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Exploring interacting chiral spin chains in terms of black hole physics
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In this paper we explore the properties of a one-dimensional spin chain in the presence of chiral interactions,
focusing on the system’s transition to distinct chiral phases for various values of the chiral coupling. By
employing the mean-field theory approximation we establish a connection between this chiral system and a Dirac
particle in the curved spacetime of a black hole. Surprisingly, the black-hole horizon coincides with the interface
between distinct chiral phases. We examine the chiral properties of the system for homogeneous couplings and
in scenarios involving position-dependent couplings that correspond to black-hole geometries. To determine the
significance of interactions in the chiral chain we employ bosonization techniques and derive the corresponding
Luttinger liquid model. Furthermore, we investigate the classical version of the model to understand the impact
of the chiral operator on the spins and gain insight into the observed chirality. Our findings shed light on the
behavior of the spin chain under the influence of the chiral operator, elucidating the implications of chirality in
various contexts, including black-hole physics.
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I. INTRODUCTION

An intriguing family of lattice models can be described by
relativistic physics in their continuum limit. One prominent
illustration of this phenomenon is graphene, whose behavior
at low energy can be effectively described by the renowned
Dirac equation [1,2]. Similar relativistic descriptions can be
found in diverse examples such as Kitaev’s honeycomb model
[3,4], superconductors [5,6], and the XX model [7,8]. These
relativistic frameworks not only deepen our understanding of
these systems but also pave the way for the simulation of high-
energy physics with table-top experiments.

In this paper, we explore a chiral modification of the one-
dimensional (1D) spin-1/2 XX model [9]. The XX model
can be expressed in terms of free fermions and thus it is
analytically tractable and well understood. The introduction
of a three-spin chiral term renders it interacting and thus hard
to investigate analytically or numerically. It is noteworthy
that such chiral systems exhibit a rich spectrum of quantum
correlations [10] and they can give rise to skyrmions [11].
Remarkably, we demonstrate that these chiral systems can
be effectively modeled by the Dirac equation on a curved
spacetime. This intriguing connection offers a unique oppor-
tunity to realize a black-hole background within the laboratory
setting.

The emergent black-hole physics is explicitly revealed by
applying the mean-field (MF) approximation, and its exis-
tence can be verified by investigating the Hawking effect.
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Hawking radiation, resulting from vacuum fluctuations of
quantum fields near a black hole’s horizon, leads to the evap-
oration of the black-hole [12,13]. The mechanism used to find
this [9], involving a wave packet tunneling across the horizon
and escaping with a thermal distribution, originally derived
in Ref. [14], allows the simulation of Hawking radiation in
fermionic lattice models [15–30]. We test the reliability of this
approximation through a detailed analysis of the bosonization
of the full spin model. We find that the MF approximation
faithfully predicts a phase transition between a chiral and
nonchiral phase. Remarkably, the emergent event horizon
aligns with the interface between chiral and nonchiral phases.
In particular, we find that the inside of the black hole corre-
sponds to a chiral region with a central charge of c = 2 where
the chiral interaction is dominant. The outside corresponds to
a nonchiral region where the XX model is dominant, with a
central charge c = 1. Subsequently, we examine the MF ap-
proximation’s validity by employing bosonization techniques,
of which a general case has been studied for two [31,32] and
four [33] Fermi points, which allows us to map the fully inter-
acting Hamiltonian onto a Luttinger liquid [32]. Additionally,
we employ a classical version of the system to further analyze
and understand these effects in a comprehensive manner. By
doing so, we gain valuable insights into the impact of chirality
on the spins along the chain and its consequential effects on
the entire system. We envision that the presented geometric
description provides an elegant formalism to model strongly
interacting systems and their interfaces also in higher dimen-
sions and thus predict their behavior.

This article is organized as follows: In Sec. II we introduce
our model and then diagonalize it to highlight the character-
istics of the system, such as the transition in the dispersion
relation due to the effect of the chiral order parameter. In
Sec. III we give an effective description of the chiral chain
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FIG. 1. (a) The interactions of the lattice diagrammatically por-
trayed with nearest-neighbor interaction strength defined by u and
next-to-nearest neighbor interactions by v [9], with the seperations
of neighboring spins into groups A and B representing the unit cell
described in Eq. (18). The chirality operator calculates the interaction
of the three spins in each triangular space [11]. (b) The disper-
sion relation of the Hamiltonian for various values of v. We see
that two additional Fermi points appear if v > u which divides the
negative-energy portion of the Brillouin zone into two disconnected
regions.

in terms of black-hole geometry. In Sec. IV we investigate
the chiral spin operator and its expectation with the ground
state of the system both in the flat and curved space cases.
In Sec. V we use bosonization to ascertain the significance
of the interactions, and in Sec. VI we use a classical ver-
sion of the system to gain a geometric intuition on chiral
interactions. We give concluding remarks and an outlook in
Sec. VII.

II. CHIRAL CHAIN MODEL

Here we introduce the chiral spin chain, transform it to
interacting fermions, and then apply mean-field theory to de-
termine its properties.

A. The mean-field approximation

The system we investigate here is the one-dimensional
spin- 1

2 chain with the Hamiltonian

H =
N−1∑
n=0

[
−u

2

(
σ x

n σ x
n+1 + σ y

n σ
y
n+1

)− v

4
χn

]
, (1)

where the spin chirality operator is [11,34]

χn = �σn · (�σn+1 × �σn+2), (2)

where �σn = (σ x
n , σ

y
n , σ z

n ) is the spin vector of Pauli operators
and the u, v couplings are real numbers with dimensions of
energy. This model is a modified XX model with an addi-
tional three-spin interaction term χ , as shown in Fig. 1(a).
Here we adopt periodic boundary conditions with �σN = �σ0.
If we introducing σ±

n = (σ x
n ± iσ y

n )/2, then by employing
the Jordan-Wigner transformation defined by σ+

n = (−1)�n cn

where �n = ∑
m<n c†

mcm and σ z = 2c†
ncn − 1 [35], we can

map the Hamiltonian to

H =
N−1∑
n=0

{
− uc†

ncn+1 − iv

2
c†

ncn+2

− iv

2
[c†

ncn+1(2c†
n+2cn+2 − 1)

− c†
n+1cn+2(2c†

ncn − 1)]

}
+ H.c., (3)

where cn are a set of fermionic modes obeying the anti-
commutation relations {cn, cm} = {c†

m, c†
n} = 0 and {cn, c†

m} =
δmn. We see that the model is intrinsically interacting as the
fermionic Hamiltonian contains quartic terms.

To analyze the behavior of the interacting model, we apply
mean-field theory (MFT) to transform the Hamiltonian into
an effective quadratic Hamiltonian which can be efficiently
diagonalized. MFT defines the fluctuation of an operator A
as δA = A − 〈A〉, where 〈A〉 is the expectation value of the
operator A with respect to the mean-field ground state |�〉.
For a product of two operators we have

AB = 〈A〉B + A〈B〉 − 〈A〉〈B〉 + δAδB, (4)

where the second order in fluctuations can be ignored. Apply-
ing this to the interacting terms of Eq. (3), the Hamiltonian
becomes

HMF(α, Z ) =
N−1∑
n=0

[
−(u − ivZ )c†

ncn+1 − iv

2
c†

ncn+2

]

+ μ

N−1∑
n=0

c†
ncn + E0 + H.c., (5)

where μ = 2vIm(α) is an effective chemical poten-
tial controlling the number of particles in the ground
state, E0 = v(Z − 1)Im(α) is a constant energy shift, and
〈σ z

n 〉 = Z , 〈c†
ncn+1〉 = α, where the expectation value is

done with respect to the ground state of the mean-
field Hamiltonian, |�(α, Z )〉, for given values of α and
Z . Self-consistency requires 〈�(α, Z )|σ z

n |�(α, Z )〉 = Z and
〈�(α, Z )|c†

ncn+1|�(α, Z )〉 = α for all n. While these two
equations have many solutions, we can single one out on
physical grounds: The original Hamiltonian of Eq. (3) has
particle-hole symmetry, [H,U ] = 0, where U is the particle-
hole transformation with UcnU † = (−1)nc†

n and Uc†
nU † =

(−1)ncn. This symmetry implies that 〈c†
ncn〉 = 1/2 and

〈c†
ncn+1〉 ∈ R in the ground state. If we require the MFT to

retain the particle-hole symmetry, then these conditions imply
that Z = μ = α = 0, and the MFT Hamiltonian becomes

HMF =
N−1∑
n=0

(
−uc†

ncn+1 − iv

2
c†

ncn+2

)
+ H.c. (6)

Another way to show the vanishing of α is that particle-hole
symmetry implies that α must be real. However, in Eq. (5) we
see that α only appears via Im(α), which is zero if particle-
hole symmetry is applied and therefore vanishes from H fully.
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This Hamiltonian is quadratic and periodic, hence it can be
diagonalized with a Fourier transform,

cn = 1√
N

∑
p∈B.Z.

eianpcp, (7)

where B.Z. = [−π/a, π/a) is the Brillouin zone, p are the
momenta quantized as p = 2nπ/Na for n ∈ Z, cp are the mo-
mentum space fermionic modes, and a is the lattice spacing.
This brings the Hamiltonian into the diagonal form

HMF =
∑

p∈B.Z.

E (p)c†
pcp, (8)

where the dispersion relation is given by

E (p) = −2u cos(ap) + v sin(2ap), (9)

as shown in Fig. 1. The Fermi points of this model, defined as
the points {pi} such that E (pi ) = 0, are given by p± = ±π/2a
for |v| < |u|, while for |v| � |u| we find two additional Fermi
points located at

p1 = 1

a
sin−1

(
u

v

)
, p2 = π

a
− p1, (10)

as shown in Fig. 1(b). These additional points arise due to the
Nielsen-Ninomiya theorem.

B. Phase transitions

To investigate the nature of quantum phases supported by
Eq. (1), and the transitions between them, we consider the case
of homogeneous couplings u and v along the chain. In this
section, we focus on the predictions of the mean-field Hamil-
tonian of Eq. (6) and compare it with the results obtained
using matrix product state analysis of the spin Hamiltonian of
Eq. (1) [9]. All analytic calculations of this section are done
using the mean-field theory.

1. Correlations

The correlation matrix is defined as Cnm = 〈�|c†
ncm|�〉,

where |�〉 is the ground state of Hamiltonian (6). Mapping
to momentum space with a discrete Fourier transform as in
Eq. (7), we can write

Cnm = 1

N

∑
p,q∈B.Z.

e−ipneiqm〈�|c†
pcq|�〉

= 1

2π

∑
p:E (p)<0

	pe−ip(n−m)

= 1

2π

∫
p:E (p)<0

d pe−ip(n−m), (11)

where in the second equality we used the fact that the
ground state |�〉 has all negative energy states occupied, so
〈�|c†

pcq|�〉 = δpqθ [−E (p)] and used the fact that eigenstates
are separated in momentum space by 	p = 2π/N for a lat-
tice spacing a = 1 to rewrite the sum as a Riemann sum. In
the third equality we took the thermodynamic limit N → ∞
mapping the sum to an integral which can now be solved
analytically.

For |v| < |u| the correlation function is given by

Cnm = sin
[

π
2 (n − m)

]
π (n − m)

. (12)

For |v| > |u|, the negative energy portion of the Brillouin zone
splits into two disconnected regions so the integral splits into
two as

Cnm = 1

2π

(∫ p1

− π
2

d p +
∫ π−p1

π
2

d p

)
e−ipa(n−m)

= i

2π (n − m)

{
−2 cos

[
(n − m)

π

2

]

+ (−1)n−meip1(n−m) + e−ip1(n−m)

}
,

(13)

which is now a function of v and is not smooth. The fact
the correlation matrix is not a smooth function of v is a
consequence of the change in topology of the Fermi sea shown
by the gray portion of Fig. 1. As observables are derived from
the correlation matrix, this behavior is the root cause of the
phase transition exhibited by the model.

2. Energy density

The ground state |�〉 is the state for which the Fermi sea is
fully occupied. Therefore, the ground-state energy density is
given by

ρ0 = 1

N
〈�|H |�〉 → 1

2π

∫
p:E (p)<0

d pE (p), (14)

where we took the thermodynamic limit N → ∞ by using the
standard trick of moulding the sum into a Riemann sum and
taking the limit. We have

ρ0 =
{

− 2u
π

|v| � |u|
− 1

π

(
u2

v
+ v

) |v| > |u|. (15)

If we look at the derivatives of the energy density, then we see
that the model exhibits a second-order phase transition as we
change v. The first derivative of ρ0 is continuous, but there
exists a discontinuity in the second derivative as

∂2ρ0

∂v2
=
{

0 |v| � |u|
− 1

π
u2

v3 |v| > |u| , (16)

revealing that the point |v| = |u| corresponds to the critical
point of a second-order phase transition.

In Fig. 2, we compare the ground-state energy density vs v

for the MPS numerics of the spin model [9] and the mean-field
approximation for a system of N = 200. We see that the mean
field agrees well with the spin model, accurately predicting
the location of the critical point. Below the critical point, the
two models agree exactly, which suggests that the interactions
induced by the chiral term are irrelevant in the ground state.
Nevertheless, interactions become significant above the criti-
cal point.

3. Central charge

To gain further insight into the nature of the chiral phase
transition, we consider the behavior of the ground-state bi-
partite entanglement entropy as a function of v. Consider
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FIG. 2. A comparison of the ground-state energy density vs v

obtained from MPS simulation of the spin model from Ref. [9] and
the mean-field (MF) approximation for N = 200 spins.

partitioning the system into two subsystems, A and B, where
A contains L 	 N adjacent spins. We define the reduced
density matrix of A as the partial trace over the remaining
N − L spins of B as ρA = TrB(ρ), where ρ is the state of
the whole system. As we are interested in the ground state
only, we have ρ = |�〉〈�|, where |�〉 is the (pure) ground
state of the total system. The entanglement entropy is defined
as SA = −Tr(ρA ln ρA). As discussed above, the model is
gapless for all v so it can be described by a conformal field
theory (CFT) [36]. In this case we expect the ground-state
entanglement entropy of a partition of spins to obey the Cardy
formula,

SPBC
A (L) = c

3
ln L + S0, (17)

provided L 	 N , and where c is the central charge of the CFT
and S0 is a constant [10,37], which applies to both the original
spin model and the mean-field approximation but differ for
open (OBC) and periodic (PBC) and boundary conditions.
We can measure the entanglement entropy of the mean-field
model (for PBC) quite simply by using the correlation matrix.
We find that scaling behavior of the entanglement entropy fol-
lows the formula in Eq. (17), as shown in Fig. 3(a), allowing
us to extract the central charge c for various values of v. We

FIG. 3. (a) The entanglement entropy SL of the mean-field (MF)
model vs L for a system of size N = 500, for values u = 1 and
v = 0.5 with periodic boundary conditions. We see the entanglement
entropy follows Eq. (17), allowing us to extract the central charge.
(b) A comparison of the central charge c of the mean-field model
and spin model vs v for the same system. We see that the central
charge jumps from c = 1 to c = 2 across the phase transition for the
mean field, suggesting that the degrees of freedom of the model have
changed. The central charge for the spin model was calculated using
OBC and fitted using Eq. (2) in Ref. [10].

find good agreement with the Cardy formula at even small L,
we expect this is due to the primary operators that define the
CFT being localized on single lattice sites, similarly to the XY
model. Therefore no RG flow is necessary to access the uni-
versal behavior.

Using the MPS results with open boundary conditions we
compare the spin model and the mean-field approximation. In
Fig. 3(b) we see that c ≈ 1 in the XX phase which jumps to
c ≈ 2 in the chiral phase, with good agreement between the
spin and mean-field results. We can clearly interpret this in
the mean-field model: The additional Fermi points appearing
when |v| > |u| cause the model to transition from a c = 1
CFT with a single Dirac fermion to a c = 2 = 1 + 1 CFT with
two Dirac fermions, as seen by the additional Fermi points of
the dispersion in Fig. 1(b). This can also be understood from
the lattice structure of the MF model, as seen in Fig. 1(a),
where for |v| 	 |u| a single zigzag fermionic chain dominates
(c = 1) while for |v| � |u| two fermionic chains dominate,
corresponding to the edges of the ladder, thus effectively dou-
bling the degrees of freedom (c = 2).

III. EMERGENT BLACK HOLE BACKGROUND

A. Diatomic model

To make the link with relativity, the lattice sites are now
labeled as alternating between sublattices A and B by intro-
ducing a two-site unit cell, as shown in Fig. 4. The mean-field
Hamiltonian of Eq. (6) can be reparameterized as

HMF =
∑

n

−ua†
n(bn + bn−1) − iv

2
(a†

nan+1 + b†
nbn+1) + H.c.,

(18)

where the fermionic modes an and bn belong to sublattice A
and B, respectively, of the unit cell located at site n. These
modes obey the commutation relations {an, a†

m} = {bn, b†
m} =

δnm, while all mixed anticommutators vanish. The index n now
labels the unit cells. A Fourier transform is performed on the
Fermions with the definition

an = 1√
Nc

∑
p∈B.Z.

eipacnap, (19)

and similarly for bn, where Nc = N/2 is the number of unit
cells in the system, ac = 2a is the unit cell spacing for a given
lattice spacing a, and B.Z. = [0, 2π/ac) is the Brillouin zone.
The Fourier transformed Hamiltonian becomes

HMF =
∑

p∈B.Z.

χ†
ph(p)χp, h(p) =

[
g(p) f (p)
f ∗(p) g(p)

]
, (20)

where the two-component spinor is defined as χp = (ap, bp)T

and the functions are given by

f (p) = −u(1 + e−iac p), g(p) = v sin(ac p). (21)

As usual, the dispersion relation is given by the eigenvalues of
the single-particle Hamiltonian h(p) which yields

E (p) = g(p) ± | f (p)|
= v sin(ac p) ± u

√
2 + 2 cos(ac p). (22)
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FIG. 4. The tilting of the Dirac cones as v increases and u = 1. The blue and orange sections show the dispersions of the two operators a
and b, respectively, in the diatomic unit cell for ac = 1.

Clearly, this energy spectrum is not the same as the one we
derive from Eq. (1); however, we are only interested in the
ground-state properties, which are seen throughout this paper,
such as in Fig. 7, to agree exactly for v < u, and diverge
slightly for v > u.

In Fig. 4, it is found that the parameter v has the effect of
tilting the cones as it increases. The Fermi points {pi}, defined
as the points for which E (pi ) = 0, are found at

p0 = π

ac
, p± = ± 1

ac
arccos

(
1 − 2u2

v2

)
. (23)

The roots p± only exist if the argument of arccos is in the
range [−1, 1] which implies |v| � |u| for these to appear in
the dispersion. Therefore, if |v| � |u|, then the only Fermi
point is located at p0 = π/ac which is where the Dirac cone
is located, as shown in Fig. 4. When the cone overtilts, so
when |v| � |u|, then the additional zero-energy crossings at
p± appear which is due to the Nielsen-Ninomiya theorem
which states that the number of left- and right-movers must
be equal [38].

B. Continuum limit

The continuum limit is obtained by Taylor expanding the
single-particle Hamiltonian h(p) about the Fermi point p0 to
first order in momentum which yields

h(p0 + p) = uσ y p − vIp ≡ e i
a αa pi, (24)

where we have set ac = 1; the coefficients are defined as
e x

0 = −v, e x
1 = u; and the Dirac matrices α0 = I, α1 = σ y.

Therefore, the continuum limit Hamiltonian after an inverse
Fourier transform to real space is given by

H =
∫
R

dxχ†(x)(−ie i
a αa

↔
∂i )χ (x), (25)

with A
↔
∂μB = 1

2 [A∂μB − (∂μA)B] and the Dirac αa = (I, σ y)
and β = σ z. Note that the position is now measured in terms
of unit cells with two lattice sites rather than single sites.

Comparing this Hamiltonian to the general one of Dirac
particles in curved space [39], the continuum limit of the
lattice model can be interpreted as a curved space field theory
with zweibein

e μ
a =

(
1 −v

0 u

)
, ea

μ =
(

1 v/u
0 1/u

)
(26)

and Dirac gamma matrices γ 0 = σ z and γ 1 = −iσ x which
obey the anticommutation relations {γ a, γ b} = 2ηab, with

ηab = diag(1,−1). The zweibein corresponds to the metric
gμν = ea

μeb
νηab which gives

ds2 =
(

1 − v2

u2

)
dt2 − 2v

u2
dtdx − 1

u2
dx2. (27)

If the variables u and v are upgraded to slowly varying func-
tions of space, then the preceding calculation is still valid and
the event horizon is located at the point xh, where |v(xh)| =
|u(xh)|. In the small region in which v is a slowly varying
functions of x so the coupling of different momentum modes
will be small and can be ignored to a good approximation,
leaving the diagonal terms a†

pap only. This is quite standard
to do, for example, in the SSH model where the continuum is
described by a Dirac equation [16]. For coordinate-dependent
coefficients, this is the Gullstrand-Painlevé metric [40], also
know as the acoustic metric, which is the Schwarzschild met-
ric of a (1 + 1)D black hole expressed in Gullstrand-Painlevé
coordinates. This metric is referred to here as an internal
metric of the model as it depends on the internal couplings of
the Hamiltonian and not the physical geometry of the lattice.
In addition, this is a fixed classical background metric and the
quantum fields have no back-reaction on the metric.

In order to bring the metric Eq. (27) into standard form, a
coordinate transformation defined as (t, x) �→ (τ, x) is used,
where

τ (t, x) = t −
∫ x

x0

dz
v(z)

u2 − v2(z)
, (28)

that maps the metric to

ds2 =
[

1 − v2(x)

u2(x)

]
dτ 2 − 1

u2(x)
[
1 − v2(x)

u2(x)

]dx2, (29)

which takes the general form of the Schwarzschild metric. As
we are interested in the physics of the horizon we consider
only the behavior of the the system for x ≈ xh where f (x)
can be taken to have a linear profile that changes sign around
x = xh and satisfies f (xh) = 0, this condition corresponding
to v(xh) = u in the couplings of our model. In the following
we take u(x) = 1 so it aligns with the standard Schwarzschild
metric in natural units. Quite remarkably, if we look at the
condensed matter model with space-dependent parameters
u(x) and v(x), then the phase boundary between the regions
for |v| < u and |v| > u, as seen in Fig. 8, can be interpreted
in terms of a field theory with a black-hole metric, where the
phase boundaries align precisely with the event horizons of
this metric.
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FIG. 5. The dispersion relations, with colored Fermi-points cor-
responding to those in Fig. 1(b), when (a) v = 1.5 and (b) v = 5,
showing the difference in number of discrete momentum states
(equally space momentum from −π to π ), in the spaces ζ1 and ζ2.
(c) The chirality of any single site in a 100 site homogeneous (“flat
space”) lattice as v changes for the fully interacting chiral operator,
with (d) giving the same for the mean-field chiral operator. Panels
(c) and (d) also give the analytical solutions as given in Eqs. (38) and
(39), respectively.

IV. CHIRALITY OF THE MODEL

In this section we investigate the spin-chirality operator
from Eq. (2) in detail. From the previous section, we see
that the parameter v has the effect of tilting the Dirac cones
in the mean-field description, as shown in Fig. 4. Referring
back to the original Hamiltonian of Eq. (1), we conclude
that the chirality of the system is responsible for this tilting.
This tilting emulates the overtilting of a Dirac cone near a
black hole, and therefore it is of interest to study this operator
and find what it can show about the the black-hole system,
especially in the case of the spins inside of the black-hole
horizon, corresponding to the transition into a chiral phase in
a homogeneous lattice.

Applying the Jordan-Wigner transformation to the chirality
operator of Eq. (2), we arrive at the chirality operator in terms
of fermionic modes given by

χn = −2i(c†
ncn+1 + c†

n+1cn+2 − c†
ncn+2)

+ 4i(c†
ncn+1c†

n+2cn+2 + c†
n+1cn+2c†

ncn) + H.c. (30)

It can be seen in Fig. 5(c) that the expectation of the chirality
operator has a point after the transition |v| > |u| where it is
equal to 0. If this operator is to be viewed as an order parame-
ter, giving the transition at the point where χ is nonzero, then
it is unusual for it to return to this value. However, there is
a choice now to be made of exactly which chiral operator to
analyze. As the original spin Hamiltonian of Eq. (1) contains
the chirality operator itself, applying MFT yields a noninter-
acting version of the chiral operator if we were to interpret
this as the coefficient of v/4 in the mean-field Hamiltonian of

Eq. (6). The MFT version of the chiral operator in fermionic
form is therefore given by

χMF
n = 2ic†

ncn+2 + H.c., (31)

with ground-state expectation given in Fig. 5(d). In the follow-
ing we will consider both versions of the chirality operator as
they give complementary information. We refer to Eq. (30) as
the full chirality and Eq. (31) as the mean-field chirality.

A. Discrete stepping of the chirality

In Fig. 5 it is shown how the chirality of a homogeneous
chain system (corresponding to flat space) changes as the
next-to-nearest neighbor terms in the Hamiltonian becomes
more dominant. Clear discrete jumps in the value of chirality
are found as the parameter v is increased, corresponding to
a momentum state leaving the left-hand Fermi sea (denoted
as ζ1) as a momentum state enters the right-hand Fermi sea
(denoted as ζ2). This is due to the fact that the number of dis-
crete momentum states in the total Fermi sea is equal to N/2,
i.e., |ζ1| + |ζ2| = N/2, where |ζi| is the number of momentum
states in ζi. As v changes, these two disconnected regions of
the Fermi sea change size and hence exchange states to keep
the total fixed at N/2.

We can determine analytically the behavior of the chirality
jumps shown in Fig. 7. The total chirality in this instance can
be diagonalized by the Fourier transform that also diagonal-
izes the Hamiltonian of the system,

cn = 1√
N

∑
p∈B.Z.

eipancp, (32)

to give

〈χ〉 = −4
∑

p∈B.Z.

sin(2ap)

− 8

N

∑
p,k∈B.Z.

{sin[a(k − 2p)] + sin[a(p − 2k)]}, (33)

where the summed momenta p and k satisfy E (p) � 0 and
E (k) � 0. The chirality is seen to jump in discrete steps as the
chiral coupling v is increased. This diagonalized total chirality
can be used to find an analytical formula for the size of the
jumps. We have

lim
ε→0

〈χ (v + ε)〉 − 〈χ (v)〉

=
√

1 − u2

v2

{
16u

v
− 32

N

∑
p∈B.Z.

[
sin(2p) − 2u

v
cos(p)

]}
.

(34)

In the large-v limit where the chiral operator becomes domi-
nant we have

lim
v→∞ 	〈χ〉 = −32

N

∑
p

sin(2p), (35)

which gives a value of about 10.2 for the limit the jumps tend
towards as v is increased. Additionally, we find that when N
becomes significantly large, then

lim
N→∞

	〈χ〉 =
√

1 − u2

v2

[
16u

v
+ 32

π

(
1 + u2

v2

)]
. (36)
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FIG. 6. Measurements of the discrete jumping of total chirality
as chiral coefficient v is increased. The numerical solutions are found
by taking the expectation of the chirality operator on the ground state
at v and then subtracting that from the same operator for some small
change v + ε. The analytic solution is found from Eq. (33) and the
thermodynamic solution N → ∞ from Eq. (36).

Note that the order of the limits allows us to take N → ∞
without forming a continuum version of the lattice model,
as we already assumed the existence of the discrete stepping
feature in Eq. (34). This analytically predicted behavior of
chirality jumps is in agreement with the numerical findings,
as shown in Fig. 6.

The frequency of the jumps is controlled by the rate in
which the momentum space covered by ζ1 shrinks while ζ2

grows, as shown in Fig. 5. This can be expressed in terms
of the proportion of the momentum space in the Brillouin
zone that is spanned by ζ1 = [−π

2a , p1) for Fermi point p1 =
1
a sin−1( u

v
). The number of states in the left-hand Fermi sea is

given by

N1 = N · p1 + π
2a

2π
= N sin−1(u/v) + Nπ/2

2πa
, (37)

which, in Fig. 7, shows a correspondence between N1 drop-
ping by an integer amount to the number of discrete steps in
chirality taken.

B. Chirality in the thermodynamic limit

In this section we analyze the chirality in the thermo-
dynamic limit for N → ∞. Using the expression for the
correlation matrix derived in Eqs. (12) and (13), the ground-

FIG. 7. (a) The jumping rate of the chirality as found from
Eq. (37) and (b) the discrete jumping found from applying Eq. (33).
It is seen that as the number of states in ζ1 decreases, each integer
change corresponds to a sudden increase in the chirality, with seven
total jumps in this interval.

FIG. 8. A comparison of the ground-state chirality obtained from
the mean-field ground state |�〉 using the two operators χ and χMF

[operators distinguished in Eq. (30) and Eq. (31) respectively], and
the results obtained from exact diagonalization of the spin model.

state chirality with respect to the full chiral operator of
Eq. (30) is given by the simple expression

〈χn〉 = 8Im[Cn,n+1Cn+2,n+2 − Cn,n+2Cn+2,n+1

+ Cn+1,n+2Cn,n − Cn+1,nCn,n+2

− (Cn,n+1 + Cn+1,n+2 − Cn,n+2)/2]

=
{

0 |v| < |u|
4
π

(
1 − u2

v2

)(
4u
πv

− 1
) |v| � |u| , (38)

and for the mean-field chirality

〈
χMF

n

〉 = 4Im(Cn,n+2) =
{

0 |v| < |u|
4
π

(
1 − u2

v2

) |v| � |u| . (39)

By Taylor expanding just above the critical point, we find the
chirality goes as

〈χn〉 ∼ (v − vc)γ , (40)

where vc = u is the critical point and γ = 1 is the critical
exponent. On the other hand, it was shown in Ref. [9] by
studying the full spin model of Eq. (1) using finite DMRG
[41] that the phase transition of the full model is located at
vc ≈ 1.12u with a critical exponent of γ ≈ 0.39. A compari-
son between the chirality of this MPS spin model simulation
and the mean-field approximation can be seen in Fig. 8. The
mean-field faithfully captures the important information about
the phase transition. In particular, just like for the energy
density, the two models agree exactly below the critical point
where the chirality is zero. The behavior suggests the chirality
is an order parameter for the model and emphasizes again
that, below the critical point, the interactions are irrelevant
in the ground state. We see that the free fermion mean-field
approximation of Eq. (6) accurately reveals that for small v

the system is in a disordered, gapless, XX phase, while as v in-
creases it passes through a second-order phase transition into a
gapless chiral phase, corresponding to a nonzero ground-state
chirality 〈χn〉.

From Eqs. (38) and (39), we see that the chirality is
nonzero if and only if we have complex next-to-nearest-
neighbor correlations Cn,n+2. We ask under what conditions
is this the case. Consider a general tight-binding model with
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discrete translational symmetry and periodic boundary condi-
tions. Suppose we had a model with inversion symmetry under
the transformation n → −n. This implies that the dispersion
relation is an even function obeying E (p) = E (−p), so our
Fermi points come in ± pairs. Referring back to the definition
of the correlation matrix in Eq. (11), we see that C∗

nm = Cnm

for an even dispersion relation: Complex conjugation is equiv-
alent to the transformation p → −p in the integral and, as the
range of integral is symmetric under this transformation due to
the Fermi points being ± symmetric as the dispersion relation
is an even function, the integral, and hence correlation matrix,
is invariant and hence real. In fact, this condition for inversion
symmetry can be relaxed slightly: As long as the Fermi points
come in ± pairs, even if the dispersion E (p) itself is not an
even function, the correlation matrix is real. This is the case
for this model in the range |v| � |u| as in this phase the Fermi
points are fixed at p0 = ±π/2a despite the dispersion itself
not being even, as shown in Fig. 1. However, this is broken
when |v| > |u| as new Fermi points appear and the correlation
matrix is complex.

Let us now break inversion symmetry. A simple model that
breaks inversion symmetry is a model with nearest-neighbor
hoppings and complex couplings, with Hamiltonian

H = −ue−iθ
∑

n

c†
ncn+1 + H.c., (41)

where u ∈ R and θ ∈ [0, 2π ). The breaking of inversion
symmetry is apparent from the dispersion relation E (p) =
−2u cos(p − θ ) as it is no longer an even function. The Fermi
points of this model are at p0 = θ ± π/2, and therefore the
correlations of this model are given by

Cnm = 1

2π

∫ θ+ π
2

θ− π
2

d pe−ip(n−m)

= sin
[
(n − m)π

2

]
π (n − m)

e−iθ (n−m), (42)

which are complex, but notice that correlations between
next-to-nearest-neighbors, where |n − m| = 2, are zero, and
therefore the chirality of this model will be zero, too.

The simplest way to achieve complex next-to-nearest
neighbor correlations is to include a term in the Hamiltonian
which couples next-to-nearest neighbor sites and breaks in-
version symmetry. A simple example of this is nothing but
our mean-field Hamiltonian of Eq. (6). The interesting feature
of this model is that for |v| < |u|, the dispersion relation
retains its symmetric Fermi points at p± = ±π/2 despite the
dispersion not being symmetric. Therefore, all correlators in
this phase will be real as seen in Eq. (12) and hence the
chirality will be zero. On the other hand, for |v| > |u| the
dispersion relation changes resulting in complex correlations
which yields a nonzero chirality, giving the chirality its order
parameter behavior.

C. Black-hole profile chiralities

The above analysis was conducted for homogeneous sys-
tems where u and v are constants. However, we still expect
this to hold when we upgrade v to a slowly varying function.
We now consider profiles where v(x) changes slowly and

FIG. 9. (a) An example of an inhomogeneous distribution for the
couplings v. (b) The corresponding chirality obtained from the spin
model MPS [9] and the mean-field model with the full operator χ .
We see that the distribution of v describes a phase boundary between
a chiral (v > u) and nonchiral (v < u) phase.

investigate the behavior of the system around v = u, which
from the emergent metric in Eq. (27), corresponds to the
location of the event horizon. In Fig. 9 we present the chirality
distribution across the system for a given coupling profile v(x)
for constant u. We observe the result that the system is chiral
where |v| > |u|, whereas for |v| < |u| the system is nonchiral,
and therefore we have an interface between two phases.

The chirality expectation can be found for different black-
hole backgrounds by choosing an appropriate relation for v.
If a collapsing dust metric for a black hole is considered, then
the coupling becomes

v =
√

1 − M(|x| − xh/2), (43)

where M is the mass of the black hole and xh is the position
of its horizon [42]. Another useful metric is a hyperbolic tanh
profile [43], with coupling

v = α{tanh[β(x − xh) + δ] + 1}, δ = tanh−1

(
1

α
− 1

)
.

(44)

In Fig. 10 we present the chiralities across the lattice,
where the position on the lattice x corresponds to the position
in space. Moreover, we present the total chiralities of these
black-hole profiles as their parameters are altered, giving sim-
ilar results to those in the homogeneous case.

It has been shown that many analog gravitational systems
will exhibit a Hawking-like effect, whereby emission of ra-
diation is described by scattering events following a thermal
distribution at the Hawking temperature [15–26,28–30]. This
has been explicitly demonstrated in the mean-field model of
Eq. (6) with inhomogenous couplings, whereby interfaces be-
tween the two chiral phases thermalizes the wave function [9].
By preparing a single particle inside the horizon in the state
|n〉 = c†

n|0〉 and letting it evolve under the Hamiltonioan, it is
found that once the wave-function tunnels across the horizon
the external distribution takes the form P(k, t ) ∝ e−E (k)/T ,
where T is the Hawking temperature of the effective black
hole given by T = |v′(xh)|/2π . This is an effective thermal-
ization exhibited shortly after the scattering [14,15].

V. BOSONIZATION

We now want to quantify the effect of interactions in
our system introduced via the chirality term and analyze the
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FIG. 10. [(a) and (b)] Measurements of total chirality for 100
sites lattices with the horizon xh at site 95 for the collapsing dust
profile when mass M is increased and then for the hyperbolic tanh
profile as α is increased respectively. (c) Chirality expectations of
each site of a 500 site lattice for spatial functions v(x) with horizon
xh positioned at site 450 for the collapsing dust metric with M = 1
(blue) and with the hyperbolic profile of v couplings as in Eq. (44)
with α = 2, β = 0.2 (green).

validity of the mean-field results. In higher dimensions, most
interacting fermionic models can be studied using Fermi liq-
uid theory. One dimensional systems can differ dramatically.
The breakdown of Fermi liquid theory is intuitively explained
by the nature of excitations near the Fermi surface [32]. In
one dimension, the Fermi surface consists of two points, kF

and −kF . For inversion-symmetric Hamiltonians, the disper-
sion in the vicinity of the Fermi surface is typically ω1(k) =
vF (k − kF ) and ω2(k) = −vF (k − kF ). The nesting condition
ω1(k) = −ω2(k) leads to a breakdown in perturbation theory
and indicates that the interacting model differs dramatically
from the noninteracting model. In fact, the low-energy be-
havior is typically described by collective, bosonic excitations
using Luttinger liquid theory.

For the model discussed here, bosonization has been pre-
viously employed when |v| < |u| in which case there are only
two Fermi points [9]. This resulted in the bosonized Luttinger
liquid Hamiltonian

H = u
∫

dx[�2 + (∂x�)2] (45)

for a bosonic field � with canonical momentum �. This cor-
responds to a Luttinger coefficient [32] K = 1, corresponding
to a free fermion model in the whole regime with the interac-
tions simply renormalizing the Fermi velocities. This can be
simply understood by noting that the Fermi velocities differ at
the two Fermi points, and therefore the nesting condition does
not apply.

When |v| > |u| there are two additional Fermi points
with equal Fermi velocites so the nesting condition becomes
relevant. The bosonized system is now described by a four-
component Hamiltonian given, neglecting terms with minimal

contribution, by

H =
∑
μ,ν

∂xφμhμν∂xφν (46)

where φμ represents the bosonic fields [31] centered at each
Fermi point in the sum of μ and ν and

hμν = 1

π

⎛
⎜⎜⎝

πvL1
2 − 2v 0 v − u v − u

0
πvL2

2 + 2v u − v u − v

v − u u − v πvR
2 + 2u 2u

v − u u − v 2u πvR
2 + 2u

⎞
⎟⎟⎠,

(47)

with Fermi velocities vL1,2 = 2(∓u − v) and vR = 2v(1 − u2

v2 ).
After a coordinate transformation we find, near the transition
point v ≈ u, the Hamiltonian takes the form

H = u
∫

dx
[
�2

1 + (∂x�1)2
]

+
√

vRv′
R

∫
dx

⎡
⎣√vR

v′
R

�2
2 +

√
v′

R

vR
(∂x�2)2

⎤
⎦, (48)

for bosonic fields �1,�2 and corresponding canonical mo-
menta �1,�2, giving Luttinger coefficients of K1 = 1 and
K2 = √

vR/v′
R =

√
vR/(vR + 8u

π
). Since the Luttinger coeffi-

cient K2 �= 1, the interactions after the transition into the chiral
phase are relevant and have a significant influence on the
model.

VI. CLASSICAL ANALYSIS

To gain further insight into the behavior of the chiral
spin chain we analyze the classical version of the model.
Classically, the spins are unit vectors that can take arbitrary
orientations. The dispersion is found by minimizing the en-
ergy of the spin vectors in a classically equivalent energy
function. The Hamiltonian is now given as

H =
∑

n

[
−u

2

(
Sx

nSx
n+1 + Sy

nSy
n+1

)− v

4
�Sn · (�Sn+1 × �Sn+2)

]
,

(49)

for spin �Sn = (sin φn cos θn, sin φn sin θn, cos φn). We adopt
open boundary conditions, so the summation in Eq. (49) ends
at N − 2 for the chiral operator. The u controlled XX portion
of the energy tends to align all the spins with nearest-neighbor
couplings while the chiral coupling v of the three-spin interac-
tion, tends to make neighboring spins orthogonal. The overall
spin configuration that minimizes the energy was determined
numerically, where the first site was set as spin up and all
others sites were free, and the classical chirality found using
DMRG.

The average chirality has the form

〈χ〉 = 1

N

∑
n

�Sn · (�Sn+1 × �Sn+2). (50)

The value for chirality for the spin configurations that mini-
mize the classical energy is given in Fig. 11. By showing the
spins along the chain in Bloch space it can be seen that, when
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FIG. 11. (a) Average chirality, when u = 1, v = 20, with the
strong chiral contribution from large v gives almost 1 as lattice size N
is increased for the classical chain, compared to the quantum case in
(b) for values up to N = 300, which shows similar, locally oscillatory
behavior with a tendency toward ∼1.22 as lattice size is increased.
(c) Values for the classical/quantum chirality operator, given in
blue/black, as v is increased for a periodic lattice of N = 300. The
classical value slowly approaches 1, while the quantum chirality
grows larger towards ∼1.22. It can also be seen that the classical
chirality begins to grow before the transition point of u = v.

v > u, the spin structure of the lattice is a repeating three-spin
sequence with these three spins almost orthogonal due to the
chiral operator minimizing while the spins are orthogonal,
whereas the XX portion of the energy is minimized when the
spins are parallel. This sequence then repeats along the lattice
while slowly processing, as is shown in Fig. 12, where the
effect of increasing the chiral coupling strength is given.

The results from Fig. 11 show a similarity between the
classical chirality calculations and those done in the quantum
case. This figure also gives the changes in average chirality
χ when the system size is increased, shown to be a tendency
toward 1 in the classical regime as the spins align for every
extension of the chain to maximize the chirality. From ob-
serving the spins Fig. 12 when v is large it is found the spins
take on a repeating three-spin pattern in which they attempt
to stay orthogonal to maximize χ , which may increase by a
maximum of 1 for every chiral operator acted along the chain.

FIG. 12. The procession of spins in a 10 spin lattice as found
by the classical model for (a) v = 0.8 and (b) v = 8. In (b) the spin
states are found in sets of three almost orthogonal spins that repeats
and processes along the chain.

In contrast, in the quantum chain the chirality takes a maxi-
mal value of approximately 1.22, as shown in Fig. 11. This
indicates that chirality receives contributions from genuine
quantum correlations, which causes its value to become larger
than the maximum possible classical value of 1 [11].

VII. CONCLUSION

While the one-dimensional XX model supports the rel-
ativistic one-dimensional Dirac equation, adding a chiral
interaction causes the Dirac code to tilt an effect that is
controlled by the chiral coupling. Surprisingly, this emulates
the effect of gravitational background on Dirac fermions [9].
When the chiral coupling varies appropriately as a function of
position then the chiral spin chain simulates the behavior of
Dirac particles in the black-hole background.

In particular, we introduced a chiral spin model and sim-
plified it with MFT in order to investigate its properties
analytically. This included the dispersion relation, which ex-
hibited transition shown by a splitting of the Fermi sea of
the half filled ground state, and the central charge, giving
what kind of CFT is defined by the transition of the system
into a chiral phase. Results were then compared to an MPS
simulation to give an idea of the accuracy of this mean-field
Hamiltonian.

Subsequently, we assessed the field theory defined by split-
ting the spin chain model into a diatomic unit cell and found
a comparison to the field theory of Dirac particles on the
curved spacetime background of a black hole with the curva-
ture determined by the couplings of the model. It is seen, by
the dispersion relation of the diatomic model, that increasing
the relative strength of the chiral coupling tilts the energy
spectrum, analogously to the overtilting of the Dirac cone as
it enters the horizon of a black hole.

To determine the contribution of the chiral interactions
in the behavior of the system we employed the bosoniza-
tion method. This method determines the importance of the
interactions, in turn giving an insight into the accuracy of
the noninteracting approach that was taken in applying MFT
to the Hamiltonian. Before the splitting of the Fermi sea,
bosonization gave a Luttinger coefficient of K = 1, implying
the interactions are insignificant. After the sea splits, i.e.,
for v > u, two separate coefficients emerge, corresponding to
the two portions of the Fermi sea. One of them has a value
different than 1, suggesting the interactions after the transition
into the chiral phase have a significant influence on the model.

Finally, the classical version of the model is investigated.
An energy function analogous to the quantum chain Hamilto-
nian was minimized in order assess the behavior of chirality
in the classical limit. We established that for large chiral cou-
pling the spin vectors tend to be orthogonal, with a three-spin
pattern processing along the chain. Importantly, the quantum
chain gives a value of chirality larger than then possible
classical value, thus demonstrating that quantum correlations
contribute significantly in the behavior of the system.

We envision that our work can build the bridge between
chiral systems and black holes, thus facilitating the quantum
simulation of Hawking radiation, e.g., with cold atom technol-
ogy. Moreover, our investigation opens the way for modeling
certain strongly correlated systems by effective geometric
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theories with extreme curvature, thus providing an intuitive
tool for their analytical investigation. As the bosonization of
the system in the chiral phase appears to indicate the inter-
actions are important in this regime, a comparison between
this model and that of a solveable quantum gravity could be a
future focus of research, e.g., via measuring the scrambling of
our model.
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APPENDIX A: ON THE SPACE-TIMELIKENESS
OF THE BLACK HOLE

In the Gullstrand-Painlevé frame, the metric is given by

ds2 = (1 − v2)dt2 − 2vdtdx − dx2, (A1)

where we have set u = 1. Consider the vectors T μ = δ
μ
t and

X μ = δμ
x which point in the t and x directions, respectively.

We have

gμνT μT ν = gtt = (1 − v2), (A2)

gμνX μX ν = gxx = −1, (A3)

so we see that the time coordinate is spacelike inside the
black hole (v > 1) and timelike outside (v < 1) the black hole
as the norm of T μ changes sign. However, the x coordinate
remains spacelike everywhere as the norm of X μ is negative
everywhere. This is fine because, despite this, the metric is
still Lorentzian everywhere. This means at every point there
exists a spacelike and timelike direction, they just do not
coincide with the coordinates in the GP frame. To see this we
just need to solve for the eigenvalues of the metric, which are
given by

μ± = 1
2 (±

√
v4 + 4 − v2), (A4)

where μ+ > 0 and μ− < 0 always. Therefore, the metric is
Lorentzian and there will exist a pair of spacelike and timelike
directions at every point. This contrasts to a Euclidean metric
which would have only positive eigenvalues.

If we change coordinates from GP coordinates to the
Schwarzschild frame as (t, x) → (τ, χ ) where

τ (t, x) = t −
∫ x

x0

dz
v(z)

1 − v2(z)
, (A5)

χ (t, x) = x, (A6)

where we have explicitly used a different symbol for the
spatial coordinate χ despite it being equal to x always, then
we have

ds2 = (1 − v2)dτ 2 − 1

(1 − v2)
dχ2. (A7)

If apply the same procedure as before, then we have

gττ = 1 − v2, (A8)

gχχ = − 1

1 − v2
, (A9)

which always have opposite signs, and therefore if τ is time-
like, then χ is spacelike and vice versa. We see that in this
coordinate system, the coordinate basis vectors do point along
the spacelike and timelike directions explicitly. Note that de-
spite the transformation χ (t, x) = x being trivial, the basis
vectors for x and χ do not point in the same direction.

APPENDIX B: DIAGONALIZING
THE CHIRALITY OPERATOR

The ground-state expectation of the total chirality operator,
given simply by the sum of the chirality for every site in
the lattice, may be diagonalized by applying a the Fourier
transform given in Eq. (7). Utilizing Wick’s theorem [9], the
expectation of the chirality takes the form

〈χi〉 = −2i(〈c†
ncn+1〉 + 〈c†

n+1cn+2〉 + 〈c†
n+2cn〉)

+ 4i(〈c†
ncn+1〉〈c†

n+2cn+2〉 − 〈c†
ncn+2〉〈c†

n+2cn+1〉
+ 〈c†

n+1cn+2〉〈c†
ncn〉 − 〈c†

n+1cn〉〈c†
ncn+2〉) + c.c.,

(B1)

where 〈c†
i c j〉 = 〈�|c†

i c j |�〉 where |�〉 is the ground state of
the system corresponding to half filling. The transform has the
effect

∑
n

〈χn〉 =
∑
p,q

−2i(eiaq + e−ia(p−2q) + e−2iap)

(
1

N

∑
n

e−ian(p−q)

)
〈c†

pcq〉

+
∑

p,q,k,l

4i

N
(e−ia(2k−q−2l ) − e−ia(2k−2q−l ) + e−ia(p−2q) − e−ia(p−2l ) )

(
1

N

∑
n

e−ian(p−q+k−l )

)
〈c†

pcq〉〈c†
kcl〉 + c.c.

=
∑

p

−2i(2eiap + e−2iap)〈c†
pcp〉 +

∑
q,k,l

4i

N

{
2eiaq − e−ia(k−2q) − e−ia(q−2k) )〈c†

q+l−kcq〉〈c†
kcl〉 + c.c.

=
∑

p

[8 sin(ap) − 4 sin(2ap)]〈c†
pcp〉 + 4i

N

∑
p,k

[2eiap − (e−ia(k−2p) + e−ia(p−2k)] + c.c.

}
〈c†

pcp〉〈c†
kck〉, (B2)
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which, considering the half filling ground state, simplifies to

∑
n

χn =
∑

p

[8 sin(ap) − 4 sin(2ap)] −
∑

p

8 sin(ap)

− 8

N

∑
p,k

{sin[a(k − 2p)] + sin[a(p − 2k)]}

= −4
∑

p

[sin(2ap)]

− 8

N

∑
p,k

{sin[a(k − 2p)] + sin[a(p − 2k)]}, (B3)

for the summations only accounting for momenta which
produce negative energy solutions. Here the fact that the
ground-state expectations follow the rule

〈c†
pcq〉 =

{
δpq if E (p) � 0 and E (q) � 0

0 if E (p) < 0 or E (q) < 0
, (B4)

meaning
∑

p〈c†
pcp〉 = N

2 was utilized.
In order to find an analytical solution for the size and

frequency of these jumps the fact the jumps originate from
the “hopping” of momentum states from the space ζ1 to the
space ζ2 is utilized. If the chirality is known to change in
a discrete step at certain points the parameter v increasing
by an infinitesimilly small amount δv, then the amplitude
in the difference in the total chirality is therefore given by
χ (vδ ) − χ (v). From the Fermi points found in the dispersion
relation Fig. (1) it is seen the momentum states that contribut-
ing to chirality differences as v increases are those momenta
lost at v = sin−1( u

v
) and those gained at vδ = π − sin−1( u

v
).

This gives

χ (vδ ) − χ (v) = 4

⎡
⎣∑

pv

sin(2apv ) −
∑
pvδ

sin(2apvδ
)

⎤
⎦

+ 8

N

∑
pv ,kv

[sin(kv − 2pv ) + sin(pv − 2kv )]

− 8

N

∑
pvδ

,kvδ

[sin(kvnew − 2pvδ
) + sin(pvδ

− 2kvδ
)]. (B5)

Substituting in the identities for the momentum states gives

lim
vδ→v

χ (vδ ) − χ (v)

= 16u

v

√
1 − u2

v2
− 32

N

∑
p

[√
1 − u2

v2
sin(2p)

− 2u

v

√
1 − u2

v2
cos(p)

]
, (B6)

which may be used to estimate the size of the jumps, as used
in Fig. 1.

Different limits show that value of the jumps at different
extremes. When the chiral term dominates v → ∞, giving

lim
v→∞ lim

vδ→v
〈χ (vδ )〉 − 〈χ (v)〉 = −32

N

∑
p

sin(2p), (B7)

which gives a value of about 10.2. In the thermodynamic
limit N → ∞ where 1

N

∑
p → 1

π

∫
p the change in chirality

becomes

lim
N→∞

lim
v+→v

〈χ (v+)〉 − 〈χ (v)〉

= 16u

v

√
1 − u2

v2
+ 32

π

√
1 − u2

v2

(
1 + u2

v2

)
, (B8)

which is shown in Fig. 6.

APPENDIX C: TWO FERMI-POINT BOSONIZATION

1. Normal ordering

The Hamiltonian may be separated into noninteracting and
interacting systems H = H0 + Hint for

H0 =
∑

n

(
−uc†

ncn+1 − iv

2
c†

ncn+2

)
+ H.c., (C1)

Hint = iv

2

∑
n

(
c†

ncn+1σ
z
n+2 + c†

n+1cn+2σ
z
n

)+ H.c. (C2)

Normal ordering, : A : = A − 〈�|A|�〉, affects Fermionic op-
erators as

c†
ncn+1 = : c†

ncn+1 : +〈�|c†
ncn+1|�〉 ≡ : c†

ncn+1 : +α, (C3)

and

σ z
n = 1 − 2c†

ncn = 1 − 2(: c†
ncn : +〈�|c†

ncn|�〉)

= −2 : c†
ncn :, (C4)

where the fact the ground state is a state of half filling gives
〈�|c†

ncn|�〉 = 1
2 . Therefore, the interacting Hamiltonian be-

comes

Hint = −iv
∑

n

(: c†
ncn+1 : +α) : c†

n+2cn+2 :

+ (: c†
n+1cn+2 : +α) : c†

ncn : +H.c.

= −iv
∑

n

: c†
ncn+1 :: c†

n+2cn+2 :

+ : c†
n+1cn+2 :: c†

ncn : +H.c., (C5)

where the fact that α is real and : c†
ncn : is Hermitian cancels

α out of the calculation.
It has been found that in the nonchiral phase where

|v| < |u| there are two Fermi points at momenta ±π/2.

2. Field transformations

A real space continuum is approximated with field
relations

cn√
a

=
∑

μ=R,L

eipμanψμ(xn), (C6)
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where the sum is over the Fermi points and ψμ(xn) is a slowly
varying continuous field sampled at discrete lattice sites
xn = na, with reinstated lattice spacing a.

First, we substitute the expansion of Eq. (C6) into H0 of
Eq. (C2) to give

H0 =
∑
μ,ν

∑
n

ae−i(pμ−pν )an − ueipνaψ†
μ(xn)ψν (xn+1)

− iv

2
e2ipνaψ†

μ(xn)ψν (xn+2) + H.c. (C7)

We now discard any oscillating term in the Hamiltonian as
these integrate to zero, so we requires pμ = pν in the first
phase. This yields

H0 =
∑

μ

∑
n

a(−ueipμaψ†
μψμ + a∂xψμ)

− iv

2
e2ipμaψ†

μ(ψμ + 2a∂xψμ) + O(a3) + H.c.

= −i
∑

μ

∑
n

a2(±uψ†
μ∂xψμ − vψ†

μ∂xψμ) + O(a3) + H.c.

→ −2i
∑

μ

∫
dxvμψ†

μ∂xψμ, (C8)

where in the third line ± corresponds to μ = R, L for the
right- and left-hand Fermi points, and we have renormalized
the couplings as au → u and av → v. We have defined

vR,L = 2(±u − v), (C9)

which are the Fermi velocities vμ = E ′(pμ) obtained from the
dispersion relation.

We now repeat the procedure for the interaction term Hint

of Eq. (C2). We substitute in the expansion of Eq. (C6) into
Hint to give

Hint = −iv
∑

μ,ν,α,β

∑
n

ae−i(pμ−pν+pα−pβ )an

× (ei[pν−2(pα−pβ )]a + e−i(pμ−2pν )a) : ψ†
μψν :: ψ†

αψβ :

+ O(a3) + H.c., (C10)

where we have expanded all fields to zeroth order in a to
ensure the Hamiltonian retains order a2 and renormalized the
couplings as av → v. We discard any term that oscillates
which requires pμ − pν + pα − pβ = 2nπ/a for n ∈ Z. With
this we find only four terms survive giving us

Hint = 2v

∫
dx
(
ρ2

R + ρRρL − ρLρR − ρ2
L

)+ H.c.

= 4v

∫
dx
(
ρ2

R − ρ2
L

)
,

(C11)

where we have defined the normal-ordered densities
ρR,L = : ψ

†
R,LψR,L :.

3. Bosonizing the Hamiltonian

If we pull everything together, then the normal-ordered
Hamiltonian is given by

: H : = : H0 + Hint :

= −i
∑

μ=R,L

∫
dx
(
vμ : ψ†

μ∂xψμ : ±4v : ρ2
μ :
)
, (C12)

where the ± corresponds to R and L, respectively. Following
Ref. [31], we map the fermionic fields ψμ to bosonic fields φμ

with the mapping

ψR,L = FR,L
1√
2πα

e−i
√

2πφR,L

ρR,L = ∓ 1√
2π

∂xφR,L, (C13)

where FR,L are a pair of Klein factors and α is a cutoff. The
bosonic fields obey the commutation relations

[φR,L(x), φR,L(y)] = ± i

2
sgn(x − y), (C14)

while pairs of fields about different Fermi points commute.
The fermionic fields and densities obey the identities

: ψ
†
R,L∂xψR,L := ± i

2
∂xφR,L, ρR,L = ∓ 1√

2π
∂xφR,L,

(C15)
where we have taken lattice length L → ∞. With this, the
Hamiltonian is mapped to

: H : =
∫

dx
1

2
[|vR| : (∂xφR)2 : +|vL| : (∂xφL )2 :]

+ 2v

π
[(∂xφR)2 − (∂xφL )2]

= 1

2

∫
dx[|v′

R| : (∂xφR)2 : +|v′
L| : (∂xφL )2 :], (C16)

where the renormalized Fermi velocities are given by

v′
R,L = 2

[
±u − v

(
1 − 2

π

)]
. (C17)

As the Fermi velocities of the model are not equal, we must
generalize the bosonization procedure of Ref. [31]. We define
the canonical transformation

� =
√
N
2

(
√

|v′
L|φL −

√
|v′

R|φR)

� =
√
N
2

(
√

|v′
L|φL +

√
|v′

R|φR), (C18)

where N is a constant to ensure the fields obey the correct
commutation relations. We require the fields � and � to obey
the commutation relations [31]

[�(x),�(y)] = − i

2
sgn(x − y). (C19)
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In terms of our canonical transformation, we have

[�(x),�(y)] = N
2

(|v′
L|[φL(x), φL(y)] − |v′

R|[φR(x), φR(y)])

= N
2

[
− i|v′

L|
2

sgn(x − y) − i|v′
R|

2
sgn(x − y)

]

= − iN
4

(|v′
L| + |v′

R|)sgn(x − y), (C20)

and therefore we require

N = 2

|v′
L| + |v′

R| = 1

2u
. (C21)

Inverting the canonical transformation of Eq. (C18), we have√
|v′

L|φ− = √
u(� + �),

√
|v′

R|φ+ = √
u(� − �).

(C22)

Substituting this back into the bosonized Hamiltonian of
Eq. (C16) gives

: H : = u
∫

dx[: (∂x�)2 : + : (∂x�)2 :]. (C23)

Differentiating the commutator [�(x),�(y)] with respect to
y, we find [�(x), ∂y�(y)] = iδ(x − y), so we can identify
the canonical momentum as �(x) = ∂x�(x). Therefore, the
bosonized Hamiltonian takes the form of the free boson,

: H : = u
∫

dx[: �2 : + : (∂x�)2 :], (C24)

which is exactly the same result obtained from bosonizing
the XX model (v = 0). According to the theory of Luttinger
liquids, this implies that K = 1 which is the sign of noninter-
acting fermions [32], demonstrating that the interactions for
|v| < |u| are irrelevant in the ground state.

APPENDIX D: FOUR FERMI-POINT BOSONIZATION

1. Bosonizing for four Fermi points

When |v| > |u| the chirality kicks in and two extra points
are formed, shown in Fig. (1). The Fermi points will here be
labeled by where they appear on the two momentum spaces
ζ1,2, giving pL1,R1 = ∓π/2, pL2 = sin−1(u/v), pR2 = π −
sin−1(u/v).

Just as before, the expansion of Eq. (C6) is substituted into
H0 of Eq. (C2) and oscillatory terms are disregarded, this time,
for the four Fermi points. This again results in

H0 = −i
∑

μ

∫
dxvμψ†

μ∂xψμ, (D1)

where the couplings have been renormalized as au → u and
av → v. New couplings are defined as

vL2,L1 = 2(±u − v), vR1,R2 = 2v

(
1 − u2

v2

)
, (D2)

representing the four Fermi points where vL1 , vR1 ∈ ζ1 and
vL2 , vR2 ∈ ζ2 with the L and R representing the Fermi points
on the left and right sides of the ζ spaces.

Repeating the procedure for the interaction term Hint , the
new Fermi points are substituted into Eq. (C10). For the case
of four Fermi points a more complicated contribution of

Hint = av
∑

n

∫
dx[−4(ρL1ρR1 + ρL1ρR2 + ρL2ρR1 + ρL2ρR2 ) + 2Re(d )(ψ†

R1
ψR2ψ

†
R2

ψR1 + ψ
†
R2

ψR1ψ
†
R1

ψR2 )

+ 2Re(a)(2ψ
†
L1

ψR1ψ
†
L1

ψR2 + ψ
†
L1

ψR1ψ
†
R1

ψL1 + ψ
†
L1

ψR2ψ
†
R2

ψL1 + ψ
†
R1

ψL1ψ
†
L1

ψR1 + 2ψ
†
R1

ψL1ψ
†
R2

ψL1 + ψ
†
R2

ψL1ψ
†
L1

ψR2 )

+ 2Re(c)(ψ†
R1

ψL2ψ
†
L2

ψR1 + 2ψ
†
R1

ψL2ψ
†
R2

ψL2 + ψ
†
L2

ψR1ψ
†
R1

ψL2 + 2ψ
†
L2

ψR1ψ
†
L2

ψR2 + ψ
†
L2

ψR2ψ
†
R2

ψL2 + ψ
†
R2

ψL2ψ
†
L2

ψR2 )

+ 2Re(b)(ρR1ρL1 + ρR1ρL2 + ρR2ρL1 + ρR2ρL2 + 2ρR1ρR2 + ρ2
R1

+ ρ2
R2

)], (D3)

is obtained, with density functions as defined before, and
factors given as

Re(a) = Re(e2isin−1(u/v) + ie−isin−1(u/v) )

= 1 + u

v
− 2u2

v2
, (D4)

Re(b) = Re(−2ieisin−1(u/v) ) = 2u

v
, (D5)

Re(c) = Re(ie−isin−1(u/v) − e2isin−1(u/v) )

= u

v
− 1 + 2u2

v2
, (D6)

Re(d ) = Re(ie3isin−1(u/v) − ie−3isin−1(u/v) )

= 8u3

v3
− 6u

v
. (D7)

2. Bosonic fields

Bosonic field equations are given as in the two Fermi point
model,

ψμ = Fμ

1√
2πα

e∓i
√

2πφμ, ρμ = ∓ 1√
2π

∂xφμ, (D8)

where the ∓ results are for right movers L2, R1, R2 (−) and left
movers L1 (+) [movement seen from their Fermi velocities
Eq. (D2)]. This gives the relation

: ψ
†
R,L∂xψR,L := ± i

2
∂xφR,L, (D9)

which allows the transformation H0 from Eq. (D1) into

H0 = 1

2

∫
dx
∑

μ

|vμ| : (∂xφμ)2 : . (D10)
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The interacting Hamiltonian’s transformation is

Hint = 2

π

∫
dx

{
v(∂xφL1∂xφR1 + ∂xφL1∂xφR2 − ∂xφL2∂xφR1 − ∂xφL2∂xφR2 )

+ v

π

(
u

v
+ 1 − 2u2

v2

)
{cos[

√
2π (2φL1 + φR1 + φR2 )] + 1} + v

π

(
u

v
− 1 + 2u2

v2

)
{cos[

√
2π (2φL2 − φR1 − φR2 )] + 1}

+ u[∂xφR1∂xφL2 + ∂xφR2∂xφL2 − ∂xφR1∂xφL1 − ∂xφR2∂xφL1 + 2∂xφR1∂xφR2 + (∂xφR1 )2

+ (∂xφR2 )2] + v[(∂xφL2 )2 − (∂xφL1 )2] + 4u3

v2π
− 3u

π

}
, (D11)

which, when ignoring the cosine terms, in matrix form, is given as

H =

⎡
⎢⎢⎢⎣ 1

π

⎛
⎜⎜⎜⎝

−2v 0 v − u v − u
0 2v u − v u − v

v − u u − v 2u 2u
v − u u − v 2u 2u

⎞
⎟⎟⎟⎠+ 1

2

⎛
⎜⎜⎜⎝

vL1 0 0 0
0 vL2 0 0
0 0 vR1 0
0 0 0 vR2

⎞
⎟⎟⎟⎠
⎤
⎥⎥⎥⎦
⎛
⎜⎜⎜⎝

∂xφL1

∂xφL2

∂xφR1

∂xφR2

⎞
⎟⎟⎟⎠. (D12)

3. Luttinger coefficient

It is possible to approximate to Eq. (D12) as the cosine
terms, if relevant in the renormalization group sense, would
open a gap in the model [31], meaning it may no longer be de-
fined by a Luttinger liquid. However, it is seen from Fig. 3(b)
that the chiral phase has a central charge c = 2, suggesting the
model is “doubly gapless,” and therefore these terms cannot
be significant and may be ignored. In order to diagonalize the
Hamiltonian Eq. (D12)), the coordinate transformations

�1 =
√

1

4u
(
√

|v′
L1

|φL1 −
√

|v′
L2

|φL2 )

�1 =
√

1

4u
(
√

|v′
L1

|φL1 +
√

|v′
L2

|φL2 ), (D13)

�2 = 1√
2

(ϕR1 − ϕR2 )

�2 = 1√
2

(ϕR1 + ϕR2 ), (D14)

are considered, which gives the Hamiltonian in the form

H = 1

2
diag(u, u, vR + 8u/π, vR) + 1

2

(
0 M

M† 0

)
, (D15)

with M = v−u
π

√
2u

(√
|v′

L1
| −

√
|v′

L2
| 0√

|v′
L1

| +
√

|v′
L2

| 0

)
. Therefore, close to the

point of transition when u ≈ v this becomes

H = u
∫

dx
[
�2

1 + (∂x�1)2
]

+
√

vRv′
R

∫
dx

⎡
⎣√vR

v′
R

�2
2 +

√
v′

R

vR
(∂x�2)2

⎤
⎦. (D16)

This gives a Luttinger coefficient of K2 =
√

vR
v′

R
=

√
vR

vR+ 8u
π

.
The change in value of K2 suggests that in the chiral phase,
the model has significant interactions.
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