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We study an analytically solvable and experimentally relevant number-conserving periodically driven p-wave
superconductor. Such a system is found to support generalized Majorana zero and = modes, which, despite being
non-Hermitian, are still capable of encoding qubits. Moreover, appropriate winding numbers characterizing the
topology of such generalized Majorana modes are defined and explicitly calculated. We further discuss the fate
of the obtained generalized Majorana modes in the presence of finite charging energy. Finally, we shed light on
the quantum computing prospects of such modes by demonstrating the robustness of their encoded qubits and

explicitly braiding a pair of generalized Majorana modes.
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I. INTRODUCTION

Since the seminal work of Kitaev [1], p-wave superconduc-
tors have been studied extensively for their potential ability
to host the sought-after Majorana zero-energy excitations at
their edges. Such Majorana zero modes (MZMs), which are of
interest to condensed matter and quantum computing commu-
nities alike, are exotic quasiparticles that could be understood
as the building blocks of fermions [2]. In particular, two
spatially separated MZMs at the edges of a p-wave super-
conductor form a nonlocal fermion that could potentially be
utilized as a highly resilient qubit. Such a qubit could in turn
be manipulated by moving its MZM constituents around one
another, a process referred to as braiding [3,4]. Remarkably,
quantum gate operations that result from braiding processes
are topologically protected and are thus expected to be ro-
bust against errors and imperfections [5]. For this reason,
Majorana-based qubits are considered one of the most promis-
ing building-blocks of fault-tolerant quantum computers.

At present, significant theoretical advances have been
made towards harnessing the robust quantum computational
power of MZMs. Indeed, the set of all topologically protected
quantum gate operations realizable from braiding of MZMs
have been identified [6], while the potential realization of
braiding itself has been proposed by several groups since the
past decade [7-10]. In recent years, measurement-only braid-
ing protocols that do not involve physically moving MZMs
were further developed [11-14]. Such protocols have in turn
stimulated various proposals for Majorana-qubit architecture
designs [15-17] and Majorana-based quantum error correc-
tions [18-21].

Being the main ingredient of MZMs, true (spin-triplet)
p-wave superconductivity is very scarce in nature. In
the past decade, two independent groups proposed a
means to artificially engineer p-wave superconductivity by
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proximitizing a more common spin-singlet s-wave supercon-
ductor to a semiconducting wire of finite spin-orbit coupling
under the influence of a magnetic field [22,23]. Such a pro-
posal has since been implemented in the laboratory by various
experimental groups [24-28]. Despite these extensive efforts,
however, an unambiguous signature of MZMs has yet to be
observed.

The very large gap between theoretical and experimental
progresses above could be attributed to a number of fac-
tors. Among others, the fact that many existing theoretical
studies employ the mean-field descriptions of p-wave super-
conductors may lead to difficulties in establishing their exact
correspondence with actual experimental systems. For this
reason, several works have been devoted to exploring the
full interacting version of p-wave superconductors in recent
years [29-37]. As compared to their mean-field counterparts,
which obey the parity (Z,) conservation law, such systems
obey the more physical number conservation law. This radical
change in the systems’ global symmetry may in turn affect
the properties of MZMs therein and, potentially, their ability
to perform as topological qubits. Unfortunately, the necessity
to account for interaction effect in such number-conserving
p-wave superconductors makes their characterizations signif-
icantly harder as compared to their mean-field counterparts.
As a result, many existing works rely on sophisticated tech-
niques such as density matrix renormalization group [32] and
bosonization [29-31], which, however, obscure any intuitive
physical pictures.

A rigorous analytical investigation of a particular number-
conserving p-wave superconducting model was recently
performed in Ref. [37]. Specifically, the model describes
a one-dimensional (1D) fermionic lattice interacting with
a bulk superconductor, which is thus of relevance to ex-
isting experiments involving semiconductor-superconductor
heterostructures [24-28]. The main results of Ref. [37] in-
clude the emergence of Majorana-like zero modes at the edges
of the system, which are no longer Hermitian like their mean-
field counterparts, the finite energy gap between the unique
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ground state and the excited states at a fixed particle number
sector, and the preservation of the corresponding Majorana-
like parity.

In this paper, we analytically and numerically investigate a
periodically driven version of the number-conserving p-wave
superconductor studied in Ref. [37]. Our work is especially
motivated by the knowledge that time-periodic mean-field
p-wave superconductors may harbor the so-called Majorana
7 modes (MPMs), which have no static counterparts [38—44].
As the name suggests, MPMs are another type of Majo-
rana quasiparticle excitations that occurs at half the driving
frequency [45]. In particular, as MPMs may emerge simulta-
neously with the more common MZMs, time-periodic p-wave
superconductors have the potential to support more qubits
than their static counterparts under the same physical resource
[46-49]. In addition, there exists a way to geometrically braid
an MZM and an MPM in a strictly 1D setting [50,51], thus
bypassing the necessity for engineering a quasi-1D design that
may present a number of issues [52].

To our knowledge, all existing studies on time-periodic
p-wave superconductors and the corresponding formation of
MPMs assume mean-field treatment. The fate and quantum
computational abilities of Majorana modes in number-
conserving time-periodic p-wave superconductors have so
far remained unexplored. This paper thus aims to initiate
and stimulate studies along this direction. Our main findings
demonstrate that a generalization of both MZMs and MPMs
emerge in the number-conserving setting. Due to the simplic-
ity of the model under consideration, we are able to analyt-
ically derive the exact expressions for the generalized Majo-
rana modes under a semi-infinite geometry, and subsequently
derive the conditions under which they exist. In addition, we
manage to establish bulk-edge correspondence by analytically
defining and evaluating the appropriate topological invari-
ants under a closed geometry. Remarkably, we further show
numerically that braiding the obtained generalized Majorana
modes in a strictly 1D setup is possible, thus serving as a first
step towards harnessing their quantum computational power.

This paper is organized as follows. In Sec. II, we present
the main Hamiltonian analyzed in this paper, which describes
a number-conserving periodically driven p-wave supercon-
ductor, and we highlight the conserved number operator. We
then start our investigation with the time-independent version
of the Hamiltonian in Sec. Il A, where we not only verify
the results of Ref. [37] both numerically and via a different
analytical method, but we also establish the topological nature
of the system by explicitly defining and computing an appro-
priate topological invariant. The full time-periodic version of
the Hamiltonian is then analyzed in Sec. II B, where we obtain
and topologically characterize a generalization of the MPMs
that may simultaneously coexist with generalized MZMs. In
Sec. IIC, we discuss the effect of finite charging energy
on the previously obtained generalized Majorana modes. In
Sec. IIT A, we demonstrate the robustness of the generalized
Majorana modes against disorders, whereas the robustness of
the qubits they encode at finite charging energy is the subject
of Sec. IIIB. We further develop and explicitly execute a
braiding protocol between two generalized Majorana modes
in Sec. III C. Finally, we conclude this manuscript and present
potential future directions in Sec. IV.

II. NUMBER-CONSERVING PERIODICALLY DRIVEN
TOPOLOGICAL SUPERCONDUCTOR

We consider a number-conserving variation of a peri-
odically driven p-wave superconductor described by the
Hamiltonian

-1 A
H(t) =Y (), c;+ A@)ecieipr + He.)
j=1

L
. L
+ u(t) Zc}c,-—z +E.(2h —2n.)%. (1)

J=1

It physically represents a one-dimensional (1D) fermionic
lattice in proximity to a bulk p-wave superconductor, in which
the degrees of freedom of both the 1D lattice and the su-
perconductor reservoir are taken into account [37]. There,
J(t), u(t), and A(t) are, respectively, the time-periodic hop-
ping, chemical potential, and p-wave superconducting pairing
strength, c; (c;) is the fermionic annihilation (creation) op-
erator acting on site j, L is the system size, 71 describes the
number operator of Cooper pairs on the reservoir, E, is the
charging energy, n, is the reference number of Cooper pairs
in the reservoir, and Ae"‘” is the Cooper-pair creation operator,
which satisfies [#, €/’] = €. In particular, Eq. (1) commutes
with the operator

M = chcj + 24, )

j=1
which counts the total number of particles in the lattice and
reservoir combined. In Secs. I A and IIB, we analyze the
topological aspects of Eq. (1) in the special case of E. = 0.

The effect of finite charging energy E, will be elucidated in
Sec. IIC.

A. Time-independent case

A time-independent version of Eq. (1), which has been
rigorously studied in Ref. [37], amounts to setting J(¢) = Jo,
A(t) = Ay, and u(t) = po. In particular, by considering the
special case of up =0 and Jy = Ay, the system’s Harpilto—
nian commutes with the two edge operators 'y | = ¢%c; +
¢l and T =i(e®c, — c}) [37], which could be regarded
as the number-conserving generalizations of MZMs in the
mean-field model. Indeed, by defining a set of mutually anti-
commuting operators I'y ; = ¢?c; + ¢! and [’ ; = i(ec; —
cj.), Eq. (1) under these special parameters can be written in
the form

L—-1
Hyp = — ZJOif‘X_H_lf‘B,j- 3
j=1

As f‘AJ and f‘B,L are absent in Eq. (3), they commute with
and are thus zero modes of Hy,. Reference [37] further shows
that within a fixed total number of particles, i.e., M = M, the
system’s ground state is well-gapped from the excited states.
In this subsection, we develop an alternative framework to
verify these findings. Our framework has the advantage of
clearly demonstrating the topological nature of the obtained
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zero modes. Moreover, the same framework could be easily
adapted to investigate the presence of similar generalized Ma-
jorana edge modes in the more general time-periodic case,
which will be the subject of the next subsection. We start
by writing Eq. (1) in a Bogoliubov—de Gennes (BdG) -like
form as

H=1y™Hy, 4)
. CN, c{ ..

where ¥ = (c1, ¢a, .. ., c;,)T is the Nambu vector.
The infinite-dimensional BdG matrix # can be written as

H = Joons + iAo(e %oy — %0 Yy + pooeno, ()

where o,/,/, are the usual Pauli matrices, o+ = o, & io,, and
no and n,/, are N x N matrices acting on the lattice site de-
gree of freedom, which, respectively, act as identity, [n,]; =
8j1j +8j-1y and [nyljj = —i8jp1,j0 +i8j—1j-

In the same spirit of the mean-field case, the energy
excitation spectrum of our number-conserving model
can be obtained by diagonalizing Eq. (5). In particular,
generalized MZMs (gMZMs) are obtained from the zero
eigenvalue solutions of H that are localized near one of the
system ends. As detailed in Appendix A, in the special case
Jo = Ay, gMZMs exist whenever |u| < |2Jy| and they are
approximately given by

= 1o\
FL ~ Z(—Z—JO> FA,ja
j=1
- 1o\’
I'g ~ Z (_Z_Jo> Upi—jt1, (6)

j=l1

which become exact in the limit L — oo. In particular, at
o =0, [, and [, respectively, reduce to f‘A,l and f‘B,L
correctly. It is worth noting that, unlike MZMs that emerge
in the mean-field model, the gMZMs f‘L and fR are not
Hermitian and are thus not Majorana operators. However, as
discussed in Sec. III B, such gMZMs could still be utilized to
encode a nonlocal qubit in the same spirit of true MZMs.

The topological nature of the above-obtained gMZMs
could also be uncovered by analyzing the system’s symme-
try and defining an appropriate topological invariant. Under
periodic boundary conditions (PBCs), we may further write

1 .
H=) S, (7
k

where Y, = (¢, cik )T and H, is obtained from Eq. (5) under
the replacement of 7, — 2cos(k) and n, — 2isin(k). It is
then easily verified that the system respects the particle-hole
symmetry PH;P" = —H_;, where P = Ko, and K is the
complex conjugation operator. The system also respects two
chiral symmetries Cl’Hka = —Hy and C;HC, = —H with
C, = ®,0y and C, = ®,0,, where &, and ®, are operators
acting on the Cooper-pair subspace that are explicitly given
by (in the Cooper-pair number basis) [53]

[q)x]ab = Sl—a,b’
[Dy]wp = (=)' 810p ®)

In particular, ®, and &, are defined as the infinite-
dimensional generalizations of the Pauli matrices, which
are simultaneously Hermitian, unitary, and squaring to
identity. Moreover, they anticommute with each other and
satisfy the commutation relations (as verified in Appendix B)
®, cospd, = —®, cos <13<I>y =cos¢ and —d,singd, =
®, sin q£q3y =sin$. The system consequently also
respects two time-reversal symmetries ’7'1’;'-[/{7—1T = H_; and
7}3’-[;(7'2T = H_; with 7T = PCy and T, = PC,. This places
the system in class BDI of Altland-Zirnbauer symmetry
classification [54], whose topology is determined by a Z
invariant.

A suitable Z invariant for our system can be constructed
by first writing the matrix representation for H; in the basis
where C; is diagonal. In this case, H; also takes the antidiag-

onal form
o w
from which we can define the normalized winding number as
w = ;fﬁ(w”dw) (10)
2miTr(Z,) ’

where Z, is the identity in the Cooper-pairs subspace. Here,
the division over Tr(Z,) is considered to avoid the possible
infinity value arising from TrOV~'dW), i.e., the trace is taken
over the infinite-dimensional Cooper-pairs subspace. As de-
tailed in Appendix C, the normalized winding number above
can be written in the form

1 1
w=) — dzs, 11
§4n17§zs+uo (o

where z4 = 2Jp cos(k) £12A¢ sin(k). Using the residue the-
orem, it then follows that the integration is only nonzero if
o lies inside the loop enclosed by z4 in the complex plane,
which occurs whenever |2Jy| > |uo|. Therefore, at |2Jy] <
[tol, w =0 and consequently the system is topologically
trivial. At |2Jy] > |uol, w = =1, rendering the system topo-
logically nontrivial with a pair of gMZMs. This analysis thus
confirms the topological origin of the above-obtained gMZMs
and is summarized in the phase diagram of Fig. 1(a). It is
worth mentioning that the definition of w above takes into
account all possible values of the conserved quantity /. Con-
sequently, the calculated Z invariant and the corresponding
phase diagram in Fig. 1(a) completely describe the whole
system and are not restricted to a specific value of M.

Finally, to verify that gMZMs are well-gapped from the
rest of the bulk energy excitations, we numerically plot the full
energy excitation spectrum of our number-conserving system
in Fig. 1(b). There, each data point implies the existence of
an energy excitation operator 'y which maps any energy
eigenstate |e) to some |e€ 4 E) that is shifted in energy by E.
In particular, zero-energy excitation solutions correspond to
the presence of gMZMs. In the present E. = 0 case, we find
that such zero solutions, if they exist, are infinitely degenerate
instead of being twofold degenerate as in their mean-field
counterpart. The reason for this is because in the number-
conserving setting, a gMZM could map any energy eigenstate
|€) corresponding to a value of M to another eigenstate of the

245153-3



RADITYA WEDA BOMANTARA

PHYSICAL REVIEW B 108, 245153 (2023)

(a)

0.10
0.00

0.0 0.2 0.5
(d) uT/(2m)

1

eTIn

.1. _l.
2 4 00 02 08 10 00 02 08 10
Kl HT/(2m)

o

FIG. 1. (a), (c) The phase diagram of our number-conserving
p-wave superconductors from calculating the appropriate normal-
ized winding numbers under (a) static parameters Jo = Ay = J and
o = K, and (c) time-periodic parameters of Sec. Il B. (b) The en-
ergy excitation spectrum of the static number-conserving p-wave
superconducting system discussed in Sec. Il A. (d) The quasienergy
excitation spectrum of the periodically driven number-conserving
p-wave superconductor discussed in Sec. I B, ata fixed JT = AT =
0.27 (left subpanel) and JT = AT = 0.8x (right subpanel). In panel
(c), the red and black horizontal lines show the parameters used
in panel (d). In panels (b) and (d), the system size is taken as
L =15, E. = 0, and the Cooper-pairs degree of freedom is truncated
at iy = —10 and np = 10.

same energy but of M 4+ (2n + 1) value for any n € Z, thus
generalizing the ability of an MZM in the mean-field model
to connect two degenerate energy eigenstates with opposite
parity eigenvalues. Finally, note that at © = 0, we find that
the gap between the gMZMs and other bulk modes is J, which
agrees with the finding of Ref. [37].

B. Time-periodic case

The mean-field version of Eq. (1) in its general time-
periodic form has been extensively studied since the past
decade, the main interest of which lies in the presence of
MPMs that have no static counterparts [38—42]. The ad-
vantages of utilizing MPMs for quantum computation have
further been uncovered in recent years [46-51]. Due to the
lack of existing studies, the fate of these MPMs in the
number-conserving description of periodically driven topo-
logical superconductors has remained unknown and will be
the subject of this section.

For simplicity, we take a binary drive throughout this work
under which pu(t) =0, J(t) =J, and A(t) = A in the first
half of the period, while p(¢) = u, J(t) = A(t) =0 in the
second half of the period. We further denote T as the driving
period and work in units where 2 = 1. In such a time-periodic
system, we define the Floquet operator as the one-period time
evolution operator

T
Ur =T exp (—i/ H(t)dt), (12)
0

where 7 is the time-ordering operator. Any eigenvalue of
Ur can be written in the form e 7, where ¢ is termed the
quasienergy due to its analogy with the notion of energy in
static systems. The eigenstates of Uy are consequently also
termed the quasienergy eigenstates [55,56].

We may write the system’s Floquet operator in BdG
form as

Ur = exp (-3¢ Hea TY), (13)

where the effective BAG Hamiltonian can be found from the
BdG Floquet operator

Ur = g 1 HenT

_ e—i,tq,nor/ze—iwajr;x+iA(e*i%+—e%,)ny]r/z' (14)
In this case, the quasienergies of the BAG Floquet operator
Ur form the quasienergy excitation spectrum of the system.
In particular, a quasienergy excitation solution ¢ implies the
presence of an operator I'; which maps any quasienergy
eigenstate |e€) to some |€ + ¢) that is shifted in quasienergy
by . In analogy to its mean-field counterpart, we expect
gMZMs to emerge as edge-localized zero quasienergy ex-
citations, whereas the number-conserving analogs of MPMs
are expected to instead arise as 7 /T quasienergy excitation
solutions.

Under PBC, the system’s Floquet operator can further be
written as

. 1
Ur = exp (—1 Z zw,j’Hk,effTWk) (15)
X

where the momentum space effective BAG Hamiltonian H ef
can be found from the corresponding momentum space BdG
Floquet operator, which in the symmetric time frame [48,57]
takes the form

Z/{k,sym — e—iuazge—i[Z‘lcos(k)az—ZA sin(k)(e’i‘bmr—ei“’a, )]ge—iu,azg )

(16)

It is easily verified that the system respects particle-hole,
two chiral, and two time-reversal symmetries under the
same operators defined in the previous section. In the
time-periodic setting, these symmetries read 773'-11(,,,sym73T =
_H—k,t,symv ClHk,t,symCIl - CVZI}'[k,t,symCQI - _Hk,T—t,symv and
7—1Hk,t,sym7—1T = ITZHk,t,sym’TzT = H—k,T—t,syma where Hk,t,sym
is the time-periodic BAG Hamiltonian that generates U sym
over one period. The system thus also belongs to the BDI class
in the classification of Floquet topological phases [58], which
is characterized by a Z x Z invariant.

As detailed in Appendix D, two types of normalized wind-
ing number invariants wy and w, could be defined from the
half-period BdG time-evolution operator in the symmetric
time frame and in the basis where C is diagonal. At J = A,
these invariants are found as (see Appendix D)

> ! f ! d (17)
Wo = o 5,0
*T L 4mi f oo+ cosUT/2)sin(uT /4H)
1 1
=y = dz, ., (18
wr ;4ni?§ T FoosUT 2y cos(uT jay e (18)
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which, respectively, determine the number of pairs of
geMZMs and generalized MPMs (gMPMs). There, z1 o =
et cos(uT /4)sin(JT/2) and 74 = ek sin(uT /4)
sin(JT/2). Using the residue theorem, it then follows
that wo = x1 if |tan(uT/4)| < |tan(JT /2)| and wy =0
otherwise, while w, = +£1 if |tan(uT/4)| > |cot(JT/2)|
and w, =0 otherwise. In the regime (uT,2JT)=
(0,27] x (0,2m], which will be assumed throughout the
rest of this paper, gMZMs (gMPMs) exist whenever p < 2J
(u > 2 /T —2J). In particular, gMZMs and gMPMs can
both coexist if both conditions are satisfied simultaneously.
This leads to a phase diagram shown in Fig. 1(c). It is worth
noting that such a phase diagram is identical to that of the
mean-field p-wave superconductor [42], further highlighting
the correspondence between the gMZMs and gMPMs in our
number-conserving system and their true Majorana mode
counterparts. Moreover, as the definitions of wy and w, in
Appendix E involve all values of M, the above conclusion
holds generally and not only at specific values of M. In the
following, we will further present the exact expressions for
gMZMs and/or gMPMs at three special points.

(1) u = 0 case: Equation (14) then becomes equivalent to
the time-evolution under Eq. (3), which is known to support
gMZMs of the form IA‘A,] and IA‘B, . as defined in Sec. IT A.

(ii) uT = 27 case: We may first write

Up = e~ Ziimejeiyy, (19)

where Us = ¢ #aT/2 is the time evolution under Eq. (3). It

then follows that [Uj, f‘A,l] = [U;, f‘B,L] =0as IA‘A,I and f‘B,L
are gMZMs of Hy,,. Meanwhile, by using the identity

o _ K 1- . .

ezflgc/C’Cje > jifcie; e 106‘_,’, (20)
it is easily checked that e2i 7 "y 1 ¢~ 217 = —[*, | and
eXiimeic Ipre” Xjimeier = —I'g . Consequently, I'y; and

IA*B,L are both gMPMs of the system with UTTf‘A,lUT = —IA‘A,]
and U;FB’LUT = _FB,L~
(iii) uT = JT = 7 case: The Floquet operator reads

Ur =e X i7/2¢]¢j = X, ”/Zﬁjhﬁlf”'j, 2y

where the operators [y, j and s, j are as defined in Sec. IT A.
As shown in Appendix E, the following identities hold:

ugCa 11ty = c0s(20)1'4 ¢41 — sin(20)[g ¢,

upl'} jup = cosOY , +sin20)I . (22)

where ug = eziafszﬁ”-’, e=1,...,L—1 (f‘A.l and f‘B,L
commute with uy). Together with Eq. (20), this leads to

UiTa Ur = —Tg,
UiTp Ur = =T, (23)

In particular, I'y | = [ &+ g satisfy U ['s \Ur = F1'4 ).
That is, IA‘+,1 and IA‘_,] are, respectively, the system’s gMPMs
and gMZMs localized near the left end. In a similar fashion,
it can be shown that [, ; and ["_ are, respectively, the
system’s gMZMs and gMPMs localized near the right end.
Finally, to support our analytical results above, we plot in
Fig. 1(d) the quasienergy excitation spectra of our system at

two fixed parameter J = A values, one of which supports a
regime with coexisting gMZMs and gMPMs. As expected,
the presence of gMZMs and gMPMs agrees with the phase
diagram of Fig. 1(c). Moreover, such gMZMs and gMPMs
are well-gapped from the bulk modes.

C. Effect of finite charging energy

It is convenient to write the charging energy term as
E.(24 —2n.)? = W'%(Zﬁ — 2n.)?y, where v is the Nambu
vector defined in Sec. Il A. Indeed, by using the fermionic
anticommutation relation {c'j‘f, c¢j} = 1,itis easily verified that
Yy = L, thus justifying the above equality. In this case,
Eq. (1) can be written in the BdG-like form as

1
H@) = Sy HOY,
H(t) = ()00, + iA@Y e Poy — o yn, + u(t)o.n

2E. . ’
t7 (27 — 2nc) o0no, (24)
where oy is the 2 x 2 identity matrix and the other matrices
are the same as those defined in Sec. IT A.

By first focusing on the time-independent case with J(¢) =
Jo, A(t) = Ayg, and u(t) = wo, it follows that the presence
of the charging energy term breaks the two chiral symme-
tries C; and C, identified in Sec. II A. Consequently, it is
expected that the previously identified gMZMs, if they re-
main present, are generally no longer pinned at zero energy.
Indeed, at up =0 and Ay = Jy, the energy shift associated
with the gMZM solutions f‘A,l and f’B,L can be estimated
via applying the first-order perturbation theory in E. with
respect to |A, 1) = (€%,0,...,1,---,0)/+/2 and |B,L) =
i(0, ..., ei‘f;, 0,..., —1)/ﬁ states in the Nambu basis. In
both cases, we find

AE, ~ (E.(2h — 2nc)*0011o)
4E,
L
where n is the number of Cooper pairs. In particular, the
dependence of the energy shift on n implies that the charg-
ing energy term breaks the infinite degeneracy of gMZMs
discussed in Sec. II A in the Cooper-pairs subspace at zero
energy into twofold degeneracy at AE,, each comprised of
a left-edge localized and a right-edge localized generalized
Majorana mode. To support these results, we numerically
compute the energy spectrum of the BdG-like Hamiltonian
in Figs. 2(a) and 2(b) as a function of E, without making
a first-order approximation. In particular, the linear relation
between the energy excitations of gMZMs and E,. shown in
Fig. 2(b) agrees very well with Eq. (25). Moving on to the
time-periodic case, we take the same driving scheme as that in
Sec. II B. The system’s BdG Floquet operator can be written
explicitly as

[(n—n)* +(n—(n.— )Y, (25

Uy = e~ ihoe+ 5 Qi=2ncPa)noT /2

. . _id ib 2B
« e~ o HiA(e Po, —eoyny+ 2= (20=2n: PoonolT/2 (26)

Similarly to the time-independent case above, the presence of
the charging energy term breaks the two chiral symmetries
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FIG. 2. (a) The energy excitation spectrum of the static number-conserving p-wave superconductor in the presence of charging energy at
J = A =1, u=0.Panel (b) is the zoomed-in version of panel (a) in the vicinity of zero energy. (c), (f) The quasienergy excitation spectrum
of the periodically driven p-wave superconductor in the presence of charging energy, under parameter values that support (c) both gMZMs
and gMPMs at JT = AT = uT =z, and n. = 0, and (d) gMPMs only at JT = AT = 7 /2, uT = 27x. Panels (d) and (g) are, respectively,
the zoomed-in version of panels (c) and (f) in the vicinity of —m /T quasienergy. Panel (e) is the zoomed-in version of panel (c) in the vicinity
of zero quasienergy. In all panels, green and red marks, respectively, represent solutions that are localized near the left and right ends of the
system. The system size is taken as L = 15, n. = 0, and the Cooper-pairs degree of freedom is truncated at n,,;, = —10 and n,, = 10.

C; and C, of Sec. IIB, thus shifting the existing gMZMs
and gMPMs in quasienergy away from zero and +m /T,
respectively.

At JT = AT = uT = m, our analysis in Sec. II B shows
that the system supports a pair of gMPMs  as F+1 and
[ L and a pair of gMZMs as I‘,l and F+L The shift
in quasienergy of the above gMZMs and gMPMs away
from zero and £ /T, respectively, can be obtained pertur-
batively up to first order in E. with respect to the BdG

irr/4

states |+, 1) = [(10 ., Fie %, ... 0) and |+, L) =

i /4

5 (0,0,....1,0, ..., Fie =i®) In all cases, we find that

Ag MM — A@MPM) _ AE mod 27/T,  (27)

where s &M (oEMPM)y ¢ the shift in quasienergy of the

eMZMs (gMPMs), AE, is given by Eq. (25), and the modulus
of 27 /T exists to account for the fact that quasienergy is only
defined within (—x /T, 7 /T].

AtJ = A and uT = 2m, our analysis in Sec. II B shows
that the system only supports a pair of gMPMs as f‘A’] and
f’B, L, Which, respectively, correspond to the BdG states |A, 1)
and |B, L). Up to first order in E., both gMPMs then ac-
quire a shift in quasienergy away from =+ /T by Ag, =
AE, mod 2n /T, where AE, is given by Eq. (25). This result
is confirmed numerically in Figs. 2(f) and 2(g).

III. QUANTUM COMPUTING PROSPECTS
OF GMZMS AND GMPMS

A. Robustness against spatial disorders

Any realistic system is inherently imperfect. Spatial
disorders are some of the most ubiquitous sources of imper-
fection that could result, e.g., from our inability to fine-tune
system parameters and/or from the presence of impurities in
the systems. It is widely known that MZMs and MPMs in
the mean-field description of periodically driven topological

superconductors are robust against such disorders. This is one
of the most important features that makes Majorana-based
qubits incredibly attractive. Whether gMZMs and gMPMs
in the number-conserving periodically driven topological su-
perconductors also enjoy the same robustness against spatial
disorders has, however, remained unexplored, thus obscuring
their potential quantum computing advantages. It is natural to
expect that gMZMs and gMPMs should be similarly resilient
against disorders due to the presence of protecting topological
invariants, provided such disorders do not accidentally close
the bulk gap. If such an accidental bulk gap closing occurs, a
topological phase transition may take place, which ultimately
leads to the destruction of gMZMs and gMPMs. To rule out
this possibility, studying the effect of disorder on the above-
obtained gMZMs and gMPMs is of great importance.

In view of the above, we explicitly investigate the presence
of spatial disorders in our system of Eq. (1) by replac-
ing the system parameters J(t) — J;(t), A(t) — Aj(t), and
u(t) = w;(t) (we set E. = 0 for simplicity). In Fig. 3(a), we
plot the disorder-averaged energy excitation spectrum of our
static number-conserving p-wave superconductor described in
Sec. I A. There, the parameters Jo j, Ao, j, and (g, ; are drawn
uniformly from [P — WP, P + WP], where P € {Jy, Ao, o}
is the associated system parameter introduced in Sec. I A, and
W is the disorder strength. In Fig. 3(b), we further plot the
disorder-averaged quasienergy spectrum of our periodically
driven system described in Sec. I B. There the parameters
are drawn uniformly from [P—WP,P+ WP], where P €
{J, A, u} is the associated system parameter introduced in
Sec. II B, and W is the disorder strength. Our results demon-
strate that gMZMs and gMPMs are indeed robust against
small to moderate spatial disorders. In particular, not only
do they remain present at finite disorders, but they are also
pinned at their expected quasienergies (0 for gMZMs and
/T for gMPMs). These modes only disappear or lose their
topological protection at a very large disorder, which results
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FIG. 3. (a) The disorder-averaged energy excitation spectrum of
the static system in Sec. IIA at Jy = Ay = 0.4 and i, = 0.57.
(b) The disorder-averaged quasienergy excitation spectrum of the
periodically driven system in Sec. IIB at JT = AT = 0.87 and
T = m. All data points are taken at E. = 0, L = 15, by truncating
the Cooper-pairs degree of freedom at 71, = —10 and 1y, = 10,
and by averaging over 100 disorder realizations.

in a bulk gap closing. However, as shown in Fig. 3, this only
occurs at disorder strengths Z, 25% of the system parameter
values, which are easily avoided in experiments.

B. Robustness against finite charging energy

In Sec. IIC, we have shown that at finite charging en-
ergy, the generalized Majorana modes of number-conserving
p-wave superconductors remain present, but they are shifted
from zero energy (zero or mw /T quasienergy) in the static
(time-periodic) case. A natural question then arises in regard
to the impact of such a shift in energy/quasienergy on their
ability to store and process qubits.

To address the above question, we analyze the generalized
Majorana parity P » = if‘lT [, associated with two generalized
Majorana modes [, and . In the static case when ["; and
[", are necessarily gMZMs, such a parity operator satisfies
[H, Pi 2] = 0, which implies that all eigenenergies of H can
be arranged according to the £1 eigenvalues of P ». In the
absence of the charging energy, we additionally have that
[H,T',1=[H, ;] = 0. Due to the anticommutation relation

{Pio, D1} = {Pio, T} =0, (28)

the operators P o, [}, and I, cannot all be simultaneously
diagonalized. Therefore, given an energy eigenstate |E, +)

that satisfies H|E, +) = I;lE, +) and P »|E, +) = +|E, +),
the corresponding state I'y|E, 4) is easily shown to satisfy
HF1|E, +> = EF1|E, +> and P1’2F1|E, +> = —F1|E, +)

That is, ['||E, +) represents another energy eigenstate of
the same E but of opposite —1 parity eigenvalue. As this
is true for any energy eigenstate of H, it follows that all
energy eigenvalues of H are at least twofold-degenerate.
Similar to its mean-field counterpart, any of these degenerate
energy subspaces may in turn be utilized to store a qubit.
In particular, as the degenerate subspace is characterized by
an inherently nonlocal operator P;;, the encoded qubit is
expected to be very robust.

At finite charging energy, H no longer commutes with I
and [',. However, if H still manages to commute with P », its
energy eigenvalues could still be labeled by the eigenvalue of
Py 5. Moreover, as the anticommutation relation Eq. (28) still
holds, it follows that 'y |E, +) = |E’, —), but with E # E' in
general. Therefore, one may in principle encode a qubit in

the (nondegenerate) subspace spanned by |E, +) and |E’, —),
which is also expected to enjoy the topological robustness due
to the nonlocality of the parity operator P ;.

While a nonlocal qubit could still be encoded with two
gMZMs at finite charging energy, the use of nondegenerate
subspace might make the resulting qubit more prone to de-
phasing. Fortunately, one may recover the degeneracy of the
nonlocal qubit subspace by utilizing at least four gMZMs, e.g.,
[y, Iy, I3, and [y, and requiring that [H, P ;] = [H, Pi3] =
0. Indeed, as {P; », P13} = 0, the three operators H, P; », and
P, 3 cannot be simultaneously diagonalized. By choosing to
simultaneously diagonalize H and P, 5, the remaining P; 3 op-
erator then guarantees that all eigenenergies of H are at least
twofold-degenerate, as P, 3|E, £) o |E, ), where |E, £) is
the energy E eigenstate of H associated with P, , = %1 eigen-
value. In this case, P;» and P 3 serve as the effective Pauli
matrices o, and o, in the degenerate qubit subspace.

The above argument demonstrates that the preservation of
zero commutator between the system’s Hamiltonian and the
parity operators is crucial for the ability of gMZMs to form a
nonlocal qubit subspace. We will now show that this is indeed
the case for our number-conserving p-wave superconductors,
even at finite charging energy. To this end, we first define the
zero-energy excitation spectral function s((f)"” )
the parity operator P; ; as [59-62]

(@&,
SO = (p//) Z/ (P”)(lE ), mdn,

associated with

|EYex
NED = Z/ SPI(|E), n)dn,
|EYex ©
SPE), n) = Y 8(E —E' —nE'|P,IE),  (29)
|[E"YeH

where § is a sufficiently small number in units of energy, H is
the set of all eigenstates of the system’s Hamiltonian, and x €
‘H contains a smaller number (taken as 32 in this manuscript)
of the system’s randomly chosen energy eigenstates.

Note that s( P — if [P, ;, H] = 0. In general, P, ; may
not commute exactly with H due to the finite system size.
However, it is expected that s( ") s still close to unity as
long as P; ; approximately commutes with H. For our static
number-conserving p-wave superconductor of Sec. II A, we
define the relevant parity operator as Pp g = if‘z I'z. Here, the
gMZMs I'; and [ at finite charging energy are obtained by
adiabatically evolving Eq. (6) as E, is slowly increased from
0. In Fig. 4, it is indeed verified that s( L1 §s very close to
1 for all values of E. under cons1derat10n. This result thus
demonstrates the robustness of the nonlocal qubit subspace in
the presence of the charging energy even though its gMZM
constituents are shifted in energy. A similar analysis will
now be repeated to demonstrate the robustness of the nonlocal
qubit subspace formed by the gMZMs and gMPMs of our
periodically driven p-wave superconductor of Sec. IIB at a
finite charging energy. To this end, we first note that Eq. (28)
is satisfied regardless of whether [, and [, are gMZMs or
gMPMs. By further requiring that [Ur, P; 2] = 0, the same
argument above then implies that a qubit subspace spanned by
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FIG. 4. (a) The spectral function s(()PL‘R ) for the static number-
conserving p-wave superconductor of Sec. Il A at Jy = Ay =1 and
o = 0. (b)—(d) The spectral functions for the periodically driven
number-conserving p-wave superconductor of Sec. II B correspond-
ing to (b) S(P(n L).(x. R))’ ©) SE,P(”’L)‘(O‘”), and (d) szP(O.LL(n,R))’ at JT =
AT = uT = . In all panels, n, = 0 and the Cooper-pairs degree
of freedom is truncated at ny;, = —8 and ny,, = 8.

some (generically nondegenerate) quasienergy states |e, +)
and |¢/, =) o [y e, +).

A scenario of interest in our periodically driven p-wave
superconductor involves the presence of two gMZM:s [y ; and
fo r and two gMPMs f,, . and [ ¢ [see the gray region of
Fig. 1(c)]. In this case, two types of generalized Majorana
parity operators can be defined, e.g., Pz 1) (x.r) = 1F 1"

and P(O,L),(Jr,L) = if‘g,Lf‘n,L’ which satisfy [UT, P(r[,L),(n,R)] =
0 and {Ur, Po,1),(x,.)} = 0. The additional parity operator
which anticommutes with the Floquet operator implies that
the quasienergies ¢ and ¢’ spanning the qubit subspace have a
difference of 7 /T . Consequently, the qubit subspace is effec-
tively degenerate when viewed by U?. It is then expected that
performing a stroboscopic quantum computing—in which
gate operations and measurements are executed at discrete
times that are integer multiples of 27—on such a qubit sub-
space will yield the same advantage as that on a typical static
degenerate qubit subspace. Here, the use of periodic driving
has the advantage of reducing the physical resource needed
to support four generalized Majorana modes, i.e., due to the
presence of gMPMs.

In view of the above, we will now numerically check
that the appropriate generalized parity operators tend to
commute/anticommute with the Floquet operator even at fi-
nite charging energy. To this end, we now define two sets of
spectral functions:

2mn/T+8 S(P”) P
S(P D f ((| >) n)dn,
|s ex n=0,+172mn/T=8
wn/T+8 §P)) (g
s¢) / N((L "Wy, o)
|s ex n==%1 mn/T—8

where § is a sufficiently small number in units of quasienergy,
S®.)(le), n) is as defined in Eq. (29), but with H being

the set of all quasienergy eigenstates, y € H contains a
smaller number (taken as 32 in this manuscript) of the sys-
tem’s randomly chosen quasienergy eigenstates, and N 7)) =
2 leyex fng S (|e), n)dn is the normalization constant.
The difference in the integration limit between Eqgs. (29)
and (30) is to account for the fact that the quasienergies are
only defined modulo 27 /T . Note that s(P’ D= 1if [Ur, Pjl =

0 and sy = 1 if {Ur, P, ;} = 0. In Figs. 4(b)-4(d), we plot
the appropriate spectral functions for three generalized Ma-
jorana parity operators as a function of the charging energy.
Observe that the spectral function sy associated with a parity
that is made up of two gMPMs [panel (b)] remains very close
to 1 for all charging energy values under consideration. A
very qualitatively similar profile is obtained for the parity
made up of two gMZMs (not shown in the figure). These
results show that generalized Majorana parity operators made
up of two gMZMs or two gMPMs effectively commute with
the Floquet operator as expected, even at finite charging en-
ergy. For the two generalized Majorana parity operators made
up of one gMZM and one gMPM [panels (c) and (d)], the
spectral function s, is still finite, albeit not very close to
unity. However, it is clearly observed that s, moves closer
towards unity with an increase in the system size. In the
thermodynamic limit, it is then expected that s, — 1 and,
consequently, the associated parities anticommute with Ur.
These results demonstrate the robustness of the qubit subspace
in static and periodically driven number-conserving p-wave
superconductors in the presence of charging energy.

C. Braiding simulation between a gMZM and a gMPM

To fully demonstrate the quantum computing abilities of
gMZMs and gMPMs in a number-conserving periodically
driven topological superconductor, we explicitly design and
execute a braiding between a gMZM and a gMPM in our
system. To this end, we adapt the braiding scheme developed
in [50], which will be elaborated in the following.

We first consider the special parameter values of (iii)
considered in Sec. II B, under which our number-conserving
periodically driven p-wave superconductor supports lA*+,1 and
['_; as a gMZM and a gMPM, respectively. In this case, the
system’s Hamiltonian over one period can be written as

H, for 0 <

Il
—
I\
[
IE]

o~
~.
x
—
S
~

H@) =

I
=~
[N
N
o
~.
o

~.

H, = for%<

Our braiding scheme consists of six steps and involves slowly
changing H at every other period while keeping H, the same.
Specifically, at step x =1,...,6 in our scheme, we take
H.(s) = sHi 11 + (1 —s)H, ., where s ={ when 2;T <
1<2(j+ DT, j=0,1,...,tsothatt; =2(r + 1)T is the
total time to complete one step,

Hi1=H 4= H7=H,
Hy,=H;5 , H3=Hg, (32)
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FIG. 5. (a) Schematic of our six steps braiding scheme in the generalized Majorana representation of our number-conserving periodically
driven p-wave superconductor. The generalized Majorana operators 4. j and f‘g, ; are represented by dotted and solid circles, respectively. The
red and green filled circles represent the components of the left gMZM/gMPM that is being braided. The solid (dashed) lines represent the
term appearing in H, (H,) of Eq. (31). (b), (c) The “super”-fidelities F;(t) defined in the main text [panel (b)] and the appropriate spectral
functions [panel (c)], plotted stroboscopically at every other period throughout our braiding protocol. In both panels, we take the truncation of
the Cooper-pairs degree of freedom at ny,, = —9 and nyy =9, L =4, E. =0,and uT =JT = AT = 7.

and

Hip = —i (8 oo — B ,Fp0) + H
1,2 IT( aal'B2 = U43082) + Hig,
S L B
H1,3 - IT(FB,IFAs2 FA,3FA,2) + H1,2~ (33)
In particular,
— T~ ort t
Hi(s) = —iZ[(1 = )T}y 45T} I0p2 + -
T + B
Hy(s) = 1;[(1 =)p +sTy310an+ -+,
H(s) = =i A(1 = s)(— T 3T + 1,
(5) = =i (1 = )(=F Faz + 1, Fa)

+5(0) 3 Tpa = Tf Tan)} + . (34)

Hy(s) = Hi(s), Hs(s) = Hy(s), and Hg(s) = H3(s). The ratio-
nale for varying the adiabatic parameter every other period
is to ensure that gMZMs and gMPMs become effectively
degenerate from the perspective of U2, so that a non-Abelian
Berry phase could be accumulated to turn a gMZM into a
gMPM and vice versa [50].

It is easily verified that the left-edge localized gMZM and
gMPM during the first and second steps read

B§(s) = (1 =)'y — sl 3,
) =1 = — s,
PP =0 =95 +s0 ),
) =1 —s)f_ 35—l ). (35)

Our braiding scheme will then turn ' | — —I"y 53 > —["_,
and I'_; - —I'_3 — I'; | by the end of step 2. Notice
that while I'y ; and I'_; are essentially exchanged by the

end of step 2, the additional third step needs to be made to
bring the Hamiltonian back to its original form of Eq. (31).
However, we find that doing so also results in a nontriv-
ial non-Abelian Berry phase that further maps —[_; —

| A [+
+l—=land 'y, — Lzl The same three steps are thus

repeated through steps 4-6 to yield the complete braiding, i.e.,
[, — —I'_ and I'_; — I, | while returning the system
Hamiltonian back to Eq. (31). Our braiding scheme and the
evolution of its gMZM/gMPM are summarized in Fig. 5(a).
To numerically demonstrate the above braiding scheme in our
number-conserving setting, we evaluate two sets of metrics at
every other period during our braiding protocol. The first set

of such metrics is comprised of the “super’-fidelities,

Fi(t) = (Po.).0.r) ()|Po.).0.8)(0))),
Fy(t) = (P, (o . &) O Pir L).(n.8)(0)))
F3(t) = (Pir.L).(e.R) (DIPo.L).(x.8)(0))),
Fy (1) = (Po.).0.8) (DIPix.L).0.8)(0))),

where |P 1), (8,r)(t)) is a vector representation of the parity
Po.1),8,r)(t). In particular, if the braiding process is suc-
cessful, it is expected that F1(0) = F2(0) =1 and Fi(ty) =
Fz(l‘f) = 0, while F3(0)=F4(0)=0 and F3(tf) = —F4(lf)=],
as indeed demonstrated in Fig. 5(b).

The second set of metrics we evaluate is comprised of the
spectral functions sg“““""""’ (t) with « =0, 7 and A =0, 7,
as defined in Sec. IIIB. Intuitively, the parities P 1) (0,r)
and P 1) r.r) are both zero modes of the original Floquet
operator at the beginning. If the left-edge localized gMZM
and gMPM are then braided, these parities correspondingly
transform into Py 1) 0,8y and P 1) ¢z r), respectively, which
are both m modes of the Floquet operator. Therefore, if the

(36)
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L . P
braiding process is successful, s,"”“*(0)~ 1 and
SHAR(0) & 0 for A =0, 7, while s (t;) ~ 0 and

S4B () A1, This is exactly what we obtained in
Fig. 5(c).

The above results show that gMZMs and gMPMs can
be braided in a similar way to MZMs and MPMs in the
mean-field periodically driven topological superconductors.
As braiding forms a building block of topological quantum
gate operations, we thus conclude that gMZMs and gMPMs
found in the number-conserving periodically driven topolog-
ical superconductors could also be utilized for topological
quantum computing after appropriately defining their encoded
qubits from the corresponding generalized Majorana parity
operators.

IV. CONCLUSION

In this paper, we have investigated the formation of gen-
eralized Majorana modes both in static and periodically
driven p-wave superconductors. Similar to their mean-field
counterparts, such generalized Majorana modes are topolog-
ically protected by the appropriate winding numbers, which
are defined under PBCs. Indeed, we have verified that the
obtained generalized Majorana modes are robust against
moderate spatial disorders. Moreover, while the obtained gen-
eralized Majorana modes are no longer pinned at a specific
energy/quasienergy in the presence of charging energy, we
have demonstrated that the corresponding parity operators still
robustly display their expected commutation relations with
respect to the system’s Hamiltonian (in the static case) or
Floquet operator (in the time-periodic case). Consequently,
such generalized Majorana modes could still yield a nonlo-
cal qubit subspace that exhibits the same robustness as that
formed by true Majorana modes. Finally, we have numerically
shown that a gMZM and a gMPM emerging in our number-
conserving periodically driven p-wave superconductor could
be braided. This in turn opens up opportunities for manipulat-
ing nonlocal qubits via topologically protected quantum gates
in the number-conserving topological superconductors.

Throughout this work, we have assumed that the system’s
p-wave superconductivity arises from the proximity to an ex-
ternal bulk superconductor. It would be interesting to explore
a different scenario in which p-wave superconductivity arises
internally among the fermions in the semiconducting chain,
either alone or on top of the above proximitized p-wave su-
perconductivity. Beyond mean-field treatment, the presence of
such an internal p-wave superconductivity amounts to adding
an interacting term of the form } 8c'j’f +1c';c j+1¢; + H.c. The
exploration of Majorana-like quasiparticles in such a system
and their characterization would then require machinery from
the timely field of interacting topological phases [63-71],
which will thus be left for future studies.

Having uncovered the emergence of gMZMs and gMPMs
in number-conserving periodically driven p-wave supercon-
ductors, a natural question to raise concerns how they are
affected by the presence of nontopological stray quasiparticles
in the bulk, which may arise due to finite temperature or
broadening effects. In particular, the topological and braid-
ing properties of MZMs and MPMs in mean-field p-wave

topological superconductors have been shown to be mostly
unaffected by the presence of such quasiparticles [72]. It is
expected that the analyses presented in Ref. [72] could be
adapted to the number-conserving case to similarly investi-
gate the fate of the above gMZMs and gMPMs. Such an
adaptation could be made, e.g., by replacing the additional
coupling term between MZMs/MPMs and a stray quasipar-
ticle of the form iS(a +a")yy [72] to a number-conserving
versioni8(a + e ?a" )Ty, the details of which will be reserved
for a follow-up work.

While the presence of stray quasiparticles in the bulk will
likely not significantly affect the properties of gMZMs and
gMPMs, they could cause unwanted transitions outside the
logical subspace encoded by the gMZMs and gMPMs, and
they are consequently detrimental to the stored qubits. Such a
quasiparticle poisoning event has remained an open problem
in the area of topological quantum computing even within
the mean-field framework [15,73-76]. It leads to the finite
lifetime of the Majorana-based qubits, which is found to
be between 0.1 us and 1 ms [77] for a typical mean-field
topological superconductor. In this case, obtaining the life-
time estimate of the generalized Majorana-based qubits in
number-conserving p-wave superconductors due to quasipar-
ticle poisoning would constitute a very interesting aspect to
pursue in the future.

To mitigate the effect of quasiparticle poisoning above,
many existing studies have been devoted to developing
quantum error-correction protocols that are compatible with
(mean-field) Majorana-based qubits [18-21]. In this case,
modifying and applying these existing protocols to a number-
conserving setting serves as a natural and important next step.
To this end, more comprehensive studies on the possibility for
braiding generalized Majorana modes by means of measure-
ments only (which are essential for executing many existing
quantum error-correction codes) might need to be carried out.
Within the topic of topological quantum computing, it would
also be fruitful to investigate the number-conserving version
of interacting topological superconductors, which were re-
cently proposed to host the more exotic parafermions [78-80].
Finally, the number-conserving variations of other popular
platforms that also support Majorana modes such as second-
order topological superconductors [53,81-85], non-Hermitian
topological superconductors [86-90], and square-root topo-
logical superconductors [91-95] are expected to be worth
exploring.
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APPENDIX A: ANALYTICAL DETERMINATION
OF GMZMS IN THE NUMBER-CONSERVING
TIME-INDEPENDENT P-WAVE SUPERCONDUCTOR

We look for a zero energy solution to the eigenvalue equa-
tion H|E) = E|E), i.e., a solution at E =0, where H is
given by Eq. (5) in the main text. To this end, we expand
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|0) = Zj(Aj|T)|j) + Bj|)|j)), where |j) is a basis vector
representing the lattice site, and |1/ |) is the basis vector
representing the particle-hole sector. Specifically, |1/ | ) is the
+1/ — 1 eigenvector of the o, operator, whereas | j) is affected
by the 7, and 5, operators as ny|j) =|j— 1) +|j+ 1) and
nylj) = —ilj — 1) +1i|j + 1). Moreover, we assume a semi-
infinite system in which j = 1,2, ..., co.

By explicitly evaluating |0) and equating the resulting
coefficient of each basis state |1/ |)|j) to zero, we obtain the
following set of equations:

0 = 1oA1 + JoAs + Joe B,
0 = —ppe By — Joe By — JoAs, (A1)
and
0=JoA;—1 — JOeiiq;Bj—l + oA+ JoAjq + Joefi(ﬁBjH,
0 =Joe ®B; 1 — JoA; 1 + poe *B;
+JOe_i$Bj+l + JoA 41 (A2)
for j > 1. By adding the two lines of Eq. (A1), we obtain
A —e 9B =0. (A3)

By subtracting the second line from the first line of Eq. (A2),
as well as adding both lines of Eq. (A2), we further obtain,
respectively,

2J0(A; — €7 B)) + o(Aj1 — € Bji1) = 0,
2o(Ajs1 + e Bji1) + po(A; + e B = 0. (Ad)
By plugging Eq. (A3) into the first line of Eq. (A4), we obtain

(Aj — e ¥B;) =0 for all j. On the other hand, repeatedly
applying the second line of Eq. (A4) gives

_Feo

J .
—id
2JO> (Al +e Bl) (AS)

Ajsi+e By = (
It then follows that

J N
10) =Z(—%) (D) + 211 (A6)
J

Note that such a solution is only physical and thus exists only
if |1u0| < 2Jo, under which (—2)/ — 0 as j — oo. Finally,
the corresponding gMZM can be obtained by identifying
™Y — cj and |])|j) — cj, in which case it reads

oo

j
A ILL i'\
Iy = Z (—2—1(;> (c} +é'%c)).

j=1

(A7)

By considering another semi-infinite system with j =
—00, ..., L, the above procedure can be straightforwardly
repeated to obtain a gMZM localized near the right end, i.e.,
- o\ i
I'r = Zl<—ﬁ> (cr—jp1— e%cr_jp).

J=1

(A8)

It is worth noting that in a finite system, the gMZMs ob-
tained from the above procedure are not exact zero-energy
excitations, as Eq. (A4) stops at some j. However, as the
commutators [H, ;] and [H, ['x] can be shown to decay

exponentially with L, I, and [' serve as good approximate
gMZMs of the system. Finally, by recalling IA‘A, = e?c i+ c;r.

and f‘B,j = i(ei"gcj — c;) defined in Sec. ITA, Eq. (6) in the
main text is obtained.

APPENDIX B: COMMUTATION RELATION BETWEEN $
MATRICES AND THE COOPER-PAIRS OPERATORS

In the main text, we defined two infinite-dimensional ma-
trices acting on the Cooper-pairs subspace as

[qDX]ab = Sl—u,bv
[Dy)wr = (=)' 81_ap- (B1)

Meanwhile, by writing the Cooper-pairs operators as infinite-
dimensional matrices, we obtain

[cos @lap = Sapr1 + Sa1.
[sin @lap = i(Baps1 — Sap-1)- (B2)
Therefore, we find that (summation over repeated indices
is implied)
(@ cos §D.Jup = [Prluclcos dleal Dalav
= 81-a.c(8c.a+1 + 8a.a—1)81-a.b
= 81-a2-b + S1—a,—» = [cOS Plup,
[®, c0s §D, Ly = [, laclcos Pleal Dy las
= (—)*""(S1—a2-6 + S1-0,-b)
= —[cos Plu, (B3)

where we have used the property of the Kronecker delta func-
tions that 8, , = 844 ga,a+p» fOr any two constants « and B, as
well as f(a, b)3q ) = f(8(b), b)34 ¢y Tor any two functions
f and g. In a similar fashion, we obtain

[®, sin $Dlup = [Prlac[cos Plea[Prlas
=1i81—a,c(8c,a+1 — Sa.a—1)1-ap
= i(81-¢,2-b — 81—a,—b)
= i(84p-1 — Sapr1) = —I[sin Plup,
[®, sin ¢D,uy = [Pylac[sin Blea[Pylas
= (=" (S1a—p — S1-a.2-5)

= [sin @lap. (B4)

APPENDIX C: Z INVARIANT IN THE
TIME-INDEPENDENT p-WAVE SUPERCONDUCTOR

Starting with the usual basis in which the Pauli matrix o, is
diagonal, moving to a new basis in which C; = ®,0, is diag-
onal is equivalent to staying in the same basis while applying
the unitary transformation u = exp(—i% ®,0,) to H; and all
symmetry operators. Indeed, it can be easily checked that such
a unitary transformation maps C; — o, which is diagonal as
intended. On the other hand, the same unitary transformation
also maps the momentum space BdG Hamiltonian to the block
antidiagonal form

Hye — <V(\)ﬁ VOV) (C1)
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where
W = —i(2Jy cos(k) + 1o)®y + 2A0sin(k)e . (C2)
We may now evaluate the winding number
1
W=_— f TrW™'dW), (C3)
2mi

where the trace operates on the Hilbert space of Cooper-pairs.
We find that

T d - = d + Z— T] I{,‘ N

where z4. = 2Jy cos(k) £ 12A sin(k), and Z, is the identity in
the Cooper-pairs subspace. By recalling that the normalized
winding number is defined as

4
CTe(Z)
together with Eq. (C4), Eq. (11) in the main text is obtained.

(C5)

APPENDIX D: Z x Z INVARIANT DEFINITION IN THE
TIME-PERIODIC p-WAVE SUPERCONDUCTOR

We first note that Eq. (16) in the main text can be written
in the form

Uk,sym =FaG, (O
where
F = gino:] 42 costko—2A sink)(e P, o )]%
G =CF'c] =G Fic)
— p-il2/cos(k)o.~2Asin(k) (e Yoy —ePo )| ,—ino ] (D2)

In the canonical basis where C; = diag(Z,,
representation for ' can be written as

.(A B
r=(c b)
where A, B, C, and D are infinite-dimensional matrices acting

on the Cooper-pairs subspace. In particular, at J = A

B = —[cos(k) cos(ji) sin(J) + cos(J) sin(j1)] Py

—7.), the matrix

(D3)

+isin(k) cos(jt) sin(J)e i?, (D4)
D = —sin(@t) sin(J)[cos(k)Z. — isin(k)D,e ]
+cos(ft) cos(J)Z,., (D5)

where ji = uT /4 and J = JT /2. Generalizing the results of
Refs. [48,57], we define the normalized winding numbers

1
=———— @ Tr(B"'dB
W0 = T (T, 7{ r( )
1
=Y ¢ | dzy0, (D6)
= 4ri J zg0 4+ cos(JT/2)sin(uT /4)
=———— @ Te(D'dD
R P N ?{ r( )
1
-y ¢ dzyq, (D7)
= Ari J zgx + cos(JT /2)cos(uT /4)

where zi9 = =e* cos(,uT/4) sin(JT/2) and z4, =
e sin(uT /4)sin(JT /2). In this case, wy (w,) counts the
number of pairs of edge-localized zero (v /T) quasienergies
of Uy sym,» Which thus translates to the number of pairs of
gMZMs (gMPMs).

APPENDIX E: PROOF OF EQ. (22) IN THE MAIN TEXT

We first note that [AA JHFB], FAJHI‘B]] = 0. There-
fore,

e 00k le) — 1_[ Ry (E1)

Next, as (il"} A HFB,_,-)Z = 1, Taylor expansion gives an Euler-

like formula for
Thmilis = cos(9) + sin(0) bl [z (E2)
Consequently,

a4 A ot A
eHFA.H]FB,/]"A j,e*QFA,/ﬂFB,f

{fAJ for ]’7£]+1’

cos(20)I"4 el — s1n(26)1"Bj for j/=j+1,
earA ,+1FB/F’ HFA ,+1r N
1"T for j +# j,
- TET (63
cos(29)F +s1n(29)FA 1 for j'=j.
Finally, Egs. (E1) and (E3) give
erHﬁ:\.AHIﬁB»j ﬁA,£+1€_ Z, ef‘j\.,/ﬂﬁﬂj
1_[ eef;.j+1f5»/ ﬁA,£+1 l_[ efgf‘jx.jﬂf‘b'/
J J
= eeﬁljﬂf‘&l f‘A,Hle_emHlﬁB-‘f
= c0s(20)Fy o1 — sin(20)['5 (E4)
and
eZ/ef‘:\../Hf‘B-J’f‘; Ze_ Z,-ij{.mf&/
1_[ eef;j\.,/+ll’;8-l 1_[ e 01‘}1 /+l
GI‘)‘ l+|FB<5f‘T gr/iul
= cos(20)F + S1n(20)FA a1 (ES5)

thus recovering Eq. (22) in the main text.
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