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Two-dimensional superconductors have been realized in various atomically thin films such as the twisted
bilayer graphene, some of which are anticipated to involve an unconventional pairing mechanism. Due to their
low dimensionality, experimental probes of the exact nature of superconductivity in these systems have been
limited. We propose, by applying a vertical supercurrent to a bilayer superconductor where the mirror symmetry
is naturally broken by the twisting, there will be an anomalous thermal Hall effect induced by the supercurrent
that can serve as a sharp probe for the in-plane anisotropy of the superconducting gap function. This effect
occurs in the absence of an external magnetic field and spontaneous breaking of the time-reversal symmetry
in the ground state. We derive explicit formulas for the induced thermal Hall conductivity and show them to
be significant in the examples of twisted cuprates and twisted FeSe where monolayer superconductivity has
already been observed. Though technical challenges still exist, we propose this to be a generic probe of the gap

anisotropy in a twisted bilayer superconductor.

DOI: 10.1103/PhysRevB.108.L.041106

Introduction. The discovery of the correlated insulating
phases and superconductivity in twisted bilayer graphene
(TBG) [1,2] has spurred intense interest in twisted two-
dimensional (2D) heterostructures, leading to the notion of
twistronics as a new form of electronic device. To understand
the (possibly unconventional) superconductivity realized in
these systems, intense experimental investigations have been
ongoing [3-5]. While the majority of transport studies on
twisted bilayers focuses on electrical transport at the moment,
thermal transport has long been established as a powerful and
complementary tool for investigating the nature of elementary
excitations, particularly in superconductors where ordinary
electric transport measurement is ineffective [6—11]. More re-
cently, quantized thermal Hall conductivity at low temperature
became a signature of the topologically ordered ground states
in correlated materials [12,13]. In this Letter, we show that
the thermal Hall response can be a sensitive probe of the gap
anisotropy in twisted bilayer superconductors, or TBSs for
short.

The gap function A; of a superconductor has immense
implications for the underlying pairing mechanism and the
quasiparticle transport. It may be deduced in the angle-
resolved photoemission spectroscopy (ARPES) [14-16], or
through the quasiparticle interference (QPI) imaging in scan-
ning tunneling spectroscopy [17,18]. Resolving the gap
anisotropy in ARPES becomes challenging though for low-
temperature superconductors where Ay is smaller than the
experimental resolution. For twisted heterostructures, resolv-
ing the momentum space structure within a small moiré
Brillouin zone (BZ) necessitates the QPI imaging over a
formidably large area in the real space. As the demand to
resolve the gap structure in TBS grows, the limitations of
existing experimental probes seem to loom larger. A natural
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question to ask, at this stage, is whether it is possible to invent
a new probe of the gap anisotropy for very small A;. Here,
we propose a supercurrent-induced anomalous thermal Hall
effect (SATHE) as one possible way to directly probe the gap
anisotropy in TBS.

Figure 1(a) shows the schematic setup for SATHE. The
TBS may be a vertical Josephson junction (JJ) formed by
stacking two atomically thin superconducting films with a cer-
tain twist angle, or an intrinsic twisted bilayer superconductor
as in TBG. SATHE is a nonlinear response of heat, created
by simultaneously applying a vertical supercurrent Jg and an
in-plane temperature gradient, with the resulting transverse
in-plane flow of heat. In contrast to the conventional ther-
mal Hall effect (THE) which occurs when the ground state
breaks the time-reversal symmetry (TRS), SATHE can occur
for ground states that preserve the TRS. No external magnetic
field is required to observe SATHE.

Our proposal thus differs for most proposals of THE in-
cluding, for instance, Ref. [19] where the JJ spontaneously
breaks TRS in the absence of applied supercurrent. It bears
a resemblance to the Sodemann-Fu proposal for a nonlinear
electrical Hall effect [20,21], in that in both proposals the
unperturbed ground state preserves TRS. One can think of the
nonlinear electrical Hall effect as arising from the first electric
field driving an imbalance of the fermion distribution, and the
second electric field is used to probe the Hall response. In our
proposal, the supercurrent is employed to drive Berry curva-
ture out of its equilibrium form, then a temperature gradient
is applied to induce the thermal Hall response. In this sense,
SATHE can be taken as a thermal analog of the nonlinear Hall
effect.

When the supercurrent is not too large, one can linearize
the current-phase relation Js o< ¢ and SAHTE becomes the

©2023 American Physical Society
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FIG. 1. (a) SATHE for a bilayer superconductor. The vertical
supercurrent Jg, or equivalently, a pairing phase twist ¢ between
the two layers of, either a vertical JJ or an intrinsic bilayer super-
conductor, would induce an in-plane thermal Hall effect in a bilayer
superconductor. In the former case, an insulating buffer layer may
be present (not shown). (b) An illustration for the dimensionless
function £ (x) in Eq. (2).

perturbative change of the thermal Hall conductivity d«,, pro-
portional to the phase twist, 6kxy > @ X¢xy, With X4, capturing
the nonlinear response of the system. Similar to the nonlinear
Hall effect, the breaking of inversion symmetry is necessary
to elicit the desired responses. The observation of SATHE
additionally requires the breaking of in-plane and out-of-plane
mirror symmetries, which are not conditions normally present
in the family of nonlinear Hall effects, but are naturally sat-
isfied in the TBS. The conditions for observing SATHE are
therefore not any more stringent than those of other proposed
nonlinear Hall effects, at least from the perspective of symme-
try requirements.

Main results. For TBSs with a multiband elec-
tronic structure, the pairing Hamiltonian is generally
Za,b Aka’bcTa,chh,,k, with a, b ranging over the bands.
We first study the simple situation where only the intraband
pairing is present: A®? = 0 for a # b. Assuming that | Ay is
much smaller than the energy difference between bands in the
normal state, we find that a small pairing phase difference ¢
between the layers in the TBS induces a change of the Berry
curvature and leads to the SATHE formula

intra intra
SKX,V X pxy
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Here X;‘}ga is the intraband transport coefficient for SATHE,

& (x) is the dimensionless function [see Fig. 1(b)]

/
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and |uy) is the Bloch state at the Fermi level in the normal
state. The dimensionless Hermitian operator £ is the generator
of Doppler shift due to ¢, and equals L = diag{1, —1} in the
layer space for a vertical JJ but gets more complicated for an
intrinsic bilayer superconductor [see below and Supplemental
Material (SM) [22]]. The loop integral is performed over each
Fermi surface (FS) and k is the counterclockwise tangential
momentum at the Fermi surface. The sgn(vr) = %1 charac-
terizes whether the FS is electronlike or holelike (a single
band may host multiple FSs). Clearly if A is k independent,

the loop integral over the FS reduces to a total derivative and
vanishes identically.

The L operator and Doppler shift. The normal-state tight-
binding Hamiltonian for the bilayer can be written in a block

form,
T (k)
i (k)), 3)

H (k)
Hotky =
T, (k)

where ¢ /b labels the top/bottom layer, and T, represents the
interlayer hopping. In the superconducting state, pairing terms
are introduced. Introducing the pairing phase difference ¢
due to the applied supercurrent is equivalent to performing
a gauge transformation Hy — U (¢)HyU () (Doppler shift)
while keeping the pairing terms unchanged, and L is its gen-
erator: U(p) = e~%L . For a vertical JJ, [. = diag{1, —1}. For
an intrinsic superconductor, L depends on the atomic orbital
positions normal to the bilayer plane (see SM [22] and also
Ref. [23] therein).

For a JJ, since |ug) is the eigenstate of Hy(k), (ux|L|u) €
[1, —1] serves as the indicator of the layer component of
the state. If 7| is absent, top/bottom layers decouple and
(ug|Llug) = 1, leading to vanishing SATHE according to
Eq. (1), consistent with physical intuitions.

Derivation of Eq. (1). Here, we show how to derive the
SATHE formula of Eq. (1) while leaving the more technical
parts to SM [22]. The thermal Hall conductance in a 2D
superconductor is related to the superconducting Berry cur-
vature [24,25] as

Ky ky [ E?

T = ﬁ 7oodEmU(E)f(E), 4

where f(E) is the Fermi-Dirac function, and

d’k
o(E)=— Z / Q2 (3)
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[Bold fonts are used for quantities related to the superconduct-
ing Bogoliubov—de Gennes (BdG) state, to be distinguished
from the normal-state ones.] Here, £} = —2Im(d;, ug|d; ug)
is the superconducting Berry curvature while a labels bands
of the BdG Hamiltonian

Hy(k) Ay
Hko = ( Ay —Ho(k)>' ©

The BdG Hamiltonian (6) is written in the Nambu basis
{Yk, Ahﬂik} where Y is a collection of fermion operators

in the band basis, and A}: = Aj. The time-reversal transfor-
mation works on ¥y as Yy — AKYy, where K is a complex
conjugation and A is some unitary operation.

The energy eigenvalues of the BdG Hamiltonian are or-
dered into pairs £E; y, £Ey 4, ... withE; y < Ezx < --- and
a==£1,+£2, ... are used to label the bands such that E_, s =
—E, x. Assuming only the intraband pairing is present, we
have Ejq x = (€|2a\,k + Alza"k)l/z, where €, is the normal-state
band energy (¢ = 1,2, ...). We assume that only the a = 1
band crosses the Fermi level, and all other bands lie strictly
above or below it. This allows us to define the interband
energy scale as t = min |€, x| (b # 1). The gap function of
the first band is defined as Ay = A; . We will consider the
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weak-pairing limit |Ag| < ¢, so only the lowest-energy states
with a = £1 need to be included to the leading-order Ay /t
expansion of the Berry curvature

Tr [P, d, HP_, 3 HP, ]
(Ea - Efa )2

Slzﬁ—lm{ —(xey)}, ™)

where P, = |uf) (u?| is the projector in the Nambu space.

After a small phase twist ¢ is turned on, H, Ey,, Py,
appearing in Eq. (7) all receive some corrections, which prop-
agate through the THE formulas in Egs. (4) and (5). However,
as shown in SM [22], only the change in P, is important
when the unperturbed ground state obeys TRS. In the end, the
intraband pairing contribution gives

s =g Z 4 Im Tr[ (9, Pa) (0, P—a)Pp (3, Pa)Pa]
b#+a

—(xey). ®)

To the leading order of A/t expansion and focusing on the
a = 1 band, we find

2
sl _ . %};(vxakv — v )l |Elul).  ©)
1
with v, , = 0, €1« the normal-state Fermi velocity.

The change in Berry curvature is now fully described with
normal-state wave functions, and exhibits a high concentra-
tion near the Fermi surface due to E% in the denominator.
Identifying Lluy) = 4id,|u}), the derivative 0y (uy|L|uy) =
4Q, , becomes the @-twist Berry curvature, with one com-
ponent along the momentum direction and the other along the
phase twist ¢.

Equation (9) thus demonstrates how the change of Berry
curvature in the superconducting state is intricately composed
of the gap function, and a mixed Berry curvature in the
momentum-phase space. Plugging Eq. (9) into Eq. (4) and
after some efforts, the main result of our Letter, Eq. (1), is
established.

Interband pairing and nodal superconductivity. When in-
terband pairing is present, the calculation becomes more
sophisticated but the final result turns out to be simple. Intro-
ducing the normal-state projector P. = |u)(u;|, the interband
pairing gives A" =", e PoAkPe, which can be eliminated
from the BdG Hamiltonian in Eq. (6) by a small unitary
rotation

ei8®rzH(k)efiS®rz - I‘I()(k) ® T3+ A;{nlra ® 1. (10)

Here, 7 are Pauli matrices in the Nambu space, and S =
Z#b P.AxPy/(€ax — €px) can be viewed small simply be-
cause Ay/(€,x — €px) ~ Ag/t is small in the weak-pairing
limit. Based on this useful property, all previous perturbative
analyses for the intraband pairing can be extended to inter-
band pairing as well, with only one modification replacing the
projector P, by P, = ¢7'S®2P, /%72 Collecting all ¢-linear
terms contributing to the change of the Berry curvature in
Eq. (7) seems to be more complicated, but to the leading order
of A/t the interband contribution can be neatly arranged

as [22]

inter —dk . kadk X 3/{) dk
s = ¢ ( o ), (11)
1

-1 o
di = (Ak, G, 1), Gr = 7R6[<u,1c|A}(merL|u}()].

Equation (11) is clearly reminiscent of the Berry curvature of
the effective two-band model

Herr = ¢ - 0p€14T0 + €143 + ApT1 + 90 - Grra. (12)

within the perturbative regime. Indeed, we show that Heg is
exactly the low-energy effective Hamiltonian of the TBS itself
with the insertion of a phase twist [22] H3; = P,H[p]P, =
ﬁaHﬁa +¢- §3(8¢H)§a, so it could serve as a faithful model
to compute 82",

In calculating d«,, in Eq. (4) one should add the two Berry
curvature contributions §Q; = SQi’i“"a + 882,1(’imer in Eq. (5).
Among the two, the intraband Berry curvature part can be
converted to the Fermi-surface integral form in Eq. (1) but
not the interband part. For calculating the latter contribution
we can directly use Egs. (4) and (5) with § Slli"mer given in
Eq. (11).

Although in principle the interband contribution for
SATHE cannot be neglected, there are many physical situa-
tions in which the interband pairing and thus the interband
contribution to THE does become small. For instance, if each
monolayer of TBS itself is superconducting as in a vertical
JJ, Ay in Eq. (6) is diagonal in the monolayer band basis. For
small twist angle 6 < 1, a unitary transformation to the band
basis also induces interband pairing components in Ay, which
are proportional to 6 and can be ignored.

If the system is an intrinsic TBS as TBG, the intra- and
interband pairings should be determined self-consistently. For
example, for boson-mediated superconductivity, the multi-
band Eliashberg formulation may be applied, which is charac-
terized by the electron-boson coupling matrix [a? (@)F ()]ap,
where a, b label bands. Either in the regime where intraband
coupling is dominant [a?(@)F (0)]a=p > [0*(@)F ()]s, OT
in the regime where the intraband coupling is dominant
[0?(0)F (0)]aep < [az(a))F(a))]a;ﬁb, it is easy to show that
only the intraband pairing is significant [26].

However, there is one particular scenario in which the
interband contributions may be dominant, and that is when the
superconductivity in the TBS is nodal. In this case, the node
would develop a mass gap my = ¢ - Gy, right at the nodal point
upon the application of a phase twist ¢, and a Chern number
transfer AC = j:% between the low-energy BdG bands occurs
per node. When the net transferred Chern numbers n from all
the nodes is nonzero, the system becomes a chiral topolog-
ical superconductor with quantized THE BK;\‘,‘“ =g X;I)‘:yer =
ngo in the low-temperature limit kg7 < |m|, where X;’)‘}yer
is the interband transport coefficient for SATHE, and gy =
k3T /(61) is the quantum of thermal conductance. In our per-
turbative treatment, X;’j};r diverges in the low-T regime. This
supercurrent-driven topological superconductivity has been
discussed in the context of twisted cuprate bilayers [19,27—
29] and twisted NbSe, heterostructures [30].
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Applications to FeSe and cuprates. To demonstrate the
possibility of observing SATHE in real materials we consider
two examples: vertical JJs formed by twisted nodeless FeSe,
and the nodal cuprate superconducting films. The Ay in both
of these 2D superconductors has been well characterized by
ARPES due to the large energy scale of Ay and high transition
temperatures. Note that due to the dimensionless nature of the
SATHE response, the supercurrent-induced «,, only depends
on the ratio Ag/kgT as in Eq. (1) and the SATHE response
of low-T, superconductors after appropriate rescaling must be
similar to the examples we consider now.

Monolayer FeSe is reported to host a significant node-
less gap anisotropy of the form Ay = Ay + A, cos26; +
Agcos46;, where Ag =99 meV, A, =—1.4meV, and
A4 = 1.2 meV [16]. The C,-rotation-related elliptic M pock-
ets positioned at (7, £7) within the two-iron BZ [31-33]
can be described by the k-p expansion within Fe’s
{3d,.. 3d,.} orbitals [34,35] as Hy = [5-(k} +k2) — pu] +
ak,kyt,, where 7, is a Pauli matrix in the orbital space,
w=008eV, 1/2m=1.4eVA2 and a = 0.6 eV A2. Since
all Fermi pockets are near the zone boundary, the moiré zone
folding effect comes into play, and the Bistritzer-MacDonald
model [36] is used to construct the normal-state Hamiltonian.
For example, to the lowest truncation of the moiré BZ, two
hopping processes corresponding to 8¢"* = £2Kj; sin %lgy are
included for all four of the M pockets (see Fig. 2 in SM [22]).

t t b
We set Tf“_df*” g = Tf"z_d" (8g"") ~ T, = 15 meV and ig-
nore all interorbital hoppings. After turning on such simple 7
with a twist angle 8 = 11.5°, the Fermi surfaces reconstruct
within the moiré BZ [see Fig. 2(al)].

Second, we consider a twisted bilayer of cuprates [37] with
a d-wave gap anisotropy Ay = Ay cos?26; [38,39] and the
reported relation 8.5kpT, = 2Ay [40,41]. The normal-state
bilayer Hamiltonian is constructed by first taking the tight-
binding model in Ref. [42] as the monolayer Hamiltonian, and
then obtaining the interlayer tunneling 7', (k) = tz[%(cos kL —
cos kf)(cos k! — cos kl) 4 a] from the detailed orbital anal-
ysis in Refs. [29,43]. The constant ay = 0.4 is determined
from density functional theory (DFT) simulations [43]. We
set (i) £, = 0.025¢y (o = leading hopping strength within the
CuO, plane) with 8 = 0.6° (chiral topological superconduc-
tor) and (ii) £, = 0.017y with 6 = 17.2° (topologically trivial
superconductor) and plot the corresponding Fermi surfaces in
Figs. 2(b1) and 2(cl), respectively [27,28]. Here, we neglect
the moiré zone folding effect for several reasons. First, based
on the two-center approximation [36], far away from the zone
boundary the moiré zone folding effect may be neglected.
Second, the moiré zone folding effect for the Fermi surfaces
near the zone boundary does not modify the Fermi-surface
topology, leaving the results qualitatively unchanged.

The interband and intraband contributions to SATHE
for twisted bilayers of FeSe and cuprates are plotted in
Figs. 2(a2)-2(c2). In our linearized scheme, ky, and x,x, are
related simply by «x, = @ Xgxy. We plot &y, rather than y.,
because the latter apparently diverges as ¢ — 0 while K;‘;te’
remains finite in a supercurrent-driven topological supercon-
ductor as shown in Fig. 2(b2). For illustrative purposes, phase
twist ¢ = 1 rad is chosen for computation [44]. The interband
contribution is evaluated by using the integral formula of

(a1)
0.3
0.2

0.1
0.0 0.0

-0.1
-0.2

-0.3
-0.3-0.2-0.1 0.0 0.1 0.2 0.3
(b1

—

-

FIG. 2. (a) JJ formed by twisted bilayer FeSe. (b) and (c) The
topological nontrivial and trivial phases induced by the supercur-
rent in JJ formed by twisted bilayer cuprates. The twisted Fermi
surfaces are shown in the left panels. For FeSe the moiré zone
folding effect plays an important role on the topology of recon-
structed Fermi surfaces. The color scheme on each Fermi surface
represents the strength of (ug|L|ux) € [—1, 1], serving as the in-
dicator of the layer component of states. For all three cases, «y,
is computed in units of the thermal conductance quantum g, as a
function of temperature, and a simple mean-field temperature de-
pendence of Ay(T) = A(T = 0)/T—T/T, is implemented. For
the topologically nontrivial case (b), gaps ~0.2 meV are generated
around superconducting nodes, leading to a Chern number C = 8
topological superconductivity, while for the topological trivial case
(c) the net Chern number is zero.

Eq. (1). For the interband contribution we rely on Egs. (4)
and (5) with the Berry curvature obtained in Eq. (11).

As shown in Fig. 2, the intraband contribution plays a dom-
inant role for SATHE in both twisted FeSe [Fig. 2(a2)] and
the topological trivial case of twisted cuprates [Fig. 2(c2)],
while the interband contribution dominates in the topological
nontrivial case of twisted cuprates [Fig. 2(b2)], especially in
the low-temperature regime. Note that the «,, in the proposed
SATHE can reach ~10~! of the thermal conductance quan-
tum when the gap anisotropy is significant, e.g., in the FeSe
example. We conclude that SATHE can be a sizable effect,
detectable in the foreseeable future.

Conclusion and discussion. We propose the supercurrent-
induced anomalous thermal Hall effect, SATHE, as a new
probe to the in-plane gap anisotropy of bilayer superconduc-
tors. Different from the conventional thermal Hall effect, the
ground state preserves the time-reversal symmetry. A pair
of probes—a vertically applied supercurrent and a horizon-

L041106-4



SUPERCURRENT-INDUCED ANOMALOUS THERMAL HALL ...

PHYSICAL REVIEW B 108, L041106 (2023)

tal temperature gradient—is applied to induce the in-plane
nonlinear thermal Hall response. Being a thermal response,
it works on 2D superconductors where the usual electrical
probes fail. Since no external magnetic field needs to be
applied, SATHE avoids the complications of vortices in the
mixed state and probes purely the quasiparticle dynamics in
superconductors.

Within the BAG framework we showed that SATHE is
sensitive to the in-plane gap anisotropy in the twisted bilayer
superconductor, and could be large enough to serve as a new
experimental probe of gap structure for atomically thin su-

perconducting 2D crystals including twisted bilayer graphene
systems, for which experimental probes have been limited due
to the low dimensionality. We believe SATHE can eventually
find its place as an effective probe of 2D twisted materials, in
particular for low 7, superconductors where SATHE can serve
as a sensitive measure of the gap anisotropy.
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