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Theory of magnetic field stabilized compact skyrmions in thin-film ferromagnets
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We present a micromagnetic theory of compact magnetic skyrmions under applied magnetic field that accounts
for the full dipolar energy and the interfacial Dzyaloshinskii-Moryia interaction (DMI) in the thin-film regime.
Asymptotic analysis is used to derive analytical formulas for the parametric dependence of the skyrmion size
and rotation angle, as well as the energy barriers for collapse and bursting, two processes that lead to a finite
skyrmion lifetime. We demonstrate the existence of a regime at low DMI, in which the skyrmion is stabilized by
a combination of nonlocal dipolar interaction and a magnetic field applied parallel to its core, and discuss the
conditions for an experimental realization of such field-stabilized skyrmions.
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Introduction. Since the first real-space observation of
skyrmions in a chiral magnet [1], there have been a great
number of theoretical and experimental studies devoted to
skyrmionics [2,3]. These developments are motivated by
the remarkable compactness, stability, and tunability of
skyrmions, which makes them attractive candidates for future
applications in information technology [3,4]. Starting with
the first experiments in chiral magnets [1], it was observed
that skyrmions spontaneously appear in a certain range of
nonzero magnetic field in various bulk materials and thin-
film heterostructures [5]. Indeed, while the ground state of
chiral magnets is the helical state at zero magnetic field, the
ferromagnetic ground state is restored when a sufficiently
strong magnetic field is applied. However, isolated skyrmions
and skyrmion lattices may exist as metastable states under
applied magnetic fields, as predicted in the late 1980s [6,7].
The precise dependence of an isolated skyrmion size on the
applied magnetic field was investigated numerically [7–10].
In the isolated skyrmion regime, the size of a skyrmion
decreases (increases) with increasing (decreasing) magnetic
field applied antiparallel to the magnetization in the skyrmion
core [7,9].

While the antiparallel configuration has been widely in-
vestigated theoretically and experimentally [5,11–21], the
parallel configuration was considered in only a handful of
studies [9,10,22,23]. The reason is that most studies on
skyrmions are carried out in the strong Dzyaloshinskii-Moryia
interaction (DMI) regime, where isolated skyrmions are very
easily destabilized by a magnetic field applied parallel to
the skyrmion core via the so-called “bursting” phenomenon,
whereby the magnetic layer is reversed to the uniform state
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as the skyrmion radius goes to infinity. The position of
the bursting line on the skyrmion stability diagram was es-
timated by numerical minimization in previous theoretical
works [9,10,22,23]. A solution to avoid this instability is
to confine the skyrmion in a dot to extend its stability to
a wider range of applied fields [24–26]. Another possibil-
ity is to work in the low DMI regime. In this regime, it
was recently demonstrated [27] that the nonlocal dipolar in-
teraction that has been classically neglected [9,10,28], may
become comparable to the DMI and play a role in skyrmion
stabilization. Several works based on approximate models
suggest that the nonlocal dipolar interaction modifies the
range of existence of isolated skyrmions in applied mag-
netic fields [22,23], but this regime has remained largely
unexplored.

In this Letter, we carry out an investigation of isolated
compact skyrmions under an applied magnetic field in the
thin-film and low DMI regime, taking into account the full
stray field. We carry out an asymptotic analysis and obtain
analytical formulas predicting the skyrmion radius, angle, as
well as the collapse and bursting energy barriers as functions
of the system parameters. We obtain a skyrmion stability
diagram, which reveals a different response to a parallel field
at low DMI strength compared to the existing phase dia-
grams [10,22,23]. This modification of the skyrmion phase
diagram due to stray field effects is confirmed by direct mi-
cromagnetic simulations. We emphasize that in this regime
the parallel field enables one to increase the skyrmion size
and stability and discuss possible routes to observe field-
stabilized skyrmions experimentally in conventional skyrmion
materials.

Model. We consider a ferromagnetic thin film with
perpendicular magnetic anisotropy and interfacial DMI.
Following our previous works [27,29–31] with the addition
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of the Zeeman energy term, the micromagnetic energy of a
magnetization m : R2 → S2 reduces to (see Supplemental
Material [32] for details and the references [33–36] therein)

E (m) =
∫
R2

(|∇m|2 + (Q − 1)|m⊥|2)d2r

−
∫
R2

[2h(m‖ + 1) + 2κm⊥ · ∇m‖] d2r

− δ

8π

∫
R2

∫
R2

[m‖(r) − m‖(r′)]2

|r − r′|3 d2r d2r′

+ δ

4π

∫
R2

∫
R2

∇ · m⊥(r)∇ · m⊥(r′)
|r − r′| d2r d2r′,

(1)

where m⊥ ∈ R2 is the in-plane component of m, i.e., the
component perpendicular to the out-of-plane anisotropy easy
axis, and m‖ ∈ R is the out-of-plane component of m, i.e., the
component parallel to the easy axis. The energy is measured
in the units of Ad , where A is the exchange stiffness and d the
film thickness. Lengths are measured in the units of the ex-
change length �ex = √

2A/(μ0M2
s ), where Ms is the saturation

magnetization and μ0 the vacuum magnetic permeability. The
dimensionless film thickness is δ = d/�ex � 1. We assume
that the external magnetic field is applied normally to the film
plane. We introduced the dimensionless quality factor Q =
Ku/Kd > 1, where Ku is the magnetocrystalline anisotropy
constant and Kd = 1

2μ0M2
s , the dimensionless DMI strength

κ = D/
√

AKd, and the dimensionless applied magnetic field
h defined as h = (H · ẑ)/Ms. The first four energy terms
are local and represent, respectively, the exchange energy,
the effective anisotropy energy (magnetocrystalline energy
renormalized to take into account the local stray field contri-
bution), the Zeeman energy, and the DMI energy. The last two
terms correspond to the long-range part of the dipolar energy,
which splits into surface and volume contributions (see [32]
for details).

We are considering an isolated skyrmion with a magne-
tization pointing up in its center, in a background where
the magnetization is pointing down. As a consequence, we
assume that the applied magnetic field in the positive field
direction is lower than the anisotropy field, h < Q − 1, to
ensure that the uniform state m0 = −ẑ is a local min-
imizer of the energy. Under the condition that m(r) →
−ẑ sufficiently fast as |r| → ∞, we consider the skyrmion
number q(m) = 1

4π

∫
R2 m · ( ∂m

∂x × ∂m
∂y )dx dy [18,37], so that

with our convention we have q(m) = 1 for a skyrmion
profile.

Skyrmion profiles. In the regime, in which the other en-
ergy terms remain perturbations to the dominating exchange
energy, the skyrmion profile can be shown to be close to a
Belavin-Polyakov profile [38], i.e., a minimizer of the ex-
change energy among all m with q(m) = 1 [39]. Therefore,
we can proceed as in [27,38] with an asymptotic analysis
based on a suitably truncated Belavin-Polyakov type profile
mρ,θ,L (for the precise form, see [32]), with the necessary
modifications to account for the presence of the applied field.
The equilibrium radius ρ, the rotation angle θ , and the cutoff
scale L are obtained [32,38] from the minimization of the
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FIG. 1. Leading order skyrmion energy Eρ,θ,L vs radius ρ after
minimization over θ and L for κ = 0.35, δ = 0.7, h = 0.008, and
Q = 1.591 [see (2.27) in the Supplemental Material [32]].

leading order energy E (mρ,θ,L ) 	 Eρ,θ,L , where (see Fig. 1
for an illustration)

Eρ,θ,L = 8π + 4π

L2
+ 4π (Q − 1 − h)ρ2 ln

(
4L2

e2(1+γ )

)

− 4πhρ2 − 8πκρ cos θ + π3ρδ

8
(3 cos2 θ − 1),

(2)

where γ ≈ 0.5772 is the Euler-Mascheroni constant. Under
the assumption ε̄ � 1, where

ε̄ = 1√
1 − h̄

×
{(

8π |κ̄| − π3

4 δ̄
)

if |κ̄| � 3π2

32 δ̄,(
128κ̄2

3πδ̄
+ π3

8 δ̄
)

else,
(3)

with

δ̄ = δ√
Q − 1

, κ̄ = κ√
Q − 1

, h̄ = h

Q − 1
, (4)

the minimizer of the reduced energy in (2) gives the leading
order skyrmion equilibrium angle

θ0 =

⎧⎪⎪⎨
⎪⎪⎩

0 if κ̄ � 3π2

32 δ̄,

−π if κ̄ � − 3π2

32 δ̄,

± arccos
(

32κ̄

3π2 δ̄

)
else,

(5)

and radius ρsk = ρ̄sk/
√

Q − 1, in units of �ex, where

ρ̄sk = 1

16π
√

1 − h̄

ε̄

(−W−1(−βε̄))
, (6)

provided that βε̄ < e−1 (see Sec. 2.3 in [32]). Here Wi refers
to the ith real-valued branch of the Lambert W function [40],
and β = e1+γ

32π
exp( h̄

2(1−h̄)
). The energy of the optimal skyrmion

solution is

Esk = 8π − ε̄2

32πW 2
−1(−β ε̄)

(
−W−1(−β ε̄) − 1

2

)
. (7)
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FIG. 2. Scaled skyrmion radius ρ̄sk for the intermediate thickness
regime with δ̄ = 0.7 (a) and ultrathin regime with δ̄ = 0 (b) as a
function of κ̄ and h̄. The convention for the field direction is shown
schematically in the insets, where in the skyrmion image, the red
and blue colors represent, respectively, down and up magnetizations
and white corresponds to in-plane magnetization. For h̄ < 0, the field
is applied antiparallel to the skyrmion core (red arrow in the inset),
while for h̄ > 0 the field is parallel (blue arrow in the inset).

For 0 < 1 − h̄ � 1 with βε̄ < e−1 fixed, there is also a
minimum energy saddle-point solution with equilibrium angle
θ0 from (5) and radius ρsad = ρ̄sad/

√
Q − 1, where

ρ̄sad = 1

16π
√

1 − h̄
× ε̄

[−W0(−βε̄)]
. (8)

The energy of the saddle is given by

Esad = 8π − ε̄2

32πW 2
0 (−β ε̄)

(
−W0(−β ε̄) − 1

2

)
. (9)

The above formulas become asymptotically exact when
ε̄ → 0 and h̄ → 1− with βε̄ fixed, which corresponds to
δ̄+|κ̄|√

1−h̄
exp( 1

2(1−h̄)
) = O(1) as δ̄, κ̄ → 0. Asymptotically, the

skyrmion and the saddle-point solutions disappear via a
saddle-node bifurcation at a critical value of |κ̄| = κ̄c given
by

κ̄c =

⎧⎪⎪⎨
⎪⎪⎩

π2

32 δ̄ + 4
√

1−h̄
e2+γ e−h̄/[2(1−h̄)] if δ̄ � δ̄c,√

3π2 δ̄
4

(√
1−h̄

e2+γ e−h̄/[2(1−h̄)] − π2 δ̄
256

)
else,

(10)

where δ̄c = 64
√

1−h̄
π2e2+γ e−h̄/[2(1−h̄)], as the value of |κ̄| is increased.

Skyrmion phase diagram. In Fig. 2, we present the asymp-
totic skyrmion phase diagram by plotting the scaled skyrmion
radius ρ̄sk from (6) as a function of the dimensionless DMI
strength κ̄ and applied field h̄, where the positive field di-
rection is parallel to the skyrmion core [see the insets in
Fig. 2(b)]. Skyrmion solutions are predicted to exist when
0 < |κ̄| + δ̄ � 1 and h̄ � h̄c, where h̄c is obtained by solving
for h in (10), while no skyrmion solutions are expected for
h̄ > h̄c (see also [32]).

According to Fig. 2, in the antiparallel configuration, h̄ <

0, the skyrmion radius is strongly increasing with |κ̄| and
increasing slower with a decrease in |h̄|. In the parallel config-
uration, h̄ > 0, in the intermediate thickness (δ̄ = 0.7) regime
shown in Fig. 2(a), the skyrmion radius dependence is, to
the contrary, dominated by its magnetic field dependence and

FIG. 3. Skyrmion collapse �Ecoll (a) and bursting �Eburst (b) en-
ergy barriers (in units of Ad) for the intermediate thickness
regime with δ̄ = 0.7. Also shown is the effective barrier �E =
min(�Ecoll, �Eburst ), which illustrates the optimal stability region
against collapse and bursting for δ̄ = 0.7 (c) and for the ultrathin
film with δ̄ = 0 (d).

the dependence on |κ̄| is strongly reduced for small |κ̄|. In
particular, the lines of equal radius present a concave character
and become parallel to the y axis as |κ̄| → 0. This dimin-
ished dependence of ρ̄sk on |κ̄| comes from the fact that the
dominant stabilization mechanism in the low |κ̄| regime is the
long-range dipolar interaction. The skyrmion behavior in this
regime presents remarkable differences from what is predicted
by the classical skyrmion theory, which only takes into ac-
count the local dipolar interaction [9,10,28]. For comparison,
we set δ̄ = 0 in our model in Fig. 2(b), which is equivalent
to neglecting the long-range dipolar interactions. In this case,
the lines of constant radius do not present this strong concave
character and the main source of skyrmion stabilization in the
whole field range is solely the increase of |κ̄|.

Skyrmion stability. A second important outcome of our
analysis is the prediction of the parametric dependence of the
bursting energy barrier. Previous studies on skyrmion stabil-
ity have focused on the collapse phenomenon and the field
applied antiparallel to the skyrmion core [11,14,16,27,41–
43]. However, for a field applied parallel to the skyrmion
core, bursting is the main source of instability. These two
energy barriers are shown in Fig. 1, where we present the
skyrmion energy as a function of the radius ρ for a given set
of parameters [see (2.27) in [32]]. The local minimum of en-
ergy at ρsk corresponds to the equilibrium skyrmion solution.
For ρ < ρsk the energy is increasing with decreasing ρ and
reaches the value 8π at ρ = 0, as all the energies tend to zero
except the exchange energy, which tends to its minimum value
of 8π among configurations with q = 1, as first demonstrated
in [39] and discussed previously [11,14,23,27,38].

The energy difference between the equilibrium skyrmion
and the “zero radius skyrmion” is thus �Ecoll = 8π − Esk,
which serves as the energy barrier to skyrmion collapse [44].
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FIG. 4. The skyrmion characteristics in the low DMI regime for
d = 5 nm, A = 20 pJ/m, Ms = 105 A/m, and Ku = 6346 J/m3 cor-
responding to Q = 1.01: (a) skyrmion radius rsky and (b) skyrmion
rotation angle |θ0| from (6) and (5); (c) skyrmion radius and
(d) skyrmion rotation angle from MUMAX3 simulations on a 2048 ×
2048 nm2 square box with mesh size 2 × 2 × 5 nm. The dashed line
is the line of zero bursting barrier defined in (10).

As the radius becomes larger than ρsk, the energy is in-
creasing and a saddle point of the micromagnetic energy is
observed at ρsad. This saddle prevents the skyrmion solution
from bursting as the skyrmion energy would otherwise go to
−∞ as the skyrmion radius tends to infinity. The bursting
barrier is defined as �Eburst = Esad − Esk. The collapse and
bursting energy barriers are plotted as functions of |κ̄| and h̄
in Figs. 3(a) and 3(b) for the magnetic field applied parallel to
the skyrmion core. The collapse and bursting energy barriers
present opposite variations as the effective DMI or applied
magnetic field are increased: an increase of |κ̄| or h̄ increases
the collapse barrier, but decreases the bursting barrier. As a
consequence, in the positive field regime, our theory predicts
that the optimum stability region for skyrmions is where both
the collapse and the bursting barriers are large. This optimum
stability region is illustrated in Figs. 3(c) and 3(d), where we
plot the effective energy barrier �E = min(�Ecoll,�Eburst ).
In Fig. 3(c), for an intermediate thickness (δ̄ = 0.7), the
optimal stability is obtained at large |κ̄|, for low applied
fields. As |κ̄| is decreased, the region of optimum stability,
which appears in reddish colors, is shifted to positive fields,
showing that the applied positive field can partly compensate
the decrease of DMI to stabilize skyrmions in the low |κ̄|
regime. The stabilization of the skyrmion in this regime is
due to a combined effect of the applied positive field and
the long-range dipolar interaction. In Fig. 3(d), we present
the ultrathin film limit (δ̄ = 0). In that case, the positive field
cannot compensate the decrease of |κ̄| and hardly any increase
of skyrmion stability with applied positive field is observed
in the low |κ̄| regime. Comparison between these two cases
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FIG. 5. The magnetization profiles along the x axis with the
skyrmion at the origin obtained from the MUMAX3 simulations for
the parameters indicated by the respective dots in Fig. 4(c). The
simulation datapoints are shown with the solid black dots, while the
Belavin-Polyakov profiles obtained by fitting their radius and angle
to the simulation data are shown with the solid blue lines.

in Figs. 3(c) and 3(d) reveals that the long-range dipolar
interaction provides a stabilization mechanism in low DMI
systems leading to a regime of parallel field stabilization of
skyrmions.

Micromagnetic simulations. To confirm the existence
of field-stabilized compact skyrmions in the positive field
regime, we carried out micromagnetic simulations, using MU-
MAX3 [45] (see [32] for details on the procedure). The chosen
dimensional parameters correspond to a ferrimagnetic mate-
rial with a low Ms and Ku (see Fig. 4 caption). In Fig. 4,
we present the skyrmion radius (a) and rotation angle (b)
predicted by our model [see (6) and (5)] for this set of pa-
rameters. The corresponding values of the skyrmion radius
and angle from the simulations are presented, respectively,
in Figs. 4(c) and 4(d), where the dashed line is the line
of zero bursting barrier defined in (10). Figure 4(c) also
shows several points in the parameter space for which we
present the numerical magnetization profiles in Fig. 5. These
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profiles agree very well with the suitably rotated and dilated
Belavin-Polyakov profiles, consistently with our theoretical
predictions.

The simulations and the theory show a good agreement:
they both predict, at fixed DMI, an increase of the skyrmion
radius from around 20 nm up to bursting as the positive field
increases [Figs. 4(a) and 4(c)], and at fixed magnetic field, a
reorientation of the skyrmion angle from around 60◦ to 90◦ as
κ̄ is decreased to zero [Figs. 4(b) and 4(d)]. This confirms the
existence of skyrmions stabilized by a parallel field in the low
|κ̄| regime.

In the top right part of Figs. 4(c) and 4(d) the white zone
corresponds to a region where the skyrmion has burst and the
system is homogeneously magnetized in the direction of the
positive applied field. The numerical solution persists beyond
the dashed line representing the region of existence of our
solution. This is expected due to the asymptotic nature of the
theory. The numerical solution persists in the form of a less
compact profile before bursting occurs. This further extends
the predicted range in which skyrmions can be stabilized with
the help of a positive field.

Conclusions and perspective. We have derived the mag-
netic field dependence of the compact skyrmion size and
rotation angle, along with its thermal stability, in the presence
of DMI and full dipolar interaction. In particular, we obtained
a condition for skyrmion bursting at positive magnetic field,
which agrees quantitatively with micromagnetic simulations
in the regime of compact skyrmions and which may be an
invaluable tool for predicting this type of instability. We also
established that a balance needs to be found between col-
lapse and bursting energy barriers to optimize the skyrmion
stability.

Our analysis reveals that due to the presence of long-range
dipolar interaction an increase of the magnetic field applied
parallel to the skyrmion core increases the size and stability
of a skyrmion similarly to the effect of increasing the DMI
strength. A reason why a positive applied field has never
been used to stabilize skyrmions so far is that the samples in
which skyrmions are observed very often exhibit spontaneous
demagnetization in the form of a helicoidal state or a stripe
state at zero applied field. This phenomenon occurs in the
presence of a large DMI or/and due to long-range demagne-
tizing effects. In the quest for room temperature nanometer
size skyrmions, recent works have focused on ferrimagnetic
systems, following some predictions of more stable skyrmions
in such system with a low Ms and thicknesses of the order of
5–10 nm [14,27]. In these systems, room temperature stable
skyrmions are observed experimentally at zero applied mag-
netic field [46,47] and they constitute the ideal candidates to
observe field-stabilized skyrmions in the regime predicted by
our theory.

Lastly, while our study focuses on the collapse and bursting
mechanisms in the low effective DMI and thickness regime, it
would be interesting to extend our investigation to systems
exhibiting more complex mechanisms of thermal instability,
as in the case of systems with strong DMI and strong mag-
netocrystalline anisotropy studied previously in the case of no
applied field (see, e.g., [42,48–50]).
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