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First-principles demonstration of Roman-surface topological multiferroicity
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The concept of topology has been widely applied to condensed matter, going beyond the band crossover
in reciprocal spaces. A recent breakthrough suggested unconventional topological physics in a quadruple
perovskite TbMn;Cr,0O;,, whose magnetism-induced polarization manifests a unique Roman surface topology
[G. Liu et al., Nat. Commun. 13, 2373 (2022)]. However, the available experimental evidence based on tiny
polarizations of polycrystalline samples could be strengthened. Here, this topological multiferroicity is demon-
strated by using density functional theory calculations, which ideally confirms the Roman surface trajectory of
magnetism-induced polarization. In addition, an alternative material in this category is proposed to systematically
enhance the performance, by promoting its magnetism-induced polarization to an easily detectable level.
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I. INTRODUCTION

Topology, as a mathematic concept, has been recognized
as an essential ingredient in condensed matter physics since
the discovery of quantum Hall effect. Nowadays topological
materials with nontrivial electronic, phononic, or photonic
bands form one of the mainstays of quantum materials, and
the concept of topology (in both real and reciprocal spaces)
has been gradually and widely infiltrating into other branches
of condensed matter, e.g., magnetic skyrmions [1].

In addition, the idea of topology has been applied to the
ferroelectric domains both in hexagonal manganites and fer-
rites and in PbTiO; and SrTiOj3 superlattices, namely, the
Z, x Z3 vortex in the former and the polar vortex, skyrmion,
or bimeron in the latter [2,3]. These progresses have greatly
pushed forward the understanding of complex physical phe-
nomena in quantum materials, based on elegant principles of
mathematics.

Multiferroics, which combine polarity and magnetism in
the same phase, have attracted great attention in the past two
decades for their promising magnetoelectric effects [4—7]. The
cross-control between magnetic and polar degrees of freedom
is not only highly interesting in physics but also essential
for device applications as sensors and storage. The past stud-
ies have revealed diversified origins of magnetoelectricity in
multiferroics, most of which rely on the spin-orbit coupling
(SOC) and/or spin-lattice coupling [8]. However, the concept
of topology has been rarely touched in magnetoelectricity of
multiferroics.

Recently, an alternative brand of topology, the so-called
Roman surface, was proposed as a mathematic manifestation
of magnetoelectricity in multiferroic RMn3CrsO;, (R: rare
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earth) [9]. As shown in Fig. 1(a), the Roman surface can be
described as

xzy2 +x22 + y2z2 —éxyz =0, €))]

where § is a constant and (x, y, z) denotes a position in the
Cartesian coordinate. A Roman surface is a kind of nonori-
entable surface. Its geometric topology can be characterized
by a topological invariant orientability number w: w = 0 if
the surface is orientable and w = 1 if the surface is nonori-
entable. The famous Mobius strip is a component of the
Roman surface, which is well known for its nonorientable
properties. Based on the cubic /m3 symmetry of crystal struc-
ture [Fig. 1(b)] and double G-type collinear antiferromagnetic
order [Figs. 1(c) and 1(d)], a high-order magnetism-induced
polarization P = (P,, P,, P;) can plot a trajectory of Ro-
man surface when rotating the spin orientations of Mn**
and Cr*, which renders a topological magnetoelectricity
conceptually different from known ones based on the in-
verse Dzyaloshinskii-Moriya interaction, exchange striction,
or spin-dependent p-d hybridizations [5,10-14].

In the work of Liu ez al. [9], they performed experimental
measurements on TbMn3CrsO1, polycrystals. The modula-
tion period of polarization is indeed half of the rotating
magnetic field, which is an expected evidence of Roman
surface magnetoelectricity. However, such an experimental
proof is necessary but preliminary and indirect, and could be
strengthened. Polycrystal samples, without the information of
crystalline orientation, are very disadvantageous for studying
the Roman surface. However, most quadruple perovskites can
only be synthesized under high-pressure conditions, making
the single crystals unavailable at present. Another drawback
is its too-weak polarization (~100 uC/m? or less), which
makes the precise description and potential applications rather
challenging.

In this Letter, more quadruple perovskites including
TbMn3CrsOy, are investigated by density functional theory

©2023 American Physical Society
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FIG. 1. (a) Schematic of a Roman surface, which is a quartic
nonorientable surface and obtained by sewing a Mobius strip to the
edge of a disk [9]. (b) Crystal structure of TbMn;Cr,O(, with the
space group of Im3. (c and d) Collinear G-type antiferromagnetic
structures of Cr (Sc¢;) and Mn sublattices (Sy,), respectively. In the
ground state, all spins are pointing along the [111] direction.

(DFT) calculations to circumvent these technical difficulties.
The trajectories of induced polarization as a function of spin
rotation are obtained, which unambiguously confirm the mag-
netoelectric topological Roman surface. Our calculations also
reveal the induced polarization is a second-order effect of
SOC. Based on this fact, we propose a strategy to seek for
larger polarizations in this category.

II. MAGNETOELECTRIC ROMAN SURFACE

The magnetism-induced polarization in cubic quadruple
perovskites was first observed in LaMn3;CrsOj, [15], which
was rather surprising in such a highly symmetric lattice. Its
weak polarization (~15 uC/m? in polycrystal samples) made
the tiny polar distortion undetectable in the synchrotron x-ray
diffraction. Such a polarization was qualitatively reproduced
in DFT calculations, although the DFT values were one order
of magnitude smaller (3-7 uC/m? along the [111] direction in
single crystal) [15,16].

Therefore, a reliable verification of the topological multi-
ferroicity in RMn3CrsO;, becomes urgently needed, and the
gap between the materials experiment and the topological the-
ory can be bridged via precise DFT calculations. According to
the previous neutron scattering [15], both the Cr** and Mn3*
sublattices are in the G-type antiferromagnetic order, and all
spins orient to the [111] direction, as shown in Figs. 1(c)
and 1(d). Such a magnetic structure forms a polar mag-
netic point group 31’ [9], which breaks the spatial inversion
symmetry.

Our DFT calculation indeed confirms the group the-
ory analysis: the calculated polarization of TbMn3;CrsOy; is
nonzero with SOC enabled (and zero without SOC). With
the rigid highly symmetric structure (nonpolar /m3), the po-
larization is 2.8 ©C/m?, purely from the bias of electronic
clouds. After relaxing all ionic positions (with SOC enabled),

TABLE I. Magnetism-induced dipoles D (in units of 10 eA)
per u.c. (without lattice relaxation) for spin orientations along the
diagonal directions. The spin configurations are characterized by
the Sc-Smn pairs, as indicated in Figs. 1(c) and 1(d). For each
antiferromagnetic domain (o or ), four different dipole orienta-
tions are generated by rotating the Sc¢;-Smn pair synchronously.
Another four spin configurations in each domain, which own the
identical dipoles with their 180° counterparts, i.e., [111]/[111] vs
[-1—1-1]/[—1—1—1], are not shown for simplicity’s sake. In con-
trast, the individual 180° spin flipping of S¢;, (or Sy, ) will reverse the
sign of the dipole, forming different antiferromagnetic domains. The
equivalent polarization projection along the x-y-z axis (Py-P,-P,) is
1.7 uC/m?.

SCr/SMn Dx Dy Dz SCr/SMn Dx Dy Dz

Domain o
[111]/[111] 4 4 4
[1-11]/[1-11] -4 4 —4
Domain
[111y/[-1-1-11 —4 -4 -4
[1-11]/[-11-11 4 —4 4

[11-1]/[11-1] —4 —4 4
[111]/[-111] 4 -4 —4

[11-1]/[-1-11] 4 4 —4
111)/[1-1-1] —4 4 4

the net polarization is amplified to 11.9 xC/m?. These val-
ues are similar to those of sister compound LaMn3;CrsO1;
[15], one order of magnitude below the experimental value
(~33 1C/m? for the polycrystalline sample) [9].

As required by the magnetic point group, the induced
dipoles must be parallel (or antiparallel) with the spin orienta-
tion, when spins point to the diagonal directions of the cube,
i.e., in the ground state (as demonstrated later). This binding
relationship between dipoles and spins has been verified in
our DFT calculation, as summarized in Table I. In short,
the synchronous 180° spin flipping of Cr and Mn sublattices
will not change the orientation of the dipole. In contrast, the
individual 180° spin flipping of Cr (or Mn) sublattice will
reverse the sign of the dipole. These behaviors imply that
the magnetism-induced dipole should be in the form of a
Scr - Svn-like expression, consistent with the previous pro-
posal [16].

Then the topological Roman surface of induced polariza-
tion can be verified by rotating spins’ orientation globally.
The whole magnetic structure is represented by a Néel vector
S. Several rotation paths along highly symmetric axes are
tested. Taking Fig. 2(a), for example, when spin S rotates
longitudinally for a great circle of the sphere, the induced
dipole rotates twice [Fig. 2(e)]. The three-dimensional tra-
jectory of the dipole vector forms a vertical ellipse, whose
projection onto the xy plane is a line [Fig. 2(1)]. Also, the
spin rotating direction for a given path (clockwise or anti-
clockwise) determines the moving direction of the dipole, e.g.,
the clockwise (anticlockwise) spin direction in Fig. 2(a) and
the anticlockwise (clockwise) dipole direction in Fig. 2(i).
Other trajectories can also be found in Fig. 2. As expected,
all these trajectories of induced dipoles just fall onto the
Roman surface, namely, the three components of D strictly
fulfill the mathematic expression Eq. (1), e.g., the topological
multiferroicity.

Another vital question is whether the spins of Cr** sub-
lattice are always parallel or antiparallel to Mn** sublattice,
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FIG. 2. Selected closed loops of spin rotation pathes and the induced dipoles. Sampling points in these closed loops are denoted by M,
N, Q, and R, respectively. To exclude possible inaccuracy from structural relaxation, here all these spin rotations are done with the strict
highly symmetric structure. (a—d) Four typical closed loops of spin rotation. (a) Longitudinal rotation (polar angle 6 € [0°, 180°]) with
fixed azimuthal angles ¢ = 45° (and 225°). (b and c) Latitudinal rotation (azimuthal angle ¢ € [0°, 360°]) with 6 = 54.7° and 6 = 90°,
respectively. (d) Rotation in the (111) plane spanned by three corner points. (e~h) The evolutions of x, y, and z components of the dipole in
the corresponding rotation loops of the spin axis. (i-1) The corresponding dipole trajectories of sampling points in the three-dimensional space
and their projections to the xy plane (red dots). In (i) and (k), for the trajectories of M and Q sampling points, the two half-periods give rise to
the identical trajectory. (i) The elliptic trajectory in three dimensions and the linear projection onto the xy plane. (j) The saddle-like trajectory
and the circular projection. (k) The vertical line trajectory and the projection at the original point. (1) The trefoil trajectory in the (111) plane.
The projection to the xy plane is also a trefoil one. All these trajectories just fall onto the topological Roman surface.
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FIG. 3. (a) Spin rotation dependence of the individual sublattice. Here S, is fixed along the diagonal one and Sy, is rotated, as indicated
in the inset. The energy barrier curves with and without SOC almost overlap, implying the dominant contribution is not from SOC. Since the
angle @ with 0 (180) degree corresponds to the ferroelectric +P (—P) state, this energy barrier also can be considered as the theoretical upper
limit of the ferroelectric switching barrier. (b) Synchronous rotation dependence of two spin sublattices. The rotation path is indicated in the

inset. (c) The linear relationship between the square root of induced polarization and the magnitude of SOC.

especially during the spin rotation. This issue is nontrivial but
has not been verified in the experiment [9]. If the magnetic
interaction between these two superlattices can be described
using the Heisenberg spin model, these two sublattices should
be completely decoupled, since for each Mn (Cr) the sum-
mation over all next-neighboring eight Cr (four Mn) spins
is zero. If so, the applied magnetic field cannot rotate these
two lattices synchronously. Instead, each sublattice can rotate
independently and thus the realization of a topological Roman
surface will be unavailable.

To answer this question, the spin rotation of an individual
sublattice is calculated with the other sublattice fixed to the
[111] orientation. The DFT energy is calculated as a function
of spin rotation angle. As shown in Fig. 3(a), the energy
reaches the lowest one when the Cr/Mn sublattices are par-
allel or antiparallel, i.e., the ground state. The energy barrier
reaches 24 meV /u.c. (a non-negligible value) when the spins
of Cr/Mn sublattices are perpendicular to each other. This bar-
rier is almost independent of the SOC, and thus it should be at-
tributed to nonrelativistic interaction between Cr and Mn spin
sublattices. Such an energy barrier locks the Néel vectors Sc;
and Sy, to be parallel or antiparallel in the region of low en-
ergy excitation, which is beyond the Heisenberg spin model.

For comparison, the energy fluctuations of synchronous ro-
tation of two spin sublattices are shown in Fig. 3(b). First, the
[111] orientations are indeed the magnetic easy axes. Second,
the energy fluctuations during the spin rotating process are
on the order of 0.1—0.4 peV/u.c., which is very small and
thus accessible by moderate magnetic fields. Such a weak
magnetic anisotropy is reasonable considering the Mn**’s
3d* and Cr*"’s 3d° orbital configurations (to be discussed
later).

In short, the spin pairs can easily rotate in a synchronous
manner and the associated polarization draws a Roman
surface. The two antiferromagnetic domains lead to two inde-
pendent Roman surfaces, which are separated by the relative
high-energy barrier [Fig. 3(a)] of antiferromagnetic domain
walls (i.e., the noncollinear spin texture). As a consequence
of such a Z,-type topology, the 180° flip of polarization is
forbidden for each Roman surface (i.e., each antiferromag-
netic domain) in the low-energy excitation region [Fig. 3(b)],
similar to the forbiddance of 180° back scattering in the edge
state transport of Z, topological insulators.

III. STRENGTHEN THE POLARIZATION

Despite the proof of topological magnetoelectricity, there
remains an awkward problem, namely, its too tiny polariza-
tion, which restricts its practical values. The following part
will try to reveal the underlying physical mechanism and
figure out a solution to enhance its performance.

First, to study the relationship between the polarization and
the magnitude of SOC, the SOC coefficient (1) is artificially
tuned [17,18]. As shown in Fig. 3(c), the square root of po-
larization grows linearly with increasing SOC, implying that
the induced polarization is proportional to A%. On one hand,
such a term is a higher-order effect of SOC than the common
inverse Dzyaloshinskii-Moriya interaction (~A) [12], leading
to a much weaker induced polarization than those in many
other type-II multiferroics [5]. On the other hand, the A2 item
will allow a drastic enhancement of polarization if larger SOC
are involved.

Next, the electronic structure of TbMn3;Cr40O;; is analyzed,
as shown in Figs. 4(a) and 4(b). It is clear that both Mn3*
and Cr** are in their high-spin states. For Mn** (d%), the
Fermi level is between the occupied |3z> — r* 1) and empty
|x> —y% 1), which is SOC inactive in the first-order level
(namely, (x> —y? 4 |L-S|3z> — r? 1) = 0). Thus, the SOC
effect in Mn>* is naturally weak. For Cr’" (d°), the Fermi
level is between the occupied #,; and empty e, which allows
the SOC effect, as can be seen from our SOC matrix elements
analysis in Egs. (1)—(4) of the Supplemental Material (SM)
[19,20]. Since the ferroelectricity arises from the combined
action of Cr>t and Mn>* sublattices, the cancellation of the
first-order SOC in Mn3* originally hinders the large polar-
ization. Thus, to strengthen the performance of topological
magnetoelectricity, the necessary route is to enhance the SOC,
especially that on the A’ site.

However, although there are many quadruple perovskites
with heavier elements (such as Nb, Mo, Tc, Ta, W, Re) occu-
pied in the A’ and B sites, our calculations find that in most
cases these candidates own different magnetic ground states
or become metallic (as summarized in Table S3 of the SM
[19]), similar to earlier experimental studies [21-23]. Despite
this, an exceptional candidate BaMn3Re4,O; is found to pos-
sess the double G-type antiferromagnetic order and insulating
properties. After the structural optimization, the space group
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FIG. 4. Atomic-orbital projected density of states. (a) Mn>*’s

3d and (b) Cr**’s 3d orbitals of TbMn;Cr,O,. (©) Mn?*’s 3d and
(d) Re**’s 5d orbitals of BaMn3Re,O1,. The more itinerant Re’s 54
electrons give rise to a larger bandwidth and smaller energy gap.
Right insets: the corresponding crystal field splittings and the orbital
fillings. The electronic configuration in (c) and (d) can lead to much
stronger SOC effects then that in (a) and (b).

of BaMn3Re4O; reduces to /23 (No. 197). Namely, the first-
layer Re triangle shrinks towards the diagonal axis and the
second-layer Re triangle expands slightly, as shown in Fig. S2
in the SM [19], which breaks the symmetry of three mirror
planes perpendicular to the a, b, and ¢ axes. Despite this, the
induced polarization of BaMn3;Re4O; still obeys the Roman
surface topology (Table S4 in SM [19]).

The most significant result is that the induced polarization
of BaMn3Re4O1, reaches 810 uC/cm? (and 270 uC/cm?
from pure electronic contribution) in our DFT calculation,
68 times that of TbMn3;CrsOy,. This polarization is compa-

rable to that of the most famous type-II multiferroic TbMnO3
[24], which should be much easier to be precisely detected
in experiments and more valuable for practical applications.
Another consequence of strengthening SOC is the increased
magnetocrystalline anisotropic energy in BaMn3Re Oy,
which reaches ~2 meV/u.c. as shown in Fig. S3 in the
SM [19].

The origin of such a large P can be traced back to its
electronic structure, as shown in Figs. 4(c) and 4(d). First,
the Re’s 5d orbitals own a much larger SOC coefficient than
Cr’s 3d ones, which enhances the SOC interaction in the B
site. Second, here the Fermi level lies between the spin-up
f»g and spin-down e, levels for Mn?* (d°), which also sys-
tematically enhances the effective SOC interaction in the Mn
site as explained above. Third, the band gap becomes smaller
in BaMn3;Re; 015, beneficial to the effective SOC interaction,
which needs the virtual hopping between occupied and empty
bands. In addition, numerical values of SOC coupling ma-
trices are shown in Fig. S4 in the SM [19], which can fully
support the above analysis.

IV. CONCLUSION

Roman surface topological multiferroicity in cubic quadru-
ple perovskites has been demonstrated by first-principles
calculation. The low-energy rotation of spin orientation leads
to a nonorientable Roman surface for the trajectory of
magnetism-induced polarization. As a topological effect, the
180° polarization flip is forbidden for a given Roman sur-
face (antiferromagnetic domain). To overcome the weakness
of its too-small polarization, another quadruple perovskite
BaMn3Re4O1; has been predicted to possess the same topo-
logical multiferroicity but a much larger polarization. Our
work not only confirms but also extends the Roman surface
topological multiferroicity.
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