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Dynamic control of Casimir forces on a nanoflake in a liquid through a tunable graphene layer
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The levitation of a metallic nanoflake has been experimentally demonstrated in liquid by manipulating the
Casimir force with a proper choice of materials, and as a step further, dynamic control of the Casimir force
acting on a nanoflake is of great importance. We show that the Casimir force acting on a nanoflake in ethanol
can be dynamically controlled by adjusting the chemical potential of a graphene layer sandwiched by the Teflon
film and the SiO2 substrate at a distance away from the nanoflake, where the nanoflake can consist of either
monolayer graphene or solid material. We develop a harmonic oscillator model that captures the dynamics of
the nanoflake observed in numerical calculations. The time constant in the dynamics for a graphene nanoflake
is 3 to 6 times longer than that for a gold nanoflake. The upper limit of the zero-force position of the nanoflake
is discussed. Our scheme, through the use of the tunable graphene layer, significantly extends the degrees of
freedom for dynamic control of nanoflakes in liquid.
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I. INTRODUCTION

Casimir forces between bodies in close proximity arise
from electromagnetic fluctuations [1–4], and have been
extensively explored both in [5–9] and out of [10–13] ther-
mal equilibrium, elucidating the dependencies of geometries
[14–19] and materials [20–23], and finding opportunities to-
ward nanomechanical systems [24–27]. Casimir forces out of
thermal equilibrium in vacuum can be repulsive [28,29], but
they may need sophisticated experimental setups for the con-
trol of the temperature. Casimir forces in thermal equilibrium
in vacuum are attractive for reciprocal materials [30] while
they can be repulsive through the use of nonreciprocal ma-
terials such as Weyl semimetals [31–33], indium antimonide
[34], and Chern insulators [35,36]. On the other hand, in
liquid, repulsive Casimir forces can be generated in proper
choices of widely used material bodies. Repulsive Casimir
forces were experimentally demonstrated with a combination
of gold, bromobenzene, and silica [37].

Recently, the stable zero Casimir forces have been ex-
perimentally demonstrated in a system consisting of a gold
nanoflake in ethanol at a distance away from the Teflon film
backed by the gold substrate [38]. Since then, significant
efforts have been devoted to the control of a gold nanoflake,
including the use of vanadium dioxide [39], indium tin oxide
[40], and external laser illumination [41]. Active control of
a two-dimensional nanoflake such as graphene is expected
to provide intriguing phenomena for biological and chemical
sensing and analyses [42–44]. However, the dynamics of a
two-dimensional nanoflake in liquid has not been investigated.

In this paper, we show that the position of a monolayer
graphene nanoflake in ethanol can be dynamically controlled
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by adjusting the chemical potential of a graphene layer sand-
wiched by the Teflon film and the SiO2 substrate at a distance
away from the nanoflake. Our control scheme is general and
operates when the nanoflake consists of various solid materi-
als. The rest of the paper is organized as follows. In Sec. II,
we present the geometry of our system and the formalism for
investigating the Casimir force, gravity, buoyancy, and fluid
resistance acting on the nanoflake. In Sec. III, we present
numerical results for both the static and dynamic cases. In ad-
dition, we develop a harmonic oscillator model that captures
the dynamics of the nanoflake observed in numerical results.
Our results reveal that the time constant in the dynamics for
the graphene nanoflake is 3 to 6 times longer than that for
a nanoflake consisting of solid materials such as gold. The
upper limit of the zero-force position of the nanoflake is
discussed. The paper is then concluded in Sec. IV.

II. GEOMETRY AND FORMALISM

A. Geometry

We consider a system consisting of a circular monolayer
graphene nanoflake in ethanol at a distance away from the
Teflon film backed by the semi-infinite SiO2 substrate, where
a tunable monolayer graphene sheet is inserted between the
Teflon film and the semi-infinite SiO2 substrate, as shown in
Figs. 1(a) and 1(b). The chemical potential of the circular
monolayer graphene nanoflake in ethanol is fixed, and referred
to as the graphene nanoflake. We assume that the chemical
potential of the tunable monolayer graphene sheet inserted
between the film and the substrate is varied by applying a bias
voltage, and is referred to as the tunable graphene. We regard
our system as a two-body system; the graphene nanoflake
for body 1 and the Teflon film/tunable graphene/semi-infinite
SiO2 substrate for body 2. The two bodies are separated by the
ethanol gap. We use the coordinate system where the bottom
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FIG. 1. (a) Perspective view and (b) cross section of a system
consisting of a monolayer graphene nanoflake (body 1) in ethanol at
a distance away from the Teflon film/tunable graphene/semi-infinite
SiO2 substrate (body 2). (c) Permittivities of ethanol (green), Teflon
(red), SiO2 (gray), and monolayer graphene (from cyan to magenta)
as a function of imaginary frequency iξ . The chemical potential
of the tunable graphene is varied from 0 to 1 eV. The inset is the
enlarged view of the permittivities in linear scale for ethanol, Teflon,
and SiO2.

surface of the nanoflake is positioned at z with respect to the
top surface of the Teflon film. We assume that the system is in
equilibrium with temperature T .

The Casimir force acting on the graphene nanoflake (body
1) can be vanished by balancing the attractive and repul-
sive force components. The attractive force component arises
when body 2 consists of the tunable graphene and/or the
semi-infinite SiO2 substrate without the Teflon film. On the
other hand, the repulsive force component arises when body
2 consists of the Teflon film backed by the semi-infinite
ethanol region. The detailed discussion on the force compo-
nents can be found in Sec. S1 in the Supplemental Material
[45]. We note that the system is stable; i.e., when the graphene
nanoflake moves close to (away from) body 2, the repulsive
(attractive) force is generated on the graphene nanoflake and
then moves back to the stable zero-force position.

The position of body 1 for the zero force can be adjusted by
two parameters in body 2; one is the thickness hT of the Teflon
film. The other is the chemical potential μ of the tunable
graphene, which can be adjusted via a bias voltage. They
allow static and dynamic control for the position, respectively.

B. Formalism

We assume that the radius ra of the graphene nanoflake is
much larger than the ethanol gap distance. The Casimir force
in thermal equilibrium acting on the graphene nanoflake at
position z is calculated by the Wick rotation approach [2],

FCasimir (z) = −A
∫ ∞

0

k‖dk‖
2π

∑
j=p,s

2kBT

×
∞′∑

n=0

q0,n
R̃ j

1(iξn, k‖)R̃ j
2(iξn, k‖)e−2q0,nz

1 − R̃ j
1(iξn, k‖)R̃ j

2(iξn, k‖)e−2q0,nz
,

(1)

where A = πr2
a is the area of the flake, k‖ is the wave-

vector component parallel to the surfaces of the bodies, kB is

the Boltzmann constant, q0,n =
√

εEtOH(iξn)( ξn

c )
2 + k2

‖ is the
wave-vector component normal to the surfaces of the bod-
ies, ξn = 2πnkBT

h̄ is the nth pole in the imaginary frequency
axis, c is the speed of light, and h̄ is the reduced Planck
constant. R̃ j

1 and R̃ j
2 are the Fresnel reflection coefficients

at the interfaces for body 1 (graphene flake) backed by the
semi-infinite region of ethanol and body 2 (Teflon film/tunable
graphene/semi-infinite SiO2 substrate), respectively, from the
ethanol gap region for j = s or p polarization. The prime on
the summation represents that the n = 0 term is divided by 2.
The attractive force is negative in Eq. (1). We assume lossless
ethanol with the permittivity in the imaginary frequency axis
given by [46]

εEtOH(iξ ) = 1 +
∑

j

ω2
p, j

ω2
j + ξ 2

, (2)

where the parameters in Eq. (2) are presented in Table I.
Note that in Refs. [37,38], experimental results of Casimir
forces are accurately estimated by using the form of Eq. (2)
for lossless liquid. The optical conductivity of a single layer
graphene, including the Drude (intraband) and the interband
contributions, can be tuned by the chemical potential μ, and
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TABLE I. Parameters of the permittivity of Eq. (2) for ethanol
taken from Ref. [46].

j ωp, j (eV) ω j (eV)

1 1.58 × 10−3 1.62 × 10−3

2 5.50 × 10−3 4.32 × 10−3

3 4.19 × 10−2 1.12 × 10−1

4 2.44 × 100 6.87 × 100

5 9.80 × 100 1.52 × 101

6 7.71 × 100 1.56 × 101

7 1.17 × 101 4.38 × 101

is given by [47]

σ (iξ ) = 2e2 kBT

π h̄2(ξ + �)
ln

[
2cosh

(
μ

2kBT

)]

+ e2

4h̄

{
G

(
ih̄ξ

2

)
+ 4h̄ξ

π

∫ ∞

0

G(ζ ) − G(ih̄ξ/2)

h̄2ξ 2 + 4ζ 2
dζ

}
,

(3)

where G(ζ ) = sinh(ζ/kBT )/{cosh(μ/kBT ) + cosh(ζ/kBT )},
e is the charge of an electron, and � is the damping rate of
graphene. One can check G(ih̄ξn/2) = 0. Equation (3) is valid
for estimating Casimir forces in the range of the gap distance
we consider throughout the paper [48]. When the gap distance
is a few nanometers or less, the optical conductivity obtained
from first-principle calculations [49] can estimate even more
accurate forces. The permittivity of graphene can be expressed
by

ε(iξ ) = 1 + σ (iξ )

ξhgrε0
, (4)

where hgr is the thickness of graphene and ε0 is the free space
permittivity [50]. Here we select hgr = 0.335 nm, which is
the value of the layer distance of AB-stacked bilayer graphene
[51]. The permittivities of solid materials in the real frequency
axis are approximated by the N-pole Lorentz-Drude model:

ε(ω) = 1 +
N∑

j=1

ω2
p, j

ω2
j − ω2 − iγ jω

. (5)

The parameters of various materials are presented in
Tables II–V, taken from Refs. [46,52,53]. The permittivity
in the imaginary frequency axis is given by ε(iξ ) = 1 +
2
π

∫∞
0

ωIm[ε(ω)]
ω2+ξ 2 dω [46,54]. Material properties enter in terms

of reflection matrices in Eq. (1). The reflection coefficients
for s and p polarizations are presented in Sec. S2 in the
Supplemental Material [45].

In the static case, the total force Fstatic(z) acting on body 1
is given by

Fstatic(z, μ) = FCasimir (z, μ) − mg + ρV g, (6)

where m and V are the mass and the volume of body 1,
respectively. In the right-hand side of Eq. (6), the first term
is the Casimir force of Eq. (1), the second term is the gravity
with g being the gravitational acceleration, and the third term
is the buoyancy with ρ being the density of ethanol, acting on

TABLE II. Parameters of the permittivity of Eq. (5) for Au taken
from Ref. [53].

j ωp, j (eV) ω j (eV) γ j (eV)

1 8.7663 × 100 0.0000 × 100 3.9299 × 10−2

2 1.4869 × 100 2.7260 × 100 3.2740 × 10−1

3 2.4205 × 100 3.1091 × 100 6.0660 × 10−1

4 4.7921 × 100 3.9415 × 100 1.3318 × 100

5 5.0611 × 100 5.2526 × 100 2.3931 × 100

6 7.3956 × 100 7.9749 × 100 3.7913 × 100

7 6.8464 × 100 1.0465 × 101 4.9667 × 100

8 1.0345 × 101 1.4180 × 101 7.8967 × 100

9 1.3330 × 101 2.1207 × 101 6.2030 × 100

10 1.0279 × 101 3.0090 × 101 6.9297 × 100

11 2.6196 × 101 4.2903 × 101 4.3564 × 101

body 1. The stable zero-force position z0 of body 1 is defined
by Fstatic(z0) = 0.

In the dynamic case, the equation of motion in our system
is given by

m
d2z

dt2
= Fstatic[z, μ(t )] − 3πηr4

a

2z3

dz

dt
, (7)

where the first term is the force of Eq. (6) and the second
term is the fluid resistance acting on body 1 with the ethanol
viscosity of η. In Eq. (7), we have assumed that the optical
conductivity of graphene responds fast enough to be set by
the chemical potential. A detailed discussion on the model of
the fluid resistance is found in Sec. S3 in the Supplemental
Material [45].

For numerical investigations, throughout the paper, we use
a circular area of A = πr2

a = 1 μm2 and a chemical potential
of 0 eV for the graphene nanoflake. The chemical potential of
the tunable graphene is varied from 0 to 1 eV. A damping rate
of � = 1013 rad/s is used for graphene in both bodies 1 and
2. The Teflon film has a thickness of hT = 20 nm unless oth-
erwise mentioned. A temperature of T = 300 K is selected.

III. RESULTS

Based on the formalism above, we numerically investigate
the Casimir forces in the system of Fig. 1. In Sec. III A, we
show that there exists the zero-force position of the graphene
nanoflake in our system, which can be tuned by adjusting the

TABLE III. Parameters of the permittivity of Eq. (5) for Teflon
taken from Ref. [46]. The lossless case with γ j = 0 is assumed.

j ωp, j (eV) ω j (eV)

1 2.89 × 10−5 3.00 × 10−4

2 1.03 × 10−3 7.60 × 10−3

3 2.08 × 10−2 5.57 × 10−2

4 4.22 × 10−2 1.26 × 10−1

5 2.96 × 100 6.71 × 100

6 1.23 × 101 1.86 × 101

7 1.37 × 101 4.21 × 101

8 1.52 × 101 7.76 × 101
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TABLE IV. Parameters of the permittivity of Eq. (5) for SiO2

taken from Ref. [46]. The lossless case with γ j = 0 is assumed.

j ωp, j (eV) ω j (eV)

1 3.64 × 10−2 4.11 × 10−2

2 5.05 × 10−2 1.12 × 10−1

3 7.23 × 10−2 1.12 × 10−1

4 6.96 × 10−2 1.11 × 10−1

5 3.25 × 100 1.45 × 101

6 1.54 × 101 1.70 × 101

7 3.79 × 100 8.14 × 100

8 2.15 × 101 9.16 × 101

chemical potential of the tunable graphene. In Sec. III B, we
show that the graphene nanoflake can be dynamically moved,
and the time constants are discussed comparing with the cases
of various metallic flakes. In addition, we develop an analytic
model that captures the dynamic behaviors observed in nu-
merical results. In Sec. III C, we discuss the behaviors of the
zero-force position and the time constant for various material
cases, including the upper limit of the zero-force position.

A. Static characteristic

We firstly examine the permittivities of material bodies in
the imaginary frequency axis, as shown in Fig. 1(c). We see
that the permittivity of graphene can be tuned by adjusting the
chemical potential. In addition, the condition of the repulsive
force for permittivities [37] is satisfied in the three materials of
Teflon, ethanol, and graphene, i.e., εTeflon(iξ ) < εEtOH(iξ ) <

εgraphene(iξ ), in the range of iξ for the dominant contribution
to the Casimir force.

Using Eq. (1), we numerically investigate the Casimir
forces with variation of position z of body 1 for various
chemical potentials μ of the tunable graphene, as shown in
Fig. 2(a). The total force in the vertical axis includes the
contributions from the gravity and buoyancy being 7.5 ×
10−18 and 2.6 × 10−18 N, respectively, which are much
smaller than the Casimir force. When the position z of body
1 is larger than z0, the Casimir force is attractive (nega-
tive), which dominantly arises from the combination of the
graphene nanoflake/ethanol/tunable graphene/SiO2. As body
1 gets closer to body 2, i.e., z < z0, the Casimir force
becomes repulsive (positive) since the repulsive force com-
ponent dominantly arising from the combination of graphene
nanoflake/ethanol/Teflon is drastically enhanced. Interest-
ingly, the zero-force position is described by a function of the

TABLE V. Parameters of permittivities of Eq. (5) for Ag, Cu, Al,
and In taken from Ref. [52]. A single-pole Drude model with ω1 = 0
is used.

ωp,1 (eV) γ1 (eV)

Ag 9.04 0.02125
Cu 8.76 0.0955
Al 12.04 0.1287
In 12.8 0.46
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FIG. 2. (a) Force acting on the nanoflake, including the Casimir
force, gravity, and buoyancy, as a function of position z of body
1. The chemical potential of the tunable graphene is varied from 0
to 1 eV. (b) Two-dimensional map of the total force as functions
of position z and chemical potential μ. Positive (red) and negative
(blue) values represent repulsive and attractive forces, respectively.
The black dotted line represents the zero-force position labeled
by z0.

chemical potential z0 = z0(μ), and can be varied from 38.6
to 43.0 nm when μ is adjusted from 1 to 0 eV. In addition,
the derivative of each curve around z0 becomes small as μ

decreases from 1 to 0 eV. This implies that each of the attrac-
tive and repulsive force components has a small value when
the nanoflake at z0 is away from body 2. The characteristics
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FIG. 3. (a) Time variation of chemical potential μ of the tunable
graphene. (b), (c) Position z of the nanoflake dynamically controlled
by μ. Black dotted lines represent the zero-force position z0 in the
static case [Eq. (6)]. The red solid lines represent numerically calcu-
lated results of position z [Eq. (7)]. The Teflon film has a thickness
of hT = 20 nm for (b) or hT = 50 nm for (c).

of z0 (black dotted line) and the derivative on z (white region
around the black dotted line) discussed above are clearly seen
in the map as functions of z and μ in Fig. 2(b).

B. Dynamic characteristic

We next investigate the dynamic control of the position of
the nanoflake by tuning the chemical potential of the tunable
graphene. Here, the chemical potential is varied with respect
to μc as

μ(t ) = μa sin(ωat ) + μb sin(ωbt ) + μc. (8)

For numerical investigations, we select μa = 0.33 eV,
μb = 0.17 eV, ωa = 0.8 rad/s, ωb = 1.1 rad/s, and μc =
0.5 eV. The modulation frequencies ωa and ωb are sufficiently
small so that Eq. (3) is valid. The time response of the chemi-
cal potential is shown in Fig. 3(a). The resulting time response
of the position of body 1 is numerically obtained by using
Eqs. (7) and (8) for each of thicknesses hT = 20 and 50 nm for
the Teflon film, and are shown by red solid lines in Figs. 3(b)
and 3(c), respectively. The prescribed trajectory, which is the
zero-force position z0[μ(t )] in the static case, obtained by
Eq. (6) is represented by the black dotted line. The tempo-
ral dependence of the position of the graphene nanoflake is
able to conform to the prescribed trajectory for hT = 20 nm
[Fig. 3(b)]. On the other hand, for hT = 50 nm [Fig. 3(c)], the
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FIG. 4. (a) Harmonic oscillator model for the system of Fig. 1,
with m, K , and C = 3πηr4

a/2z3
avg being the mass, spring constant, and

fluid resistance coefficient. Time variation of (b) chemical potential
μ of the tunable graphene and (c) position z of the nanoflake. The red
and blue lines in (c) represent position z obtained by numerical and
analytical calculations, respectively. The black dotted line represents
the static zero-force position z0. (d) Comparison of time constant τ

obtained by numerical (red symbols) and analytical (blue dotted line)
calculations. Deviations τ of the numerical results with respect to
the analytical result are presented by the right axis. The inset is the
enlarged view with a range of ±12% for τ .

resulting time response (red solid line) is delayed from the
prescribed trajectory (black dotted line). For understanding
the time response behavior above, next we develop a harmonic
oscillator model and discuss time constants for various mate-
rials for body 1.

The harmonic oscillator model for the system of Fig. 1 con-
sists of the mass, spring, and damper, as shown in Fig. 4(a),
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and the equation of motion is given by

m
d2z

dt2
+ K (z − zavg) + C

dz

dt
= 0, (9)

where zavg ≡ z0(μavg) is the zero-force position with μavg be-
ing the time-averaged μ(t ), e.g., μavg = μc in Eq. (8), which is
determined from the static force including the Casimir force,
gravity, and buoyancy. We assume that the spring constant K
and the fluid resistance coefficient C are constant:

K = − dFCasimir (z)

dz

∣∣∣∣
z=zavg

, (10)

C = 3πηr4
a

2z3
avg

. (11)

Using Eqs. (10) and (11), Eq. (9) is rewritten as

d2z

dt2
+ ω2

r (z − zavg) + 2ζ
dz

dt
= 0, (12)

where ωr = √
K/m is the resonant frequency and ζ = C/2m

is the damping rate. Since ζ � ωr in our system, the motion
of the nanoflake is in the overdamping oscillation. Thus, the
general form of the solutions for an overdamping oscillation
is applicable to our system,

z = zavg + a1 exp
[−(ζ −

√
ζ 2 − ω2

r

)
t
]

+ a2 exp
[−(ζ +

√
ζ 2 − ω2

r

)
t
]
, (13)

where a1 and a2 are constant coefficients. Considering the
condition ζ � ωr , the third term in the right-hand side of
Eq. (13) decays much faster than the second term. Therefore,
the time constant is given by

τ = (
ζ −

√
ζ 2 − ω2

r

)−1

. (14)

Before examining the dynamics of the system of Fig. 1 in
detail, we validate the analytic model above by observing the
time response of the position of the graphene nanoflake in the
system of Fig. 1 when the chemical potential of the tunable
graphene is changed as the step function:

μ(t ) =
{

μint (t < 0)

μfin(t � 0)
. (15)

We first select μint = 0 eV and μfin = 0.5 eV [Fig. 4(b)].
For t < 0, the graphene nanoflake in the system of Fig. 1 stays
at the initial position z0(μint ) = 43.0 nm. When the chemical
potential is changed at t = 0, the graphene nanoflake starts
to move and approach the position z0(μfin) = 40.6 nm [red
line in Fig. 4(c)]. We define time constant τ such that position
z(t = τ ) satisfies∣∣∣∣ z(t = τ ) − z0(μfin)

z0(μint ) − z0(μfin)

∣∣∣∣ = 1

e
. (16)

From Eq. (16), a time constant of τ = 0.338 s is obtained
for the system of Fig. 1 by solving Eq. (7) [red line in
Fig. 4(c)]. Using the analytic model [Fig. 4(a)], the corre-
sponding time response of z is obtained by solving Eq. (9)
[blue line in Fig. 4(c)] and the time constant with zavg =
z0(μfin) is calculated to be 0.304 s, which agrees with the
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FIG. 5. (a) Time constant τ and (b) spring constant K as a func-
tion of zero-force position z0(μfin = 0.5 eV). Thickness hT of the
Teflon film is varied from 20 nm (cyan) to 100 nm (magenta) with a
step of 10 nm.

numerical result above. Next, we vary the initial chemical
potential μint from 0 to 1 eV with μfin = 0.5 eV fixed, and
obtain time constant τ in Fig. 4(d) from the same process. We
see that time constant τ using Eq. (7) falls in a range from
0.338 to 0.268 s (symbols). The deviation from the analytical
result of τ = 0.304 s (horizontal blue dotted line) is below
±12%. Thus, we have verified the validity of the analytic
model, i.e., the time constant captures the behavior of the
system of Fig. 1.

Based on the harmonic oscillator model above, we calcu-
late time constant τ from Eq. (14), as shown in Fig. 5(a).
We have varied thickness hT of the Teflon film from 20 nm
(cyan) to 100 nm (magenta) with a step of 10 nm, and the
corresponding zero-force position z0 is used for the horizontal
axis in Figs. 5(a) and 5(b). We observe that τ increases with
the increase of z0. When the Teflon film is hT = 20 nm, which
corresponds to Fig. 3(b), the time constant is τ = 0.302 s,
which is much smaller than the inverse of modulation fre-
quencies 2π/ωa = 7.854 s and 2π/ωb = 5.672 s. Therefore,
the excellent tractability was observed in Fig. 3(b). On the
other hand, for hT = 50 nm, corresponding to Fig. 3(c), the
time constant is τ = 0.883 s, and the delay time in the time
response is comparable to the time constant in Fig. 3(c). As
shown in Fig. 5(b), spring constant K decreases.

The tractability of the nanoflake, which is observed in
Fig. 3, can be understood as follows. When μ is selected
to be 0.5 eV, the zero-force position z0 is 40.5 nm for
hT = 20 nm, and 111.8 nm for hT = 50 nm (see Sec. S4 in
the Supplemental Material [45]). In our system, the Casimir
force acting on the graphene nanoflake in the system of
Fig. 1 can be decomposed into the attractive force compo-
nent in the structure with body 2 consisting of the tunable
graphene/semi-infinite SiO2 substrate, and the repulsive force
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component in the structure with body 2 consisting of the
Teflon film for the whole range of μ we consider here (see
Sec. S5 in the Supplemental Material [45]). As body 1 goes
away from body 2, magnitudes of the repulsive and attractive
force components at z0 decrease, which indicates a smaller
spring constant (4.24 × 10−7 N/m) for hT = 50 nm than that
(2.60 × 10−5 N/m) for hT = 20 nm. Under the condition of
ωr/ζ 	 1, the time constant of Eq. (14) is approximated to be
a simpler form of

τ =
⎧⎨
⎩ζ

⎡
⎣1 −

√
1 −

(
ωr

ζ

)2
⎤
⎦
⎫⎬
⎭

−1

≈
{

ζ

[
1 −

(
1 − 1

2

(
ωr

ζ

)2
)]}−1

= 2ζ

ω2
r

= C

K
. (17)

τ should be shorter for larger K as shown in Eq. (17), which
suggests better tractability in the case of hT = 20 nm.

We have so far investigated the dynamics of the system of
Fig. 1 with body 1 being a graphene nanoflake. Our control
scheme through the use of the tunable graphene in body 2
is not limited to a two-dimensional material for body 1; i.e.,
the position of a nanoflake for other materials is able to be
controlled. Here, we investigate five solid materials, which
are gold (Au), silver (Ag), copper (Cu), aluminum (Al), and
indium (In), for body 1 in the system of Fig. 1, and discuss
the dynamics in terms of time constants. We select a thickness
of 45 nm for the five solid materials [38]. Figure 6(a) shows
the comparison of zero-force positions z0 in the static state for
the five solid materials and graphene with each having three
thicknesses hT = 20, 50, and 80 nm for the Teflon film. We
see that z0 of graphene is 1.3−1.5 times larger than that of the
five solid materials for each hT . For example, in the case of
hT = 20 nm (circles), the zero-force positions are 40.5, 29.8,
28.6, 28.5, 29.5, and 29.6 nm for graphene, Au, Ag, Cu, Al,
and In, respectively. Spring constant K in the analytic model
of Fig. 4(a) is numerically obtained from Eq. (10), and plotted
in Fig. 6(b). K for the graphene case is approximately one
order smaller than that for the cases of the five solid materials.
This comes from the fact that in the graphene case, each mag-
nitude of the decomposed attractive and repulsive components
is 2 to 5 times smaller, comparing with the cases of the five
solid materials. (A detailed discussion on the decomposition
into the attractive and repulsive components is found in Sec.
S5 in the Supplemental Material [45].) The corresponding
time constants are obtained from Eq. (14) with spring constant
K [Eq. (10)] and fluid resistance coefficient C [Eq. (11)] being
incorporated, and plotted in Fig. 6(c). As expected from the
contrast of K in Fig. 6(b), the time constant for the graphene
case is 3 to 6 times longer than that for the cases of the five
solid materials.

C. Discussion

We have shown that proper choices of the material and
the zero-force position of the nanoflake can provide the time
constant over a range of 3 to 6 times, which significantly
extends the degrees of freedom for the dynamic control of
the nanoflake. For example, a large time constant is benefi-
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m
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FIG. 6. Comparison of (a) zero-force positions z0, (b) spring
constants K , and (c) time constants τ for the graphene case with those
of solid material cases. Circles, squares, and triangles represent the
results for thicknesses hT = 20, 50, and 80 nm of the Teflon film,
respectively. A chemical potential μ = 0.5 eV is selected for the
tunable graphene.

cial when the robustness against noises and disturbances is
required for a system. On the other hand, a small time constant
is preferred when a prompt response is required.

We emphasize that there exists the upper limit of the
zero-force position z0,UL. As thickness hT of the Teflon film
increases, z0 increases and approaches z0,UL (see Fig. S2(c) in
the Supplemental Material [45]). This behavior of z0 can be
understood as follows. As z0 goes away from body 2, both of
the decomposed attractive and repulsive Casimir force compo-
nents decrease. When hT → ∞, the attractive Casimir force
component Fatt (z) becomes negligibly small and the repulsive
Casimir force component Frep(z) is comparable to gravity mg
and buoyancy ρV g, i.e., z0 is no longer dependent on hT and
μ, and the upper limit z0,UL satisfies

Frep(z0,UL) − mg + ρV g = 0. (18)

With hT � 5 μm, z0 reaches z0,UL = 2310 nm, which is
obtained when body 2 consists of the semi-infinite Teflon
substrate. (green dotted line in Fig. S2(c) in the Supplemental
Material [45]). Consequently, there exists the upper limit of
time constant τ as well.

Though we have used ethanol in our system, other
liquids can also be used instead, e.g., cyclopentane, cyclo-
hexane, cycloheptane, cyclo-octane, benzene, fluorobenzene,
chlorobenzene, bromobenzene, iodobenzene, toluene, hex-
ane, heptane, octane, dodecane, water, methanol, propanol,
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butanol, iodomethane, diiodomethane, tetrachloromethane,
glycerol, and styrene (see Sec. S6 in the Supplemental Ma-
terial [45]). Interestingly, zero-force position z0 and its upper
limit z0,UL are largely varied with a proper choice of liquid,
which leads to highly flexible choice of the time constant.
We also note that the nanoflake having relatively small per-
mittivity can also be levitated in liquid by the Casimir force.
For example, a Teflon nanoflake can be levitated when body
2 consists of the tunable graphene backed by the Teflon sub-
strate (see Sec. S6 in the Supplemental Material [45]). Thus,
our scheme allows the controllable levitation of nanoflakes
in liquid with highly flexible choices of materials, which is
significantly advantageous for applications in biological and
chemical sensing and analyses.

IV. CONCLUSIONS

We have investigated the Casimir forces acting on a
graphene nanoflake in ethanol at a distance away from the

Teflon film backed by the semi-infinite SiO2 substrate, where
a tunable graphene is inserted. Numerical results showed
that the position of the nanoflake was dynamically controlled
by adjusting the chemical potential of the tunable graphene,
including the effects of the gravity, buoyancy, and fluid re-
sistance. We developed a harmonic oscillator model that
captured the dynamics of the nanoflake. Numerical and an-
alytical results have revealed that the time constant in the
dynamics for the graphene nanoflake is 3 to 6 times longer
than that for a nanoflake consisting of solid materials. The
upper limit of the zero-force position of the nanoflake was dis-
cussed with the corresponding structure. Our scheme through
the use of the tunable graphene layer significantly extends
the degrees of freedom for dynamic control of nanoflakes in
liquid.
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