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Obstructed atomic insulators with robust corner modes
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Higher-order topological insulators (HOTIs), that are classified as obstructed atomic insulators (OAIs) in the
topological quantum chemistry (TQC) theory, attract great interest owning to the lower-dimensional topological
boundary states. However, the boundary states in HOTIs reported so far are often fragile, manifested as strongly
depending on crystalline symmetries and cleavage terminations in the disk or cylinder geometry. Here, using the
TQC theory, we propose an intuitive strategy to establish the connection between the obstructed Wannier charge
centers of OAls and the emergence of robust corner states in two-dimensional systems. Based on first-principles
calculations and real space invariant theory, we extend the concept of OAls to phonon systems and thereby
predict that the robust corner states can be realized in the phonon spectra of MX; (M = Bi, Sb, As, Sc, Y;
X =1, Br, Cl) monolayers. The phonon corner modes in different shapes of nanodisks are investigated, and
their robustness facilitates the detection in experiments and further applications. This work suggests a promising
avenue to explore more attractive features of higher-order band topology beyond the existing paradigm.
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Introduction.— The extension of quantized electric polar-
ization from dipole moments to multipole moments has led
to intense recent studies of higher-order topological insulators
(HOTTIs) [1]. The topological feature of HOTIs is character-
ized by nontrivial boundary states whose dimensionality is
more than one below that of the bulk [2-12], i.e., a HOTI
in d spatial dimensions possesses gapless boundary states at
its (d — n)-dimensional boundaries (n > 1). The brand new
bulk-boundary correspondence of HOTIs has enriched the
community of topological states or materials and thus at-
tracted intensive attention. Among various phases of HOTIS,
of particular importance is the two-dimensional (2D) second-
order topological insulator where spatial distribution of in-gap
modes is localized at the corners of its OD nanodisk [12—-18].
The topological invariant and the robustness (under perturba-
tions) of corner modes are well discussed [19-21]. In sharp
contrast to the helical surface states in traditional topological
insulators (TIs) [22], these characteristic corner modes are
separated from the conduction bands and valence bands with
the corresponding energy level adjustable by surface potential,
leaving more freedom to detect them by spectroscopy experi-
ments or be potentially applied in low-dimensional devices.

Different from searching traditional first-order topolog-
ical materials, the systematic discovery of HOTIs is in
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its infancy. Fortunately, the symmetry-protected topological
phase is well understood presently [23-26], which leaves
the revealing of symmetry-protected HOTT to be accessible.
Remarkably, topological quantum chemistry (TQC) theory
[24,26] achieves great success in discovering nontrivial band
topology. In the TQC theory, a system with nonzero real space
invariant (RSI) [27,28] at empty Wyckoff positions (WPs)
while the band representation (BR) is a sum of elementary
band representations (EBRs) is a HOTI [28-30]. Equivalently,
the HOTT can be diagnosed by checking whether the system
is an obstructed atomic insulator (OAI) where the obstructed
Wannier charge centers (OWCCs) mismatch with the occu-
pied WPs. When a 2D OAl is clipped into 0D nanodisk where
the OWCCs are exposed, the in-gap corner states would be
accordingly present. While relevant advancements have been
very encouraging, the presence of corner states in the 2D
HOTISs reported so far strongly depends on the clipping ge-
ometries (i.e., crystalline symmetries and terminated atoms of
nanodisks) [10,12,31-34], thus making it difficult for their ex-
perimental measurements or further practical applications. As
corner states are the most interesting features of higher-order
band topology in two dimensions, the exploration of HOTI
candidates with robust corner states that are independent of
the clipping forms is highly desirable.

On the other hand, it is also worth noting that the spin-orbit
coupling is not a necessary condition for the presence of OAls,
indicating that the OAI can be realized in bosonic systems,
such as photonic systems [35-38], acoustic systems [39—42],
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and electric circuits [43-45]. Therefore, since the first-order
phononic topological insulator is nearly impossible to occur
in realistic materials, it is expected to find phononic OAls
with HOTI features. In fact, the phonon in crystalline solids
also works as another fancy platform for exploring nontrivial
band topology and the related applications [46-57]. However,
the OAI and its fascinating properties are rarely reported in
phonon systems. Therefore, one would employ the theory
of TQC to find materials with phononic higher-order band
topology beyond the electronic materials.

In this work, we first elucidate the physical mechanism
that the robust corner modes can emerge in 2D OAIs. Here,
“robust” indicates that the emergence of corner state is in-
dependent of the clipping form of samples and the geometry
of clipped nanodisks. We explain that such a unique feature
is classified to the HOTI phase, which can be understood
as an intuitive argument how orbitals locate at empty WPs.
Then we adopt the theory of TQC to diagnose phonon band
topology and search phononic OAls in crystalline materials.
Moreover, based on first-principles calculations and RSI the-
ory, we show that the phononic OAls with robust corner states
that are not dependent on the clipping forms of nanodisks
can be realized in the MX; (M = Bi, Sb, As, Sc,Y; X =
I, Br, CI) monolayers. Using the TQC theory, we find that
the band topology of any odd number of phonon branches
in these candidates is not equivalent to a conventional atomic
insulator. Phonon orbitals locating at empty WPs la and 6i
are validated, indicating the emergence of HOTI phase with
robust corner states.

OAls with robust corner modes.— As extensions of Su-
Schrieffer-Heager model in higher dimensions, the corner
modes emerge in kagome-3, breathing kagome, and py-
rochlore lattices where the band gaps are in the OAI phase
[31,58]. Nevertheless, for such OAIs, the corner modes are
usually fragile, which means that the emergence of corner
modes is strongly dependent on the clipping forms. For the
kagome-3 lattice, shown in Fig. 1, when the lattice is clipped
into a OD nanodisk, the in-gap modes can only be found
for corners with the exposed OWCC locating at the 1a (0,0)
position, such as the Corner-I highlighted in blue in Fig. 1(a).
Serving as a contrast to Corner-I, the OWCC is unexposed for
Corner-II in Fig. 1(a), and there is no in-gap mode. Here, we
claim for the first time that for a 2D OALI, if all of potentially
exposed WPs are occupied by effective OWCCs, the corner
modes would be robust and thus can be present in an arbitrary
clipping form. For a kagome-3 lattice, the 3¢ (%, %) and la
positions are respectively occupied by atoms and OWCC,
while the 2b (%, %) position is empty. This is exactly the
reason why the corner modes in this lattice are fragile. Serving
as a contrast, as shown in Fig. 1(b), we here assume that an
additional orbital acting as an OWCC is pinned at the 2b
position. As a consequence, any kind of corner will expose
the OWCC, and thus we can always obtain the corner modes
that are robust and independent of the clipping form of the
sample and the symmetries survived in the clipped nanodisks.
In the main text, we reveal that such robust corner modes
can be realized in the phonon spectra of MX; monolayers,
forming unique phononic OAIs with attractive HOTI features.
One should note that the freedom of spin is not a concern
of this intuitive strategy. Thus, such robust corner modes

FIG. 1. (a) The schematic diagram of a kagome-3 lattice in which
a set of orbitals, i.e., symmetric exponentially decayed Wannier
functions are pinned at maximal WP la. The second- and third-
nearest-neighbor couplings are not shown. There are two kinds of
corners, i.e., Corner-I (in blue) with the OWCC exposed and Corner-
II (in red) with the OWCC unexposed. (b) Corresponding plots to
panel (a) with an additional orbital pinned at 2b. In panel (b), the
OWCC will be exposed in both Corner-I and Corner-1I. In both
panels, WPs 1a, 2b, and 3c are represented by the circle in yellow,
green, and black, respectively.

could be found in both bosonic and fermionic systems. In the
Supplemental Material (SM) [59], we propose the As-Sb-As
heterojunction is one of fermionic candidates.

Lattice structure of MX; monolayers.— Most recently,
a new family of 2D layered semiconductor, i.e., the MX3
monolayers, are synthesised experimentally [60]. The MX;
monolayers crystallize in a hexagonal lattice with space group
P31m (No. 162) whose generators are inversion symmetry
P, threefold rotational symmetry Cs,, and mirror symmetry
My. The WPs 2¢ (1/3,2/3,0) and 6k (x, 0, z) are occupied
by the metallic atoms M and halogen atoms X, respectively.
As shown in Fig. 2(a), in M X3 monolayers, each M atom is
surrounded by six X atoms that are connected with each other
by P and Cj,. Here, we take Bil; as an example and obtain the
optimized lattice constant a = 7.83 A, the nearest-neighbor
Bi-I distance d = 3.12 A, and the angle between Bi-I bond
and the direction normal to the plane 6 = 54.26°, schemat-
ically shown in Fig. 2(b), through structural optimization.
We tabulate the lattice parameters of MX; monolayers and
experimental values of corresponding bulk structure in Table
S1 in the SM [59]. The optimized parameters are in good
agreement with the experimental values.

Phonon spectra of M X3 monolayers.— In the main text,
we mainly focus on the Bil; monolayer, and the results of
other candidates are included in the SM [59]. The calculated
phonon spectrum of Bil; monolayer is shown in Fig. 2(c).
Originating from eight atoms per unit cell, there are 24 phonon
branches, labeled as PBy_ ».... 24, ordered by frequency from
0 THz to ~4.3 THz. It is found that all of the 24 branches
can be divided into five sets by four visible phonon band gaps.
Moreover, there are two sets of branches between 2.0 THz
and 3.4 THz, as highlighted in red and blue in Fig. 2(c). Each
set contains the unique quadruple-branch structure along the
high-symmetry path I'-M-K-I", similar to hourglass fermions
[61], i.e., two double-degenerated points at [ give rise to a
branch-switching pattern along this path. Taking the set of red
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FIG. 2. The structure of M X3 monolayers, and phonon spectrum
and surface state of Bil; monolayer. (a) The top and side views of
M X5 monolayers. (b) The schematic diagram of the definition of the
structure parameter 0, i.e., the angle between the M-X bond and the
direction normal to the plane. (d) The calculated phonon spectrum of
Bil; monolayer. Two special sets of bands formed by PB4, ~ PBy;
and PBig ~ PB,, (between 2.0 THz and 3.4 THz,) are highlighted
in red and blue, respectively. (e) The projected edge states along
the zigzag direction of Bil; monolayer. The SS1 connect the two
projected Dirac points, and floating SSs are observed.

phonon branches in Fig. 2(c) as an example, the quadratic
branch dispersion at I' and the linear branch crossing at K
point appear near 2.4 THz. Noteworthy, as an analogy of
that in graphene, the band topology of the linear Dirac point
at K point implies that there is edge states connecting the
projections of two gapless points. To verify this, we compute
the phonon edge spectrum with an open boundary condition
along the zigzag direction. As marked by SS1 in Fig. 2(d),
the expectant edge state is obtained. Remarkably, in addition
to the SS1 originating from the Dirac point, there are three
other floating edge states, which is different from the 2D Z,
TI where the edge states connect the valence and conduction
bands.

Filling-enforced OAI in M X5 monolayers.— Here, we use
the theory of TQC to diagnose the band topology and its
novel properties in the phonon spectra of MX3; monolayers.
We calculated the representations of phonon branches at the
maximal k vectors (see the SM [59]). We find that, for each
of the four gaps, the BR can be written as a sum of EBRs,
indicating these gaps are in atomic insulator or OAI phases,
i.e., are identified as trivial insulators by TQC. Then, we
give a brief introduction of filling-enforced OAI (feOAI) to
reveal the phononic OAI phase. Without loss of generality,
we assume a system belongs to space group G, and the WPs
(w1, wy, - -+, wy) are occupied. The site symmetry of the w;

WPis g, , and the jth irreducible representations (Irrps) of g,,,
are p,{,izl’z’m Nerer - According to the theory of TQC, the Irrps
pf,l in space group G can be expressed as p({;[ 1 G. The corre-
sponding dimension is denoted as d (,06{),. 1 G). In this case, for
a trivial insulator the necessary and sufficient conditions for a
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FIG. 3. (a) The schematic diagram of Bil; monolayer with a
E, orbital at la. The 6i position where a B orbital is located at
is represented by the dots in white. The black dashed line marks
the zigzag direction edge where the OWCCs are exposed. (b) The
projected edge states along the zigzag direction of Bil; monolayer.
(c) The phonon spectrum for a hexagonal-shaped nanodisk. The
corner, edge, and bulk states are marked in red, blue, and black,
respectively. The spatial distribution of the corner and edge phonon
modes are shown as the inserts. (d) Corresponding plot to panel
(c) starting from the triangular-shaped nanodisk.

feOAI is [62]
M Neepo;

ﬂNi,j 2 0, € N, s‘t‘NOCC = Z Z d(p({)’ T G)]Vz,]s (1)
i J

where No.. and N; ; are numbers of occupied bands and or-

bitals (,oZ,, 1 G), respectively. The parameter j sums over all of
the occupied WPs, and N; ; are required to be a non-negative
integer.

Now, we adopt the concept of feOAI to verify phonon band
topology of M X3, where the occupied WPs are 2¢ and 6k. The
possible dimensions of Irrps that are induced from orbitals at
these two WPs are d(pgc +G)=2or4,and d(p}, + G) =6.
Thus, a necessary condition for MX; monolayers belonging
to a conventional atomic insulator is Np. = 2/ with non-
negative integer /. Equivalently, if a set of phonon branches
whose BR is diagnosed as a sum of EBRs and the correspond-
ing No. is odd, this set of phonon branches may belong to
the OAL We note that the corresponding No..s for the four
visible band gaps in the phonon spectrum of Bil; monolayer
[see Fig. 2(c)] are No.. = 12, 13, 17, and 21. Hence, except
for the gap around 1.7 THz (Ng.. = 12), the other three band
gaps are in the OAI phase. This is the reason for the emergence
of the floating SS in Fig. 2(d). Meanwhile, the floating SSs
are also observed when the Np.. = 17 and 21, as shown in
Fig. 3(b). Besides, the emergence of OAI phases also needs
the appearance of band gaps. As shown in Table S3 of the
SM [59], we list whether the band gaps are present at the odd
Nocc in the phonon spectra of all possible M X3 candidates.
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The results show that the OAI phase always occurs in the M X3
monolayers.

To further confirm the OAI phase in the phonon of MXj,
based on the BR, we can get one Z type RSI and one Z; type
RSI with nonzero integers. The RSIs defined in real space at
la and 6i are [28,59,63]

d(a) = —m(Eg) + m(E,) =1, 2
and

na(i) = [-m(A)+m(B)] mod 2=1, 3)
where the integer m(pi)l.) means the multiplicity of Irrps pi,i.
The RSI §(a) = n4(i) = 1 implies that there is at least one
E, and one A (or B) orbital pinned at unoccupied WPs la
and 6i, respectively. Thus, as an example, when the cleavage
termination cuts through the black dashed line in Fig. 3(a),
that is, the 1a or 6i position is exposed to the edge, the floating
SSs can be present [see Figs. 2(d) and 3(b)]. For gaps with
Noce = 17 and 21, as shown in the SM [59], we also get
nonzero RSI, which indicates that these two gaps are also
in the OAI phase. Notably, this HOTI phase is beyond the
framework of real Chern insulators [59,64,65].

HOTIs with robust corner states.— It has been reported
that the mismatch between the Wannier charge centers and
the occupied WPs indicates the existence of higher-order band
topology. As an essential feature, this mismatch is naturally
satisfied in OAIs. Thus, we should have phonon corner modes
appear in gaps of MXj3 since the phonon spectra of these
monolayers are in the OAI phase. For instance, we consider
the gap between PB3 and PB4, i.e., that between 1.938 THz
and 2.339 THz in the phonon spectrum of Bils. To directly
show the corner states, we calculate the energy spectrum for a
hexagonal-shaped nanodisk of Bils that preserves Cs;, P, and
M,o symmetries with open boundaries. As expected, we find
that there are six degenerate modes at 1.943 THz and many
nondegenerate modes emerge in the gap, as highlighted in red
and blue in Fig. 3(c), respectively. The spatial distributions
of six degenerate modes are symmetrically localized at the
six corners of the nanodisk, indicating that these modes are
phonon corner states. As a comparison, as plotted in blue
in Fig. 3(c), the other modes in the gap are located at the
six edges of the nanodisk, and thus they are the edge states.
As shown in Fig. 3(d), the similar calculations are done for
a triangular-shaped nanodisk where the inversion symme-
try P is broken. We also obtain three degenerate modes at
1.943 THz corresponding to corner states. Therefore, we con-
clude that the phononic HOTI phase is indeed present in the
Bil; monolayer. As discussed in the SM [59], we demonstrate
that this HOTI phase is beyond the framework of real Chern
insulators [64,65] where the corner modes are also reported.

For the MX; monolayers, the potentially exposed WPs
are la, 6i, and 3f, respectively. Remarkably, the RSIs de-
fined at 3f are all zero, BR induced from A orbital at 6i is
equivalent to that induced by putting A, and A, orbitals at
3f, which indicates the 3f position also play as an effec-
tive OWCC. Thus, all of the potentially exposed WPs are
occupied by OWCCs; the corner modes in MX; would be
robust and independent of clipping forms or cleavage termi-
nations of nanodisk geometries. To confirm this prediction,
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FIG. 4. (a)-(d) The computed spatial distributions of emerging
corner states in the energy spectra for a (a) rhombic-, (b) rectangular-,
(c) trapezoidal-, and (d) semi-trapezoidal-shaped nanodisks. The
broken and maintained symmetries are marked by the text in black
and blue, respectively. The corner, edge, and bulk states are marked
in red, blue, and black, respectively. The spatial distribution of the
corner modes are inserted.

we respectively compute the frequency spectra for rhombic-,
rectangular-, trapezoidal-, and semi-trapezoidal-shaped nan-
odisks, as shown in Figs. 4(a)—4(d). The Cs;, symmetry is
broken in the thombic- and rectangular-shaped nanodisks, and
the Cs, and P (Cs;, P, and M,yy) symmetries are broken in
the trapezoidal-shaped (semi-trapezoidal-shaped) nanodisks.
In these four different nanodisks, we can always find phonon
corner modes in the gaps, and their spatial distributions lo-
calized at the corners are clearly visible. In the SM [59], we
also revealed that the robustness of phonon corner states by
investigating the energy spectrum of nanodisks with different
cleavage terminations of atoms.

Summary.— In summary, using the theory of TQC, we
established a scheme to realize robust corner states in 2D
OAIs based an intuitive argument of how OWCCs locate at
empty WPs. We emphasize that these corner states are in-
dependent of crystalline symmetries or terminated atoms of
nanodisk geometries, exhibiting uniquely robust features of
HOTI phases. Then, for the first time, we adopt the theory of
TQC to diagnose phonon band topology and search phononic
OAIs in 2D crystalline materials. We further show by first-
principles calculations that the phononic OAIs with robust
corner states can be realized in the 2D MX3; monolayers.
With the help of feOAI and RSI concepts, we proved that
the gaps in the phonon spectra of MX; with odd occupied
states are in the OAI phase. To verify these promising features
of HOTIs, we obtained the phonon corner modes in different
shapes or cleavage terminations of nanodisks. The robustness
of corner states would facilitate to explore more attractive
phenomena of higher-order band topology not only in phonon
systems but also in electronic materials and artificial periodic
systems, such as the As-Sb-As heterojunction in SM [59].
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In addition to theoretical studies, the experimental realization
of robust corner modes is definitely a matter of interest. We
briefly discuss the achieving of robust corner modes from the
experimental side in SM [59]. Our findings would advance
further applications in low-dimensional devices.
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