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Elusive isolating frequency of a locally resonant mechanical meta-layer
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In this work, we report a meta-layer consisting of subwavelength local resonators to achieve low-frequency
isolation of elastic waves. Apart from its distinctive low-dimensional configuration with a thickness of % the
wavelength, the meta-layer differs from bandgap-based metamaterials in that its optimally isolating frequency is
higher than the eigenfrequency. We demonstrate theoretically, numerically, and experimentally that the isolating
frequency shift arises from the coupling effect between the resonators and the load-carrying plate or beam.
As a further step, to demonstrate the universality of our theory, we predict and design a meta-layer with an
opposite-frequency shift. The proposed meta-layer, along with its corresponding theory, can precisely guide the
development of compact low-frequency wave isolation devices.
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The manipulation of guided waves in solids is a critical
issue for applications such as structural vibration control,
energy harvesting, and nondestructive testing [1,2]. Elastic
metamaterial, an artificial structure composed of periodic sub-
wavelength units, provides a powerful tool for the control of
elastic waves, enabling plenty of functions, such as negative
refraction [3-5], cloaking [6,7], and backscattering immune
waveguides [8,9]. One of the most promising applications is
isolation of elastic waves. In 2000, the sonic metamaterial
based on local resonance was first proposed to isolate long-
wavelength acoustic waves by using tiny structures [10]. It
was further studied that the locally resonant bandgap is due
to the negative equivalent mass of units at eigenfrequency
[11-13]. Subsequently, locally resonant metamaterials are
rapidly applied to beams [14-16] and plates [17,18] for elastic
wave isolation and vibration control. However, a bulky size
with at least several wavelengths is always required to sat-
isfy the periodic arrangement of abundant units, which poses
challenges in structure fabrication and limits their practical
engineering applications.

Recently, the advent of a metasurface, a monolayer struc-
ture composed of meticulously designed subwavelength units,
provides a new perspective to solve the size-related challenge
[19,20]. The metasurface was soon introduced into elastic
wave manipulation due to its compact configuration, achiev-
ing anomalous refraction [21-24], focusing [25-27], source
camouflage [28,29], and asymmetric transmission [30,31] via
phase and amplitude discontinuities. As for isolation of elastic
waves, existing metasurfaces are still in their infancy. Gen-
erally speaking, elastic wave isolation can be achieved by
phase-shift modulation based on the generalized Snell’s law
[20,32], which leads to an insolvable transmission angle 6,
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[33,34]. We proposed a distinct method of isolation through
the coherent cancellation of scattered and incident waves, and
further designed an omnidirectionally isolating interface in
a broad frequency band from 3 to 7 kHz [35]. Nonetheless,
vibration isolation and absorption are predominantly desirable
in the low-frequency range of less than 1 kHz [36-38]. Con-
sidering that the working frequency of presented metasurfaces
is excessively high for practical engineering applications [39],
the development of a compact method that can effectively
isolate low-frequency elastic waves remains a significant chal-
lenge [40,41].

Regarding the feasibility of developing locally resonat-
ing metamaterials for low-frequency isolation, we designed
a meta-layer consisting of subwavelength local resonators
to isolate low-frequency elastic waves. The isolation perfor-
mance is verified by experiments and simulations, in which we
observed that the isolating frequency is higher than the unit’s
eigenfrequency. We prove that the isolating frequency shift is
caused by the coupling between the resonator and the load-
bearing structure. In addition, we further design a meta-layer
with an opposite-frequency shift, showing the universality of
our theory. The proposed meta-layer distinguishes itself from
conventional locally resonant metamaterials, providing pre-
cise design guidelines for the development of compact devices
for low-frequency isolation.

As shown in Fig. 1(a), the unit of a low-frequency isolating
meta-layer consists of a mass block and a cantilever beam. Its
material properties and geometric size are provided in Supple-
mental Material Appendix S1 [42]. The block and the curved
beam are considered mass and spring, respectively, forming
a mass-spring system with eigenfrequency wy = 27 fy. The
eigenfrequency of the designed unit is tested by experiments,
where the unit is fixed on a metal pedestal and excited
by a vibration generator. Experimental results are shown in
Fig. 1(b), in which w, and wp refer to the displacement on

©2023 American Physical Society


https://orcid.org/0000-0003-0627-9885
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.L140303&domain=pdf&date_stamp=2023-10-19
https://doi.org/10.1103/PhysRevB.108.L140303

YUNHAO ZHANG, HAO ZHOU, AND YONGQUAN LIU

PHYSICAL REVIEW B 108, L140303 (2023)

400 450

<> without

<> with ;
...I....I.J}..I....
300 350 400 450
Frequency (Hz)
lwl
1

xo = 100 mm

[l GF ¥ &= ¥ &= ¥ W=y

FIG. 1. A typical local resonator and isolating frequency shift of the corresponding meta-layer. (a) Eigenfrequency testing of the local
resonator. The designed unit is fixed on a block (304 steel) and forced by a vibration exciter. (b) Experimental (yellow triangles) and numerical
(green line) relative displacement versus excitation frequency. ws and wp refer to the displacements at points A (on the resonator) and B (on
the block). Insert: Simulated eigenmode of the unit. (c) Isolation testing of the meta-layer fixed on an aluminum beam. Excitation is provided
by a piezoelectric plate at point P;. (d) Experimental frequency response. w,, is the displacement normalized by the max value at P, with (pink)
and without (gray) the resonator. (e) Simulated displacement fields of the unit located at xp = —100 mm, x, = 0 mm, and xo = 100 mm at an

isolating frequency f = 366.5 Hz.

the resonator and the pedestal, respectively. Both numerical
and experimental results indicate fy = 345.2 Hz, with the
corresponding eigenmode shown in the insert of Fig. 1(b).
Then, we conducted further tests on the isolation performance
of the locally resonant unit. The unit is fixed on an aluminum
beam suspended by silk threads, as shown in Fig. 1(c). The
beam is excited by a piezoelectric plate at point P; (x =
175 mm) and measured by a laser vibrometer at point P; (x =
—180 mm). Additional details can be found in Supple-
mental Material Appendix S2 [42]. Experimental frequency
responses are presented in Fig. 1(d), where the pink and
gray thombi represent the displacements (normalized by the
max value) at P, with and without the unit, respectively. The
working frequency ranges from 312.7 to 376.5 Hz, which
can be attributed to two factors: the alteration of eigenfre-
quency after pasting the unit and the local resonance of

the designed unit. The former splits one resonant peak into
two peaks, while the latter results in an optimal isolation
at f =366.5 Hz. Corresponding simulations of beams in
Supplemental Material Appendix S3 [42] also indicate the
existence of such a merit. It is stressed that the thickness
of our layer is 23 mm, which is only % the wavelength at
366.5 Hz (A = 158.7 mm). Interestingly, when local res-
onators are monolayered rather than periodic in the di-
rection of wave propagation, the bandgap is replaced by
a perfectly isolating point (f = 366.5 Hz) with a devia-
tion of approximately 20 Hz from unit’s eigenfrequency.
Such a frequency shift will lead to a mismatch between
engineering requirements and practical performance in vi-
bration control, particularly in the low-frequency range.
Therefore, it is imperative to investigate its underlying
mechanism.
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FIG. 2. Mechanism of the meta-layer for low-frequency isola-
tion. (a) A schematic diagram of the locally resonant meta-layer. The
designed unit is decoupled to mass-spring models of translation and
rotation. (b) Simulated amplitude of transmission |¢| (orange rhombi)
and theoretical 1 — Q2 + a—f (red line) are plotted as a function of
frequency. Note that [f| = 0 at f = 365.4 Hz, which corresponds to
f = 364.6 Hz generated by 1 — Q> + a—p = 0.

To explore the mechanism of the isolating frequency shift,
we simulate displacement fields of the unit located in different
positions at 366.5 Hz, as shown in Fig. 1(e). Simulations of the
meta-layer fixed on plates are also provided in Supplemental
Material Appendix S4 [42]. The field patterns are obstructed
by the locally resonant meta-layer, indicating that the local
resonator functions as an obstacle rather than a dynamic vibra-
tion absorber. For a tiny and rigid obstacle, the mechanism of
wave isolation has been investigated [35]. However, the defor-
mation of the obstacle is non-negligible when local resonance
is introduced. The designed unit is decoupled into mass-spring
models of translation and rotation, as shown in Fig. 2(a).
m and J represent the mass and moment of inertia of the
block, while k and ks denote the translational and rotational
stiffness coefficients, respectively. Considering the continu-
ity of the practical structure, it is reasonable to assume that
the translational and rotational eigenfrequencies are equiva-
lent (wy = Vk/m = /kg/J) After detailed derivations (see
Supplemental Material Appendix S4 [42]), it is determined
that elastic waves are completely isolated (i.e., transmission
[t| = 0) when the locally resonant meta-layer satisfies

1-Q®4+a—-B=0, (1)

where Q2 = w/wy is the frequency ratio between the angular
frequency w of incident waves and the eigenfrequency wy of
units. @ = % and 8 = % are relative dynamic stiffnesses
as resistances against translational and rotational motions, re-
spectively, where « is the wave number and E/ is the bending
stiffness of beams. Explicit formulas of m and J for spe-
cific units are provided in Supplemental Material Appendix

S4 [42]. Equation (1) not only implies that the meta-layer
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FIG. 3. Verification of the isolating frequency shift. (a) Theoret-
ical ratio of isolating frequency and eigenfrequency 2 (pink line)
is plotted as functions of H,,. Pink triangles refer to Q2 provided by
FEM. (b) Simulated transmission |¢| is plotted as a function of fre-
quency and H. The dashed and solid lines represent eigenfrequency
and theoretical frequencies of |t| = 0, respectively.

functions through the coherent elimination of scattered and in-
cident waves, but also demonstrates that the wave isolation by
tiny and rigid obstacles [35] is a special case of €2 approaching
zero (namely, wy — 00). Then, we verify Eq. (1) using the fi-
nite element method (FEM). The simulated transmission |¢] is
shown in Fig. 2(b), where |¢| reaches zero (|t| = 0.004) at f =
365.4 Hz, coincident with the experimentally isolating fre-
quency. We theoretically calculate 1 — Q> + a«—f changing
with incident frequency, as shown by the red curve in
Fig. 2(b). The theoretically isolating frequency is f =
364.6 Hz, which is only 0.2% less than the simulated fre-
quency of |f] =0. Such a consistency confirms that the
isolation of the meta-layer is due to the total reflection of
elastic waves. Simultaneously, it is also proved that the iso-
lating frequency shift relative to eigenfrequency is an inherent
property of single-layer structures and fundamentally distinct
from bandgap-based metamaterials. We also present theoret-
ical and numerical results of the meta-layer with different
configurations in Supplemental Material Appendix S5 [42] to
demonstrate the universality of the proposed method.

According to Eq. (1), the isolating frequency shift can be
quantitatively obtained by Q = /1 + o«—g. It is evident that
2 is controlled by « and g, with the translational mode («)
increasing the isolating frequency and the rotational mode
(B) decreasing it. We then calculate 2 changing with H,,,
as shown in Fig. 3(a), where the theoretical 2 is only 3.4%
higher than the simulated result at H,, = 10 mm. It is reason-
able that the simulated €2 becomes lower than the theoretical
curve as H,, increases, because the practical rotation center
deviates from the theoretical axis, which results in the in-
crease of B and the decrease of 2. Additionally, simulated
transmission |¢| is also plotted as a function of the width of
the beam H and the ratio of frequency of incident waves
and eigenfrequency [Fig. 3(b)]. The region of |¢| = 0 deviates
significantly from the eigenfrequency (dashed line), but is ac-
curately predicted by the theory (solid line). The discussion of
H,, and H justifies our theory from both the unit and the beam.
More importantly, it confirms that the isolating frequency shift
is induced by the coupling between the local resonator and the
beam.

It should be noted that although the isolating frequency
shift has been discovered [43,44], the proposed theory offers
greater accuracy because of the inclusion of the rotational
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FIG. 4. A meta-layer with opposite-frequency shift. (a) Density
map of the ratio of isolating frequency and eigenfrequency 2 with
respect to & and B. 2 = 1 when o = B (black line). (b) Theoretical
o and B change with eigenfrequency fj of the designed unit to isolate
flexural waves completely. (c) Corresponding 2 is plotted as a func-
tion of fy. 2 = 0.77 at fy = 2077.8 Hz. (d) Simulated transmission
[t] of the corresponding unit versus 2. |f| = 0 at Q = 0.77, which
agrees with the theoretical result.

mode (B). Furthermore, 8 allows the isolating frequency to
shift in an opposite direction, which is almost impossible in
the single-mode theory. Figure 4(a) is the density map of €2
with respect to « and 8, which is partitioned by a black line
(2 =1 when o = ). We observe that Q < 1 when o < g,
which indicates that the isolating frequency can be shifted not
only to high frequency, but also to low frequency. To illustrate
the arbitrariness and designability of the isolating frequency
shift, we further design a new meta-layer consisting of a block
and two beams, as shown in Fig. 4(b), to achieve the low-
frequency shift. For convenience, we solely regulate the unit’s
eigenfrequency fy while keeping its mass m and moment
of inertia J constant. Corresponding materials and geometric

parameters are provided in Supplemental Material Appendix
S5 [42]. The theoretical curve of « and B with respect to fj is
shown in Fig. 4(b), where « and 8 intersect at fy = 869.1 Hz.
When fy > 869.1 Hz, B exceeds «, resulting in the isolating
frequency less than the eigenfrequency. Theoretical 2 is fur-
ther calculated as a function of f; in Fig. 4(c), where Q2 < 1
when fy > 869.1 Hz. We select a unit with fy = 2077.1 Hz
as an example to verify the prediction by FEM. Here, we
change the eigenfrequency of the unit by designing the width
W,. The eigenmode of the corresponding unit is shown in the
insert to Fig. 4(c). After some simulations, transmission |¢| is
plot as a function of the ratio of incident wave frequency to
eigenfrequency in Fig. 4(d). As expected, || is close to zero
(Jt] = 0.02) when €2 equals 0.77, which aligns precisely with
the theoretical result. Therefore, we demonstrate that the elu-
sive isolating frequency shift in locally resonant meta-layers
can be explicated by the proposed theory. We also provide
two more examples with the opposite-frequency shift effect
in Supplemental Material Appendix S5 [42] to display the
universality of our theory.

In summary, we design a locally resonant meta-layer
achieving isolation of low-frequency elastic waves. The ex-
perimental results show that the monolayer structure of local
resonators has an isolating frequency shift compared to its
own eigenfrequency, which is a significant difference from
metamaterials. We demonstrate theoretically that such a fre-
quency shift is caused by the coupling between the unit and
the beam. The theoretically isolating frequency is in good
agreement with experimental and simulated results. In addi-
tion, we predict and simulate a meta-layer that can inversely
reduce the isolating frequency, further proving the correctness
of the proposed theory. The locally resonant meta-layer and
corresponding theory provide a compact configuration and
more accurate design guidance for vibration control.
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