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Quasicrystalline Weyl points and dense Fermi-Bragg arcs
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We introduce a general mechanism for obtaining Weyl points in a stack of two-dimensional (2D) quasicrystals,
which can be extended to any stack of aperiodic layers. We do so by driving a topological phase transition with
the vertical crystal momentum as the tuning parameter, which leads to gap closures at the critical points sourcing
Berry curvature. To illustrate, we use a simple 3D generalization of the Qi-Wu-Zhang model defined on a Penrose
quasicrystal. The presence of Weyl points is established via the local Chern marker, projected band structure,
and density of states. Interestingly, we uncover an analog of Fermi arcs in the quasicrystalline setting, which we
deem Fermi-Bragg arcs, densely distributed lines connecting the band degeneracies and indexed by the Bragg
peaks. Signatures of such surface states in quantum oscillations and the prospect of a fully quasicrystalline
Weyl system are also discussed. The flexibility of our proposal brings opportunities for realizing other gapless
topological phases in aperiodic systems, paving the way for a significantly expanded role for topological band

theory.
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The past decades have seen the development of a broad
understanding of band theory from topological perspectives
in both quantum [1,2] and classical [3-5] crystalline sys-
tems. This understanding includes both gapped phases such
as Chern insulators [6], topological insulators [7,8], and topo-
logical crystalline insulators [9], and gapless phases including
Dirac [10] and Weyl [11] points and nodal lines [12]. With
the recent introduction of several real-space formulations of
topological invariants [13—-16], the assumption of lattice peri-
odicity has been relaxed for several classes of gapped [17-19]
and metallic [20] topological phases. In this Research Letter,
we show that gapless topological phases also do not funda-
mentally rely on crystallinity by direct construction of a model
with spin-1/2 Weyl points in a stack of quasicrystals.

Weyl points represent perhaps the simplest three-
dimensional (3D) gapless topological phase. Introduced by
Weyl in 1929 [21] as the massless solutions of the Dirac
equation, they were experimentally realized nearly 80 years
later in TaAs [22,23] and double gyroid photonic crystals
[24]. In crystalline settings, they correspond to solutions of the
Weyl Hamiltonian H (k) = v k.0, + vyk,0y + v k0., with k;,
v;, and o; denoting the components of the crystal momentum,
group velocity, and Pauli matrix vector, respectively, and ex-
hibit a gapless linear dispersion. Their associated Fermi-arc
surface states [25], connection to high-energy physics [26],
and unique optical properties [27,28] have fueled intense in-
terest. More fundamentally, Weyl points are key conceptual
building blocks of many topological phenomena, since they
act as monopole sources and sinks of Berry curvature [11,29];
we take this to be their defining attribute throughout this
Research Letter.
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Nonetheless, the understanding and realization of Weyl
points remain firmly rooted in k-space centered perspectives.
Aperiodic generalizations of Weyl physics have recently been
discussed but are restricted to weak quasiperiodic perturba-
tions of a crystalline starting point [30-32]. Here, we move
beyond this perturbative paradigm by introducing a general
mechanism for realizing Weyl points in a stack of inherently
quasicrystalline Hamiltonians, and discuss their associated
bulk and boundary signatures. Our approach, generalizable
to any family of aperiodic Hamiltonians, relies on a simple
idea, borrowed from the crystalline setting: Any two distinct
two-dimensional (2D) manifolds separated by a single Weyl
point must be characterized by Chern numbers differing by
the enclosed Weyl point chirality [29]. We exploit this fact
by driving a band inversion which changes the Chern num-
ber of a quasicrystalline bulk 2D Hamiltonian. We take the
parameter controlling the topological transition to be crystal
momentum k, associated with stacking in the z direction,
which leads to the emergence of Weyl points at the inversion
points (Fig. 1). We illustrate our idea in a simple tight-binding
Hamiltonian defined on vertices of a Penrose tiling [33] with
a k,-varying mass term, which captures the essential features
of our proposal. The bulk signatures of the associated Weyl
points are consistent with those of the crystalline setting, as
we establish explicitly via the local Chern marker [13], bulk
energy dispersion, and density of states. Interestingly, we un-
cover a quasicrystalline version of Fermi arcs which we call
Fermi-Bragg arcs, whose characteristics sharply distinguish
them from their crystalline counterparts: They are densely
distributed [34] in Fourier space and terminate at vertical lines
through the Bragg peaks of the diffraction spectrum.

a. Model and topology. Our construction begins with a 2D
quasicrystal. Concretely, we consider a tight-binding model
defined on the vertices of a Penrose tiling [33], a small
section of which is shown in Fig. 1(a). Because we will

©2023 American Physical Society
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FIG. 1. Mechanism for Weyl points in a quasicrystal stack.
(a) Top view of a small section of a Penrose quasicrystal, with
fat and skinny rhombi in light and dark gray, respectively. Exci-
tations hop between vertices along the edges of adjacent rhombi
with amplitudes T, given by Eq. (1). The possible hopping vectors
are a; = (sin2n j/5, cos2m j/5)a, j = 1,...,5 with bond length a.
(b) 3D generalization of (a), obtained by sinusoidally varying the
mass term M of Eq. (1) over the out-of-plane crystal momentum k,
with real-space period c, as indicated by the color gradient. (c) Mass
parameter M (with My = 1) and expected Chern number C as a
function of k.. C changes by =1 when M changes sign, indicating
the presence of a Weyl point with chirality 1 (circles).

consider both open and periodic boundary conditions (OBCs
and PBCs), we construct the quasicrystal through Penrose
tiling approximants [35], finite supercells of increasing order
n that systematically approximate the Penrose quasicrystal as
n — oo while restricting the number of defects to two per
unit cell (corresponding to edges along which the matching
rules are violated) [36]. The number of vertices at order n
is Fouy3 + Fou1s, where F;, is the nth Fibonacci number [37]
(Supplemental Material, Sec. S1 [38]; see also Refs. [39-44]
therein).

We couple the vertices of this lattice via a generalized Qi-
Wu-Zhang (QWZ) model [45] [Fig. 1(a)], whose two-band
phase diagram exhibits Chern phases. The real-space tight-
binding Hamiltonian takes the form [46]

How,(M) =1 [c;e(M)cR +y c;TacR+a:|, (1a)
R a

L1 el
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Where C; =.(CITM, C;,z)’ with C;l,a cregting an excitatioq at
site R and site degree of freedom «, ¢ is the overall hopping

€M) =Q2+ Mo, Ta=

amplitude, and the sum runs over all vertex positions R of
the quasicrystal and neighbors connected to R by a rhombus
edge with vector a. Finally, 6, is the angle of the edge a with
the x axis, and M is a mass parameter controlling the topo-
logical phase, corresponding physically to an on-site potential
staggering. Note that the Hamiltonian is Hermitian, although
the hopping matrices T, are not. Concretely, the QWZ model
can be realized, e.g., with spin-orbit coupled s orbitals and
ferromagnetic moments as the site degrees of freedom [47].
On a square lattice, it undergoes topological phase transitions
at M = —4, —2, and O (Supplemental Material, Sec. S4 A
[38]). In particular, the Chern number C of the valence band
changes from —1 to O when M changes sign from negative to
positive. The choice of the QWZ model is chiefly motivated
by simplicity: Our main qualitative conclusions only require
certain topological phase transitions.

To compute the topological phase diagram in our qua-
sicrystalline setting, we require a notion of Chern numbers
that does not rely on crystal momentum. We adopt the for-
malism of the local Chern marker [13], which defines a Chern
amplitude C; at each lattice site i with coordinates (x;, y;) as
(48]

Q

J

4
C = ——”1m[2<i|xg|j><j|yp|i>}, (2a)

where

(ilxolj) = Y QuniPrj  (ilypli) =Y PuyiQuir (2b)
k k
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with Q denoting the unit cell area, which for the Penrose
quasicrystal we take to be the weighted average of the fat and
skinny rhombus areas (Supplemental Material, Sec. S2 [38]),
and |¢,) being an eigenstate of index n and energy &,,.

For a finite system, the local Chern marker averaged over
all lattice sites vanishes [13]. The average over a finite bulk
region, however, is well quantized and converges to the con-
ventional Chern number in the thermodynamic limit [48]. For
concreteness, we define this average over a disk D of radius R
containing N sites:

1
Co= Z Ci. 3)
ieD

In practice, we choose R large enough to avoid micro-
scopic fluctuations but small enough to be restricted to the
bulk (Supplemental Material, Sec. S2 [38]). Similarly to the
square-lattice setting, we observe that the averaged Chern
marker of the valence band in the quasicrystalline QWZ
model, within small fluctuations, is quantized to —1 for M <
0 and to O for M > 0, changing value near M = 0.

Given these observations, we extend the 2D quasicrys-
talline QWZ model in a third, periodic dimension (z) of period
c. Specifically, we imagine stacking 2D quasicrystal layers
along z in such a manner that the mass varies sinusoidally in
the crystal momentum k,, as illustrated in Figs. 1(c) and 1(d).
This leads to a simple 3D extension of the QWZ Hamiltonian:

H (k;) = Howz (M cos k.c). “)
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FIG. 2. Bulk signatures of quasicrystalline Weyl points. (a) Disk-
averaged Chern marker Cp for the valence band of k, slices of H (k,)
(disk radius R = 12a). Topological phase transitions occur at k,c &~
+m/2. (b) The energy spectrum ¢,(k;) of H(k,) at k,c =, as a
function of state index n. While the spectrum is gapped under PBCs,
a band of in-gap chiral edge states appears under OBCs, implying a
nontrivial Chern number. (c) Projected band structure under OBCs as
a function of k. For |k,c| < 7 /2, the system is gapped, whereas for
|k.c| 2 7 /2 edge states populate the bulk gap, as shown in the inset.
Red dashed lines indicate the gap-closing points for a square lattice.
(d) DOS under PBCs, displaying a quadratic energy dependence near
zero energy (inset: quadratic fit shown as a red dashed line). (a) and
(b)—(d) were computed from Penrose tiling approximants of order
n = 6 (3571 sites) and n = 7 (9349 sites), respectively.

The mass amplitude M, controls the number of phase tran-
sitions in k, (Supplemental Material, Sec. S4 [38]): For
simplicity, we take My = 1 going forward. The model has
neither inversion nor time-reversal symmetry—the latter is
broken by the off-diagonal elements of T,—but the out-of-
plane mirror symmetry leads to Weyl point pairs at =k,.
In addition, sublattice symmetry and the two-band nature of
the model pin all Weyl points to zero energy. The expected
phase diagram—the evolution of the Chern number C (k,) with
k,—is shown schematically in Fig. 1(c). As we will show, the
associated phase transition points kf A &+ /2c are accompa-
nied by band closings, each corresponding to a Weyl point of
chirality x* = lims_,o+ C(kX + 8) — C(k¥ — §) = F1.

b. Bulk signatures. We now consider the bulk features of
our 3D model in detail by numerically solving Eq. (4) for
large Penrose quasicrystal tilings (Fig. 2), identifying two
well-known bulk signatures of Weyl points. First, the disk-
averaged local Chern marker Cp (k) [Fig. 2(a)] exhibits sharp
topological phase transitions at k,c ~ 7 /2 where the mass
parameter M (k) changes sign, in excellent agreement with

our qualitative expectations. Interestingly, the phase transition
point at M ~ ( agrees with that of the square lattice, suggest-
ing that this aspect is largely independent of lattice details.
The valence band of H (k;) has Cp = —1 for |k,c| 2 7 /2, and
is otherwise trivial. Figure 2(b) shows the spectrum of H (k;)
at k,c = m. Under PBCs, the spectrum shows a clear bulk
gap; under OBCs, this gap is bridged by chiral edge modes,
consistent with a Chern phase.

We also computed the full spectrum of H (k;) as a function
of k, under OBCs, shown in Fig. 2(c). The existence of a
small but finite gap is due to finite-size effects, vanishing
in the limit of increasing quasicrystal tiling order n — oo
(Supplemental Material, Sec. S3 [38]). In this limit, the spec-
trum therefore hosts a linear gapless dispersion near the
degeneracy points, which constitutes the second bulk signa-
ture. Finally, since both trivial and nontrivial k, slices of the
spectrum share an overlapping gap, the band crossings are
well isolated from other bulk states and their density of states
(DOS) can consequently be probed in isolation. This allows
for the identification of a third bulk signature of Weyl points:
their well-known form DOS(¢e) o &2 under PBCs [Fig. 2(d)].

c. Surface signatures and Fermi-Bragg arcs. A hallmark
of Weyl points in crystals is the presence of anomalous
surface states deemed Fermi arcs. A consequence of the bulk-
boundary correspondence, they are arclike Fermi surfaces that
connect the projections of Weyl points on the surface Brillouin
zone (BZ) [25].

In our quasicrystalline setting, with only periodicity in
z, we lack a simple surface BZ equivalent. Instead, we
imagine an angle-resolved diffraction measurement on an
exposed surface of our quasicrystal stack, say, a (100)
termination spanning the (y,z) plane, resolved in crystal
momentum k; along z and in Fourier momentum ¢, along
y [Fig. 3(a)]l. Lacking periodicity in y, g, is unambigu-
ously defined in the infinite domain (—o0, 00), rather than
the finite domain [0, 27 /c) of k,. For a y-periodic sys-
tem, g, simply maps to infinite adjacent copies of the BZ
along y in an extended zone scheme (Supplemental Mate-
rial, Sec. S7 A [38]). We may then evaluate the spectral
density of states SDOS(x, gy, k;; £)—i.e., the x-position-,
qy-Fourier-component-, and k;-crystal-momentum-resolved
DOS. Physically, SDOS(x, gy, k;;¢) dictates the DOS to
which an incident plane wave ~ e*:%¢Y of energy & can
couple at position at x. Figure 3(b) shows the spectral DOS for
our quasicrystal stack, evaluated at the x boundary of a (100)
surface termination and at ¢ = 0 (where bulk contributions
vanish). A rich structure of vertical arcs of varying intensities
appears in g,, all connecting the projections of Weyl points at
approximately £ /2c¢ across k.

To interpret the appearance of such arcs, we first draw an
analogy with the crystalline square-lattice case. When consid-
ered in an extended zone scheme, a conventional crystal with
Weyl points also exhibits multiple Fermi arcs, with each arc
associated with a copy of the first BZ, generated by a shift by
a reciprocal lattice vector (Supplemental Material, Sec. S7 A
[38]). Each such Fermi-arc copy can consequently be labeled
by a two-dimensional integer vector, i.e., the Miller indices.
Equivalently, each BZ and arc copy is associated with a spe-

cific Bragg peak of the structure factor S(q) o< | Y g R
(lattice sites R). Motivated by this, we plot S(q) for the
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FIG. 3. Surface signatures of Weyl points in real and momentum
space. (a) Upon imposing OBCs in both x and y and zooming into
the x boundary, we observe localized edge modes for values of k,
in the topological regime (edge state shown for k,c = 7 on a linear
color scale). (b) Spectral DOS at the x boundaries. Horizontal red and
blue dashed lines bound the topological region 7 /2 < k,c < 37 /2,
showing that arcs connect Weyl points of opposite chirality. (c) Struc-
ture factor in Fourier space (only the brightest spots are shown, and
spot size is proportional to intensity). Vertical blue lines show that
qy projections of Bragg peaks precisely line up with Fermi arcs.
(a)—(c) were computed from Penrose tiling approximants of order
n = 6 (3571 sites).

Penrose tiling in Fig. 3(c). We see perfect alignment of the
spectral arcs with the Bragg peaks’ g, positions—as well as
some correlation of spectral DOS and structure factor intensi-
ties. Due to this correspondence, we call the associated surface
states Fermi-Bragg arcs. We note that the arcs’ verticality in
k, is due to the simplicity of our tight-binding model; for
more general hoppings, the arcs curve—but their terminations
remain pinned to the Bragg peaks (Supplemental Material,
Sec. S7 A [38]). Each of these arcs can be labeled by a family

of generalized Miller indices, each a five-dimensional integer
vector stemming from the 5D hypercube from which the Pen-
rose quasicrystal is generated (Supplemental Material, Sec. S6
[38]). In this perspective, the Fermi-Bragg arcs are analogous
to conventional Fermi arcs, but now densely distributed rather
than periodically, a feature inherited from the dense struc-
ture factor of quasicrystals [49]. Furthermore, the absence
of translational symmetry implies that arcs will generically
have different lengths in momentum space, leading to a se-
ries of incommensurate peaks in the Fourier transform of
a Shubnikov—de Haas measurement (Supplemental Material,
Sec. S7 B [38]).

d. Real-space model. The Hamiltonian of our quasicrystal
stack in Eq. (4) is in a mixed-coordinate form, with in-plane
(quasicrystalline) coupling defined in (x, y) space and out-of-
plane (periodic) coupling defined in k, space. To understand
how the model can be realized in practice, we transform the k,
dependence to a z dependence by an inverse Fourier transform
(Supplemental Material, Sec. S5 [38]) and find that it is equiv-
alent to a stack of quasicrystal layers tuned to the critical M =
0 point with diagonal interlayer hopping (i.e., between identi-
cal layer degrees of freedom). However, neither fine-tuning of
M nor the restriction to diagonal hopping is strictly necessary
(Supplemental Material, Sec. S5 B [38]): Off-diagonal mixing
and small detunings away from M = 0 simply shift the Weyl
points in k,. The simplicity of our proposal—i.e., stacking
of layers near a Dirac point phase transition in addition to
time-reversal breaking—indicates that the specific details of
the QWZ couplings and Penrose tiling may be inessential
to the relevant physics, and suggests significant leeway in
experimental implementations. Opportunities in an electronic
setting include magnetic decagonal quasicrystals [50], stacks
of magnetic thin films [51], or magnetically doped layers [52].
We also highlight classical implementations in photonic plat-
forms, exploiting gyromagnetic [53,54] or gyroelectric [55]
responses, but also more broadly, e.g., in mechanics [56] or
acoustics [57]. This simplicity may also guide the way to
time-reversal-invariant realizations of quasicrystalline Weyl
points [58-60].

e. Discussion and outlook. In this Research Letter, we have
proposed a general mechanism for obtaining a gapless topo-
logical phase—Weyl points specifically—in a noncrystalline
setting by driving a 2D quasicrystalline Hamiltonian through
a topological phase transition. To illustrate the mechanism, we
introduced a simple 3D generalization of the QWZ model on
a Penrose quasicrystal stack. The model hosts pairs of Weyl
points, as we verify by identifying several distinct signatures.
From the bulk perspective, we evaluate the phase diagram of
the local Chern marker and find topological phase transitions
with associated linear energy dispersion and quadratic DOS
dependence, all consistent with the existence of bulk Weyl
points. From the surface perspective, we find an analog of
Fermi arcs, which we call Fermi-Bragg arcs, characterized
by densely distributed arclike structures terminating at the
Bragg peaks of the diffraction spectrum. These characteristics
are expected to be universal for Weyl points in quasicrystals
and pose an exciting opportunity for experimental observa-
tion. Furthermore, the simplicity of our model in real space
suggests that quasicrystalline Weyl points could exist in much
more general settings; the recent observations of 3D band

L121109-4



QUASICRYSTALLINE WEYL POINTS AND DENSE ...

PHYSICAL REVIEW B 108, L121109 (2023)

crossings in a stack of Ta;¢Te quasicrystal layers [58] and
the proposed explanation of optical conductivity features in
3D quasicrystals in terms of a Weyl phase [59] are interesting
outlooks to this.

An important remaining question is whether a fully qua-
sicrystalline system can host Weyl points, i.e., whether the
out-of-plane periodicity can be replaced by a quasicrystalline
dimension as well. We argue that it can and is possible to
realize with outset in our model: For example, we may imag-
ine adiabatically breaking periodicity along z by introducing
a quasicrystalline modulation, e.g., an Aubry-André potential
[61]. Even though a generic aperiodic weak perturbation leads
to a finite, albeit exponentially small, density of states at
crystalline Weyl points [62,63], it has been shown both numer-
ically [30] and analytically [31] that the semimetallic phase
is robust to modest quasiperiodic perturbations. Meanwhile,
certain bulk signatures, e.g., the DOS, should remain unaf-
fected, since there are no bulk bands that can obscure the Weyl
points, assuming sufficiently weak potentials. In this scenario,
we expect the Fermi-Bragg arcs to be even richer and densely
distributed across all surface diffraction planes. Although k; is
no longer well defined in a fully aperiodic setting, real-space
methods such as the spectral localizer [64,65] would remain
suitable to track the number of Berry monopoles.

An exciting outlook is to use a nonperiodic mass term, real-
ized, e.g., through a synthetic dimension, which would allow

simultaneously breaking z periodicity and potential violations
of the Nielsen-Ninomiya theorem [66,67]. More broadly, our
recipe for realizing gapless topology in a quasicrystalline set-
ting may serve as a starting point for more exotic topological
phases, such as those protected by noncrystallographic point
group symmetries or endowed with higher topological charges
or degeneracies, thereby complementing the zoo of crystalline
topological quasiparticles [68—70].
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