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We assess the accuracy of ghost-rotationally-invariant slave-boson (g-RISB) theory in multiorbital systems
by applying it to both the three-orbital degenerate Hubbard model and a realistic Sr2RuO4 model extracted
from first-principle simulations and comparing the results to those obtained using dynamical mean-field theory
(DMFT). Our findings indicate that g-RISB’s accuracy can be systematically improved toward the exact DMFT
limit in infinite-dimensional multiorbital models by increasing the number of ghost orbitals. This allows for a
more precise description of aspects of Hund metal physics and Mott physics compared with the original RISB
approach. We also demonstrate that g-RISB reliably captures the quasiparticle weights, Fermi surface, and low-
energy spectral function for the realistic Sr2RuO4 model compared with DMFT. Moreover, we showcase the
potential of using the density matrix renormalization group method as an impurity solver within the g-RISB
framework to study systems with a larger number of ghost orbitals. These results show the potential of g-RISB
as a reliable tool for simulating correlated materials. The connection between the g-RISB and DMFT self-energy
is also discussed.
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I. INTRODUCTION

The rotationally invariant slave-boson (RISB) mean-field
theory [1,2], Gutzwiller approximation [3–9], and other slave-
particle mean-field approaches are efficient methodologies for
studying the strong correlation effects in multiorbital Hub-
bard models [10–17]. These approaches effectively capture
the fundamental orbital-selective Mott physics and Hund’s
metallicity in multiorbital systems [12,18–23], exhibiting
qualitative agreement with the more computationally demand-
ing dynamical mean-field theory (DMFT) [24], and have been
widely applied to investigate realistic materials, such as iron-
based superconductors and heavy-fermion systems [25–33].
However, despite their success, the accuracy of slave-particle
mean-field approaches and the Gutzwiller approximation is
not always sufficient. For example, these approaches tend to
overestimate the critical Coulomb interaction for Mott transi-
tions due to the lack of descriptions of the charge fluctuation
in the Mott insulating phase [34]. Hence, they require the
use of larger Coulomb interactions to achieve experimentally
observed Mott insulating behavior in transition-metal com-
pounds [30]. Additionally, recent studies on Sr2RuO4 indicate
that RISB significantly underestimates the effective mass of
the electrons [35,36]. Therefore, it is desirable to have a sys-
tematic route to improve the accuracy of RISB.
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Recently, the ghost-rotationally-invariant slave-boson (g-
RISB) approach has been developed to improve the accuracy
of the original RISB method [34,37,38]. The key concept
of g-RISB is to enlarge the variational space of the original
RISB by introducing auxiliary “ghost” degrees of freedom,
where similar ideas have been developed simultaneously in
different contexts of many-body approaches [39–42]. It has
been shown that g-RISB with two additional ghost orbitals
provides a reliable description of the Mott transition in single-
orbital Hubbard and Anderson lattice models when compared
with DMFT [34,37,43]. Moreover, the studies on the one-
band Hubbard model have shown that the accuracy of g-RISB
can be systematically improved toward the exact solution in
infinite dimensions by increasing the number of ghost orbitals
[44–46]. However, the accuracy of g-RISB as the number of
ghost orbitals increases has not been explored in multiorbital
systems. Recently, the g-RISB has been applied to multi-
orbital systems focusing on the quasiparticle, spectral, and
local atomic properties for multiorbital models on the Bethe
lattice [47]. However, the energetics and the application of
g-RISB to more realistic models of materials have not been
explored. In particular, it would be desirable to explore if
g-RISB can solve the above-mentioned limitations of RISB,
i.e., the overestimation of the critical Coulomb interaction of
the Mott transitions and the underestimation of the effective
mass of Sr2RuO4 [30,35,36].

In this work, we assess the accuracy of g-RISB on the
degenerate three-orbital Hubbard model and the realistic
Sr2RuO4 model extracted from first-principle simulations
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by comparing the results with DMFT. For the degenerate
three-orbital model, we demonstrate that g-RISB significantly
enhances the accuracy of the original RISB approach, provid-
ing a more precise description of Hund’s metallic behavior
and Mott transition, where the critical point of the Mott
transition is consistent with DMFT. Furthermore, we pro-
vide numerical evidence that the accuracy of g-RISB can
be systematically improved toward the exact DMFT limit
in infinite dimensions by increasing the number of ghost
orbitals in the considered multiorbital models. For the realistic
Sr2RuO4 model, our results illustrate that g-RISB captures
reliable energy, quasiparticle weights, Fermi surface, and low-
energy spectral function in good agreement with DMFT and
experiments. Moreover, we present the capability of em-
ploying the density-matrix renormalization group (DMRG)
method as the impurity solver within the g-RISB framework
[48–50], enabling us to explore systems characterized by a
larger number of ghost orbitals that are beyond the capacity of
the exact diagonalization (ED) solver. In addition, we discuss
the connection between the g-RISB and DMFT self-energy.
Our benchmarks highlight the potential of g-RISB as a reliable
tool for simulating strongly correlated materials.

II. MODEL

We consider the following three-orbital Hubbard model:

H =
∑

k

∑
ll ′σ

εkll ′c
†
klσ ckl ′σ +

∑
R

H loc
R [{c†

Rlσ , cRlσ }], (1)

where c†
klσ and cklσ are the electronic creation and the annihi-

lation operators, respectively, with the orbital index l , the spin
index σ , the momentum index k, and the site index R, and εkll ′

is the hopping dispersion. In this work, we focus on the εkll ′

corresponding to a degenerate semicircular density of states of
the infinite-dimensional Bethe lattice and a realistic Sr2RuO4

dispersion extracted from the first-principle simulations. The
local Hamiltonian H loc

R has the following form:

H loc
R [{c†

Rlσ , cRlσ }] =
∑
ll ′σ

εloc
R,ll ′c

†
Rlσ cRl ′σ

+ H int
R [{c†

Rlσ , cRlσ }], (2)

where εloc
Rll ′ is the local one-body interaction and

H int
R [{c†

Rlσ , cRlσ }]
= U

∑
l

nRl↑nRl↓ + U ′ ∑
l<l ′,σ

nRlσ nRl ′σ̄

+ (U ′ − J )
∑

l<l ′,σ

nRlσ nRl ′σ

− J
∑
l<l ′

(c†
Rl↑cRl↓c†

Rl ′↓cRl ′↑

+ c†
Rl↑c†

Rl↓cRl ′↑cRl ′↓ + H.c.). (3)

is the Hubbard-Kanamori parametrization of the two-body
Coulomb interaction [51]. In addition, we use the rotationally
invariant condition U ′ = U − 2J . In the following, we also
introduce the index α ≡ (l, σ ) to combine the electronic spin
and orbital degrees of freedom.

III. METHODS

A. Ghost-rotationally-invariant slave boson

Here, we describe the formalism of g-RISB for multiorbital
models, which is the direct generalization of the previous
works [34,37,38,44]. The g-RISB theory is encoded in the
following Lagrange function:

L[�, Ec; R, λ; D, λc; �,�0, E ]

= 1

N 〈�0|Ĥqp[R, λ]|�0〉

+ E (1 − 〈�0|�0〉) + [〈�|Ĥ emb[D, λc]|�〉

+ Ec(1 − 〈�|�〉)] −
[ ∑

ab

[λ + λc]ab[�]ab

+
∑
caα

(
[D]aα[R]cα[�(1 − �)]

1
2
ca + c.c.

)]
, (4)

where Hqp is the quasiparticle Hamiltonian, H emb is the
embedding Hamiltonian, and |�0〉 and |�i〉 are their corre-
sponding wave functions, respectively. E and Ec are Lagrange
multipliers enforcing the normalization of the wave functions.
The λ and λc enforce the structure of the quasiparticle density
matrix �, and D enforces the structure of the quasiparticle
renormalization matrix R. N is the total number of sites in the
lattice.

The quasiparticle Hamiltonian has the following form:

Hqp =
∑

k

∑
ab

∑
αβ

[Raαεk,αβR†
βb + λab] f †

ka fkb, (5)

where, for the three-orbital model, α, β ∈ {1 ↑, 1 ↓, 2 ↑
, 2 ↓, 3 ↑, 3 ↓} labels the original physical degrees of free-
dom ckα , and a, b labels the auxiliary quasiparticle degrees
of freedom fka. The number of quasiparticle orbitals can
be systematically increased by adding the so-called ghost
orbitals to improve the accuracy of g-RISB. In this work, we
used up to fifteen auxiliary quasiparticle orbitals, i.e., a, b ∈
{1 ↑, 1 ↓, . . . , 15 ↑, 15 ↓} to study the convergence behavior
of g-RISB in multiorbital Hubbard models. Note that, with
the minimal three quasiparticle orbitals, a, b ∈ {1 ↑, 1 ↓, 2 ↑
, 2,↓ 3 ↑, 3 ↓}, g-RISB recovers the original RISB approach.

The embedding Hamiltonian is as follows:

Ĥ emb = Ĥ loc[{ĉ†
α, ĉα}] +

∑
aα

(Daα ĉ†
α f̂a + H.c.)

+
∑

ab

λc
ab f̂b f̂ †

a , (6)

where ĉ†
α and ĉα are the impurity creation and annihilation

operators, respectively, and f̂ †
a and f̂a are the bath creation

and annihilation operators, respectively. We use Nb to label the
number of the bath orbitals. Note that the number of the bath
orbitals is the same as the number of the quasiparticle orbitals
in Hqp. The schematic representation of the two models is
shown in Fig. 1.
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FIG. 1. Schematic representation of the (a) original three-orbital
Hubbard Hamiltonian H , (b) the noninteracting quasiparticle Hamil-
tonian Hqp including enlarged auxiliary ghost degrees of freedom
with in total nine orbitals, and (c) the embedding Hamiltonian H emb

including an impurity with three orbitals and a bath with nine
orbitals. The number of the orbitals in the bath of H emb and in Hqp

can be increased simultaneously by introducing more ghost orbitals
to improve the g-RISB accuracy. Here we illustrate the Hamiltonians
at bath size Nb = 9.

The stationary condition of the g-RISB Lagrange function
leads to the following saddle-point equations:

1

N

[∑
k

nF(RεkR† + λ)

]
ba

= �ab, (7)

1

N

[∑
k

εkR†nF(RεkR† + λ)

]
ba

=
∑
acα

Dcα[�(I − �)]
1
2
ac,

(8)∑
cdα

∂

∂�ab

(
[�(I − �)]

1
2
cdDdαRcα + c.c.

) + [λ + λc]ab = 0,

(9)

Ĥ emb|�〉 = Ec|�〉, (10)

〈�|ĉ†
α f̂a|�〉 −

∑
c

[�(I − �)]
1
2
acRcα = 0, (11)

〈�| f̂b f̂ †
a |�〉 − �ab = 0, (12)

where nF is the Fermi function, I is the identity matrix, and
the variables R, λ, �, D, λc, and |�〉 are determined self-
consistently. Equations (7)–(12) have been rigorously derived
in Refs. [34,37,38]. Here, we provide a simplified physical ra-
tionale to elucidate their meaning following Refs. [28,52,53].
As in any quantum embedding method, there are three basic
ingredients: a high-level description of a local system (the
embedding Hamiltonian Ĥ emb parametrized by D and λc), a
low-level description of the lattice system (the quasiparticle
Hamiltonian Hqp parametrized by R and λ), and compatibility
conditions that establish a self-consistent linkage between the
parameters of these two systems. For a given set of parame-
ters, equations (7) and (10) provide us with the density matrix

and the ground-state wave function of the two reference
systems, respectively. The remaining saddle-point equa-
tions then utilize these quantities to determine a new set of
parameters of both systems for self-consistency calculations
(see Appendix A for our algorithm).

For the impurity solver of Hemb, we utilize the Lanczos ED
algorithm to compute the ground-state wave function |�〉 for
bath size Nb � 9. To explore the accuracy at a larger bath
size Nb = 15, it is necessary to utilize the DMRG approach
to solve the ground-state wave function [48–50] because the
Hilbert space is too large for performing the Lanczos ED. In
this work, we utilize the DMRG implemented in Block2 and
PySCF as our impurity solver [54–57].

With the converged R and λ, one can compute the Green’s
function from

Gαβ (k, ω) =
∑

ab

R†
αa[(ω + i0+)I − RεkR† − λ]−1

ab Rbβ, (13)

and the self-energy can be determined from the Dyson equa-
tion

�αβ (ω) = [
G−1

0 (k, ω) − G−1(k, ω)
]
αβ

, (14)

where G0(k, ω) is the bare Green’s function. The quasiparticle
renormalization weight is determined from

Zαβ =
[

1 − ∂Re�(ω)

∂ω

∣∣∣∣
ω→0

]−1

αβ

. (15)

An expression for the g-RISB self-energy has been derived
in the previous work [34,37,53], resulting into a pole-
expansion representation. In this work, we exploit the gauge
freedom [1,34,37] to provide a more compact expression and
provide further insight into the connection between RISB
and the DMFT self-energy. Specifically, we choose a gauge
transforming R and λ into the following block matrix form:

u†R = R̃ =
(

R̃0

0

)
, u†λu = λ̃ =

(
λ̃0 λ̃1

λ̃
†
1 λ̃2

)
, (16)

where u is the gauge transformation matrix [1,29], R̃0 and
λ̃0 are square matrices of size N × N , where N is the total
number of physical spin-orbitals. The matrix λ̃1 is a N × M
matrix where M = 2Nb − N , and λ̃2 is a M × M diagonal
matrix. This specific gauge always exist and the transfor-
mation matrix u can be calculated using the singular value
decomposition method [53]. From Eq. (13), one can show that
the self-energy has the following form:

�αβ (ω) = ω[I − [R̃†
0R̃0]−1]αβ +

∑
ab

[R̃0]−1
αa [λ̃0]ab[R̃†

0]−1
bβ

− [εloc]αβ+
∑
abc

[R̃0]−1
αa

[λ̃1]ac[λ̃†
1]bc

[(ω + i0+)I − λ̃2]cc
[R†

0]−1
bβ .

(17)

In this work, we provide numerical evidence that R̃†R̃, which
equals the total spectral weight:

[R̃†R̃]αβ = − 1

Nπ

∑
k

∫ ∞

−∞
dωIm[G(k, ω)]αβ, (18)
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approaches the identity as one increases the number of the
ghost orbitals (see Appendix B). In this limit, the expression
above simplifies further, as the first term in Eq. 17 vanishes.
We have also checked numerically that �(∞) approaches
the Hartree-Fock self-energy with increasing ghost orbitals
(see Appendix B). The equation above, obtained from g-RISB
principles, closely resembles the pole expansion proposed in
previous DMFT literature [58]. Also, Eq. (17) implies the
number of poles in the self-energy grows linearly with the
number of ghost orbitals.

B. Dynamical mean-field theory

We also perform the DMFT calculations to compare with
g-RISB. To benchmark the accuracy with respect to the num-
ber of the bath orbitals, we utilize DMFT with the Lanczos ED
solver (DMFT-ED) with discretized bath orbitals, which has
been applied to multiorbital models [59–69]. The hybridiza-
tion function scheme is used for the bath fitting procedure with
weight function 1/ωn [70], allowing stabler convergences
for all the considered parameters. A fictitious temperature
β = 200 is introduced for the bath fitting. The Lanczos algo-
rithm is utilized to compute the ground-state wave functions
and Green’s functions. In addition, we performed the DMFT
calculations with the continuous-time quantum Monte Carlo
(CTQMC) solver implemented in the TRIQS library, provid-
ing us the exact solution for the benchmark [71–74].

IV. RESULTS

A. Degenerate three-orbital Hubbard model

We first apply the g-RISB approach to the degenerate
three-orbital Hubbard model focusing on Hund’s metal regime
with Hund’s coupling fixed at J = 0.25U , where the positive
Hund’s rule coupling generates high-spin incoherent Hund’s
metallic states away from half filling [19–21]. We consider the
semicircular density of states N (ω) = 1

πt {1 − [ω/(2t )]2}1/2

with the energy unit set to half bandwidth D = 2t = 1, corre-
sponding to the εklσ on the Bethe lattice in the limit of infinite
coordination [24].

The quasiparticle weights Z for g-RISB and RISB are
shown in Fig. 2. From the density plot of the quasiparticle
weights in Figs. 2(a) and 2(b), we found that the g-RISB
quasiparticle weight is much smaller than the original RISB
approach in the Hund’s metal regime. In particular, for the
electron filling n = 2 relevant for Sr2RuO4 and iron-based su-
perconductors, the quasiparticle weights are around Z � 0.5
even with large Coulomb interactions. On the other hand,
the quasiparticle weights in g-RISB are about Z ≈ 0.2 at
large Coulomb interactions, which are strongly correlated. In
Figs. 2(c) and 2(d), we show the corresponding quasiparticle
weights Z as a function of Coulomb interaction for various
fillings n. At half filling, n = 3, the Mott transition for g-RISB
and RISB is at Uc = 1.25 and Uc = 1.6, respectively. We
found that RISB is quantitatively reliable only around half
filling n = 3 and becomes less accurate away from half filling.
The overestimation of the quasiparticle weights in RISB, i.e.,
the underestimation of the effective mass, is also observed
in the previous studies of Sr2RuO4, whose values deviate

FIG. 2. Panels (a) and (c) show the quasiparticle weights Z for
the degenerate three-orbital Hubbard model on Bethe lattice from
g-RISB with Nb = 9 bath orbitals, and panels (b) and (d) show the
quasiparticle weights of RISB (g-RISB with Nb = 3) as a function of
Coulomb interaction U with J = 0.25U for different electron filling
n. The energy unit is the half bandwidth.

significantly from the DMFT values and experiments even
using larger Coulomb parameters [35,36].

We now examine the accuracy of g-RISB closely as a
function of Coulomb interactions at half filling n = 3. The
corresponding quasiparticle weights Z , kinetic energy Ekin,
potential energy Epot, and total energy E tot are shown in Fig. 3
for g-RISB, DMFT-ED, and DMFT-CTQMC. We observed
that the g-RISB energy and quasiparticle weights converge
systematically to the DMFT-CTQMC values with increas-
ing bath orbitals Nb. With bath size Nb = 9, g-RISB already
gives reliable energy and quasiparticle weights close to the
exact DMFT-CTQMC values. On the other hand, the DMFT-
ED results still have a slight discrepancy from the exact
DMFT-CTQMC values, especially around the metal-insulator
transition Uc. Moreover, g-RISB captures more precisely the
discontinuity in the quasiparticle weights and the energy at
Uc [75], and the accuracy in the quasiparticle weights can be
further improved by increasing the bath size to Nb = 15. To
have a closer look at the accuracy of g-RISB, we also show the
g-RISB total energy Etot for the selected Coulomb interactions
U for different bath sizes Nb in Table I.

In Fig. 4, we benchmarked the accuracy of g-RISB as a
function of Coulomb interactions U at electron filling n =
2, corresponding to the parameter regime of Hund’s metal
materials, e.g., Sr2RuO4 and iron-based superconductors.
We observed that the accuracy of g-RISB is systematically
improvable with the increasing number of bath orbitals Nb.
With Nb = 9, g-RISB produces accurate energy close to the
exact DMFT-CTQMC values, while DMFT-ED shows slight
differences from the exact DMFT-CTQMC values. On the
other hand, DMFT-ED gives accurate quasiparticle weights
Z at Nb = 9, while g-RISB requires Nb = 15 bath orbitals to
have similar accuracy. To have a closer look at the g-RISB
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FIG. 3. (a) Quasiparticle weights Z , (b) kinetic energy Ekin,
(c) potential energy Epot, and (d) total energy Etot for the degenerate
three-orbital model on Bethe lattice for g-RISB with bath size Nb =
3, 9, 15 and DMFT-ED with Nb = 3, 9 as a function of Coulomb
interaction U with Hund’s coupling J = 0.25U at filling n = 3. The
DMFT-CTQMC results at inverse temperature β = 200 are shown
for comparison. The energy unit is the half bandwidth.

energy, we show the total energy for the selected parameters
in Table I.

Figure 5 shows the spectral functions A(ω) = −ImG(ω)/π
for several sets of parameters in the degenerate three-orbital
model. For RISB Nb = 3, the metal-insulator transition is of
the Brinkman-Rice scenario, where only the band renormal-
ization around the Fermi level is captured, and the incoherent
Hubbard bands are absent. Therefore, for n = 3 and U = 3,
the spectral function is zero, which is a crude approxima-
tion to the Mott insulator. On the other hand, for Nb = 9,
g-RISB can capture both the coherent quasiparticle peak and
the Hubbard bands, and the quality of the spectral functions
can be systematically improved by adding more bath orbitals
to Nb = 15. Furthermore, the overall position of the peaks

TABLE I. The g-RISB total energy Etot for the degenerate three-
orbital model on Bethe lattice for the selected fillings n and U with
different numbers of bath orbitals Nb and J = 0.25U . The DMFT
energy at β = 200 with CTQMC solver is shown for comparison.
The energy unit is the half bandwidth.

n U Nb = 3 Nb = 9 Nb = 15 DMFT-CTQMC

3.0 1.0 0.412 0.389 0.388 0.389
3.0 2.5 1.875 1.774 1.773 1.772
2.0 1.5 −0.174 −0.208 −0.209 −0.208
2.0 2.5 0.2506 0.192 0.189 0.193

FIG. 4. (a) The quasiparticle weights Z , (b) kinetic energy Ekin,
(c) potential energy Epot, and (d) total energy Etot for the degenerate
three-orbital model on Bethe lattice for g-RISB with bath size Nb =
3, 9, 15 and DMFT-ED with Nb = 3, 9 as a function of Coulomb
interaction U with Hund’s coupling J = 0.25U at filling n = 2. The
DMFT-CTQMC results at inverse temperature β = 200 are shown
for comparison. The energy unit is the half bandwidth.

in the g-RISB spectral functions is in good agreement with
the DMFT-ED and DMFT-CTQMC spectral functions. These
results suggest that while g-RISB can capture reliable energy,
the spectral functions require more bath orbitals to reach a
similar accuracy to DMFT-ED. In addition, since g-RISB
with a small number of ghost orbitals cannot reliably capture
the finite scattering rate in the imaginary part of the self-
energy (see Appendix C), its high-energy spectral function
becomes more coherent than DMFT-CTQMC. This is also
a feature in DMFT-ED with a small number of bath orbitals,
where the exponentially large number of poles tends to cluster
together forming sharp features in the spectrum, see Fig. 5 and
Refs. [24,59,60].

B. Realistic Sr2RuO4 model

In this section, we present the results for Sr2RuO4, which
is a well-characterized bad metal driven by Hund’s physics
[76,77]. The experimental quasiparticle weights are Zexpt

xz/yz ≈
0.33 and Zexpt

xy ≈ 0.18 for the three orbitals in the t2g subshell
[76,78].

First, we construct the realistic tight-binding model from
density functional theory (DFT) [79,80] and maximally lo-
calized Wannier function [81]. We utilized WIEN2K with
10 000 k points and the local density approximation (LDA)
functional for our DFT calculations [82]. The lattice param-
eters utilized in our DFT calculations are derived from the
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FIG. 5. The g-RISB spectral functions A(ω) with bath size Nb =
3, 9, 15 compared with the DMFT spectral function using ED
solver with Nb = 9 and CTQMC solver for electron filling n = 2 and
Coulomb U = 3 (the first column), n = 3 and U = 1.2 (the second
column), and n = 3 and U = 3 (the third column). The Hund’s cou-
pling is J = 0.25U . The inverse temperature in the DMFT-CTQMC
calculations is β = 200, and the energy unit is the half bandwidth.
A broadening factor η = 0.05 is used in the ED and g-RISB.

experimental structure at 100 K in Ref. [83]. The tetrahedron
method is utilized for the Brillouin-zone integration [84].
The WIEN2WANNIER and WANNIER90 packages are then ap-
plied to construct the low-energy tight-binding model [85,86].
The low-energy tight-binding model is constructed from the
Ru-dxy, dxz, and dyz orbitals with the energy window [−3 eV,
1 eV], and 10 × 10 × 10 k points. The spin-orbit coupling is
ignored for simplicity. The Wannier tight-binding dispersion
constructed from DFT is shown in Fig. 6. The dxz and dyz

orbitals show a degenerate quasi-one dimensional density of
states, and the dxy orbital has a two-dimensional dispersion
with a van Hove singularity at the Fermi level.

Next, we apply RISB to include the electronic correlation
effect. Figures 7(a) and 7(b) show the momentum-resolved
spectral function A(k, ω) along the high-symmetry path in the
Brillouin zone and the orbital-resolved density of states for
RISB, respectively, at U = 2.3 eV and J = 0.4 eV. We found
that the overall band structure is similar to DFT, with a slight
renormalization of the bandwidth. The quasiparticle weights
for each orbital are ZRISB

xz/yz = 0.67 and ZRISB
xy = 0.66, which

are inconsistent with the experiments. This behavior has been
reported in Refs. [35,36].

We now discuss the g-RISB spectral function and density
of states shown in Figs. 7(c) and 7(d), respectively. We use
Nb = 9 bath orbitals in our g-RISB calculations, so the total
number of orbitals in the embedding Hamiltonian is Ntot = 12,
which can be efficiently solved by ED. The g-RISB band
structure contains three groups of bands. The bands around

(a) (b)

FIG. 6. (a) The Wannier tight-binding band structure for
Sr2RuO4 extracted from density functional theory along the high-
symmetry path in the Brillouin zone and (b) the orbital-resolved
density of states constructed from the density functional theory
considering the Ru-dxy, dxz, and dyz orbitals. A broadening factor
η = 0.05 is used in the density of states.

FIG. 7. (a) The momentum-resolved spectral function A(k, ω)
along the high-symmetry path in the Brillouin zone and (b) the
orbital-resolved density of states for Sr2RuO4 from RISB with
U = 2.3 eV and J = 0.4 eV. (c) The momentum-resolved spectral
function A(k, ω) and (d) the orbital-resolved density of states from
g-RISB with bath size Nb = 9 at the same Coulomb parameters.
(e) The momentum-resolved spectral function A(k, ω) and (f) the
orbital-resolved density of states from DMFT with CTQMC solver
with U = 2.3 eV, J = 0.4 eV, and β = 200 eV−1. A broadening
factor η = 0.05 is used in the density of states.
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FIG. 8. The momentum resolved spectral function for Sr2RuO4

at ω = 0, i.e., the Fermi surface, from (a) g-RISB with bath size
Nb = 9 for U = 2.3 eV and J = 0.4 eV and (b) DMFT with CTQMC
solver for U = 2.3 eV and J = 0.4 eV and β = 200 eV−1. A broad-
ening factor η = 0.05 is used in the g-RISB density of states.

the Fermi level ω = 0 are the strongly renormalized quasipar-
ticle bands. The quasiparticle weights are Zg-RISB

xz/yz = 0.4 and

Zg-RISB
xy = 0.35 for each orbital, in reasonable agreement with

experiments and the DMFT studies [76,87–91]. The bands
located at the energy windows [−3 eV, −0.5 eV] and [0.2 eV,
0.6 eV] correspond to the lower and upper Hubbard bands,
respectively. The DMFT results with CTQMC solver are
shown in Figs. 7(e) and 7(f), reproducing the previous stud-
ies with ZDMFT

xz/yz = 0.3 and ZDMFT
xz/yz = 0.2 [90,91]. Our results

show that g-RISB is able to accurately capture the low-energy
quasiparticle bands around the Fermi level compared with
DMFT. On the other hand, although the Hubbard bands in g-
RISB locate at the correct energy scales, they do not have the
incoherent feature in DMFT, with smeared dispersive bands.
We also show the Fermi surface in Fig. 8 for g-RISB with
Nb = 9 and DMFT with CTQMC solver. The g-RISB Fermi
surface is in excellent agreement with DMFT.

The quasiparticle weights for g-RISB, RISB, and DMFT
as a function of Coulomb interaction U with J = 0.2U are
shown in Figs. 9(a) and 9(b). The RISB quasiparticle weights
are overestimated even at large Coulomb interactions (Z ≈
0.6 around U = 3.0 eV) compared with the values observed
in experiments (Zexpt

xz/yz ≈ 0.33 and Zexpt
xy ≈ 0.18). In addition,

the quasiparticle weight in the dxy orbital is always larger
than the dxz/yz orbitals for all the Coulomb interactions U ,
which is inconsistent with the experiments and the DMFT
values. On the other hand, g-RISB significantly improves
the RISB quasiparticle weights toward the DMFT values for
the considered interactions U , and the accuracy can be sys-
tematically improved with increasing Nb. The kinetic energy
Ekin and potential energy Epot are shown in Figs. 9(c) and
9(d), respectively. We observed that RISB already provides
accurate energy for this model, and the energy is almost
indistinguishable from DMFT for g-RISB with Nb = 9. To
have a closer comparison with DMFT, we also provide the
total energy values in Table II for the selected parameters.

C. Discussions

The numerical results presented here and in the previous
studies on the one-orbital Hubbard model [37,44–46] strongly
suggest that the total energy within g-RISB converges to the
DMFT total energy from above as the number of ghost orbitals

FIG. 9. The g-RISB and RISB quasiparticle weights for (a) the
xy orbital Zxy, (b) the xz/yz orbital Zxz/yz, (c) the kinetic energy
Ekin, and (d) the potential energy Epot for Sr2RuO4 as a function of
Coulomb interaction U with J = 0.2U and bath size Nb = 3, 9, 15.
The DMFT results with CTQMC solver at β = 200 eV−1 are shown
for comparison.

is increased. The g-RISB spectral functions also approach the
DMFT spectral functions as the number of bath orbitals in
the embedding problem increases. For a given number of bath
sites, we observe that g-RISB generally provides more accu-
rate total energy, while DMFT-ED performs better for spectral
properties. An analogous situation occurs within electronic
structure methods: density functional theory, which targets
the exact density of the materials, provides a good approx-
imation to the densities but is less precise for the spectral
properties. On the other hand, the more expensive spectral
density functional theory, which targets the spectra [92,93],
yields better results for spectral observables. Likewise, we can
view g-RISB as an approximation to an exact density-matrix

TABLE II. The g-RISB total energy Etot for the Sr2RuO4 model
with different numbers of bath orbitals Nb at U = 1.5 eV and 2.5 eV.
The Hund’s coupling is J = 0.2U , and the electron filling is n = 4.
The DMFT energy at β = 200 eV−1 with the CTQMC solver is
shown for comparison. The energy unit is in electron volts.

U Nb = 3 Nb = 9 Nb = 15 DMFT-CTQMC

1.5 3.0895 3.056 3.055 3.053
2.5 6.718 6.649 6.646 6.648
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FIG. 10. The diagonal element of R†R and the self-energy at
infinity frequency �(∞) as a function of the number of the bath
orbitals Nb for the degenerate one-orbital Norb = 1, two-orbital
Norb = 2, and three-orbital Norb = 3 Hubbard model. The Coulomb
parameters U and electron fillings n are given in the figures. The
R†R and �(∞) approach one and the Hartree-Fock self-energy (the
horizontal lines), respectively.

functional theory, which targets the exact one body density
matrix [94], in the same spirit that DMFT can be viewed as an
approximation to an exact spectral density functional [93,95].
From these perspectives, we can understand why RISB gives
good approximations to the total energy, while the spectra are
clearly insufficient as the total spectral weight is too small,
and why adding more ghost sites in g-RISB rapidly improves
the total energy. The expression of the g-RISB self-energy,
which is similar to the DMFT pole expansion (Eq. (17), calls
for further exploration of the connections between these two
methods.

V. CONCLUSIONS

We applied the g-RISB approach to the degenerate
three-orbital Hubbard and a realistic Sr2RuO4 model and
benchmarked its accuracy with DMFT. We provide numerical
evidence that the accuracy of g-RISB is systematically im-
provable toward the exact DMFT limit in infinite-dimensional
multiorbital models with an increasing number of ghost
orbitals. This allows a more precise description of Hund’s
metal behavior and Mott transition compared with the original
RISB approach. Moreover, we apply g-RISB to a realistic
Sr2RuO4 model extracted from density functional theory and
show that it produces reliable quasiparticle weights, Fermi
surface, and low-energy spectral function, compared with
DMFT and experiments. Furthermore, we showcase the capa-
bility of employing the DMRG method as the impurity solver

FIG. 11. (a)–(c) The real part of the g-RISB self-energy,
Re�(ω), for the one-orbital Hubbard model with increasing number
of bath orbitals Nb = 3–15. (d)–(f) The imaginary part of the g-RISB
self-energy, Im�(ω), for the one-orbital Hubbard model with an
increasing number of bath orbitals Nb = 3–15. A broadening factor
η = 0.05 is used, and the energy unit is the half bandwidth. The
DMFT-CTQMC self-energy (gray lines) with temperature β = 200
is shown for comparison.

within the g-RISB framework, allowing us to explore systems
with a greater number of ghost orbitals beyond the reach of
the ED solver. The connection between the g-RISB and the
DMFT self-energy was also discussed.

Our results demonstrate that g-RISB is a promising
approach to strongly correlated materials that can be com-
bined with first-principle simulations. Future research will
focus on the effect of spin-orbit coupling, the development
of charge self-consistent DFT + g-RISB [28,92,96], the accu-
racy of the g-RISB response functions [97], and the potential
of utilizing other tensor network approaches as a g-RISB
impurity solver [91,98].
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FIG. 12. (a)–(c) The real part of the g-RISB self-energy,
Re�(ω), for the degenerate three-orbital Hubbard model with in-
creasing number of bath orbitals Nb = 3–15. (d)–(f) The imaginary
part of the g-RISB self-energy, Im�(ω), for the degenerate three-
orbital Hubbard model with an increasing number of bath orbitals
Nb = 3–15. A broadening factor η = 0.05 is used, and the energy
unit is the half bandwidth. The DMFT-CTQMC self-energy (gray
lines) with temperature β = 200 is shown for comparison.

FIG. 13. (a) The imaginary part of the g-RISB self-energy,
Im�(iωn), on the Matsubara axis for the one-orbital Hubbard model
with increasing number of bath orbitals Nb = 3–15. (b) The imag-
inary part of the g-RISB self-energy, Im�(ω), for the degenerate
three-orbital Hubbard model with an increasing number of bath
orbitals Nb = 3–15. The energy unit is the half bandwidth. The
DMFT-CTQMC self-energy (gray symbols) with temperature β =
200 is shown for comparison.

FIG. 14. (a) The quasiparticle weights Z , (b) kinetic energy Ekin,
(c) potential energy Epot, and (d) total energy Etot for the degenerate
three-orbital model on Bethe lattice for g-RISB with bath size Nb =
3, 9, 15 and DMFT-ED with Nb = 3, 9 as a function of Coulomb
interaction U with Hund’s coupling J = 0.1U at filling n = 2. The
DMFT-CTQMC results at inverse temperature β = 200 are shown
for comparison. The energy unit is the half bandwidth.

and Technology of Taiwan under Grant No. NSTC 112-2112-
M-194-007-MY3.

APPENDIX A: ALGORITHM FOR SOLVING G-RISB
EQUATIONS

Our algorithm for solving Eqs. (7)–(12) is as follows: (1)
starting from an initial guess of R and λ, compute � from
Eq. (7). (2) Solve D from Eq. (8). (3) Solve λc from Eq. (9).
(4) Solve |�〉 from Eq. (10). (5) Compute � from Eq. (11).
(6) Compute the new R from Eq. (10) and the new λ from
Eq. (9). (7) Check the convergence of R and λ. If not con-
verged, go back to step (1). This algorithm is proposed in
Ref. [52].

APPENDIX B: CONVERGENCE OF R†R AND �(∞)

In this Appendix, we discuss the behavior of the total spec-
tral weight of the correlated degrees of freedom (computed
from the variational parameters as R†R) and �(∞) as the
number of the bath (ghost) orbitals Nb increases.

In Fig. 10, we show the R†R and �(∞) for the degen-
erate one-orbital Norb = 1, two-orbital Norb = 2, and three-
orbital Norb = 3 Hubbard models for the selected Coulomb
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interactions and electron fillings. We use the Hubbard-
Kanamori type of Coulomb interaction with Hund’s coupling
fixed at J = 0.25U . Our results show that R†R approaches
one and �(∞) approaches the Hartree-Fock self-energy, in-
dicated by the horizontal lines, with increasing Nb. Note that
R†R and �(∞) are degenerate and diagonal matrices in the
considered model.

APPENDIX C: SELF-ENERGY COMPARISON
FOR THE DEGENERATE HUBBARD MODELS

The g-RISB self-energy for the one-orbital Hubbard model
and the degenerate three-orbital Hubbard model are shown
in Figs. 11 and 12, respectively. From our numerical results
shown in Figs. 11 and 12, we observed that introducing
more ghost (bath) orbitals in g-RISB leads to additional poles
in the self-energy, as discussed in the main text. Although
the current resolution with Nb = 15 is not enough for us
to conclude that the g-RISB self-energy converges to the
exact DMFT limit, our results in one-orbital Hubbard model
Norb = 1 indicates that the poles at higher energy are gradually
captured with increasing Nb and the asymptotic behavior of
the Re�(ω) at high frequency is improved with increasing
Nb. These results suggest that the g-RISB self-energy may
capture the incoherent feature with a large enough num-

ber of ghost orbitals and a proper broadening factor η. For
the degenerate three-orbital Hubbard model Norb = 3, the
resolution with Nb = 15 is insufficient for comparison with
the DMFT-CTQMC self-energy and for drawing conclusions.

The g-RISB self-energy on the Matsubara axis, z = iωn,
is shown in Fig. 13(a) for the one-band Hubbard model with
U = 2.5 at half filling n = 1, and Fig. 13(b) for the degener-
ate three-orbital Hubbard model at U = 1.2, J = 0.25U , and
half filling n = 3. We consider an infinite-dimensional Bethe
lattice. With an increasing number of bath orbitals Nb = 3,
5, 15, we observe systematic convergence of the self-energy
toward the exact DMFT limit with an increasing number of
bath orbitals in both models. Our calculations indicate that the
self-energy at Nb = 15 is in good quantitative agreement with
the DMFT-CTQMC self-energy on the Matsubara axis, both
at low and high frequencies.

APPENDIX D: STATIC OBSERVABLES AT J/U = 0.1
FOR THE DEGENERATE THREE-ORBITAL HUBBARD

MODEL

To demonstrate the accuracy of g-RISB at different regimes
of parameters, we show the static observables for the degen-
erate three-orbital Hubbard model with the ratio J/U = 0.1 in
Fig. 14. The overall accuracy is similar to the case with ratio
J/U = 0.25 shown in the main text Fig. 4.
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Dobrosavljević, npj Comput. Mater. 5, 30 (2019).
[31] C. Piefke and F. Lechermann, Phys. Status Solidi B 248, 2269

(2011).
[32] C. Piefke and F. Lechermann, Phys. Rev. B 97, 125154 (2018).
[33] L. de’ Medici, G. Giovannetti, and M. Capone, Phys. Rev. Lett.

112, 177001 (2014).
[34] M. S. Frank, T.-H. Lee, G. Bhattacharyya, P. K. H. Tsang, V. L.
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