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Wannier-Stark ladders and Stark shifts of excitons in Mott insulators
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External-field driven energy-level discretization, such as Landau quantization or Stark localization, is one of
the most intriguing phenomena in quantum systems. We investigate the emergence of the Wannier-Stark ladder
coming from the particle-hole continuum and the Stark shifts of the exciton levels in one-dimensional Mott
insulators under the dc electric field. The discretized peak structure in the optical-conductivity spectra newly
appears by applying the dc electric field, and the positions of these peaks can be reproduced from the energy
levels of a simple effective model in the strong-coupling regime. Our results not only suggest that Mott insulators
can serve as a viable platform for Stark discretization, but also pave the way for investigations of dynamical
properties in correlated many-body systems under a dc electric field.
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The effects of external fields on quantum systems have
been extensively studied for a long time, yet continue to
present interesting issues. The Stark effect [1], where the
spectral lines of atoms and molecules split due to the pres-
ence of an external electric field, is one of the most famous
phenomena. In condensed-matter physics, electric-field ef-
fects predicted in seminal papers, e.g., Bloch oscillations
[2], Wannier-Stark localization [3,4], Zener tunneling [5],
etc., have been demonstrated in semiconductors and their
superlattices [6-8]. More recently, Stark band engineering
and Stark shifts of excitons [9] have been explored in van
der Waals semiconductors, such as transition-metal dichalco-
genides [10-14] and black phosphorus [15,16]. With regard to
quantum many-body physics, Stark localization in disorder-
free interacting systems attracts great attention due to its
similarity to many-body localization [17-19]. We also note
that the dielectric breakdown of correlated systems by a strong
dc electric field has been investigated both experimentally
[20-22] and theoretically [23-29].

In Mott insulators (MlIs), the Stark effects may promi-
nently appear by applying the dc electric field when carriers,
i.e., doublons (doubly occupied sites) and holons (empty
sites), are created. The energy continua of upper and lower
Hubbard bands become discretized by the electric field and
the energy spectrum forms the ladderlike structure similar to
the Wannier-Stark ladder [27-29]. In addition, if there are
doublon-holon interactions leading to form their bound states,
i.e., excitons, the Stark shift of the exciton level may occur
as in a single hydrogen atom [30]. In this case, the energy
spectrum is expected to acquire multiple structures derived
from the simultaneous emergence of both the Wannier-Stark
discretization of the Hubbard bands and the atomiclike Stark
shift of the exciton level.

In this Letter, we investigate the optical conductivity of
the one-dimensional extended Hubbard model under a dc
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electric field to clarify the energy-level discretization of MIs
by employing the infinite time-evolving block decimation
(ATEBD) method [31,32]. First, we demonstrate the appear-
ance of the Wannier-Stark ladder by the discretization of the
doublon-holon continuum in the optical conductivity. In the
strong-coupling regime, this discretization can be well repro-
duced by an effective model defined in a restricted subspace
that permits the existence of only a single doublon and holon.
Second, by introducing intersite interactions, we show that
the Stark shift of the exciton level below the Mott gap newly
appears in addition to the Wannier-Stark ladder above the
Mott gap. The origins of these spectra are analyzed by the
effective restricted-subspace model and the solvable two-site
Hubbard model. Lastly, we discuss the experimental feasibil-
ity of these effects using the parameters corresponding to a
one-dimensional organic MI.

We consider the one-dimensional extended Hubbard model
at half filling. The Hamiltonian is given by

H=—g Z(@';Ué]’-&-]ﬂ + H.c.)
j.o
FU D sy, +V Y Ay, (1)
j j

where é;}a (¢j,0) is the creation (annihilation) operator of a
fermion at site j with spin o (=1,]) and 7;, = 6;061;0
(nj =nj4+ ;). ty is the hopping amplitude between the
nearest-neighbor sites and is set as a unit of energy. U and
V are the on-site and nearest-neighbor repulsive interactions,
respectively. This model can capture the electronic properties
of various one-dimensional MIs [33-36].

To calculate the optical conductivity numerically in the
thermodynamic limit, we employ the iTEBD method [31,32].
In our iTEBD calculations, we incorporate a spatially uni-
form electric field E () by employing the Peierls substitution
théj’aéﬁl,g — the”'qA(’)é;’U@Hl,a, where ¢ represents the
fermion charge and A(z) is the vector potential satisfying
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E(t) = —0,A(¢). This approach is chosen over the alternative
method where H' = —qE(t) Zj R;nj, with R; being the po-
sition of site j, is incorporated into the Hamiltonian in Eq. (1)
[37]. This is because the Peierls substitution is suitable for
iTEBD calculations relying on the translational invariance.
Here we set the Planck constant and the lattice constant to
h =1 and a = 1, respectively. To obtain the quantum state
under the dc electric field Ey, we first prepare the ground state
without the electric field as an initial state at ¢t = 0, and then
perform the numerical time evolution of the wave function
with A(t) = —6(¢)Eyt, where 6(¢) is a step function.

We estimate the optical conductivity from a response
of a current by applying an additional weak electric field.
The current operator in a vector potential A(¢) is written as
Ta@) = igty y_; (€4 Wet | ¢;, —H.c.). By applying addi-
tional infinitesimal electric field 6E(¢) to the present steady
state, the deviation of the current per site becomes §j(t) =
Fasa®) = (a@)] = [ ot —1)SE@")dr’, where L is
the system size and o (t — ') represents the response function.
Then, the optical conductivity at the frequency w, which is the
Fourier transform of o (¢ — '), is given by

8 j(w)
i(w+ in)sA(w)’

where 7 is a damping factor. Although this factor is introduced
for convergence of our numerical Fourier transformation, it
is associated with the lifetime of the quasiparticles by, e.g.,
impurity scattering in actual materials. The method introduced
here has also been used to calculate the nonequilibrium op-
tical conductivity for the pump-probe spectroscopy [38—41].
In our simulations, we adopt a weak probe pulse SA(z) =
Apre’(’ ~t)?/ 2"vzrcos[a)pr(t — tpy)] in place of the infinitesimal
external field. We set g = —1, Ap; = 0.01, wyr = 108, 0 =
0.05/ty, and t,, = 5/t,. Unless otherwise noted, we use n =
0.1#,. We have numerically confirmed that the choice of 7,
(>0) hardly affects our results, except for the last case dis-
cussed in this Letter. In addition, we have also confirmed that
the value of Ap, used is sufficiently small to obtain the linear
response of the current. Details of the numerical calculations
are found in the Supplemental Material [42].

First, we present the results at V = 0. Figure 1(a) shows
the real part of the optical conductivity Re o (w) at U/t, = 10
with and without the electric field. Note that the value of
Ey used in Fig. 1 is smaller than the threshold of dielectric
breakdown [25]. For the case of Ey = 0, Re o (w) exhibits
a broad spectral weight originating from the doublon-holon
continuum, which is present above the Mott gap Ap. The
width of this continuum is approximately 8#, [43,44]. Upon
applying the electric field, the broad spectral weight becomes
discretized into multiple peaks. To see this in more detail, we
show the E; dependence of the optical spectra in Fig. 1(b).
We find that the continuous spectrum at £y = 0 gradually gets
discretized to multiple peaks as Ej is increased, and at large
Ey, the energies of the peak positions approach w = U £ mE)
with integer m, which implies the appearance of the Wannier-
Stark ladder. Note that the Wannier-Stark ladder appearing in
the density of states of MIs has been investigated by dynami-
cal mean-field theory [27-29].

In the strong-coupling limit (U > #, Ey), the Wannier-
Stark ladder emerging in the optical conductivity can be

o(w) =
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FIG. 1. (a) Reo(w) with and without the dc electric field E at
U/t, = 10 (and V = 0). (b) Re o (w) in the plane of w and Ey. The
vertical yellow line indicates the Mott gap evaluated by the Bethe
ansatz [43].

interpreted by employing a doublon-holon model in the
restricted subspace where the excited states include only one
doublon and one holon on a half-filled chain [45]. Here, we
incorporate the dc electric field in the length gauge (H' =
—qE Y_; Rji;) because it is favorable for making a model
in the real-space picture. We define |Rgp) as the state where
the relative position of the doublon with respect to the holon
is Rgn. Within this representation, the electric potential energy
corresponding to the state |Rgy) can be expressed as —qEoRg-
By using this state as a basis, the effective Hamiltonian of
the strong-coupling model with ¢ = —1 becomes a tridiagonal
matrix given by

U=xE, -2t 0
—2t, U + 2E, —2t
Hys = NE))

0 —2t U + 3E,

where the sign + (—) indicates that the basis states used are
[Rah = +1) (JRan < —1)). Each off-diagonal component is
twice —t, due to the presence of two equivalent processes that
can change the state |Rgp) to |Rgn + 1): one where the doublon
hops to the right site and the other where the holon hops to the
left site. In particular, at Ey > f,,, the energy spectrum is given
by w ~ U + mkE,, suggesting that the wave function is local-
ized by the strong electrostatic field. In Fig. 2, we show the
Ey dependence of Reo(w) at U/, = 40 to see the behavior
in the strong-coupling regime. We find that the energy spectra
of the effective model (solid lines) are in good agreement with
the peak positions of Re o (w). Therefore, Eq. (3) is valid for
describing the Wannier-Stark ladder in the strong-coupling
limit.

Next, we consider the excitonic effects induced by the
intersite interaction V. In the one-dimensional extended
Hubbard model, it is known that the exciton level becomes

L081304-2



WANNIER-STARK LADDERS AND STARK SHIFTS OF ...

PHYSICAL REVIEW B 108, L081304 (2023)

2.0 [ 10°
15 /

<10 X X 10-1
w
0.5
0.0 . . . : 1072
=432 1770 i 3 4
(w _ U)/th Re O'(OJ)

FIG. 2. Reo(w) in the plane of w — U and E; at U/#, = 40 (and
V = 0). The solid pink lines represent the energy spectra of Hg,
up to |Rgn| = 100, but the eight eigenvalues from the lowest (for +)
and the highest (for —) are plotted. Because of the many-body effects
that are not incorporated in the simplified model Hy, , there is the
slight difference in the center of energy with the iTEBD calculation.
To adjust this, the energy of Hvi,SL is shifted by 0.255,.

lower than the bottom of doublon-holon continuum when
V/tn > 2[30,45-49]. Figure 3(a) shows Re o (w) at U /1, = 24
and V/f, = 8. We choose the relatively large values of U and
V to compare the iTEBD results with the strong-coupling
model discussed later. For £y = 0, in contrast to the case of
V = 0 where a broad spectrum appears above the Mott gap
[see Fig. 1(a)], the spectrum in the current situation displays a
sharp peak below the Mott gap. The energy of this peak cor-
responds to the exciton level, which arises due to the presence
of the nonlocal interactions. The red vertical lines in Fig. 3
indicate the energy of this peak. While the excitations coming
from the doublon-holon continuum still remain above the
Mott gap [46], a large part of the spectral weight concentrates
on this exciton peak.

When the electric field Ej is applied, we observe the peak
splitting, and the width of the split is proportional to Ej.
The split of the exciton level by the influence of the electric
field resembles the Stark effect in a hydrogen atom resulting
from the hybridization of even- and odd-parity wave functions
with respect to the static electric field [50]. In the extended
Hubbard model, there are the odd- and even-parity doublon-
holon bound states in the sub-Mott-gap regime [45]. Although
the optical excitation to the even-parity exciton level is forbid-
den at Ey = 0, the hybridization of the odd- and even-parity
excitons by the dc field E, leads to two optically allowed
exciton peaks with the linear Stark shift. We demonstrate this
shift by the two-site Hubbard model under the strong electric
field, which is valid since the doublon and holon are locally
confined in the nearest-neighbor sites by large V. Within this
model, we obtain the energy levels of the excitons described
by €2 = (€9 +€©)/2 +/[(€Y — €9)/2]? + F?2, where €
and € ©) represent the energy levels of the odd- and even-parity
excitons, respectively, and F; is a quantity proportional to the
electric-field strength [42]. Therefore, the split excitonic peaks
appear in the optical conductivity under the strong electric
field.

Figure 3(b) shows the detailed Ey dependence of Re o (w).
In addition to the peak structures around the exciton level,
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FIG. 3. (a) Reo(w) at U/t, = 24 and V/t, = 8. The red vertical
line indicates the peak position of Reo(w) at Ey = 0, which we
refer to as the (odd-parity) exciton level, and the yellow vertical line
corresponds to the Mott-gap energy. (b) Re o (w) in the plane of w
and Ey. (c) The energy spectra of H\,i,SL up to |Ran| = 30, where the
center of energy is shifted by 0.22#,. The blue cross marks are the
energies of the two-site Hubbard model, where the energy is shifted
by —0.42#,. The blue circles represent the energies predicted by the
biexciton model, where the energy is shifted by #,.

we observe the emergence of multiple peaks originating from
the doublon-holon continuum above the Mott gap for Ey > 0,
which is analogous to the case of V = 0. These peaks can
also be attributed to the Wannier-Stark discretization of the
doublon-holon continuum.

These structures are reproduced through the diagonaliza-
tion of the matrix of Eq. (3), replacing U + Ey with U —
V + Ey. The solid pink lines in Fig. 3(c) correspond to the
energy of the strong-coupling model. This model is quali-
tatively consistent with both the Wannier-Stark ladder and
the split exciton peaks observed in Fig. 3(b). We find that
the lower Wannier-Stark ladder belonging to the U — mE)
(m > 2) sector enters into the energy region of the excitons.
While the lower exciton at w = U — V — E hybridizes with
the states belonging to the lower ladder, the upper exciton at
w =U —V 4+ E; does not couple with them due to differing
doublon-holon configurations. Note that while the energies
of the even- and odd-parity excitons are not degenerate at
Ey =0 [51], the two exciton levels in the strong-coupling
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FIG. 4. (a) Reo(w) at U/t, = 10 and V/f, = 3 in the plane of
o and Ej. The vertical red and yellow lines indicate the exciton
energy and the Mott gap, respectively. (b),(c) Change of the real part
of optical conductivity ReAo (w) by varying the electric field from
Ey/t, = 0to (b) Ey/t, = 0.3 and (c) Ey/t, = 0.6. The solid (dashed)
lines are the results for the damping factor n/f, = 0.1 (n/t, = 0.3).

model based on Eq. (3) are degenerate. We also present the
energy levels of the excitons determined from the two-site
model as blue cross marks in Fig. 3(c). These marks are in
good agreement with the exciton peaks presented in Fig. 3(b).
Thus, the two-site model provides a better description of the
Stark shift of the exciton compared to the model in Eq. (3).

Furthermore, we observe an additional peak structure along
the line connecting (w/t, Eo/th) ~ (25,0) and (20.5,2) in
Fig. 3(b), which is absent in the energy spectra of va,SL.
This structure is attributed to the Stark shift of a biexciton.
The energy levels of the odd- and even-parity biexcitons are
given by € ~ ¢ ~20U —3V [42]. The blue circles in
Fig. 3(c) denote the biexciton energies under the electric field,
represented as €piex + =~ 2U — 3V £ 2E,. While the peak cor-
responding to epiex— is visible, the peak corresponding to
€biex, + 1S unfortunately too weak to be discernible in Fig. 3(b).
We conclude that the energy spectrum in the strong-coupling
case can be characterized by the Wannier-Stark ladder and
Stark shifts of the excitons and biexcitons.

Finally, we discuss the experimental feasibility of ob-
serving the many-body Stark effects. Figure 4(a) shows
Reo(w)atU/t, = 10 and V/f, = 3, which corresponds to the
parameters of the organic compound ET-F, TCNQ [35]. In this
calculation, we have found that the dc electric field should
be introduced in a more adiabatic manner compared to the
aforementioned cases to prevent excitations caused by the

abrupt electric-field quench at + = 0. We use a vector po-
tential with the form A(t) = —0(¢)Ey[t — stanh(z/s)], which
ensures E(t) >~ Eo for t > s. Here, we set s = 6/t and t,, =
30/t,. Note that Ey/f, = 0.6 in our calculation corresponds to
Eo ~ 1.0 MV /cm in ET-F,TCNQ (1, ~ 0.1 eV and a ~ 6 A)
[25,34,35,52]. Since the exciton level (red line) is close to
the Mott gap (yellow line) in contrast to the case in Fig. 3,
the excitonic Stark splitting and Wannier-Stark ladder coming
from the doublon-holon continuum are almost overlapped.
Although the Stark shifts of the exciton levels are not clear,
the stripe structure due to the Wannier-Stark discretization still
remains. Hence, even when using the parameters of an actual
material, we can find the signature of Stark discretization.
In experiments, the observability of Stark discretization of
the optical spectra may strongly depend on the ratio between
the magnitude of Ey and the damping factor n. If Ey > n, the
energy-level spacing is large enough, and well-separated mul-
tiple peaks are observable. However, if Ey ~ 7, the individual
peaks are smeared out [42].

While we use the dc electric field in our simulation, a
similar situation can be made in experiments using the pump-
probe technique if the pump pulse frequency 2 is sufficiently
smaller than the gap, such as the terahertz (THz) range [53].
THz pump-probe spectroscopy to ET-F,TCNQ has been re-
ported in Ref. [54], where the electric-field-induced changes
of the optical spectra exhibit the plus-minus-plus structure
around the exciton energy. As shown in Figs. 4(b) and 4(c),
our calculation can reproduce a similar plus-minus-plus struc-
ture in the field-induced change of the real part of the optical
conductivity ReAo (w) when n is comparable to Ej. Be-
sides, the suppression of 7 unveils the multiple peaks due to
Stark discretization [see Figs. 4(b) and 4(c)]. Hence, Stark
discretized peaks emerge in pump-probe spectra if damping
effects are suppressed and/or a strong THz pump field is
applied.

In summary, we have revealed the energy spectra of the MI
under the dc electric fields by calculating the optical conduc-
tivities. The spectra show the Wannier-Stark ladder emerging
from the doublon-holon continuum and the Stark shift of
the exciton level. These energy levels in the strong-coupling
regime are well reproduced by the simple effective models
for the Wannier-Stark ladder and excitons. Moreover, we have
demonstrated the effect using the parameters corresponding to
the one-dimensional MI, ET-F,TCNQ, and have suggested a
pathway to experimental realization.
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