + 1
or 2n matrix blocks, respectively, under the assumption that
the infinite-dimensional H will be recovered by taking the
limit n → ∞. The diagonal blocks of these truncated ma-
trices run from h0 − n� to h0 + n� (or n − 1 in the even
block-dimension case). To gain intuition on the two distinct
classification results at the two different gaps, we consider the
3 × 3 and 2 × 2 blocks of the truncated H,

Hodd =
⎛
⎝h0 − � h†

1 h†
2

h1 h0 h†
1

h2 h1 h0 + �

⎞
⎠,

Heven =
(

h0 − �/2 h†
1

h1 h0 + �/2

)
− �

2
ρ0, (3)

where ρ0 is the identity in the two-Floquet-zone basis. The
topological classification of the static Hodd and the first term
of Heven in Eq. (3) characterizes the zero and π modes at EF =
0 or �/2, respectively. This can be generalized to any odd- or
even-dimension block size.

Model. As a concrete example, we introduce a model of
spinless fermions hopping on a bipartite one-dimensional lat-
tice, which hosts Floquet topological zero modes protected by
both a time-glide UT/2 and an antisymmetry Ā0. The Hamilto-
nian is a four-step drive,

H (k, t ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

H1(k)
(
0 � t < T

4

)
,

H2(k)
(

T
4 � t < T

2

)
,

H3(k)
(

T
2 � t < 3T

4

)
,

H4(k)
(

3T
4 � t < T

)
,

(4)

where H1(k) = J1σx + [δ − 2J4 sin(2k)]σz and H2(k) =
−J2 sin(2k)σx − J2 cos(2k)σy − 2J3 sin(2k)σz. Here, the
Pauli matrices σi act on the sublattice degrees of freedom.
This Hamiltonian satisfies UT/2H1,2(k)U †

T/2 = H3,4(−k),

UT/2 = σx and Ā0H (k, t )Ā−1
0 = −H (k, t ), Ā0 = iσyK ,

where K is the complex conjugation. Here, U 2
T/2 = I,

Ā2
0 = −I, and {UT/2, Ā0} = 0. Its quasienergy spectrum

hosts a bulk gap around EF = 0, where nontrivial edge
states appear [47]. However, we show that its loop operator
V̂ (t ) must be topologically trivial, by Hermitian mapping
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it to a two-dimensional static Hamiltonian Heff(k, t ) of
class AIII [36,41,47]. This two-dimensional (2D) static
Hamiltonian does not support nontrivial topological
phases from the K-theory classification [9,47], as the
corresponding K group is Z1 ≡ 0. The existence of nontrivial
edge states is thus quite surprising, and suggests that the
classification of Floquet systems with dynamical space-time
symmetries/antisymmetries may not be the familiar G×n from
the AZ and crystalline symmetries [36]. In the following, we
employ the frequency-domain formulation to characterize the
phenomenon of the gap-dependent topological classification.

Topological invariants of the topological zero modes. The
Hamiltonian H (k, t ) defined in Eq. (4) maps to an enlarged
H with U and Ā satisfying UH(k)U† = H(−k), U2 = I and
ĀH(k)Ā−1 = −H(k), Ā2 = −I. U and Ā anticommute with
Hodd, but commute with Heven as defined in Eq. (3). Defining
a particle-hole symmetry as C = UĀ, CH(k)C−1 = −H(−k),
we find that the symmetry class of Hodd (Heven) is the 1D
class D (C) with an effective reflection symmetry U anti-
commuting(commuting) with C satisfying C2 = I (−I) for
Hodd (Heven). These different symmetry classes generate cor-
respondingly different topological classifications at the zero
(π ) gaps as Z (Z1) [7,9], the latter matching the topologi-
cally trivial π gap obtained from the loop V̂ (t ). The opposite
commutation relations between U and A which account for
this difference in classification originate from the order-two
nature of the dynamical space-time symmetry that determines
the factor (−1)n in UT/2hn(k)U †

T/2 = (−1)nhn(−k). We see
that the gap-dependent topological classification is unique to
the systems with intertwined space-time symmetries, whereas
static crystalline symmetries cannot lead to such a novel phe-
nomenon.

Notice that the topological invariant Z of class D in 1D
with the reflection U anticommuting with C which describes
these zero modes, is the same as the invariant MZA of class
A in 1D with the reflection. This is because C anticommutes
with the reflection U , so that it exchanges the two different
mirror subsectors, and thus each subsector does not have
particle-hole symmetry. Focusing only on the subsector asso-
ciated with the reflection eigenvalue R = +1 (represented by
a superscript + below), the Z invariant can be expressed as

Z = MZ+
A = ν+

k=0 − ν+
k=±π/2 = −MZ−

A , (5)

where ν+
k∗ represents the number of negative energy modes

of H(k) associated with reflection eigenvalue R = +1 at the
zero-dimensional reflection invariant k∗ point.

We obtain Z = 1 from H (k, t ) in Eq. (4). In order to test
this classification numerically, we take the direct sum of two
identical copies of H (k, t ) and obtain four degenerate zero
modes (Z = 2) in Fig. 1. Here, we realize topological zero
modes by using parameters not in the high-frequency limit
(� 	 |J|), so we use large truncation blocks to ensure that the
spectrum of the truncated Floquet Hamiltonian is a good ap-
proximation to the exact result within the first few quasienergy
zones centered around EF = 0 [48].

Frequency lattice decoration and symmetry group exten-
sions. The varying topological classifications at zero and π

gaps arise from the distinct classes of the extended symmetry
group G̃, which fully describe the symmetry of the enlarged
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FIG. 1. (a) The quasienergy spectrum of the direct sum of two
identical copies of H (k, t ) in Eq. (4). Specifically, we construct
the truncated Floquet Hamiltonian H using the frequency-domain
formulation in Eq. (3). Inset: Topological zero edge modes appear
within the zero gap, consistent with the expected topological invari-
ant Z = 2. (b) The spectrum in periodic boundary conditions. Here,
the frequency indices m, n run over a large but finite range −(Nblock −
1)/2 � m, n � (Nblock − 1)/2, where Nblock is much larger than the
frequency space localization of the Floquet states. The parameters
used are T = 1, J1 = � = 2π , J2/J1 = 0.9, J3/J1 = J4/J1 = 0.1,
and Nblock = 15.

Hamiltonian H along the frequency lattice. The extended
symmetry group G̃ is associated with each element of the
second cohomology group H2[G, N], where N is an Abelian
group that defines the structure of a decorated frequency
lattice. For a given G, with subgroup M and A representing dy-
namical space-time symmetry and antisymmetry, respectively,
G̃ is the nontrivial extension of G = M × A (isomorphic to
Z2 × Z2) by N . Two extensions can be considered equivalent
if they correspond to the same element in the second coho-
mology group [47].

The projective representations of symmetry and antisym-
metry of the enlarged Hamiltonian H(k) are expressed as
a unitary U and antiunitary Ā in Eq. (2). Each vertex of
the frequency lattice is labeled with n ∈ Z. The symmetry
U is on site, inducing a hidden color due to the alternat-
ing signs between even and odd sites. This hidden color is
typically not observable because even and odd sites are in-
terchangeable, but the antisymmetry Ā can reveal the color
on each vertex by its nonlocal mirror operation along the lat-
tice, Ā0hn(k)Ā−1

0 = −h−n(k). The structure of the frequency
lattice with a decoration represented by the colors on the
lattice vertices is determined by an Abelian group N ∼= Z ×
H1[A = Z2, M = Z2] = Z × Zgcd (2,2). This is generated by
the T time translations denoted by UF and colors denoted by
Ē = ei2π/|H1[A,M]| = (−1) [47]:

N = {
U a

F Ēb|a ∈ Z, b ∈ Z2
}
. (6)

Distinct topological classifications at different energy
gaps. The torsion product of the second cohomology group
H2[G, N] provides a way to understand how a Floquet system
can exhibit different topological classifications at different
energy gaps in its quasienergy spectrum. To generate these
distinct classifications, the nonzero Tor[A, M] (which is equiv-
alent to H1[A, M] for finite Abelian groups M and A) is
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/ − / / − / / − / / − /

FIG. 2. (a) The frequency lattice labels each site with n × �

for n ∈ Z, representing the discrete T -time translation of H (t ). The
interplay between the space-time symmetry M and antisymmetry A
of the finite group G = M × A can be used to color the vertices
of the lattice. The symmetry action of M onto each vertex, but
applied differently to even and odd sites alternatively (the order-
two of symmetry M), which generates a hidden color. This color
is not observable, but can be revealed by applying an additional
nonlocal mirror operation of antisymmetry A along the lattice. The
lattice structure is determined by the Abelian group N in Eq. (6),
generated by the time loop UF and colors Ē , and is isomorphic
to Z × H 1[A, M]. (b) Defining Z2 colors from H1[A = Z2, M =
Z2] = Z2, the torsion product of H2[G = Z2 × Z2, N] gives two
different classes of group extensions, G̃Tor

0 and G̃Tor
π , distinguished by

the different group algebra [U , Ā0(π )]+(−) = 0, resulting in different
topological classifications at the zero gap and π gap.

important. To observe different topological classifications, it
is necessary to assign colors (nontrivial Ē �= 1) to the lat-
tice vertices on the frequency lattice. We notice that the
torsion product of H2[G = Z2 × Z2, N = Z × Z2] is given
by Tor[H3(G,Z), N] = Z2. This represents the commuta-
tion and anticommutation relations between two projective
representations U and Ā denoted by c = ±1 and can be
written as

UĀU−1Ā−1 = Ē c. (7)

Notice that the antisymmetry Ā acts on the frequency lattice
as a mirror with two possible centers: either passing through
the lattice vertex or through the middle of the bond between
two vertices, denoted as Ā0 or Āπ , respectively. Combined
with the space-time symmetry U , the two types of mirror op-
erations Ā0,π can be distinguished such that Āπ exchanges the
colors (e ↔ o), whereas Ā0 does not. This results in two dif-
ferent classes of group extensions, G̃Tor

0 and G̃Tor
π , as shown in

Fig. 2, depending on how U and Ā interact. These classes are
distinguished by the different group algebras [U , Ā0(π )]+(−) =
0 which arise from the opposite sign of Ē c in Eq. (7). This
leads to different topological classification at zero and π gaps
as Z (Z1) in our model.

More generally, for the 1D frequency lattice with only
order-two antisymmetry Ā in Floquet systems, at most two
distinct topological classifications can occur at the zero gap
and π gap, when there coexists an even-order-D space-time
symmetry. This follows from the torsion product of H2[G, N],
which is given by [47,49]

Tor[H2[G = ZD × Z2,U (1)], N = Z × H1[Z2,ZD]]

= Tor[Zgcd (2,D),Zgcd (2,D)] = Zgcd (2,D), (8)

where N is identified as Z × Zgcd (2,D) from H1[A, M] =
H1[Z2,ZD] = Tor[Z2,ZD] = Zgcd (2,D). This indicates that
different topological classifications cannot occur in a Floquet
system with odd-order space-time symmetry.

Conclusion and outlook. In this Letter, we demonstrate
that when considering order-two space-time symmetries and
antisymmetries, distinct topological classifications can occur
at different energy gaps in the Floquet quasienergy spectrum.
We present a simple 1D model that preserves both a time-
glide symmetry and an antiunitary antisymmetry. Using the
frequency-enlarged Hamiltonian, we found that the model
exhibits Z-classified topological zero modes, and is trivial
at π gaps. The origin of this difference lies in the T/2 half-
translation component of the time-glide action, which results
in opposite commutation relations between the effective re-
flection and antisymmetry in the enlarged Hamiltonian. We
confirm this difference by showing that the torsion product
of the second cohomology group H2[G, N] accounts for the
distinct topological classification, which is further used to
predict that such an energy-dependent classification can also
exist if we replace the order-two space-time symmetry by an
even-order one.

Two generalizations of the current work are worth men-
tioning to explore in the future. It is known that the 1D
frequency lattice perspective of the Floquet system can be
generalized to quasiperiodically driven systems, where a
higher-dimensional frequency lattice representation is ob-
tained [50–53]. The effects of the antisymmetry on this
frequency lattice will be more complicated, and may allow
for richer and more distinct topological classifications. More-
over, we leave the question of how topological classifications
[24,25] vary at different energy gaps in the presence of inter-
actions and space-time symmetries/antisymmetries, as well as
how to realize those stably [54,55], for future work.
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