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The ordinary surface universality class of the three-dimensional O(N) model
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We study the critical behavior at the ordinary surface universality class of the three-dimensional O(N ) model,
bounded by a two-dimensional surface. Using high-precision Monte Carlo simulations of an improved lattice
model, where the leading bulk scaling correction is suppressed, and finite-size scaling analysis of the fourth
cumulant of the surface magnetization, we obtain precise estimates of the scaling dimension of the surface
field operator for N = 2, 3, 4. We also determine the fixed-point values of two renormalization-group invariant
observables, which characterize the finite-size scaling behavior at the ordinary transition.
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I. INTRODUCTION

Critical phenomena in the presence of boundaries or,
more generally, defects is a rich field of study which has
attracted over the years numerous experimental [1] and
theoretical [2–4] studies. A general renormalization-group
(RG) analysis shows that a bulk universality class (UC),
describing the critical behavior in the thermodynamic limit,
generically splits into several boundary UCs, leading to
a rich phase diagram [5]. Furthermore, critical exponents
and other universal quantities at boundaries differ from the
bulk ones [2,3]. The simplest setup realizing this framework
consists in a d-dimensional critical system bounded by a
(d − 1)-dimensional surface: different surface UCs can then
be realized by tuning surface couplings. Surface UCs are
also relevant for the critical Casimir force [6–13]. Despite
being a mature subject, boundary critical phenomena has
recently received renewed attention. The discovery of unex-
pected boundary exponents in some quantum spin models has
sparked numerous investigations [14–27]. At the same time,
recent progresses in conformal field theory have addressed
the problem of boundary and defects in conformally-invariant
models [28–40]. Closely related to boundary critical phenom-
ena is the research field of the so-called gapless topological
states of matter, and in particular their boundary states
[41–49].

In this context, recent advancements have challenged
the understanding of the bulk-surface phase diagram of the
paradigmatic three-dimensional O(N ) UC [50], in the pres-
ence of a 2D surface. For an isolated 2D surface, the
Mermin-Wagner-Hohenberg theorem [51–53] and its gener-
alizations [54,55] forbid long-range order for N � 2. While
a 2D O(2) model exhibits the Berezinskii-Kosterlitz-Thouless
transition, for N > 2 the 2D O(N ) model is always disordered
[50]. These results are expected to hold also for a surface next
to a disordered bulk, for in this case one can imagine to inte-
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grate out the bulk degrees of freedom, leading to an effective
short-ranged O(N )-invariant interaction on the surface [3,56].
For a critical bulk, and for N > 2, the above considerations
may suggest that the surface would not host a phase transition,
since the topology of the phase diagram does not dictate it. In
contrast with this argument, in Ref. [57] we have shown that
the surface of a 3D O(3) model exhibits a special transition,
separating the ordinary phase with the extraordinary one [58].
In fact, a recent field-theoretical analysis has pointed out the
existence, for a finite range 2 � N � Nc, of a new surface UC
of the 3D O(N ) model, dubbed “extraordinary-log”, where the
two-point function of the order parameter decays as a power of
a logarithm [59]. Its existence and the logarithmic exponent is
determined by some universal RG amplitudes of the so-called
normal surface UC, which is realized by imposing a bound-
ary symmetry-breaking field. In Ref. [60] we have extracted
these amplitudes by means of Monte Carlo (MC) simulations
for N = 2, 3. A comparison with direct simulations of the
extraordinary-log UC reveals a good agreement, thus quanti-
tatively confirming the nontrivial relation between the normal
and the extraordinary-log UC. The field-theoretical analysis
of the boundary critical behavior has been recently extended
to the case of a plane defect in the three-dimensional O(N )
model, where it has been shown that the extraordinary-log
phase exists for all N [61]. The extraordinary-log UC has been
investigated in various settings [22,62,63].

While the extraordinary and the special surface UCs in the
3D O(N ) model exist for some values of N only, the ordinary
UC is always present; it can be generically realized on the
surface of a critical O(N ) system, without enhancement of
the surface interactions. At the ordinary UC, there is only a
single relevant surface operator, corresponding to the order
parameter, and its two-point function decays quickly such
that the surface susceptibility is finite [2,3]. A previous MC
determination of the ordinary surface critical exponent for
N = 2, 3 [64] displays a small discrepancy with truncated
conformal bootstrap (TCB) results [30]; the latter is, however,
affected by a systematic error, whose magnitude is difficult
to estimate [30,40]. For N = 4, we are only aware of the MC
study of the ordinary UC in Ref. [65].
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TABLE I. Estimates of the value of λ = λ∗ for which the model
(1) is improved, for N = 2, 3, 4. In the third column we report the
value of the coupling constant β = βc at the onset of the critical
point, for a value of λ within the uncertainty interval of λ∗.

N λ∗ (λ, βc(λ))

2 2.15(5) [67] (2.15,0.50874988(6)) [68]
3 5.17(11) [69] (5.2,0.68798521(8)) [69]
4 18.4(9) [70] (18.5,0.91787555(17)) [70]

In this Letter we provide a precise numerical determination
of the scaling dimension of the surface field operator �φ̂ at
the ordinary UC, for N = 2, 3, 4. To this end, we employ
high-statistics MC simulations of an “improved” model,
where the leading scaling corrections are suppressed, and a
finite-size scaling (FSS) analysis of a higher-order cumulant
of the surface field. Our results will provide a benchmark for
future studies, and in particular for the conformal bootstrap
approach [66].

II. MODEL

We study the classical φ4 model on a three-dimensional
L × L × L lattice, imposing periodic boundary conditions
(BC) on two directions, and open BC along the remaining one,
thus realizing two surfaces. The reduced Hamiltonian H, such
that the Gibbs weight is exp(−H), is

H = − β
∑
〈i j〉

�φi · �φ j − βs

∑
〈i j〉s

�φi · �φ j

+
∑

i

[ �φ 2
i + λ

( �φ 2
i − 1

)2]
, (1)

where �φx is an N-components real field on the lattice site x,
the first sum extends over the nearest-neighbor pairs where at
least one site belongs to the inner bulk, the second sum over
the sites on the two surfaces, and the last term is summed over
all lattice sites. In the Hamiltonian (1) the coupling constants
β and λ determine the bulk behavior, whereas βs control the
surface interactions; here, we consider an identical coupling
strength on the two surfaces.

In the limit λ → ∞, the model reduces to the standard
hard spin O(N ) model. In the (λ, β ) plane, the bulk phase
diagram exhibits a second-order transition line in the O(N )
UC [50,67,70,71]. Along this critical line, for N � 4 there is
a specific point (λ∗, βc(λ∗)) where the model is improved,
i.e., the leading scaling correction vanishes. In Table I we
report the improvement value λ∗ and the corresponding crit-
ical coupling β = βc(λ) for N = 2, 3, 4, as determined in
previous studies [67–70]. Improved models are a rather useful
tool to obtain accurate results in numerical studies of critical
phenomena [50], in particular in the presence of boundaries
[57,60,72–81], whose presence gives rise to additional correc-
tions to scaling, which cumulate with those originating from
bulk irrelevant perturbations.

To realize the ordinary UC, we fix β and λ to the values
reported in the third column of Table I, thus tuning the bulk
to its critical point, and set βs = β. This choice corresponds
to the absence of enhancement of the surface interactions, and
generically realizes the ordinary UC; further surface phases

and a transition may be explored by tuning the surface in-
teraction strength while keeping the bulk to its critical point
[2,3]. We numerically sample the model by means of MC
simulations, combining Metropolis, overrelaxation, and Wolff
single-cluster updates [82]; details of the simulation algorithm
are reported in Ref. [57]. To improve the statistics, for every
surface observable we perform an average of the values sam-
pled on the two identical surfaces.

III. RESULTS

The scaling dimension of the surface field or, equivalently,
of the surface field operator can be computed by a FSS anal-
ysis of the correlations of the lattice field φ on the surface.
To this end, the most commonly used quantity is the surface
susceptibility χs, defined as

χs ≡ 1

L2
〈 �Ms · �Ms〉, �Ms ≡

∑
i∈S

�φi, (2)

where the sum in the definition of the surface magnetization
�Ms extends over the sites on one surface. By a standard FSS

analysis [83], at the ordinary critical point and in a finite size
χs scales as

χs = AL2−2�φ̂ + B, (3)

where �φ̂ is the scaling dimension of the relevant O(N )-
vector operator at the surface, A and B are two nonuniversal
constants, and we have neglected scaling corrections. The
scaling dimension of the surface operator �φ̂ is related to that
of the surface field yh1 by �φ̂ = 2 − yh1 , and to the critical
exponent η‖ by �φ̂ = (1 + η‖)/2. As is well known, at the
ordinary UC χs is finite [2,3], hence the exponent in Eq. (3)
2 − 2�φ̂ < 0, and the scaling behavior of χs is dominated
by the nonuniversal background term B. In fact, as shown
below, the exponent of the singular part is 2 − 2�φ̂ ≈ −0.4;
its smallness exacerbates the FSS analysis of χs, because
one needs to clearly separate the background term from the
slow-decaying singular part ∝ L−0.4. On top of that, scaling
corrections not considered in Eq. (3) further hinder a precise
scaling analysis of χs, rendering this observable not suitable
for a quantitatively accurate determination of �φ̂ . To over-
come this problem, we have sampled the fourth cumulant χ4s

of the surface magnetization. It can be defined by considering
an external field �hs on a single surface and coupled to the
surface magnetization �Ms, therefore adding to the reduced
Hamiltonian (1) a term −�hs · �Ms. The fourth cumulant χ4s is
then defined as

χ4s ≡ − 1

L2

∂4 f

(∂ �hs · ∂ �hs)2

∣∣∣∣
�hs=0

, (4)

where f ≡ − ln Z is the free energy in units of kBT , with Z
the partition function; the factor 1/L2 in Eq. (4) is due to the
fact that �hs is applied only on the surface. A straightforward
computation of Eq. (4) results in

χ4s = 1

L2

[
〈( �Ms · �Ms)2〉 − 〈 �Ms · �Ms〉2

− 2
N∑

i, j=1

〈
M (i)

s M ( j)
s

〉〈
M (i)

s M ( j)
s

〉]
, (5)
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where M (i)
s is the ith component of �Ms. The last term in Eq. (5)

is nonvanishing only when i = j. Furthermore, with the O(N )
symmetry being unbroken, 〈(M (i)

s )2〉 = 〈 �Ms · �Ms〉/N . Thus,
Eq. (5) simplifies to

χ4s = 1

L2

[
〈( �Ms · �Ms)2〉 −

(
N + 2

N

)
〈 �Ms · �Ms〉2

]
. (6)

The FSS behavior of χ4s at the critical point is

χ4s = AL6−4�φ̂

(
1 + C

L

)
+ B, (7)

where we have anticipated that the leading scaling correction
is ∝ L−1. Indeed, in the improved lattice model considered
here the leading irrelevant bulk scaling field is suppressed,
and the next-to-leading correction, due to the lowest nonrota-
tionally invariant irrelevant operator, decays fast as ∝ L−ωnr ,
with ωnr 
 2 [84]. On the other hand, the surface operator
spectrum contains a protected operator, the displacement op-
erator, which encodes the broken translational invariance and
whose existence is guaranteed on any conformal defect [31];
its dimension is �D = 3, thus giving rise to corrections to
scaling ∝ L−1. The existence of such corrections was first
pointed out in Ref. [85] and can also be intuitively understood
by an RG analysis of the scaling field associated with the size
L [86]. Although a priori the surface operator spectrum may
contain more irrelevant perturbations, previous investigations
on improved lattice models at the ordinary UC did not detect
corrections decaying slower than L−1 [72,75,78]. The results
of this work support this picture, thus we conclude that Eq. (7)
reliably describes the leading scaling behavior of χ4s.

To determine �φ̂ we have sampled the model (1) by means
of high-precision MC simulations, for N = 2, 3, 4 and lattice
sizes L = 8, . . . , 384. As confirmed by fit results below, the
leading exponent in Eq. (7) 6 − 4�φ̂ 
 1.2 > 0, so that χ4s

diverges and its FSS behavior is, unlike χ , dominated by its
singular part. The background term B represents a correction
to scaling, effectively decaying as L4�φ̂−6 ∼ L−1.2. As this
exponent is rather close to 1, in the FSS analysis it is not
technically feasible to reliably disentangle the two equally
important sources of corrections CL−1 and BL4�φ̂−6. There-
fore, we resolved to consider separately fits of MC data to
Eq. (7) by either fixing B = 0 or C = 0 [87]. Such a procedure
is expected to introduce a small bias in the fitted results,
which nevertheless should be negligible for large enough
lattice sizes: indeed, on increasing L, scaling corrections be-
come numerically less significant, such that eventually both
fits should give identical results. Accordingly, and also in
order to monitor residual subleading scaling corrections not
considered in Eq. (7), fits are repeated disregarding system-
atically the smallest lattices. In Fig. 1 we show fitted values
of �φ̂ as a function of the minimum lattice size Lmin taken
into account. Fits exhibit a good χ2/d.o.f. (d.o.f. indicates the
degrees of freedom) for Lmin � 16 and in some cases also for
Lmin = 12. In line with the discussion above, we observe a
small difference in the fitted value of �φ̂ as obtained fixing
either B = 0 or C = 0 in Eq. (7). Such a discrepancy is lifted
when Lmin = 16 for N = 2 and Lmin = 32 for N = 3, 4. For
N = 2, on further discarding smaller lattices, we observe a
slightly significant drift in the fitted values, hinting at residual
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FIG. 1. Fitted value of �φ̂ for N = 2, 3, 4, and as a function
of the minimum lattice size Lmin taken into account. Results are
obtained by fitting χ4s to Eq. (7), and fixing either B = 0 or C = 0.
Dotted lines indicate an interval of one error bar around the final
estimates given in Table II.

scaling corrections: fits for Lmin = 24, 32 still give identical
results when B = 0 or C = 0, but the fitted value of �φ̂ is in
marginal agreement with the results for Lmin = 16. For this
reason, we extract as a final estimate an average of the values
obtained in the two fits for Lmin = 24, indicating a conserva-
tive error bar to be fully compatible with both fits; such an
estimate also agrees with fit results for Lmin = 16 within one
error bar. For N = 3, 4, fits with Lmin � 32 are perfectly stable
and give indistinguishable results when setting either B = 0
or C = 0. Accordingly, we quote as a final estimate of �φ̂ an
average of the values obtained in the two fits for Lmin = 32. In
Table II we report our results, comparing them with previous
determinations present in the literature. We complement our
estimate for N = 4 by an analysis of the available field-theory
series [3,88–93] and a TCB [94] calculation [87].

Another set of interesting universal quantities at a critical
point are the fixed-point values of RG invariants. Here, we
consider two such observables: the ratio (Za/Zp) of the parti-
tion function with antiperiodic and periodic BC on a direction
parallel to the surfaces, which can be efficiently sampled with
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TABLE II. Scaling dimension �φ̂ of the leading surface operator
at the ordinary transition of the three-dimensional O(N ) model. We
compare present determinations with results obtained by the field-
theoretic ε-expansion setting ε = 1 (ε-exp), the massive field theory
approach in d = 3 (FT d = 3) analyzed with a Padé resummation,
TCB, and previous MC simulations. The scaling dimension of the
surface field yh1 is related to �φ̂ by yh1 = 2 − �φ̂ . The surface critical
exponent η‖ can be expressed in terms of �φ̂ by �φ̂ = (1 + η‖)/2
[3].

N Method Ref. �φ̂

ε-exp [3,88–90] 1.19
FT d = 3 [91,92] 1.211

2 TCB [30] 1.2342(9)
MC [64] 1.219(2)
MC This work 1.2286(25)

ε-exp [3,88–90] 1.153
FT d = 3 [91,92] 1.169

3 TCB [30] 1.198(1)
MC [64] 1.187(2)
MC This work 1.194(3)

ε-exp [3,88–90] 1.125
FT d = 3 This work 1.188

4 TCB This work 1.172
MC [65] 0.9798(12)
MC This work 1.158(3)

the boundary-flip algorithm [95,96] and the combination Lϒ ,
where ϒ is helicity modulus, i.e., the response to a torsion on
a lateral direction [97]. We notice that other commonly used
RG invariants, such as the ratio ξ/L of the surface correlations
length ξ over the size L and the surface Binder cumulant
U4 = 〈( �Ms · �Ms)2〉/〈 �Ms · �Ms〉2, are not particularly informa-
tive here: at the ordinary UC they acquire a trivial fixed-point
value (ξ/L)∗ = 0 and U ∗

4 = (N + 2)/N . We fit RG-invariant
observables R to

R = R∗(1 + A/L), (8)

leaving R∗ and A as free parameters. By judging conserva-
tively the variation of the fit results on discarding smallest
lattices, and the value of the χ2/d.o.f., we obtain the estimates
reported in Table III [87].

IV. DISCUSSION

In this Letter we have studied the ordinary surface UC
of the three-dimensional O(N ) model, providing an accurate
estimate of the scaling dimension �φ̂ of the single relevant
surface operator. A comparison with previous MC estimates,

TABLE III. Estimated critical value of RG invariants (Za/Zp) and
Lϒ .

N (Za/Zp)∗ (Lϒ)∗

2 0.7016(2) 0.175(3)
3 0.56480(8) 0.1819(9)
4 0.44588(9) 0.1866(11)

reported in Table II, indicates a small but numerically signifi-
cant deviation from previous results, which are not compatible
within one error bar. Particularly significant is the difference
between our estimate of �φ̂ for N = 4 and the result of
Ref. [65]. Here, we have simulated an improved model, where
leading bulk scaling corrections are suppressed. Furthermore,
unlike previous studies which analyzed the surface suscepti-
bility χ , here �φ̂ is extracted by a FSS analysis of the fourth
cumulant χ4s; different than χ , whose scaling behavior is
dominated by its nonsingular part, χ4s is divergent [compare
Eq. (3) with Eq. (7)]. Hence, we expect our estimates to
be more reliable than previous determinations, constituting a
benchmark for future studies. In Table II, we also compare our
results for �φ̂ with TCB estimates. This method introduces a
small systematic error, whose magnitude is difficult to inde-
pendently estimate [30,40]. Still, TCB provides a rather good
approximation of the boundary exponent, with a deviation of
�1% from the MC estimates.

In this work we have also studied the RG invariants at the
ordinary transition. These quantities are commonly used in the
FSS analysis of second-order phase transitions. In particular,
they can be exploited in the scheme of FSS at fixed RG
invariant [98], for which in some cases a significant reduction
of error bars has been observed [99–102]; a comprehensive
review of this method, together with a discussion of its imple-
mentation, can be found in Ref. [68]. Within this scheme, our
estimates of the fixed-point values of RG invariants reported
in Table III provide a base for further numerical improvement
of the critical exponents at the ordinary UC.
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