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Majorana spin current generation by dynamic strain
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Majorana fermions that emerge on the surface of topological superconductors are charge neutral but can
have higher-rank electric multipoles by allowing for time-reversal and crystalline symmetries. Applying the
general classification of these multipoles, we show that the spin current of Majorana fermions is driven by
spatially nonuniform dynamic strains on the surface of a 3D topological crystalline superconductor. We find that
the frequency dependence of the Majorana spin current reflects the energy dispersion of Majorana fermions.
Our results provide new dynamics of Majorana fermions characterized by crystalline and superconducting

symmetries.
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Majorana fermions (MFs) are charge-neutral relativistic
particles moving in 3D space. In addition, two types of MFs
emerge in topological superconductors (TSCs) as gapless An-
dreev bound states [1-7]. One type is a spatially localized
zero-dimensional MF, which appears at the ends of nanowires
[8—14] or in the cores of the vortices of TSCs [15-18]. MFs
have been the subject of considerable research because of
their potential application to fault-tolerant topological quan-
tum computation with non-Abelian statistics [19,20].

Here, one can ask the following question: what are the
physical phenomena unique to spatially extended 1D or 2D
MFs? A typical example is the half-integer thermal quantum
Hall effect on the surface of a TSC [21-23]. “Half-Integer” is
a peculiarity originating from the fact that MFs are heat carri-
ers. The half-integer thermal quantum Hall effect is unique to
MFs that are spread in 2D space, and its “driving force” is a
thermal gradient. Recently, the optical response of Majorana
chiral edge modes has also been discussed [24,25]. The fre-
quency dependence of the real part of the optical conductivity
is proportional to w?, through which these modes can be
distinguished from trivial superconductors or insulators and
Dirac chiral edge modes. Then, the driving force of MFs is
an electromagnetic wave. In superconductors, the responses
to acoustic waves have been extensively studied through ul-
trasonic attenuation measurements [26,27] to investigate the
superconducting symmetry or measurements of the tempera-
ture dependence of the superconducting gap [28]. Therefore,
we can expect to be able to use dynamic strains for the driving
force of MFs on the surfaces of 3D TSCs.

When MFs have time-reversal symmetry, they do not ap-
pear alone but form Kramers pairs, which are called Majorana
Kramers pairs (MKPs). Due to the time-reversal symmetry,
a single MKP is stable against an external electric field.
Previously, we derived the general effective theory for the
electromagnetic properties of “double” MKPs on the surface
of a 3D TSC [29-31]. Double MKPs can have various electric
multipole degrees of freedom that are qualitatively different
from those of ordinary fermions, and it has been shown that
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they can respond to static strains [31]. Double MKPs are
always protected by crystalline symmetries in addition to
time-reversal symmetry; thus, TSCs are specifically referred
to as topological crystalline superconductors (TCSCs).

In this Letter, we clarify the transport phenomena of dou-
ble MKPs driven by spatially nonuniform dynamic strains
on the surface of 3D TCSCs. We start with a 4 x 4 Dirac
Hamiltonian with respect to the surface point group (PG)
symmetry. Then, we reveal the spin current of double MKPs,
referred to as the “Majorana spin current,” generated by spa-
tially nonuniform dynamic strains on the surface (see Fig. 1).
When there is no gap in the dispersion of double MKPs, we
find that the Majorana spin current is caused by an intrinsic

FIG. 1. Schematic showing that Majorana spin currents flow on
the surface of a 3D TCSC driven by a dynamic strain. The surface
has four Majorana fermions that form double MKPs. Double MKPs
have electric quadrupoles coupled to a dynamic strain, and the spin
current of Majorana electric quadrupoles is generated by a dynamic
strain.
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effect and does not depend on the relaxation time. Alterna-
tively, for the gapped case induced by surface magnetization,
the Majorana spin current has two frequency regions that
reflect the energy dispersion of double MKPs. Our results
provide new dynamics of Majorana fermions characterized by
crystalline and superconducting symmetries, and accelerate
the study of the coupling of given external fields with MFs
and the resulting transport phenomena.

Before we consider the main topic, we discuss the electro-
magnetic properties of MKPs on the surface of a TSC. When
there is only one MF on the surface, the single MF is strongly
protected by particle-hole symmetry (charge-neutrality con-
straint), and it is extremely stable against any external fields.
If a TSC has time-reversal symmetry, then two MFs form an
MKEP. The single MKP is protected by time-reversal symme-
try, and hence, it generally responds only to external magnetic
fields and remains stable to external electric fields. On the
other hand, when crystalline symmetries are taken into ac-
count, double MKPs can exist, and they can respond to an
electrical perturbation that breaks the crystalline symmetry.
The coupling of N MKPs to a spatially uniform external field
can be represented according to Ref. [31] by

A

Hgiex = —OF, O = % / dzij Uy ) (AR )5y Uy (), (1)

where Iﬁs(x) (s =1, ...,2N) are Majorana field operators and
satisfy 1/}3 x) = &_Y(x). Ap is conjugate to F and should be
an antisymmetric Hermite matrix since Majorana field oper-
ators obey {V,(x), Yy (')} = 8582(x —x'). When Ap is the
2 x 2 matrix with only one MKP, there exists only Ar = oy
satisfying Qg tAr @S’uif = —Ap for the time-reversal operator
Oguf = (—ioyK). K is a complex conjugation, and hence, the
MKP couples only to external magnetic fields. On the other
hand, when Af is the 4 x 4 matrix with double MKPs, Ar
satisfying OgAr (H)S’uif = Ar can be formed, and the double
MKPs can also be coupled to an external electric field accord-
ing to Eq. (1). Double MKPs have various electric multipoles
depending on the crystalline symmetry of the surface, i.e.,
wallpaper groups (WGs), and superconducting symmetry. In
a previous study [31], we revealed the coupling between the
electric multipoles and spatially uniform static strain for each
WG. In the following, we first show that dynamic strains
generate a finite spin current by using a concrete model based
on the symmetries of the system. Then, we discuss the gen-
eral theory of couplable strains and the resulting surface spin
currents, depending on the crystalline and superconducting
symmetries of the system.

We consider the 3D time-reversal-invariant topological su-
perconductor with O;, PG symmetry, which belongs to the Ay,
superconducting state. Then, we utilize the low-energy model
for double MKPs on the (001) surface with the p4m WG
symmetry, which equals the Cs, PG symmetry. The surface
symmetry operations are given by Dic, oy = %(S0T3 — i5373)
and Dis (xz)0) = ﬁ(szrg — 5173), with D, being a representa-
tion matrix of g € Cy,, where s;7;’s are the product of Pauli
matrices acting on the spin, orbital, and sublattice degrees of
freedom. The time-reversal ®, particle-hole C, and chiral I"
symmetries are also defined by ® = s;73K, C = 517K, and
I' = s373. We note that these representations of surface sym-

metry operations are determined by the bulk superconducting
symmetry [30,31] (see Sec. I of the Supplemental Material
[32]). Then, we obtain the total symmetric Hamiltonian:

| . .
H=> ; Y H (k).
H(k) = [vi(mky, — naky) + va(n3ky, — naky)], )

where 1)&]: = (.(/’}lTk’ lﬁ;kv 1/;;](’ lﬁzk) and 1/;k = t(‘ﬁlka s 1ﬁ4k)
are the Majorana creation/annihilation operators, which
satisfy 1/}1Tk:1/}2_k and 1/73Tk:1/}4_k, and the subscripts
I,....4 denote four MFs. The n;’s are given by n, =
(1/v/2)(s170 + 5270), 12 = (=1/3/2)(s170 — $270), 13 =

(1/V2)(s173 + $213),  and  ns = (—1//2)(s173 — $273).
H(k) satisfies OH@E)O!'=H(-k), CHFE)C™!'=
—H(—k), TH(k)I' ™' = —H(k), and D,H(k)D] = H(gk),
where a momentum £k is transformed to gk under the action of
g The spin of MFs is represented by o = (oy,0y,0;) =
(ns, M6, —5370),  Where 15 = (1/+/2)(s172 — 5272)  and
n6=(—1/\/§)(s1r2+sz12), which are coupled to the
magnetization M as M -o. In this model, the double
MKPs have specific electromagnetic multipoles with
particle-hole symmetry; the double MKPs have magnetic
multipoles that are represented by o and electric quadrupoles
that are represented by s3r; with the B; representation
and sor, with the B, representation. Therefore, in the
following, we can define the spin currents jj + j» and
j¥—ji generated by dynamic strains u, —u,, and
Uy + Uy, Where u;;(x) = du;(x) and u;(x) o @*D
denote the displacement fields (Fig. 1). The spin current
is defined by ;= 1{oa,dH(k)/dk;} (i=x,y), which
satisfies particle-hole symmetry Cj*C~!' = —j%. Then,
we obtain Ji(q) + /(@) = 3 34 y_g[—vassta]fisg and

@ - pa@=1>, @;,g[vlsofz]lﬁk+g~

Here, we define the eleé;rical operators, which are repre-
sented by OV (g) =1 Y, Iﬂ;_%(p1S3T1)I//k+% and 0@ (q) =
% Zk gﬁ;_%(pgsorz)gﬁk+%. Since O and Uy — Uy, as well as

O™ and uyy + uy, share the same representation, the cou-
plings between double MKPs and the dynamic strains are
represented by

Hatex = — {0V (@)[unn(g, ©) — uyy(q, ®)]
+ 0P (@lury(q, ©) + up(q, )1} (3)

Then, we calculate the linear response of the spin currents
J + Ji and j} — Jy to the dynamic strains given by Eq. (3):

(Jy + 12)(q. ©) =Ki(q. 0)[ux(q. ©) — tty(g. ©)]
+ Ka(q, a))[uxy(q’ w) + uyx(q’ w)], @
(Jx = 2)(q. ©) =K{(q. 0)[ux(q. ©) — tty(g. ©)]

+ K3 (q, o)y (g, ®) + uy (g, @)1,  (5)
where the response function K;(q, w) is given in Ref. [33] as
Ki(q.w) =i / dee " ([[5(q, 1) + Ji (g, 1), 0V (—q, 0)]),

0
(6)
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where A(t) = ¢! Ae=" and § — +0. K/(q, w) is also de-
fined by replacing j* + j with ¥ — J in Eq. (6). Note that
the chemical potential i for MFs is equal to zero due to the
particle-hole symmetry in superconducting states. Addition-
ally, (---) =tr[e /T ...]/tr[e"/T]. If there are no applied
external fields, then K (q, ®) and K;(g, ®) only take finite
values since the spin currents and dynamic strains share
the same representation of Cy,,. Here, we assume that the wave
number ¢ and the frequency w are smaller than the mean free
path [ and relaxation time t of the MFs. These conditions
are represented by ¢ <« 7' and o <« 7! =2y, where y is
the impurity scattering [34]. We expand the response function
for w and consider the nonequilibrium part: K;(w) — K;(0)
(the details are shown in Sec. II of the Supplemental Material
[32]):

Ki(w) — K1(0) =

iw P, [(01 - v2)2:|. )

@U_l (v + vp)?

One can see that K (w) — K;(0) does not depend on y. Such
independence from impurity scattering for a system with
linear dispersion also occurs in the minimal conductivity
problem of graphene [35]. We note that K;(w) — K3(0) =
_”:)—f;l(Kl (w) — K{(0)) because of the chiral symmetry.

Next, we consider the case in which the dispersion of
double MKPs is gapped. This situation can be realized, for
example, by attaching ferromagnets on the surface. Then, the
effective Hamiltonian is given by

H(k)=Hk)+ M,o,. 8)

The second term in Eq. (8) is the Zeeman term reflected by
the coupling between the spin moment of double MKPs and
the magnetization of ferromagnets, where we define M, =
—M,. Then, the energy dispersion is given by E,_i + =
+,/M? + k*(v; + Tv;)?. The applied magnetization opens an
energy gap in the dispersion of double MKPs and lowers the
symmetry from Cy, to C4. Therefore, K»(w) can take a finite
value since j;‘ + j1 and Uyy + Uy, share the same irreducible
representation of Cy4. The relationship between B, and w is
important; hence, we calculate the response function by using
the Lehmann representation:

1
Ki(w) = 1

3 (nl = vaszTilm) (m|o®|n)
E, —E,+o+i8

neocc,meunocc

n (n| — vas3ti|m) (mlo?V|n) 1"
E,—E,—w-+1i ’

| 2
oV =pis3t, 0 = pasoma, 9)

where § — +0 and |n) and |m) denote the occupied states
and unoccupied states of Eq. (8), respectively. As a result, we
obtain the nonequilibrium part: K;(w) — K;(0):

Ki(w) — K1(0)

AL (@ < 2|M,)),
_ 14 Zent Mp?  Moviln| 822 )
- B(—%ll’l 1,@ ‘ vlz—Z;z - I 2v21+ ? + 18271712)160
QCIM;| € o K x(ke)),
(10)

(b)  Im[K;(w) — K1(0)]
0.3

/ “—03
/ -t 0.2
0

0.1

0 ' (k)
w 3

FIG. 2. Numerical results of (9). (a) and (b) show the ampli-
tudes of the real and imaginary parts of K; (@) — K;(0), respectively.
(c) and (d) show the real and imaginary parts of K;(w) — K>(0),
respectively. Red, blue, and green lines denote the cases of |M,| =
0.3, [M;| = 0.2 and |M,| = 0.1, respectively. The values of the three
black dotted lines drawn on the horizontal axis in (a), (b), (c), and
(d) denote the size of the energy gap 2|M,| and from left to right
are 0.2, 0.4, and 0.6. The parameters are p; = 1.0, p, = 1.0, v, =
0.3, v, = 0.2, and k. = 10.

K> (w) — K>(0)
iCw (0 K 2|M,)),

2kevy
1+ .

w
1— 2kcvy
)

DnM, + iDM,In QM| € o K x(k.)),

(11)
2 —v
B 2v1v2(3v§ - U12) - ((v% + v%) - 4v§)ln| Z:Jrvz |
32v3v3/py 7
_ 2P
8wy ’
V2 —2v;v2 + v2n ﬁ
C = ’
4r 8vivs
p—_0P_ " (12)

3_
8w vy —vv;

where x(k.) = /M2 + k2(vi + v2)? + /M2 + k2(v) — v2)?
and k. is a cutoff value. Equations (10) and (11) show that
Ki(w) and K;(w) have two frequency regions with different
behaviors. The numerical results of Eq. (9) are shown in
Fig. 2, and they reproduce the approximate analytical solu-
tions obtained in each region well. Both K;(w) — K;(0) and
K> (w) — K»(0) reflect the energy dispersion of the MFs. In
particular, there are abrupt changes in the values in panels (a),
(b), and (c) of Fig. 2, which are the points at ® = 2|M_| when
the frequency is equal to the band gap. On the other hand, (d)
shows a diagram corresponding to the result of the principal
value integration in Eq. (9), and there is no peak structure
even at w = 2|M,| where the density of states becomes finite.
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TABLE I. Electromagnetic degrees of freedom of the double MKPs. They emerge on the surface with WG symmetry when the bulk pair
potential belongs to irrep A. The magnetization M, perpendicular to the surface and strain u;;(x), which couple to MKPs, are also shown. The
last column denotes that the strain can couple to the double MKPs and to the spin current generated by the same strain. We adapt the definitions

for WGs and irreps given by the Bilbao Crystallographic Server [36].

Strain (spin current)

WG A Magnetization M, Uy — Uyy (jf + i) ey + e (73 = )
pam As Gapped O

p3lm A Gapless x, only coupled to uy, — Uy, ( B+ )

phg B, Gapped x, coupled to uy, — uy, (Ji + j3)

This occurs because the chemical potential of MFs is exactly
zero, and K, (w) — K»(0) is the quantity that can take a finite
value when the dispersion of MFs exhibits an energy gap
with applied magnetization. Hence, the contribution from the
Fermi sea is considered to be dominant.

We emphasize that the electromagnetic multipoles formed
by double MKPs determine the properties of the spin cur-
rent responses to dynamic strains. To see this, by using
the results of the previous study [31], we show the gen-
eral results of couplable strains and the resulting surface
spin currents in Table I, which depend on the crystalline
and superconducting symmetries of the system (see the
Supplemental Material of Ref. [31] for the complete version).
The case of p4m corresponds to the present model. In the
cases of p4m and p4g, the applied magnetization M, induces
an energy gap of double MKPs; however, in the case of
p31m, the double MKPs remain gapless. In addition, p4m
and p4g are both gapped cases, but in the case of p4g, the
double MKPs do not couple to the strain u,, — uy, but cou-
ple to uy, — u,c, owing to the protection of the glide-plane
symmetry.

In this Letter, we show that a Majorana spin current is
generated by spatially nonuniform dynamic strain flows on
the surface of a 3D TCSC. For the gapless case, the spin
current does not show a damping dependence due to the linear
dispersion of the double MKPs and the fact that their chemical
potential is exactly zero. In contrast, for the gapped case, the
spin currents reflect the energy dispersion of the MFs, and
they have a unique frequency dependence. We have shown
the application of the general effective theory for the elec-
tromagnetic properties of MFs derived from crystalline and
superconducting symmetries. Then, one can see the new dy-
namics of MFs characterized by these symmetries. We believe
that our work accelerates the study of the coupling of given
external fields with MFs and the transport phenomena arising
therefrom.

We suggest that our results can be applied to the surface of
the antiperovskite superconductor Sr3SnO. The antiperovskite
A3BX, A =Ca,Sr,La, B=Pb,Sn, X = C, N, O with space
group symmetry Pm3m (No. 221) [37,38], which is equivalent
to the O, PG symmetry, has multiple J = 3/2 bands and is a
candidate material for topological crystalline insulators due
to the band inversion of two orbitals [39—41]. In particular,

Sr3SnO has the potential to become a TSC with hole doping
at temperatures below 5 K [42]. Interestingly, it has been
suggested that double MKPs can appear on the (001) surface
with p4m WG symmetry when the superconductor symmetry
has the A;, representation [43].

As a method of detecting AC spin currents, spin wave
resonance can be observed by injecting spin currents into
ferromagnetic metals [44,45] and through the rectifying ef-
fect of magnetostriction [46]. Dynamic strains u,.(r, ) and
Uy, (r, t) can be realized by a Rayleigh wave and a Love wave
propagating in the x direction, respectively. In relation to
the experiment, the bulk spin current must not directly arise
from inversion-symmetric strains if the bulk has inversion
symmetry. This is because a spin current breaks the inversion
symmetry but strain does not. Therefore, we suppose that it is
experimentally possible to measure only the surface spin cur-
rent. We also estimate the amplitude of the spin current given
by Egs. (4) and (7). We assume the induced dynamic strain
form u, (1, t) = iA,g e where A, denotes a lattice dis-
placement, and we set A, ~ 0.1 [A], w ~ 10°[s~'], and qr ™~
10° [m~1]. Additionally, the velocities of MFs are set to vy ~
vy ~ 10* [m - s~!] (which is equivalent to the electron veloc-
ity in graphene). The coupling energy between MFs and static
strain [u, ]o—o is given by E, = 2| pju,,|, where p; denotes the
coupling constant. We assume that E, is much smaller than
the bulk superconducting gap and set E, ~ 0.1 ueV. Then,
p1 ~ 10* peV. Therefore, we obtain |(j¥ + j1)(r,1)| ~ 1nA,

(1 —v2)?

where we assume that In[ o)

L ~ 1 mm.

] ~ 1 and the system size is
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