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Kagome and honeycomb flat bands in moiré graphene

Michael G. Scheer and Biao Lian
Department of Physics, Princeton University, Princeton, New Jersey 08544, USA

(Received 18 April 2023; revised 3 November 2023; accepted 12 November 2023; published 14 December 2023)

We propose a class of graphene-based moiré systems hosting flat bands on kagome and honeycomb moiré
superlattices. These systems are formed by stacking a graphene layer on a 2D substrate with lattice constant
approximately

√
3 times that of graphene. When the moiré potentials are induced by a 2D irreducible corep-

resentation in the substrate, the model shows a rich phase diagram of low-energy bands including eigenvalue
fragile phases as well as kagome and honeycomb flat bands. Spin-orbit coupling in the substrate can lift
symmetry-protected degeneracies and create spin Chern bands, and we observe spin Chern numbers up to
three. We additionally propose a moiré system formed by stacking two graphene-like layers with similar lattice
constants and Fermi energies but with Dirac Fermi velocities of opposite sign. This system exhibits multiple
kagome and honeycomb flat bands simultaneously. Both models we propose resemble the hypermagic model of
[Scheer et al., Phys. Rev. B 106, 115418 (2022)] and may provide ideal platforms for the realization of strongly
correlated topological phases.

DOI: 10.1103/PhysRevB.108.245136

I. INTRODUCTION

Since the discovery of the fractional quantum Hall effect,
nontrivial flat bands in two dimensions have become a dom-
inant paradigm for strongly correlated topological phases of
matter. In recent years, moiré systems such as twisted bilayer
graphene (TBG) [1] have been predicted to host nontrivial
flat bands [2–5] and experiments have revealed remarkable
strongly interacting phenomena such as unconventional super-
conductivity and correlated insulation [6–12]. Another way to
realize nontrivial flat bands is to construct tight-binding mod-
els that exhibit destructive wavefunction interference [13–15].
For example, a nearest-neighbor tight-binding model with
one symmetric orbital per site on a kagome lattice has one
exactly flat band [16,17]. Interacting systems based on this
tight-binding model have long been investigated as candidates
for strongly correlated phases such as Mott insulators or spin
liquids [18,19]. Similarly, a nearest-neighbor tight-binding
model with px and py orbitals on each site of a honeycomb
lattice has two exactly flat bands when certain parameters are
neglected [20]. For completeness, we review these flat band
tight-binding models in Appendices K and L. Despite exten-
sive searches for crystalline materials realizing such nontrivial
flat bands, they remain quite rare. Additionally, it is often
difficult to tune the Fermi level into a flat band [19,21–23].

A natural question is whether kagome or honeycomb
flat-band tight-binding models can be realized in moiré
materials, which generally enjoy highly tunable Fermi lev-
els. Recent studies on moiré models for twisted crystalline
materials with triangular Bravais lattices and low-energy
physics near the � point have found kagome and hon-
eycomb flat bands. These so-called �-valley models have
been derived for transition metal dichalcogenides (TMDs)
[25,26], interfaces between topological insulators and ferro-
magnetic insulators [27], and semiconductors [28]. Kagome
and honeycomb moiré superlattices have been observed with
scanning tunneling microscopy in twisted bilayer WSe2,

although the orbitals from which they emerge remain
obscure [29].

In this paper, we introduce a graphene-based moiré model
that realizes kagome and honeycomb lattice flat bands. We
consider a graphene layer stacked on a two-dimensional
crystalline substrate with a triangular Bravais lattice and a
lattice constant approximately

√
3 times that of graphene. At a

twist angle near 30◦, the two layers are nearly commensurate
and produce a moiré pattern as shown in Fig. 1(c). The K
and −K graphene valleys are both folded close to the �

point of the substrate, and are thus coupled by van der Waals
interactions. Assuming the substrate states near the � point are
gapped at the graphene Fermi energy, the low-energy physics
in the graphene layer can be described by a continuum model
consisting of two Dirac cones with intervalley and intravalley
moiré potentials. We refer to this model as the coupled-valley
graphene model. When the substrate has maximal symmetry
and the interlayer twist angle is exactly 30◦, the model
respects the magnetic space group P6mm1′ (No. 183.186
in the BNS setting [30]). A particularly interesting limit is
that in which the moiré potentials are produced entirely by
substrate states occupying a two-dimensional (2D) spinless
irreducible corepresentation (coirrep) [31]. Without spin-orbit
coupling (SOC), we find a rich phase diagram of low-energy
bands including eigenvalue fragile phases [32] and magic
parameters with kagome or honeycomb flat bands near charge
neutrality. With SOC in the substrate, the z component of
spin is approximately conserved. We find moiré bands with
spin Chern numbers up to three, allowing realization of the
quantum spin Hall effect [33,34].

We note that commensurate bilayers with exactly
√

3 lat-
tice constant ratio and perfect 30◦ alignment have been studied
using density-functional theory [35,36]. Moiré materials near
this configuration have also been studied theoretically and
experimentally [37–40]. However, these studies did not con-
sider the case in which the moiré potentials are produced
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FIG. 1. Illustration of the coupled-valley graphene model.
[(a),(b)] Real-space commensurate stacking configurations described
by Eq. (2) for two honeycomb lattice materials (made with [24]).
(c) The moiré pattern of two honeycomb lattices described by
Eqs. (1) and (2) with δε = −0.15 and δθ = 7◦. (d) A momentum-
space diagram illustrating the moiré vectors q j , the graphene
coordinate system (x, y), and the moiré coordinate system (xM , yM ).
The graphene and substrate BZs are shown in blue and red, re-
spectively. The green dashed hexagon is formed from substrate
�− points and coincides with the graphene BZ when δε = δθ = 0.
(e) The moiré BZ and high-symmetry moiré quasimomenta in the
moiré coordinate system (xM , yM ). This diagram pertains to both the
coupled-valley graphene and opposite-velocity models.

by a 2D spinless coirrep in the layer with a larger lattice
constant, nor did they report kagome or honeycomb moiré flat
bands.

We additionally propose a moiré model consisting of two
stacked graphene-like materials with nearly equal lattice con-
stants, both of which have Dirac cones at K and −K. We
show that if the two layers have nearly opposite Dirac Fermi
velocities and nearly equal Fermi energies, the system may
have multiple kagome and honeycomb moiré flat bands si-
multaneously near charge neutrality. We refer to this model
as the opposite-velocity model. Both models we propose bear
strong mathematical resemblance to the hypermagic model of
Ref. [41].

II. COUPLED-VALLEY GRAPHENE MODEL

We consider a system consisting of a graphene layer
stacked on top of a 2D crystalline substrate with a triangu-
lar Bravais lattice. The lattice constants of graphene and the
substrate are a ≈ 0.246 nm and eεa, respectively, for some
real number ε. Additionally, the substrate Bravais lattice has
a counterclockwise rotation of angle θ relative to that of the

graphene layer. In order to create a moiré pattern, we take

ε = ε0 + δε, θ = θ0 + δθ, |δε|, |δθ | � 1, (1)

where ε0 and θ0 describe some commensurate configuration
[42]. For the coupled-valley graphene model, we take

ε0 = ln
√

3, θ0 = 30◦. (2)

Hereafter, we use + and − subscripts to denote momenta in
the top (graphene) and bottom (substrate) layers, respectively.
As illustrated in Fig. 1(d), when δε = δθ = 0 the momentum
K+ is an element of the commensurate reciprocal lattice.
As a result, when δε and δθ are not both zero, graphene
states near K+, −K+, and �+ are van der Waals coupled
to substrate states near �−, yielding a moiré Brillouin zone
(BZ) as shown in Fig. 1(e). The graphene states near �+
are far from the graphene Fermi energy and can be ignored.
Assuming the substrate states around �− are also highly
detuned, we can use Schrieffer-Wolff perturbation theory to
project out the substrate states and derive a moiré model
within the graphene layer involving only states near K+ and
−K+. The result is the coupled-valley graphene model, which
is derived in detail in Appendices F and G, and which we
now present.

We assume that SOC is present only in the substrate and not
in the interlayer hoppings. Due to the high symmetry of the
�− point, the z component of electron spin is conserved. As a
result, we can describe the system with a moiré Hamiltonian
Hs for electrons of each spin s ∈ {↑,↓}. In a convenient real-
space basis, this Hamiltonian takes the form

Hs =
(

Ss,+(r) − ih̄vF σM · ∇ Ts(r)
T †

s (r) Ss,−(r) − ih̄vF σM · ∇
)

(3)

where Ts(r) and Ss,η(r) are intervalley and intravalley moiré
potentials, η ∈ {+,−} stands for graphene valley, vF ≈
106 ms−1 is the graphene Fermi velocity, σM = σxx̂M + σyŷM

is a vector of Pauli matrices, and x̂M , ŷM are axis unit vectors
for the moiré coordinate system in Figs. 1(d) and 1(e). We
choose the zero-energy point to be the graphene Fermi en-
ergy. As explained in Appendices F and G, we have chosen
a basis in which the two Dirac cones in Eq. (3) have the
same form even though they originate from opposite graphene
valleys.

To leading order, Ts(r) and Ss,η(r) originate from second-
order hopping processes among the valleys, namely ηK+ →
�− → −ηK+, and ηK+ → �− → ηK+, respectively. They
can be expanded as

Ts(r) =
3∑

j=1

∑
m=1,−2

Ts,mq j e
imq j ·r,

Ss,η(r) = Ss,η,0 +
3∑

j=1

∑
γ=±

Ss,η,γ (q1+ j−q2+ j )e
iγ (q1+ j−q2+ j )·r, (4)

for 2 × 2 complex matrices Ts,q and Ss,η,q. The q j vectors are
defined by

q j = Rζ j KM = |KM |Rζ j ŷM (5)

where

KM = (1 − e−δεRδθ )K+, |KM | ≈
√

δε2 + δθ2|K+|. (6)
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TABLE I. (a) Coefficients for expansions of Ts,q and Ss,η,q in Eq. (4) with respect to the matrices shown in the column titles. The parameters
wm,μ and w̃m,μ are real and have energy units, and w̃m,μ = 0 in the absence of SOC. The angle φ1 is defined in Eq. (7), ζ j = 2π

3 ( j − 1),
n̂φ = Rφ x̂, and σ = σx x̂ + σyŷ. The index values are j ∈ {1, 2, 3}, m ∈ {1, −2}, and γ ∈ {1,−1}. (b) Expressions for wm,μ in terms of E0 and
v for a 1D spinless coirrep. (c) Expressions for wm,μ in terms of E0, v0, and vx for a 2D spinless coirrep. (d) Expressions for w̃m,μ in terms of
E0, λ, v0, and vx for a 2D spinless coirrep with SOC.

(a) Ts,q and Ss,η,q σ0 σ · n̂ζ j+φ1−π/2 σ · n̂ζ j+φ1 σz

Ts,mq j isw̃|m|,0 0 w|m|,y iw|m|,z
Ss,η,0 w0,0 0 0 sw̃0,z

Ss,η,γ (q1+ j−q2+ j ) w√
3,0 + isηγ w̃√

3,0 ηw√
3,x + isγ w̃√

3,x 0 sw̃√
3,z + iηγw√

3,z

(b) 1D coirrep 0 x y z

E0w0,μ −3|v|2 0 0 0
E0w1,μ 0 0 −2v2 My,−v2

E0w2,μ 0 0 −v2 −My,−v2

E0w√
3,μ

1
2 |v|2 −My,−|v|2 0 −

√
3

2 |v|2
(c) 2D coirrep 0 x y z

E0w0,μ −3(|v0|2 + |vx|2) 0 0 0
E0w1,μ 0 0 2v0vx v2

0 − 2v2
x

E0w2,μ 0 0 −2v0vx −(v2
0 + v2

x )

E0w√
3,μ

1
2 (|v0|2 − 2|vx|2) 1

2 (v0v
∗
x + v∗

0vx ) 0
√

3
2 |v0|2

(d) 2D coirrep (SOC) 0 x y z

E0w̃0,μ 0 0 0 3λ(−|v0|2 + |vx|2)
E0w̃1,μ λ(v2

0 + 2v2
x ) 0 0 0

E0w̃2,μ λ(−v2
0 + v2

x ) 0 0 0

E0w̃√
3,μ

λ
√

3
2 |v0|2 − λ

√
3

2 (v0v
∗
x + v∗

0vx ) 0 λ

2 (|v0|2 + 2|vx|2)

Here, Rφ denotes rotation by angle φ about ẑ and ζ j =
2π
3 ( j − 1). The q j vectors, moiré coordinate system, moiré

BZ, and high-symmetry moiré quasimomenta are illustrated
in Figs. 1(d) and 1(e).

The graphene electronic states carry a corepresentation
(corep) of the magnetic space group P6mm1′, which is gen-
erated by Bravais lattice translations, C6z (rotation by π/3
about ẑ), My (reflection through the xz plane), and T (spinful
time-reversal). We assume that the substrate states also carry
a corep of P6mm1′. When δθ = 0, the moiré model in Eq. (3)
then also carries a corep of P6mm1′. In this case, the symme-
tries constrain the moiré potentials to the form in Table I(a),
where the parameters wm,μ and w̃m,μ are real and have energy
units, the w̃m,μ parameters vanish in the absence of SOC, and

φ1 = arg(e−δε−iδθ − 1) ≈ arg(−δε − iδθ ). (7)

When δθ is nonzero but small, the My symmetry is weakly
broken. The moiré potentials may then gain small symmetry-
breaking perturbations on the order of δθ , but these are
typically negligible. See Sec. III of Ref. [41] for a discussion
of a similar symmetry-breaking term in the model for TBG
near a commensurate twist angle.

We first examine the case without SOC. The moiré po-
tentials are then spin independent and are determined by the
spinless interlayer coupling and substrate Hamiltonian H− at
�−. H− carries a spinless corep ρ− of the magnetic point
group 6mm1′ (see Appendix I). By Schur’s lemma, one can
diagonalize H− while also decomposing ρ− into coirreps. As
a result, we can expand the moiré potentials in Eq. (4) as a
sum of contributions of coirreps in ρ−.

The spinless coirreps of 6mm1′ all have dimension 1 or 2
(see Table III). The moiré potential contribution from a 1D
spinless coirrep depends on its energy E0 in H− (measured
relative to the graphene Fermi energy) and an interlayer hop-
ping parameter v, while the contribution from a 2D spinless
coirrep depends on its energy E0 and two interlayer hopping
parameters, v0 and vx. The parameter v is either real or imagi-
nary, depending on the coirrep. Likewise, v0 and vx are either
both real or both imaginary. The wm,μ parameters are given in
terms of E0, v, v0, and vx in Table I [(b) and (c)].

We now suppose that the substrate has SOC, and note
that any effect of SOC on the interlayer couplings can be
neglected at leading order. Since all spinful coirreps of 6mm1′
have dimension 2 (see Table III), the inclusion of spin maps
1D spinless coirreps to 2D spinful coirreps and 2D spinless
coirreps to 4D spinful reducible coreps. As a result, SOC can
only modify contributions arising from 2D spinless coirreps,
and in this case it simply splits the 4D spinful corep into two
spinful coirreps with energies E1 and E2. We define

E0 = 2

E−1
1 + E−1

2

, λ = E−1
1 − E−1

2

E−1
1 + E−1

2

, (8)

where λ characterizes the SOC strength. The parameters wm,μ

and w̃m,μ for a 2D spinless coirrep with SOC are given in
Table I [(c) and (d)] in terms of E0, λ, v0, and vx.

Since wm,μ and w̃m,μ for a single coirrep vary inversely
with E0, the moiré potentials will typically be dominated by
coirreps near the graphene Fermi energy. We consider now
the intriguing limit in which the moiré potentials arise entirely
from a single 2D spinless coirrep. Without loss of generality,
we assume v0, vx ∈ R (see Appendix J). In this case, the
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model can be parameterized by the dimensionless quantities

α = |v0|2 + |vx|2
|E0|h̄vF |KM | , ϕ = arg(v0 + ivx ), (9)

λ, φ1, and the sign of E0. The parameter α resembles the
parameter of the same name in the BM model [1] in that larger
α corresponds to stronger interlayer coupling and larger moiré
lattice constant.

We focus on the case with δθ = 0 and δε = 0. Without
loss of generality, we choose δε < 0, φ1 = 0, and E0 < 0
(see Appendix J). We then explore the moiré band structure
without SOC as a function of α ∈ (0,∞) and ϕ ∈ [0, π ).
For each set of parameters, we identify a low-energy band
structure, by which we mean a minimal set of bands con-
taining the first valence and conduction bands such that the
symmetry coirreps at high-symmetry points (i.e., �M , KM ,
and MM) are well defined and satisfy the momentum-space
compatibility relations for P6mm1′ from magnetic topological
quantum chemistry [43,45–47]. We then define the phases by
identifying an integer linear combination of elementary band
representations (EBRs) with a minimal sum for the negative
coefficients compatible with each low-energy band structure.
Figure 2(b) shows all phases for which the low-energy band
structure has at most four bands and Fig. 2(c) tabulates the
EBR decompositions for the nine largest such phases. The
full list of EBRs for each magnetic space group can be found
on the Bilbao Crystallographic Server [43,44]. Example band
structures are shown with solid lines in Figs. 3(a)–3(d) and
Figs. 5(a)–5(e). The low (high)-energy bands are shown in red
(black).

Remarkably, phase 1 is compatible with the EBR for the
honeycomb lattice flat-band model [20] (see Appendix K 3),
while phases 7 and 8 are compatible with EBRs for the
kagome lattice flat-band model [16,17] (see Appendix K 2).
Moreover, the linear combinations of EBRs for phases 4, 6,
and 9 include a subtraction, implying that these phases have
at least a fragile topology when the low-energy bands are
isolated [32,48–51]. Real-space charge density distributions
corresponding to the low-energy band structures are shown
in Figs. 3(e)–3(h) and Figs. 5(f)–5(j). Triangular, honeycomb,
and kagome lattice patterns are clearly visible for phases 2, 1,
and 8, respectively, in agreement with Fig. 2(c).

In addition to identifying phases, it is also important to
search for flat bands. The dark regions in Fig. 2(a) indicate
parameters for which there is a flat band among the first three
valence and first three conduction bands. We see that several
phases admit flat bands, and the parameters for Figs. 3(a),
3(c), and 3(d) were chosen to exhibit extremely flat bands near
charge neutrality.

With SOC, the symmetry-protected degeneracies are
generically split and the bands gain spin Chern numbers C↑
and C↓ = −C↑. The dashed lines in Figs. 3(a)–3(d) and 5(a)–
5(e) show moiré band structures with SOC. For example,
Fig. 3(d) has a band with C↑ = 3. We note that the spin Chern
numbers with fixed λ are not necessarily constant within each
spinless phase.

FIG. 2. Low-energy bandwidths and phase diagram of low-
energy bands for the coupled-valley graphene model without SOC
and with moiré potentials arising from a 2D spinless coirrep at �−.
We take δθ = 0, δε < 0, φ1 = 0, v0, vx ∈ R, λ = 0, and E0 < 0.
(a) The base 10 logarithm of the narrowest bandwidth (in units of
h̄vF |KM |) among the first three valence bands and first three con-
duction bands at charge neutrality. The bandwidth is computed with
moiré quasimomenta �M , KM , MM , KM/2, and MM/2. (b) Phase
diagram of low-energy bands. All parameters for which the low-
energy band structure has more than four bands are shown in black.
(c) For each of the nine largest phases in (b), we show the band
indices and a linear combination of EBRs of P6mm1′ for the low-
energy band structure. The nth conduction (valence) band has index
n (−n). The symbols ⊕ and � indicate sum and difference of EBRs,
respectively. The full list of EBRs for P6mm1′ can be found on the
Bilbao Crystallographic Server [43,44].

III. OPPOSITE-VELOCITY MODEL

We now introduce another moiré construction yielding
kagome and honeycomb flat bands (see Appendix H for a
detailed derivation). We consider a stack of two 2D materials
with triangular Bravais lattices and P6mm1′ symmetry. We
assume that both layers have Dirac cones at their K and −K
points centered at their Fermi energies, carrying the same
coreps of P6mm1′ as that of graphene. The bottom layer to
top layer lattice constant ratio eε and counterclockwise twist
angle θ satisfy Eq. (1) with

ε0 = 0, θ0 = 0, (10)
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FIG. 3. [(a)–(d)] Moiré band structures of the coupled-valley
model in Eq. (3) for phases 1, 2, 6, and 8 of Fig. 2(b), with parameters
written above the panels. Band structures without (with) SOC are
shown with solid (dashed) lines. The black dotted lines indicate
charge neutrality. The low (high)-energy bands are shown without
SOC in red (black) and with SOC in blue (gray). The spin Chern
numbers are written in increasing order of energy above the panels.
[(e)–(h)] Real-space charge density distributions from fully filling
only the low-energy spinless bands shown in red in (a)–(d). Lighter
colors indicate higher charge densities. A moiré unit cell is shown as
a white hexagon. A description of the EBR decomposition given in
Fig. 2(c) is written above each panel. The low-energy spinless bands
illustrated in (c) and (g) have at least a fragile topology and therefore
do not admit exponentially localized symmetric Wannier functions
[32,48,49,51]. The highest two spinless valence bands in (c) are
compatible with the EBR decomposition (A1)3c ⊕ (B1)1a � (A1)2b

while the lowest two spinless conduction bands are compatible with
(E2)1a. Figure 5 contains similar plots for the other phases tabulated
in Fig. 2(c).

so that

ε = δε, θ = δθ, |ε|, |θ | � 1. (11)

We study only the case without SOC for simplicity. The sys-
tem is illustrated in Figs. 4(a) and 4(b).

As in the BM model for TBG, the two valleys K± and
−K± are nearly decoupled and are related by time-reversal.
In a convenient real-space basis, the Hamiltonian for the K±
valley takes the form

H =
(

S+(r) − ih̄v+σM · ∇ T (r)
T †(r) S−(r) + ih̄v−σM · ∇

)
(12)

where T (r) and Sl (r) are interlayer and intralayer moiré
potentials, l ∈ {+,−} indicates layer, vl is the Dirac cone
Fermi velocity for layer l , σM = σxx̂M + σyŷM is a vector

FIG. 4. Illustration of the opposite-velocity model. (a) A moiré
pattern for two honeycomb lattices with ε = −0.15 and θ = 7◦.
(b) A momentum-space diagram illustrating the q j moiré vectors, the
top layer coordinate system (x, y), and the moiré coordinate system
(xM , yM ). The top (bottom) layer BZ is shown in blue (red). [(c),(d)]
Moiré band structures with w0/|w1| = 0.8, φ1 ∈ {0, π}, w1 cos φ1 >

0, and 1/α = 0.5, with ν and e� given above each panel. The black
dotted lines indicate charge neutrality. The parameters for (c) realize
the hypermagic model and have an emergent C2z symmetry. In (d),
the solid lines show bands along �M → KM → MM → �M while
the dashed lines shown bands along �M → −KM → −MM → �M .
These bands differ because the emergent C2z symmetry is absent.
(e) The real-space charge density distribution from fully filling only
bands −4 to −2 in (c), which forms a kagome lattice pattern. (f) The
real-space charge density distribution from fully filling only bands
−1 and 1 in (c), which forms a honeycomb lattice pattern. Here,
the nth conduction (valence) band has index n (−n). See Fig. 6 for
charge density distributions for the other red bands in (c) as well as
EBR decompositions for the red bands in (c) and the red and blue
bands in (d).

of Pauli matrices, and x̂M , ŷM are axis unit vectors for the
moiré coordinate system in Figs. 4(b) and 1(e). As explained
in Appendix H, we have chosen a basis in which the sign for
the bottom layer Dirac cone is negated.

To leading order, the moiré potentials can be expanded as

T (r) =
3∑

j=1

Tq j e
ir·q j , Sl (r) = Sl,0, (13)

for 2 × 2 complex matrices Tq and Sl,q. The q j vectors are
defined by Eq. (5) with

KM = (e−εRθ − 1)K+, |KM | ≈
√

ε2 + θ2|K+|. (14)

The q j vectors, moiré coordinate system, moiré BZ, and high-
symmetry moiré quasimomenta are illustrated in Figs. 4(b)
and 1(e).

When θ = 0, the moiré model in Eq. (12) inherits all valley
preserving symmetries from the spinless coreps of P6mm1′
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on the two layers. Since C2z (rotation by π about ẑ) and T
reverse valley, the moiré model carries a spinless corep of the
magnetic space group P6′m′m (No. 183.187 in the BNS set-
ting [30]), which is generated by Bravais lattice translations,
C3z (rotation by 2π/3 about ẑ), C2zT , and My. In this case, the
symmetries imply

Tq j = w1σ · n̂ζ j+φ1 + iw0σz,

Sl,0 =
(

EF + lE�

2

)
σ0, (15)

for real parameters w0, w1, EF , and E�. Here, n̂φ = Rφ x̂, σ =
σxx̂ + σyŷ, and

φ1 = arg(1 − e−ε−iθ ) ≈ arg (ε + iθ ). (16)

Without loss of generality, we set EF = 0. When θ is nonzero
but small, the My symmetry is weakly broken. The moiré
potentials may then gain small perturbations on the order of
θ , but these are typically negligible. For simplicity, we assume
θ = 0 and ε = 0 hereafter, in which case φ1 ∈ {0, π}.

We refer to this model in the regime v−v+ < 0 as the
opposite-velocity model. If both layers are graphene-like hon-
eycomb lattices, this requires their in-plane nearest-neighbor
hoppings to have opposite signs [52]. We parametrize the
model by the dimensionless quantities

ν = −v+
v−

, α = |w1|
h̄vF |KM | , e� = E�

h̄vF |KM | , (17)

w0/|w1|, and the sign of w1 cos φ1, where vF = √|v+v−|. In
particular, when ν = 1 and e� = 0 (i.e., the two layers have
opposite Dirac Fermi velocities and equal Fermi energies),
the Hamiltonian gains an emergent effective C2z symmetry
that sends r �→ −r and interchanges the layers, and the space
group is enriched to P6mm1′. In this case, the Hamiltonian in
Eq. (12) has the same form as the hypermagic model given
in Eqs. (71), (74), and (75) of Ref. [41] with |φ0| = π/2, and
the Tq j , Sl,0 matrices have the same form as the Ts,q j , Ss,η,0
matrices in Table I(a) with w̃m,μ = 0. This happens because
the coreps of P6mm1′ in the coupled-valley graphene model
without SOC in Eq. (3) and the hypermagic model are the
same.

Figure 4(c) shows an example band structure with ν = 1
and e� = 0, which simultaneously exhibits at least eight flat
bands. All the low-energy bands in red are compatible with
EBRs of P6mm1′ supported on honeycomb or kagome lat-
tices. The EBR for each group of bands is shown in Fig. 6(f).
In particular, four (two) groups of connected bands corre-
spond to kagome (honeycomb) lattice flat-band models (see
Appendix K), which can be observed in the real-space charge
density distributions in Figs. 4(e) and 4(f) and Figs. 6(a)–6(e).

Figure 4(d) shows an example band structure identical to
that in Fig. 4(c), except that ν = 2 and e� = 0.5 so the emer-
gent C2z symmetry is absent. Interestingly, all of the flat bands
in Fig. 4(a) remain quite flat in Fig. 4(b). The main change
is that the EBR of P6mm1′ corresponding to the honeycomb
lattice flat-band model becomes a composite band representa-
tion of P6′m′m, and one of the two groups of bands with this
EBR splits into two disconnected groups. The groups of bands
supported on kagome lattices remain connected. The EBR
decomposition for each group of bands is shown in Fig. 6(g).

IV. DISCUSSION

A considerable number of 2D materials (e.g., germanene
and CdS) are known to have lattice constant approximately√

3 times that of graphene [37,39]. These materials can
be considered candidate substrates for the coupled-valley
graphene model in Eq. (3). In addition to the appropriate
lattice constant, a substrate material must have a 2D spinless
coirrep at the � point near the graphene Fermi energy in
order to realize the phases in Fig. 2(b). In order to find such
materials, ab initio studies are needed.

We note that for a given substrate, the moiré potentials
may be tuned with pressure (which modulates interlayer hop-
ping) and out-of-plane displacement field (which modulates
the relative energies of states in the two layers). Additionally,
if the substrate material is placed both above and below the
graphene layer, the moiré potentials will be enhanced by a
factor of two. This is similar to the case of symmetric twisted
trilayer graphene [53,54].

In comparison to �-valley models, which also have kagome
or honeycomb moiré flat bands [25–28], the coupled-valley
graphene model has the advantage that the electrons are lo-
calized within graphene, which is a clean and theoretically
well-understood material. Additionally, our model shows a
rich phase diagram of low-energy bands including eigenvalue
fragile phases in addition to flat bands.

It is less clear how to realize the opposite-velocity model
in Eq. (12). However, this model can host many kagome or
honeycomb flat bands simultaneously, so a realization could
provide a variety of interacting phases within a single sample.
It is worth noting additionally that both models we propose
could potentially be realized with metamaterials [55].
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APPENDIX A: ADDITIONAL FIGURES

Figures 5 and 6 are continuations of Figs. 3 and 4, respec-
tively.

APPENDIX B: NOTATIONS

Throughout this paper we consider bilayer structures
formed from two crystalline materials with triangular Bravais
lattices. We use l = + and l = − to denote the top and bottom
layers, respectively. The top layer has lattice constant a and
the bottom layer has lattice constant eεa for some real number
ε. Additionally, the bottom layer is rotated counterclockwise
by angle θ relative to the top layer. We denote the Bravais
lattice, reciprocal lattice, primitive unit cell, and Brillouin
zone of layer l ∈ {+,−} by Ll , Pl , �l , and BZl , respectively.
We use x̂, ŷ, and ẑ for unit vectors in R3 and use primitive
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FIG. 5. Continuation of Fig. 3 for phases 3, 4, 5, 7, and 9. See
the caption of Fig. 3 for more information.

vectors

a1 = ax̂, a2 = R−π/3a1, (B1)

for L+ and

b1 = R2π/3b2, b2 = −4π ŷ/(a
√

3), (B2)

for P+. We define high-symmetry crystal momenta

�+ = 0, K+ = 2
3 b1 + 1

3 b2, M+ = 1
2 b1 + 1

2 b2, (B3)

for the top layer and

�− = 0, K− = e−εRθ K+, M− = e−εRθM+, (B4)

for the bottom layer. We write |S| for the area of a region S ⊂
R2 such as BZl or �l . Rφ denotes rotation by angle φ about

FIG. 6. Continuation of Fig. 4. [(a)–(e)] Real-space charge den-
sity distributions for bands −14 to −12, −11 to −8, −7 to −5, 2
to 5, and 6 to 8, respectively in Fig. 4(c). (f) P6mm1′ EBRs for the
bands shown in red in Fig. 4(c). (g) P6′m′m EBR decompositions for
the bands shown in red and blue in Fig. 4(d). The nth conduction
(valence) band has index n (−n). The symbol ⊕ indicates sum of
EBRs. The full list of EBRs for P6mm1′ and P6′m′m can be found
on the Bilbao Crystallographic Server [43,44].

ẑ and Rn̂ denotes reflection through the plane orthogonal to
the vector n̂ ∈ R3. If V , V1, and V2 are sets of vectors, u is a
vector, and r is a real number, we define

V1 + V2 = {v1 + v2|v1 ∈ V1, v2 ∈ V2},
u + V = {u + v|v ∈ V }, rV = {rv|v ∈ V }. (B5)

Finally, we denote the Pauli matrices by σx, σy, and σz, we
denote the 2 × 2 identity matrix by σ0, and we use the vectors
of Pauli matrices σ = σxx̂ + σyŷ and σ∗ = σxx̂ − σyŷ.

APPENDIX C: COMMENSURATE CONFIGURATIONS

In the following subsections we enumerate all commen-
surate configurations, explain some of their properties, and
classify them into four types.

1. Conditions for commensuration

We say that two Bravais lattices are commensurate if they
share a nonzero element. If the triangular Bravais lattices
L− and L+ defined in Appendix B are commensurate then
their intersection Lc = L− ∩ L+ is another triangular Bravais
lattice called the commensuration superlattice. In this section,
we derive all values of ε and θ such that L− and L+ are
commensurate. Our approach is similar to that of Appendix D
in Ref. [41], which covers the case in which ε = 0.

Let ã and b̃ be matrices with columns (a1, a2) and (b1, b2),
respectively. Then every element of L+ takes the form ãu+
for some integer vector u+ and every element of L− takes the
form eεRθ ãu− for some integer vector u−. It follows that L−
and L+ are commensurate if and only if

u+ = eε ã−1Rθ ãu− (C1)

is satisfied by some nonzero integer vectors u− and u+, or
equivalently if all matrix elements of eε ã−1Rθ ã are rational.
One can compute

eε ã−1Rθ ã =
(

x0 + y0 2y0

−2y0 x0 − y0

)
(C2)

where eε+iθ = x0 + y0i
√

3. It follows that L− and L+ are com-
mensurate if and only if x0 and y0 are both rational.

Applying the same argument to the reciprocal lattices, we
see that P− and P+ are commensurate if and only if all matrix
elements of e−ε b̃−1Rθ b̃ are rational. Since

e−ε b̃−1Rθ b̃ = e−2ε

(
x0 − y0 2y0

−2y0 x0 + y0

)
(C3)

we see that P− and P+ are commensurate if and only if L− and
L+ are commensurate.

For commensurate L− and L+, we can write

e−l (ε+iθ ) = μl + νl i
√

3

ρl
(C4)

for l ∈ {+,−} and integers μl , νl , ρl with ρl � 1 and
gcd(μl , νl , ρl ) = 1. Any commensurate configuration is
equivalent up to an isometry to one with

ε � 0 and 0 � θ � π/6. (C5)

Table II shows the parameters for several commensurate con-
figurations satisfying Eq. (C5).
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TABLE II. Parameters for all commensurate configurations sat-
isfying Eq. (C5) and N−N+ � 49 in increasing order of N−N+.
The parameters μ+, ν+, ρ+, μ−, ν−, ρ−, and θ are defined in
Appendix C 1 while N+ and N− are defined by Eq. (C26). By
Eq. (C27), eε = √

N+/N−. The four types of commensurate config-
uration (I+, I−, II+, and II−) are described in Appendix C 5. The
values shown for θ are rounded to four significant figures.

# Type μ+ ν+ ρ+ μ− ν− ρ− θ N+ N−

1 I+ 1 0 1 1 0 1 0.0◦ 1 1
2 II+ 3 −1 6 3 1 2 30.0◦ 3 1
3 I− 1 0 2 2 0 1 0.0◦ 4 1
4 I+ 5 −1 14 5 1 2 19.11◦ 7 1
5 II+ 1 0 3 3 0 1 0.0◦ 9 1
6 II− 3 −1 4 3 1 3 30.0◦ 4 3
7 II+ 3 −1 12 3 1 1 30.0◦ 12 1
8 I− 7 −1 26 7 1 2 13.9◦ 13 1
9 I+ 1 0 4 4 0 1 0.0◦ 16 1
10 I+ 4 −1 19 4 1 1 23.41◦ 19 1
11 II− 9 −1 14 9 1 6 10.89◦ 7 3
12 II+ 9 −1 42 9 1 2 10.89◦ 21 1
13 I− 1 0 5 5 0 1 0.0◦ 25 1
14 II+ 3 −1 18 9 3 2 30.0◦ 27 1
15 I− 5 −1 7 5 1 4 19.11◦ 7 4
16 I− 5 −1 28 5 1 1 19.11◦ 28 1
17 I+ 11 −1 62 11 1 2 8.948◦ 31 1
18 II+ 2 0 3 3 0 2 0.0◦ 9 4
19 II+ 1 0 6 6 0 1 0.0◦ 36 1
20 I+ 11 −3 74 11 3 2 25.28◦ 37 1
21 II− 6 −1 13 6 1 3 16.1◦ 13 3
22 II+ 6 −1 39 6 1 1 16.1◦ 39 1
23 I− 13 −1 86 13 1 2 7.589◦ 43 1
24 II− 3 −1 8 6 2 3 30.0◦ 16 3
25 II+ 3 −1 24 6 2 1 30.0◦ 48 1
26 I+ 1 0 7 7 0 1 0.0◦ 49 1
27 I− 13 −3 14 13 3 14 21.79◦ 7 7
28 I− 13 −3 98 13 3 2 21.79◦ 49 1

2. Primitive vectors of Lc

We will now derive the primitive vectors of Lc when L− and
L+ are commensurate. To do so, we first compute the primitive
vectors u1

l and u2
l of the Bravais lattice consisting of all integer

vectors ul such that

e−lε ã−1R−lθ ãul ∈ Z2. (C6)

The primitive vectors of Lc will then be ãu1
+ and ãu2

+, or
alternatively eεRθ ãu1

− and eεRθ ãu2
−.

By Eqs. (C2) and (C4), we have

e−lε ã−1R−lθ ã = 1

ρl

(
μl + νl 2νl

−2νl μl − νl

)
. (C7)

Taking ul = xx̂ + yŷ, Eq. (C6) becomes a congruence(
μl + νl 2νl

−2νl μl − νl

)(
x
y

)
≡

(
0
0

)
(mod ρl ). (C8)

Multiplying by the adjugate gives ρl |(μ2
l + 3ν2

l )x and
ρl |(μ2

l + 3ν2
l )y. Defining dl = gcd(ρl , μ

2
l + 3ν2

l ), we then

have (ρl/dl )|x and (ρl/dl )|y. Eq. (C8) is then equivalent to(
μl + νl 2νl

−2νl μl − νl

)(
x′
y′

)
≡

(
0
0

)
(mod dl ) (C9)

where x = (ρl/dl )x′ and y = (ρl/dl )y′. Since dl |(μ2
l + 3ν2

l )
and dl |ρl , any common prime factor of dl and νl also divides
μl and ρl , which is not possible. This implies gcd(dl , νl ) = 1,
and we choose ν−1

l to be an inverse of νl modulo dl . We now
consider several cases.

(1) dl ≡ 1 (mod 2). In this case, either ρl is odd or ρl is
even and μl + νl is odd. Since

(μl − νl )(μl + νl ) + 4ν2
l ≡ 0 (mod dl ), (C10)

we have gcd(dl , μl − νl ) = gcd(dl , μl + νl ) = gcd
(dl , 2νl ) = 1. It follows that the two congruences in Eq. (C9)
are redundant, so we only need to solve

(μl + νl )x
′ + 2νl y

′ ≡ 0 (mod dl ). (C11)

We solve this as y′ ≡ −2−1ν−1
l (μl + νl )x′ (mod dl ) where

2−1 is an inverse of 2 modulo dl . The two primitive vectors
for Eq. (C6) are then

u1
l = (ρl/dl )

(
x̂ − 2−1ν−1

l (μl + νl )ŷ
)
,

u2
l = ρl ŷ. (C12)

(2) dl ≡ 2 (mod 4). In this case, ρl ≡ 2 (mod 4) and μl

and νl are both odd. Eq. (C9) simplifies to(
(μl + νl )/2 νl

−νl (μl − νl )/2

)(
x′
y′

)
≡

(
0
0

)
(mod dl/2).

(C13)

Since

(μl − νl )(μl + νl )/2 + 2ν2
l ≡ 0 (mod dl/2), (C14)

we have gcd (dl/2, (μl − νl )/2) = gcd (dl/2, (μl + νl )/2) =
gcd(dl/2, νl ) = 1. It follows that the two congruences in
Eq. (C13) are redundant, so we only need to solve

(μl + νl )x
′/2 + νl y

′ ≡ 0 (mod dl/2). (C15)

We solve this as y′ = −ν−1
l (μl + νl )x′/2 (mod dl/2). The

two primitive vectors for Eq. (C6) are then

u1
l = (ρl/dl )

(
x̂ − ν−1

l (μl + νl )ŷ/2
)
,

u2
l = (ρl/2)ŷ. (C16)

(3) dl ≡ 4 (mod 8). In this case, ρl ≡ 0 (mod 4) and
μl and νl are both odd. Eq. (C13) holds in this case as
well. Since dl/2 is even and (μl + νl )/2 + (μl − νl )/2 ≡ 1
(mod 2), Eq. (C13) implies that x′ and y′ are both even.
Equation (C13) then further simplifies to(

(μl + νl )/2 νl

−νl (μl − νl )/2

)(
x′′
y′′

)
≡

(
0
0

)
(mod dl/4)

(C17)
where x′ = 2x′′ and y′ = 2y′′. Since

(μl − νl )(μl + νl )/4 + ν2
l ≡ 0 (mod dl/4) (C18)

we have gcd(dl/4, (μl − νl )/2) = gcd (dl/4, (μl + νl )/2) =
gcd(dl/4, νl ) = 1. It follows that the two congruences in
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Eq. (C17) are redundant and we only need to solve

(μl + νl )x
′′/2 + νl y

′′ ≡ 0 (mod dl/4). (C19)

We solve this as y′′ = −ν−1
l (μl + νl )x′′/2 (mod dl/4). The

two primitive vectors are then

u1
l = 2(ρl/dl )

(
x̂ − ν−1

l (μl + νl )ŷ/2
)
,

u2
l = (ρl/2)ŷ. (C20)

Note that μ2
l + 3ν2

l ≡ 0 (mod 8) if at least one of μl and
νl is odd, so these are all the possible cases.

To summarize, u1
l and u2

l can be written in the form

u1
l = fl (ρl/dl )(x̂ − hl ŷ),

u2
l = gl (ρl/2)ŷ, (C21)

where

fl =
{

1 when 4 � dl

2 when 4|dl
,

gl =
{

1 when 2|dl

2 when 2 � dl
,

(C22)

and where hl satisfies

2νl hl ≡ μl + νl (mod dl ). (C23)

Since ãu1
+ and ãu2

+ are primitive vectors for Lc, the area of
the primitive unit cell �c of Lc is

|�c| = f+g+ρ2
+

2d+
|�+|. (C24)

Similarly, since eεRθ ãu1
− and eεRθ ãu2

− are primitive vectors
for Lc, we have

|�c| = f−g−ρ2
−

2d−
|�−|. (C25)

It follows that �c contains Nl elements of Ll where

Nl = |�c|
|�l | = flglρ

2
l

2dl
(C26)

is a positive integer. Additionally,
N+
N−

= |�−|
|�+| = |BZ+|

|BZ−| = e2ε . (C27)

3. Primitive vectors of P− ∩ P+

We will now derive the primitive vectors of P− ∩ P+ when
P− and P+ are commensurate. As in Appendix C 2 we first
compute the primitive vectors v1

l and v2
l of the Bravais lattice

consisting of all integer vectors vl such that

elε b̃−1R−lθ b̃vl ∈ Z2. (C28)

The primitive vectors of P− ∩ P+ will then be b̃v1
+ and b̃v2

+, or
alternatively e−εRθ b̃v1

− and e−εRθ b̃v2
−.

Since

el (ε−iθ ) = μ−l − ν−l i
√

3

ρ−l
, (C29)

Eq. (C3) implies

elε b̃−1R−lθ b̃ = 1

ρ−l

(
μ−l + ν−l −2ν−l

2ν−l μ−l − ν−l

)
. (C30)

By an argument similar to that in Appendix C 2, we find

v1
l = Rŷu1

−l , v2
l = u2

−l . (C31)

Furthermore, each primitive unit cell of P− ∩ P+ contains N−l

elements of Pl .

4. Commensuration reciprocal lattice

Suppose that L− and L+ are commensurate and let Pc be
the reciprocal lattice of Lc. Since Lc is a triangular Bravais
lattice, Pc is as well. Clearly, P− and P+ are both subsets of Pc.
It follows that Pc also contains the Bravais lattice P− + P+.
However, since the reciprocal lattice of P− + P+ is a subset of
Lc, it follows that Pc = P− + P+. We call Pc the commensura-
tion reciprocal lattice and we denote the Brillouin zone of Pc

by BZc.
We can write the primitive vectors for Pc corresponding to

ãu1
+ and ãu2

+ in the form b̃u1
c,+ and b̃u2

c,+. Similarly, we can
write the primitive vectors for Pc corresponding to eεRθ ãu1

−
and eεRθ ãu2

− in the form e−εRθ b̃u1
c,− and e−εRθ b̃u2

c,−. A sim-
ple calculation shows

u1
c,l = dl

flρl
x̂, u2

c,l = 2(hl x̂ + ŷ)

glρl
. (C32)

Additionally,

|BZc| = |BZl |/Nl (C33)

for l ∈ {+,−}.

5. Equivalence class of Kl modulo Pc

Note that the equivalence class of Kl modulo Pc is invariant
under rotations by 2π/3 about ẑ. It follows that Kl is either in
Pc or is equivalent to one of the two distinct corners of BZc.
We first find the conditions under which Kl ∈ Pc.

Since K+ = b̃(2x̂ + ŷ)/3 and K− = e−εRθ b̃(2x̂ + ŷ)/3, it
follows that Kl ∈ Pc if and only if

2

3
x̂ + 1

3
ŷ = n1u1

c,l + n2u2
c,l (C34)

for some integers n1 and n2. This equation can be solved for
rational n1 and n2 as

n1 = flρl

3dl
(2 − hl ), n2 = glρl

6
. (C35)

Since glρl is always even, n2 ∈ Z is equivalent to 3|ρl . Now
suppose 3|ρl and we will show that n1 ∈ Z. If 3 � dl then
(3dl )|ρl so that n1 ∈ Z. On the other hand, if 3|dl then we
must have 3|μl and 3 � νl . If we reduce Eq. (C23) modulo 3,
we find 2νl hl ≡ νl (mod 3) or hl ≡ 2 (mod 3). In this case
we again have n1 ∈ Z. We conclude Kl ∈ Pc if and only if
3|ρl .

Next, we will show that at most one of ρ− and ρ+ is
divisible by 3. We have

μl + νl i
√

3

ρl
=

(
μ−l + ν−l i

√
3

ρ−l

)−1

= ρ−lμ−l − ρ−lν−l i
√

3

μ2
−l + 3ν2

−l

(C36)
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and suppose that 3|ρ−l . If 3 � μ−l then 3 � (μ2
−l + 3ν2

−l ) and
so 3 � ρl . On the other hand if 3|μ−l then 3 � ν−l so that
9 � (μ2

−l + 3ν2
−l ). The single factor of 3 in μ2

−l + 3ν2
−l is then

canceled by that in ρ−l so that again 3 � ρl .
Finally, we consider the case in which 3 � ρ−ρ+ so that

K−, K+ ∈ Pc. Since K− and K+ are both equivalent to corners
of BZc, we must have K− − tK+ ∈ Pc for some t ∈ {+,−},
which we will now find. Using Eq. (C30), we can write

K− = b̃(e−ε b̃−1Rθ b̃)(2x̂ + ŷ)/3

= b̃(2μ+x̂ + (μ+ + 3ν+)ŷ)/(3ρ+). (C37)

It follows that

2(μ+ − tρ+)

3ρ+
x̂ + μ+ + 3ν+ − tρ+

3ρ+
ŷ = n1u1

c,+ + n2u2
c,+

(C38)

for some integers n1 and n2. Solving for n2 gives

n2 = g+
6

(μ+ + 3ν+ − tρ+). (C39)

In particular, this implies 3|(μ+ − tρ+) or equivalently

t ≡ μ+ρ+ (mod 3). (C40)

Note that Eq. (C36) implies that 3 � μ+ whenever 3 � ρ−ρ+, so
Eq. (C40) indeed determines a valid value for t . Additionally,
we can see from Eq. (C36) that

μ−ρ− ≡ μ+ρ+ (mod 3) (C41)

whenever 3 � ρ−ρ+.
We summarize the results of this section by enumerating

the four possible types of commensurate configuration with
regard to the equivalence classes of K− and K+ modulo Pc.

I+.3 � ρ−ρ+ and μ−ρ− ≡ μ+ρ+ ≡ 1 (mod 3). In this
case, K−, K+ ∈ Pc but K− − K+ ∈ Pc.

I−. 3 � ρ−ρ+ and μ−ρ− ≡ μ+ρ+ ≡ −1 (mod 3). In this
case, K−, K+ ∈ Pc but K− + K+ ∈ Pc.

II+. 3 � ρ− and 3|ρ+. In this case, K− ∈ Pc and K+ ∈ Pc.
II−. 3|ρ− and 3 � ρ+. In this case, K− ∈ Pc and K+ ∈ Pc.

APPENDIX D: MOIRÉ MODELS FOR EACH TYPE
OF COMMENSURATE CONFIGURATION

In this section, we derive moiré models for each of the four
types of commensurate configuration in Appendix C 5. The
arguments given in this section are a simple generalization of
those in Ref. [41], which considered the case of TBG twisted
near an arbitrary commensurate angle. See also Appendices F
to H for detailed derivations of the moiré models near the
configurations ε0 = ln

√
3, θ0 = 30◦ and ε0 = 0, θ0 = 0.

We consider a bilayer structure consisting of two 2D
crystalline materials with triangular Bravais lattices. For sim-
plicity, we assume that the top layer is graphene, although
the following arguments apply also to other similar materials.
The interatomic spacing of graphene is a0 ≈ 0.142 nm and
the lattice constant of graphene is a = a0

√
3 ≈ 0.246 nm. For

simplicity, we choose the chemical potential so that we can
regard the graphene Fermi energy as 0. As in Appendix B,
the bottom layer has lattice constant eεa and is rotated coun-
terclockwise by angle θ relative to the top layer. We take ε

and θ as in Eq. (1) where ε0 and θ0 are parameters for a
commensurate configuration, as described in Appendix C 1.
We write P0

− = eδεR−δθP− and BZ0
− = eδεR−δθ BZ− for the

bottom layer reciprocal lattice and Brillouin zone in the com-
mensurate case. The commensurate reciprocal lattice is Pc =
P0

− + P+ and Eq. (C33) implies

|BZc| = |BZ+|/N+ = |BZ0
−|/N− (D1)

where BZc is the Brillouin zone for Pc.
We are interested in the low-energy sector of the bilayer

Hamiltonian that originates from the graphene Dirac cones at
the K+ and −K+ points. We assume there is some effective
Slater-Koster model that describes this low-energy physics
[56]. For simplicity, we neglect spin degrees of freedom for
now and consider them in Appendix D 5. We use Wannier
functions |r, l, α〉 for l ∈ {+,−}, r ∈ Ll , and α ∈ Ol as a
basis for our model, where Ol is the set of orbitals on layer l .
The Wannier function |r, l, α〉 is localized at position r + τ l

α

in the xy plane. The most important orbitals in O+ are the
carbon pz orbitals located on the two graphene sublattices,
since these orbitals give rise to the Dirac cones [57]. We
denote these orbitals by A and B and take

τ+
A = a0ŷ, τ+

B = −a0ŷ (D2)

following the convention in Appendix K 1.
The Slater-Koster Hamiltonian takes the form

〈r′, l ′, α′|HSK|r, l, α〉 = tl ′,α′,l,α
(
r′ + τ l ′

α′ − r − τ l
α

)
(D3)

for some complex-valued functions tl ′,α′,l,α . We transform to
momentum space by defining Bloch states

|k, l, α〉 = 1√|BZl |
∑
r∈Ll

eik·(r+τ l
α )|r, l, α〉. (D4)

The interlayer coupling can then be written

〈k′,−l, α′|HSK|k, l, α〉

=
∑

G−∈P−

∑
G+∈P+

t̂−l,α′,l,α (k + Gl )√|�−||�+| eiτ−l
α′ ·G−l

× e−iτ l
α ·Gl δ2(k + Gl − k′ − G−l ) (D5)

where t̂l ′,α′,l,α is the Fourier transform of tl ′,α′,l,α . Note that
Eq. (D5) generalizes Eq. (9) in Ref. [41].

We assume that t̂l ′,α′,l,α (Q) depends only on |Q| and de-
creases rapidly as |Q| grows. This implies that the magnitude
of a term in Eq. (D5) is large when |k + Gl | is small. By
a simple generalization of the arguments in Secs. C and D
of Ref. [41], HSK generates a significant coupling between
states at momentum ηK+ + p with small |p| in layer + and
momentum k in layer l if one of the following two statements
holds.

(1) l = + and k = ηk0 + p − (e−δεRδθ − 1)ηQ for some
k0 ∈ K+ + Pc and

Q ∈ (K+ − k0 + P+) ∩ P0
− (D6)

with small |Q|.
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(2) l = − and k = e−δεRδθηk0 + p − (e−δεRδθ − 1)ηQ
for some k0 ∈ K+ + Pc and

Q ∈ (K+ + P+) ∩ (k0 + P0
−) (D7)

with small |Q|.
We define

S+ = (K+ + Pc) ∩ BZ+, S− = (K+ + Pc) ∩ BZ0
− (D8)

and note that Sl contains Nl elements by Eq. (D1).
All states in layer l relevant to the physics originating
with the graphene Dirac cones have momentum near an
element of Sl .

Next, we will apply these results to derive the form of the
moiré model in three cases. In each case, we will show that the
Hamiltonian can be written as a direct sum of Hamiltonians of
a certain canonical form. We first present this form and then
proceed to the three cases.

1. Two Dirac cone moiré Hamiltonian

The canonical form for a moiré Hamiltonian with two
Dirac cones is

H =
∫

d2r|r〉H(r)〈r|,

H(r) =
(

S+(r) − ih̄v+σ · ∇ T (r)
T †(r) S−(r) − ih̄v−σ · ∇

)
.

(D9)

Here, |r〉 is a four-dimensional row vector of states located
at position r, T (r) and S±(r) are 2 × 2 spatially varying
moiré potentials, and v± are Fermi velocities for the two Dirac
cones. The potentials can be expanded as

T (r) =
∑
q∈P+

M

Tqeir·q, S±(r) =
∑
q∈PM

S±,qeir·q, (D10)

for 2 × 2 complex matrices Tq and S±,q with S†
±,q = S±,−q.

The moiré reciprocal lattice PM is given by

PM = {n1q1 + n2q2 + n3q3|n1, n2, n3 ∈ Z, n1

+ n2 + n3 = 0},
(D11)

and

P+
M = q1 + PM = q2 + PM = q3 + PM . (D12)

The q1, q2, and q3 vectors are defined by

q j = (e−δεRδθ − 1)Rξ0+ζ j

√
N−K+ (D13)

where ζ j = 2π
3 ( j − 1), ξ0 is an angle, and N− is the number

of bottom layer Bravais lattice sites in each commensurate
unit cell for the configuration with parameters ε0 and θ0 (see
Appendix C 2). The magnitudes of the Tq and S±,q matrices
typically decay rapidly with |q|, which allows us to truncate
the infinite sums in Eq. (D10). We use a straightforward
generalization of the method described in Appendix M of
Ref. [41] to compute band structures of H in the moiré Bril-
louin zone BZM , which is defined as the Wigner-Seitz unit
cell of PM .

2. Type I± with bottom layer Dirac cones

We first suppose that the commensurate configuration with
parameters ε0 and θ0 is of type Ix for x ∈ {+,−}. We define
K0

− = eδεR−δθ K− so that xK0
− ∈ S−. Note that the graphene

layer has a Dirac cone at K+ at 0 energy and a large gap
around 0 at all other momenta in S+. We assume that the
bottom layer has a Dirac cone at xK− near 0 energy and a
large gap around 0 at all other momenta in e−δεRδθS−. The
low-energy physics associated with the graphene Dirac cones
is then described by an effective continuum model involving
only top layer momenta near K+ and −K+ and bottom layer
momenta near K− and −K−. Furthermore, the model has two
decoupled valleys, one of which contains K+ and xK− and the
other of which contains −K+ and −xK−. For simplicity, we
focus on the valley containing K+ and xK−.

We introduce continuum states |p, l, α〉 for p ∈ R2, l ∈
{+,−}, and α ∈ {A, B}, which satisfy the normalization con-
dition

〈p′, l ′, α′|p, l, α〉 = δ2(p′ − p)δl ′,lδα′,α. (D14)

The continuum state |p,+, α〉 represents the Bloch state
|K+ + p,+, α〉 so that the Dirac cone at K+ takes the form∫

d2p(|p,+, A〉 |p,+, B〉)(h̄v+σ · p)

(〈p,+, A|
〈p,+, B|

)
(D15)

where v+ is the graphene Fermi velocity. The continuum
states |p,−, A〉 and |p,−, B〉 represent appropriate linear
combinations of bottom layer Bloch states with momenta
xK− + p such that the Dirac cone at xK− takes the form∫

d2p(|p,−, A〉 |p,−, B〉)(E− + h̄v−σ · p)

(〈p,−, A|
〈p,−, B|

)

(D16)

where v− is the bottom layer Fermi velocity and E− is a
small energy offset. Note that a Dirac cone in two dimen-
sions with any rotation angle or helicity is related to one
of the form h̄vσ · p by a unitary transformation, so one
can always choose |p,−, A〉 and |p,−, B〉 to satisfy this
requirement.

If we group the continuum states with momentum p into a
row vector

|p〉 = (|p,+, A〉|p,+, B〉 |p,−, A〉|p,−, B〉), (D17)

the effective Hamiltonian can be written in the form

H =
∫

d2p′d2p|p′〉H(p′, p)〈p|

H(p′, p) =
(

h̄v+σ · p 0
0 h̄v−σ · p

)
δ2(p′ − p)

+
∑
q∈P+

M

(
0 Tq

0 0

)
δ2(p′ − p − q)

+
∑
q∈P+

M

(
0 0

T †
q 0

)
δ2(p′ − p + q)

+
∑
q∈PM

(
S+,q 0

0 S−,q

)
δ2(p′ − p − q) (D18)
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where

PM = (e−δεRδθ − 1)(P+ ∩ P0
−), (D19)

P+
M = (e−δεRδθ − 1)((K+ + P+) ∩ (xK0

− + P0
−)). (D20)

Tq and S±
q denote complex 2 × 2 matrices with norms that

generally decrease as |q| increases. The values of these ma-
trices include contributions from states with momenta near
values in S+ or e−δεRδθS−, which are not explicitly included
in the effective Hamiltonian.

By the results of Appendix C 3, P+ ∩ P0
− is a triangular

Bravais lattice with a unit cell N− times larger than that of
P+. Furthermore, (K+ + P+) ∩ (xK0

− + P0
−) can be written in

the form v + P+ ∩ P0
− for some nonzero vector v such that

R2π/3v − v ∈ P+ ∩ P0
−. It follows that there is some angle ξ0

such that

P+ ∩ P0
− = Rξ0

√
N−P+,

(K+ + P+) ∩ (xK0
− + P0

−) = Rξ0

√
N−(K+ + P+). (D21)

We then have

PM = (e−δεRδθ − 1)Rξ0

√
N−P+,

P+
M = (e−δεRδθ − 1)Rξ0

√
N−(K+ + P+), (D22)

which is equivalent to Eqs. (D11) to (D13). As an exam-
ple, when ε0 = 0, θ0 = 0 we have N− = 1 and one can take
ξ0 = 0. This particular case will be discussed further in
Appendix H.

Finally, we introduce real-space continuum states

|r, l, α〉 = 1

2π

∫
d2pe−ip·r|p, l, α〉, (D23)

which satisfy the normalization condition

〈r′, l ′, α′|r, l, α〉 = δ2(r′ − r)δl ′,lδα′,α. (D24)

If we group the continuum states with position r into a row
vector

|r〉 = (|r,+, A〉|r,+, B〉 |r,−, A〉|r,−, B〉), (D25)

the Hamiltonian takes the form of Eq. (D9) with T (r) and
S±(r) potentials given by Eq. (D10).

We conclude that the moiré model for the valley contain-
ing K+ and xK− is of the form in Appendix D 1 with the
two Dirac cones coming from opposite layers. By a similar
argument, the Hamiltonian for the valley containing −K+ and
−xK− also takes this form, although the ξ0 angles for the two
valleys differ by π .

3. Type I± or II− with gapped bottom layer

Next, suppose that the commensurate configuration with
parameters ε0 and θ0 is of type I+, I−, or II−. This is
equivalent to the requirement that K+ ∈ Pc. In contrast to
Appendix D 2, we assume that the bottom layer has a large gap
around 0 at all momenta in e−δεRδθS−. In this case, the low-
energy physics associated with the graphene Dirac cones is
described by an effective continuum model involving only top
layer momenta near K+ and −K+. Furthermore, the model
has two decoupled valleys, one of which contains K+ and the
other of which contains −K+. Following a similar argument

to that in Appendix D 2, we find that the moiré model for both
valleys can be written in the form described in Appendix D 1
with T (r) = 0. In this case, the two Dirac cones correspond
to the two graphene valleys, v+ = v−, and the angle ξ0 is
constrained only by

P+ ∩ P0
− = Rξ0

√
N−P+. (D26)

4. Type II+ with gapped bottom layer

Finally, suppose that the commensurate configuration with
parameters ε0 and θ0 is of type II+ so that −K+ ∈ S+. As
in Appendix D 3, we assume that the bottom layer has a
large gap around 0 at all momenta in e−δεRδθS−. In this case,
the low-energy physics associated with the graphene Dirac
cones is described by an effective continuum model involving
only top layer momenta near K+ and −K+. In contrast to
Appendices D 2 and D 3, the model has only one valley so
there is no degree of freedom associated with valley. Fol-
lowing a similar argument to that in Appendix D 2, we find
that the moiré model can be written in the form described in
Appendix D 1. In this case, the two Dirac cones correspond
to the two graphene valleys so that v+ = v−. Additionally,
although Eq. (D19) still holds, Eq. (D20) is modified to

P+
M = (e−δεRδθ − 1)((K+ − (−K+) + P+) ∩ P0

−)

= (e−δεRδθ − 1)((−K+ + P+) ∩ P0
−). (D27)

As a result, the angle ξ0 is now constrained by

P+ ∩ P0
− = Rξ0

√
N−P+,

(−K+ + P+) ∩ P0
− = Rξ0

√
N−(K+ + P+). (D28)

As an example, when ε0 = ln
√

3, θ0 = 30◦ we have N− = 1
and one can take ξ0 = π . This particular case will be dis-
cussed further in Appendices F and G.

5. Including spin

So far in Appendix D we have neglected spin degrees of
freedom. In each case, if both layers have negligible spin-orbit
coupling, the system can be described as a direct sum of
two copies of the spinless model, one for spin ↑ and the
other for spin ↓. If there is significant spin-orbit coupling
(but the Dirac cones remain unchanged), the two spinless
models can have different parameters and can be coupled
together. In this paper, we will focus on cases in which the z
component of spin is preserved. In that case, the two spinless
models can have different parameters but will not be coupled.
If the system has time-reversal symmetry, the Hamiltoni-
ans for the two spins will be related by time-reversal. This
is explained in more detail in Appendix G for the case in
which ε0 = ln

√
3, θ0 = 30◦.

APPENDIX E: MOIRÉ COORDINATE SYSTEM

In order to make the Hamiltonian in Appendix D 1 more
closely resemble the BM model for small angle TBG, we
will define a coordinate system xM , yM in which q1 is on the
positive yM axis. Let

ξ = arg(e−δε+iδθ − 1) + ξ0 − π/2 (E1)
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and

x̂M = Rξ x̂, ŷM = Rξ ŷ. (E2)

Note that q1 = |q1|ŷM and x̂M × ŷM = ẑ. We refer to the
coordinate system xM , yM defined by x̂M and ŷM as the
moiré coordinate system and illustrate it in Figs. 1(d)
and 1(e).

Note that

σ = e−i(ξ/2)σzσMei(ξ/2)σz (E3)

where σM = σxx̂M + σyŷM . Applying the unitary change of
basis

|r〉ξ = |r〉σ0 ⊗ e−i(ξ/2)σz , (E4)

Eq. (D9) can be rewritten

H =
∫

d2r|r〉ξHξ (r)〈r|ξ ,

Hξ (r) = (σ0 ⊗ ei(ξ/2)σz )H(r)(σ0 ⊗ e−i(ξ/2)σz )

=
(

Sξ,+(r) − ih̄v+σM · ∇ Tξ (r)

T †
ξ (r) Sξ,−(r) − ih̄v−σM · ∇

)
.

(E5)

The Tξ (r) and S±
ξ (r) potentials are given by

Tξ (r) = ei(ξ/2)σz T (r)e−i(ξ/2)σz =
∑
q∈P+

M

Tξ,qeir·q,

Sξ,±(r) = ei(ξ/2)σz S±(r)e−i(ξ/2)σz =
∑
q∈PM

Sξ,±,qeir·q, (E6)

with

Tξ,q = ei(ξ/2)σz Tqe−i(ξ/2)σz ,

Sξ,±,q = ei(ξ/2)σz S±,qe−i(ξ/2)σz . (E7)

We have now expressed the Hamiltonian in the moiré coordi-
nate system. All models and figures in the main text use this
transformation.

APPENDIX F: COUPLED-VALLEY GRAPHENE
MODEL WITHOUT SPIN

We follow the construction of Appendix D for a bilayer
structure in which the top layer is graphene and the bottom
layer is some other 2D crystalline material with a triangular
Bravais lattice. In this section, we focus on moiré patterns near
the second commensurate configuration in Table II, which is
type II+ and has ε0 = ln

√
3, θ0 = 30◦. For this configuration,

we have N+ = 3 and N− = 1, so that the sets S± defined in
Eq. (D8) are given by

S+ = {K+,−K+,�+}, S− = {�−}. (F1)

As in Appendix D 4, we assume that the bottom layer has a
gap around 0 at �− so that the low-energy physics is described
by a moiré model of the form in Appendix D 1 where the two
Dirac cones correspond to the two graphene valleys. In this
Appendix, we start with a moiré model involving degrees of
freedom in both layers. We then use second-order Schrieffer-
Wolff perturbation theory [58,59] to find an explicit form for

the graphene moiré model. Finally, we use symmetry and
corepresentation theory to constrain the model parameters.
We neglect spin degrees of freedom in this section and con-
sider them in Appendix G.

1. Continuum Hamiltonian

When δε = δθ = 0, the delta function in Eq. (D5) ensures
that the only bottom layer momentum that is coupled to
k = ηK+ + p is k′ = �− + p, where η ∈ {+,−} denotes
the two graphene valleys. However, when δε and δθ are
not both zero, it is possible to couple a top layer state
with momentum k = ηK+ + p to a bottom layer state with
momentum k′ = �− + p′ as long as

k + G+ = k′ + G− (F2)

for some G− ∈ P− and G+ ∈ P+. As in Appendix D, we
assume that t̂l ′,α′,l,α (Q) depends only on |Q| and decays
rapidly as |Q| grows. It is then sufficient to consider only
terms in Eq. (D5) for which |k + G+| is small. For small |p|,
the dominant terms are those with

G+ = η(Rζ j − 1)K+,

eδεR−δθG− = ηRζ j K+, (F3)

where ζ j = 2π
3 ( j − 1). For these terms, we have

p′ = p + ηq j, q j = Rζ j (1 − e−δεRδθ )K+. (F4)

Recall from Appendix D 4 that for ε0 = ln
√

3, θ0 = 30◦
we can take ξ0 = π . Since additionally we have N− = 1,
the definition of q j in Eq. (F4) is consistent with
Eq. (D13).

With this motivation, we now introduce a continuum model
that describes the low-energy physics of the bilayer system
associated with the graphene Dirac cones. We define contin-
uum states |p, η, α〉c for p ∈ R2, η ∈ {+, 0,−}, and α ∈ Ol

where l = + when η ∈ {+,−} and l = − when η = 0. The
state |p, η, α〉c represents the Bloch state |ηK+ + p, l, α〉 for
small p, and the continuum states satisfy the normalization
condition

〈p′, η′, α′|cp, η, α〉c = δ2(p′ − p)δη′,ηδα′,α. (F5)

We group the continuum states with momentum p into a row
vector

|p〉c = (|p,+, A〉c |p,+, B〉c |p,−, A〉c |p,−, B〉c

× |p, 0, α1〉c · · · |p, 0, αn〉c) (F6)

where O− = {α1, . . . , αn} is an index set for the orbitals on
the bottom layer. The continuum Hamiltonian then takes the
form

Hc =
∫

d2p′d2p|p′〉cHc(p′, p)〈p|c,

Hc(p′, p) =
⎛
⎝h̄vF σ · p 0 0

0 −h̄vF σ∗ · p 0
0 0 H−

⎞
⎠δ2(p′ − p)

+
3∑

j=1

⎛
⎜⎝

0 0 0
0 0 T−,q j

T †
+,q j

0 0

⎞
⎟⎠δ2(p′ − p − q j )
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+
3∑

j=1

⎛
⎜⎝

0 0 T+,q j

0 0 0

0 T †
−,q j

0

⎞
⎟⎠δ2(p′ − p + q j ).

(F7)

Here, vF is the graphene Fermi velocity and H− is the n × n
Hamiltonian for the bottom layer at the �− point, which we
approximate as independent of momentum. The Tη,q j are 2 ×
n complex matrices describing the coupling between valley η

of graphene and H−.
We can write the continuum Hamiltonian in a simpler form

by transforming to real space. We define real-space continuum
states

|r, η, α〉c = 1

2π

∫
d2pe−ip·r|p, η, α〉c, (F8)

which satisfy

〈r′, η′, α′|cr, η, α〉 = δ2(r′ − r)δη′,ηδα′,α (F9)

and group them into a row vector

|r〉c = (|r,+, A〉c |r,+, B〉c |r,−, A〉c |r,−, B〉c

× |r, 0, α1〉c · · · |r, 0, αn〉c). (F10)

The continuum Hamiltonian then becomes

Hc =
∫

d2r|r〉cHc(r)〈r|c

Hc(r) =
⎛
⎝−ih̄vF σ · ∇ 0 T+(r)

0 ih̄vF σ∗ · ∇ T−(r)
T †

+ (r) T †
− (r) H−

⎞
⎠

Tη(r) =
3∑

j=1

Tη,q j e
−iηr·q j . (F11)

Assuming that the spectrum of H− has a sufficiently large
gap around 0, we can treat the bottom layer states perturba-
tively. Applying Schrieffer-Wolff perturbation theory [58,59]
to second order in the interlayer couplings and neglecting the
graphene energies, we find the effective Hamiltonian for the
graphene degrees of freedom

Hg =
∫

d2r|r〉gHg(r)〈r|g

Hg(r) =
(−ih̄vF σ · ∇ 0

0 ih̄vF σ∗ · ∇
)

−
(

T+(r)
T−(r)

)
H−1

− (T †
+ (r) T †

− (r))

|r〉g = (|r,+, A〉c |r,+, B〉c |r,−, A〉c |r,−, B〉c).

(F12)

Finally, we take a unitary change of basis to bring the model
into a form with two Dirac cones of the same helicity. To do
so, we define new states |r〉 by applying a σy transformation to
the sublattice degree of freedom in the η = − valley. Specifi-
cally, we take

|r〉 = |r〉gU0 where U0 =
(

σ0 0
0 σy

)
. (F13)

We then have

Hg =
∫

d2r|r〉H(r)〈r|

H(r) =
(

S+(r) − ih̄vF σ · ∇ T (r)

T †(r) S−(r) − ih̄vF σ · ∇

)
(F14)

which is of the form in Eq. (D9) with v+ = v− = vF . The
T (r) and Sη(r) potentials are given by

T (r) = −T+(r)H−1
− T †

− (r)σy,

S+(r) = −T+(r)H−1
− T †

+ (r),

S−(r) = −σyT−(r)H−1
− T †

− (r)σy. (F15)

Note that these potentials can be expanded in the form given
by Eq. (D10). However, in this case all Tq and S±,q matrices
vanish except for those of the form

Tq j , T−2q j , S±,q j−qk . (F16)

Finally, it is worth noting that bottom layer states near �−
are coupled to top layer states near �+ in addition to top layer
states near K+ and −K+. This is clear from Eq. (D5) as well
as from Eq. (F1). As a result, in principle one should also
include top layer states near �+ in Eq. (F7). However, since
these states all have large energies and are not directly coupled
to the graphene Dirac cones, they make no contribution
to a low-energy model derived using second-order
Schrieffer-Wolff perturbation theory. For this reason, we only
consider top layer states near K+ and −K+ and bottom layer
states near �−.

2. Symmetry constraints

We now consider the nontranslational symmetries of the
Hamiltonian in Eq. (F14). The possible crystalline symme-
try generators are C3z (rotation by angle 2π/3 about ẑ), C2z

(rotation by angle π about ẑ), Mx (reflection through the
yz plane), and My (reflection through the xz plane). Addi-
tionally, we consider the antiunitary time-reversal symmetry
T , which satisfies T 2 = 1. By considering the action of
these symmetries on the graphene Wannier functions and
Bloch states, we can deduce the appropriate definitions for
the symmetry operators on the states |r〉g in Eq. (F12).
We define

C3z|r〉g = |R2π/3r〉gei(2π/3)σz⊗σz ,

C2z|r〉g = |−r〉gσx ⊗ σx,

Mx|r〉g = |Rx̂r〉gσx ⊗ σ0,

My|r〉g = |Rŷr〉gσ0 ⊗ σx,

T |r〉g = |r〉gσx ⊗ σ0. (F17)

Here, the first (second) Pauli matrix in each tensor product
acts on valley (sublattice). These operators can also be written
in terms of the |r〉 states in Eq. (F13) as

C3z|r〉 = |R2π/3r〉σ0 ⊗ ei(2π/3)σz ,

C2z|r〉 = −|−r〉σy ⊗ σz,

Mx|r〉 = |Rx̂r〉σx ⊗ σy,
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My|r〉 = |Rŷr〉σz ⊗ σx,

T |r〉 = −i|r〉σy ⊗ σy. (F18)

Suppose that U is a unitary or antiunitary symmetry, which
acts as U |r〉 = |Or〉M for an orthogonal matrix O and a
unitary matrix M. Then [U, Hg] = 0 is equivalent to H(Or) =
MH(r)M† in the unitary case and H(Or) = MH∗(r)M† in
the antiunitary case. Applying this to the symmetry generators
gives the following constraints on the Tq and Sη

q matrices
defined by Eq. (D10):

[C3z, Hg] = 0 ⇐⇒ TR2π/3q = ei(2π/3)σz Tqe−i(2π/3)σz and

Sη,R2π/3q = ei(2π/3)σz Sη,qe−i(2π/3)σz ,

[C2z, Hg] = 0 ⇐⇒ Tq = −σzT
†

q σz and

S+,−q = σzS−,qσz,

[Mx, Hg] = 0 ⇐⇒ TRŷq = σyT †
q σy and

S+,Rŷq = σyS−,−qσy,

[My, Hg] = 0 ⇐⇒ TRŷq = −σxTqσx and

Sη,Rŷq = σxSη,qσx,

[T , Hg] = 0 ⇐⇒ Tq = −σyT T
q σy and

S+,q = σyS∗
−,−qσy. (F19)

We will always make the assumption that C3z and T sym-
metries are preserved. By Eq. (F19), T symmetry implies

S−(r) = σyS∗
+(r)σy (F20)

so it suffices to characterize T (r) and S+(r). Keeping only
the terms in Eq. (F16), we can use C3z, T , and Hermiticity
to write

Tq j = u1,xσ · n̂ζ j + u1,yσ · n̂ζ j+π/2 + u1,zσz,

T−2q j = u2,xσ · n̂ζ j + u2,yσ · n̂ζ j+π/2 + u2,zσz,

S+,0 = u0,0σ0 + u0,zσz,

S+,q1+ j−q2+ j = u√
3,0σ0 + u√

3,xσ · n̂ζ j

+ u√
3,yσ · n̂ζ j+π/2 + u√

3,zσz,

S+,q2+ j−q1+ j = S†
+,q1+ j−q2+ j

, (F21)

where u0,0 and u0,z are real parameters and all of the other
u parameters are in general complex. We now consider the
symmetry constraints in several cases.

(1) The symmetry group is generated by C3z and T . In this
case,

u0,0, u0,z ∈ R. (F22)

(2) The symmetry group is generated by C3z, T , and C2z.
In this case,

u0,0, u1,x, u1,y, u2,x, u2,y, u√
3,0, u√

3,x, u√
3,y ∈ R,

u1,z, u2,z, u√
3,z ∈ iR,

u0,z = 0. (F23)

(3) The symmetry group is generated by C3z, T , and Mx.
In this case,

u0,0, u0,z, u1,y, u2,y ∈ R,

u1,x, u1,z, u2,x, u2,z ∈ iR,

u√
3,y = 0. (F24)

(4) The symmetry group is generated by C3z, T , and My.
In this case,

u0,0, u√
3,0, u√

3,x ∈ R,

u√
3,y, u√

3,z ∈ iR,

u0,z = u1,x = u2,x = 0. (F25)

(5) The symmetry group is generated by C3z, T , C2z, Mx,
and My. In this case,

u0,0, u1,y, u2,y, u√
3,0, u√

3,x ∈ R,

u1,z, u2,z, u√
3,z ∈ iR,

u0,z = u1,x = u2,x = u√
3,y = 0. (F26)

In this case, we summarize Eq. (F21) as

Tmq j = w|m|,yσ · n̂ζ j+π/2 + w|m|,ziσz,

S+,0 = w0,0σ0,

S+,γ (q1+ j−q2+ j ) = w√
3,0σ0 + w√

3,xσ · n̂ζ j

+ γw√
3,ziσz, (F27)

for m ∈ {1,−2} and γ ∈ {+,−}, where the real w parameters
are defined by

w1,y = u1,y, w1,z = −iu1,z, w2,y = u2,y,

w2,z = −iu2,z, w0,0 = u0,0,

w√
3,0 = u√

3,0, w√
3,x = u√

3,x, w√
3,z = −iu√

3,z.

(F28)

Note that C2z = MxMy so that this is a full enumeration of
the cases with C3z and T symmetries. See Appendix I for a
discussion of these symmetry groups and Table III for their
character tables.

3. Transformation to the moiré coordinate system

We now translate these results into the moiré coordinate
system defined in Sec. E. Equations (F20) and (F21) become

Sξ,−(r) = σyS∗
ξ,+(r)σy (F29)

and

Tξ,q j = u1,xσ · n̂ζ j−ξ + u1,yσ · n̂ζ j+π/2−ξ + u1,zσz,

Tξ,−2q j = u2,xσ · n̂ζ j−ξ + u2,yσ · n̂ζ j+π/2−ξ + u2,zσz,

Sξ,+,0 = u0,0σ0 + u0,zσz,

Sξ,+,q1+ j−q2+ j = u√
3,0σ0 + u√

3,xσ · n̂ζ j−ξ + u√
3,yσ · n̂ζ j+π/2−ξ

+ u√
3,zσz,

Sξ,+,q2+ j−q1+ j = S†
ξ,+,q1+ j−q2+ j

. (F30)
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TABLE III. Character tables enumerating the coirreps of the
spinful magnetic point groups 31′, 61′, mm21′, 3m1′, and 6mm1′

described in Appendix I. Each column represents a corepresentation
conjugacy class [31], and for brevity we do not include columns for
conjugacy classes which are −1 times a shown conjugacy class, other
than the class −1. As explained in Appendix I, the rows in each table
for which the entry corresponding to −1 is positive (i.e., the spinless
coirreps) also form the character tables for the spinless magnetic
point groups 31′

0, 61′
0, mm21′

0, 3m1′
0, and 6mm1′

0. These tables can
be found on the Bilbao Crystallographic Server [30,43,44,60,61].

31′ 1 C3z C−1
3z −1

A1 1 1 1 1
2E 1E 2 −1 −1 2
EE 2 −2 −2 −2
1E 2E 2 1 1 −2

61′ 1 C3z C−1
3z C2z C−1

6z C6z −1

A 1 1 1 1 1 1 1
B 1 1 1 −1 −1 −1 1
2E1

1E1 2 −1 −1 2 −1 −1 2
2E2

1E2 2 −1 −1 −2 1 1 2
2E 1

1E 1 2 −2 −2 0 0 0 −2
1E 3

2E 3 2 1 1 0
√

3
√

3 −2
1E 2

2E 2 2 1 1 0 −√
3 −√

3 −2

mm21′ 1 C2z Mx My −1

A1 1 1 1 1 1
A2 1 1 −1 −1 1
B1 1 −1 −1 1 1
B2 1 −1 1 −1 1
E 2 0 0 0 −2

3m1′ 1 C3z M −1

A1 1 1 1 1
A2 1 1 −1 1
E 2 −1 0 2
2E 1E 2 −2 0 −2
E 1 2 1 0 −2

6mm1′ 1 C3z C2z C6z Mx My −1

A1 1 1 1 1 1 1 1
A2 1 1 1 1 −1 −1 1
B2 1 1 −1 −1 −1 1 1
B1 1 1 −1 −1 1 −1 1
E2 2 −1 2 −1 0 0 2
E1 2 −1 −2 1 0 0 2
E 3 2 −2 0 0 0 0 −2
E 2 2 1 0 −√

3 0 0 −2
E 1 2 1 0

√
3 0 0 −2

Additionally, Eq. (F27) becomes

Tξ,mq j = w|m|,yσ · n̂ζ j+φ1 + w|m|,ziσz,

Sξ,+,0 = w0,0σ0,

Sξ,+,γ (q1+ j−q2+ j ) = w√
3,0σ0 + w√

3,xσ · n̂ζ j+φ1−π/2

+ iγw√
3,zσz, (F31)

for m ∈ {1,−2} and γ ∈ {+,−}, where

φ1 = π/2 − ξ = arg(e−δε−iδθ − 1) (F32)

since ξ0 = π .

4. Coirrep decomposition for the bottom layer

In this section, we show that the T (r) and S+(r) potentials
can be written as a sum over the irreducible corepresentations
(coirreps) of the symmetry group at the �− point in the bottom
layer. To do so, we analyze the nontranslational symmetries of
the bilayer continuum Hamiltonian in Eq. (F11). Generalizing
Eq. (F17), the relevant symmetry generators take the form

C3z|r〉g = |R2π/3r〉gei(2π/3)σz⊗σz ⊕ C3z,−,

C2z|r〉g = |−r〉g(σx ⊗ σx ) ⊕ C2z,−,

Mx|r〉g = |Rx̂r〉g(σx ⊗ σ0) ⊕ Mx,−,

My|r〉g = |Rŷr〉g(σ0 ⊗ σx ) ⊕ My,−,

T |r〉g = |r〉g(σx ⊗ σ0) ⊕ T−, (F33)

for some unitary matrices C3z,−, C2z,−, Mx,−, My,−, and T−,
which act on the bottom layer. In a manner similar to that in
Appendix F 2, one can derive the following constraints on the
Tη,q j matrices arising from the commutation of each symmetry
with Hc;

[C3z, Hc] = 0 ⇐⇒ Tη,q j+1 = eiη(2π/3)σz Tη,q jC
†
3z,−,

[C2z, Hc] = 0 ⇐⇒ Tη,q j = σxT−η,q jC
†
2z,−,

[Mx, Hc] = 0 ⇐⇒ Tη,q1 = T−η,q1 M†
x,−

Tη,q2 = T−η,q3 M†
x,−Tη,q3 = T−η,q2 M†

x,−,

[My, Hc] = 0 ⇐⇒ Tη,q1 = σxTη,q1 M†
y,−

Tη,q2 = σxTη,q3 M†
y,−Tη,q3 = σxTη,q2 M†

y,−,

[T , Hc] = 0 ⇐⇒ Tη,q j = T ∗
−η,q j

T †
− . (F34)

In the presence of C3z and T symmetries, all of the Tη,q j

matrices are determined by T+,q1 . Specifically, we have

Tη,q j = eiηζ jσz Tη,q1C
1− j
3z,−,

T−,q1 = T ∗
+,q1

T †
− . (F35)

Any additional symmetries then imply constraints on T+,q1 .
Specifically,

[C2z, Hc] = 0 ⇒ T+,q1 = σxT ∗
+,q1

(C2z,−T−)†, (F36)

[Mx, Hc] = 0 ⇒ T+,q1 = T ∗
+,q1

(Mx,−T−)†, (F37)

[My, Hc] = 0 ⇒ T+,q1 = σxT+,q1 M†
y,−. (F38)

By Eqs. (F11) and (F15), we have

T (r) = −
3∑

j,k=1

T+,q jH−1
− T †

−,qk
σye−ir·(qk+q j ) (F39)

= −
3∑

j,k=1

eiζ jσz T+,q1C
1− j
3z,−H−1

− Ck−1
3z,−T−T T

+,q1

× σye−iζkσz e−ir·(qk+q j ), (F40)
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S+(r) = −
3∑

j,k=1

T+,q jH−1
− T †

+,qk
eir·(qk−q j ) (F41)

= −
3∑

j,k=1

eiζ jσz T+,q1C
1− j
3z,−H−1

− Ck−1
3z,−T †

+,q1
e−iζkσz eir·(qk−q j ).

(F42)

It follows that we can compute the T (r) and S+(r) potentials
from T+,q1 along with H− and the symmetry corepresentation
on the bottom layer.

By Schur’s lemma for corepresentation theory, there is a
unitary change of basis for the bottom layer subspace that
diagonalizes H− while also block diagonalizing the symme-
try corepresentation on the bottom layer into coirreps [31].
The contributions to T (r) and S+(r) in Eqs. (F40) and (F42)
from each coirrep simply add. We can therefore consider the
form for T (r) and S+(r) independently for each coirrep. In
the following sections, we explicitly find the form for the
u parameters in Eq. (F21) for each coirrep of each possible
symmetry group that contains C3z and T .

a. The symmetry group is generated by C3z and T
In this case, the symmetry group is isomorphic to the

spinless magnetic point group 31′
0 defined in Appendix I. We

see from Table III that there are two coirreps, namely A1 and
2E1E .

(1) For A1, we take C3z,− = 1, T− = 1, and

T+,q1 =
(

v1

v2

)
(F43)

for complex parameters v1 and v2. Taking H− = E0,
Eqs. (F40) and (F42) imply that T (r) and Sη(r) take the form
of Eq. (F21) with

u1,x = i

E0

(
v2

1 − v2
2

)
, u1,y = − 1

E0

(
v2

1 + v2
2

)
,

u1,z = i

E0
v1v2,

u2,x = i

2E0

(
v2

1 − v2
2

)
, u2,y = − 1

2E0

(
v2

1 + v2
2

)
,

u2,z = − i

E0
v1v2,

u0,0 = − 3

2E0
(|v1|2 + |v2|2), u0,z = − 3

2E0
(|v1|2 − |v2|2),

u√
3,0 = 1 − i

√
3

4E0
|v1|2 + 1 + i

√
3

4E0
|v2|2,

u√
3,x = − 1

2E0
(v1v

∗
2 + v∗

1v2),

u√
3,y = − i

2E0
(v1v

∗
2 − v∗

1v2),

u√
3,z = 1 − i

√
3

4E0
|v1|2 − 1 + i

√
3

4E0
|v2|2. (F44)

(2) For 2E1E , we take C3z,− = e−i(2π/3)σz , T− = σx, and

T+,q1 = v0σ0 + vxσx + vyσy + vzσz (F45)

for complex parameters v0, vx, vy, and vz. Taking H− = E0σ0,
Eqs. (F40) and (F42) imply that T (r) and Sη(r) take the form
of Eq. (F21) with

u1,x = − 2

E0
(v0vy + ivxvz ), u1,y = 2

E0
(v0vx − ivyvz ), u1,z = i

E0

(
v2

0 − 2v2
x − 2v2

y − v2
z

)
,

u2,x = 2

E0
(v0vy + ivxvz ), u2,y = − 2

E0
(v0vx − ivyvz ), u2,z = − i

E0

(
v2

0 + v2
x + v2

y − v2
z

)
,

u0,0 = − 3

E0
(|v0|2 + |vx|2 + |vy|2 + |vz|2), u0,z = − 3

E0
(v0v

∗
z + v∗

0vz + i(vxv
∗
y − v∗

x vy)),

u√
3,0 = 1

2E0
(|v0|2 − 2|vx|2 − 2|vy|2 + |vz|2 + i

√
3(v0v

∗
z + v∗

0vz )),

u√
3,x = 1

2E0
(v0v

∗
x + v∗

0vx + i(vyv
∗
z − v∗

y vz ) −
√

3(v0v
∗
y − v∗

0vy) − i
√

3(vxv
∗
z + v∗

x vz )),

u√
3,y = 1

2E0
(v0v

∗
y + v∗

0vy − i(vxv
∗
z − v∗

x vz ) +
√

3(v0v
∗
x − v∗

0vx ) − i
√

3(vyv
∗
z + v∗

y vz )),

u√
3,z = 1

2E0
(v0v

∗
z + v∗

0vz − 2i(vxv
∗
y − v∗

x vy) + i
√

3(|v0|2 + |vz|2)). (F46)

b. The symmetry group is generated by C3z, T , and C2z

In this case, the symmetry group is isomorphic to the
spinless magnetic point group 61′

0 defined in Appendix I. We
see from Table III that there are four coirreps, namely A, B,
2E1

1E1, and 2E2
1E2.

(1) For A, we take C3z,− = 1, T− = 1, and C2z,− = 1.
Equations (F43) and (F44) apply, and additionally Eq. (F36)
implies

v2 = v∗
1 . (F47)
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(2) For B, we take C3z,− = 1, T− = 1, and C2z,− = −1.
Equations (F43) and (F44) apply, and additionally Eq. (F36)
implies

v2 = −v∗
1 . (F48)

(3) For 2E1
1E1, we take C3z,− = e−i(2π/3)σz , T− = σx, and

C2z,− = σ0. Equations (F45) and (F46) apply, and additionally
Eq. (F36) implies

v0, vx, vy ∈ R, vz ∈ iR. (F49)

(4) For 2E2
1E2, we take C3z,− = e−i(2π/3)σz , T− = σx, and

C2z,− = −σ0. Equations (F45) and (F46) apply, and addition-
ally Eq. (F36) implies

vz ∈ R, v0, vx, vy ∈ iR. (F50)

c. The symmetry group is generated by C3z, T , and Mx

In this case, the symmetry group is isomorphic to the
spinless magnetic point group 3m1′

0 defined in Appendix I.
We see from Table III that there are three coirreps, namely A1,
A2, and E .

(1) For A1, we take C3z,− = 1, T− = 1, and Mx,− = 1.
Equations (F43) and (F44) apply, and additionally Eq. (F37)
implies

v1, v2 ∈ R. (F51)

(2) For A2, we take C3z,− = 1, T− = 1, and Mx,− = −1.
Equations (F43) and (F44) apply, and additionally Eq. (F37)
implies

v1, v2 ∈ iR. (F52)

(3) For E , we take C3z,− = e−i(2π/3)σz , T− = σx, and
Mx,− = −σx. Equations (F45) and (F46) apply, and
additionally Eq. (F37) implies

vy ∈ R, v0, vx, vz ∈ iR. (F53)

d. The symmetry group is generated by C3z, T , and My

In this case, the symmetry group is isomorphic to the
spinless magnetic point group 3m1′

0 defined in Appendix I.
We see from Table III that there are three coirreps, namely A1,
A2, and E .

(1) For A1, we take C3z,− = 1, T− = 1, and My,− = 1.
Equations (F43) and (F44) apply, and additionally Eq. (F38)
implies

v2 = v1. (F54)

(2) For A2, we take C3z,− = 1, T− = 1, and My,− = −1.
Equations (F43) and (F44) apply, and additionally Eq. (F38)
implies

v2 = −v1. (F55)

(3) For E , we take C3z,− = e−i(2π/3)σz , T− = σx, and
My,− = σx. Equations (F45) and (F46) apply, and additionally
Eq. (F38) implies

vy = vz = 0. (F56)

e. The symmetry group is generated by C3z, T , C2z, Mx, and My

In this case, the symmetry group is isomorphic to the spin-
less magnetic point group 6mm1′

0 defined in Appendix I. We
see from Table III that there are six coirreps, namely A1, A2,
B2, B1, E2, and E1.

(1) For A1, we take C3z,− = 1, T− = 1, C2z,− = 1, Mx,− =
1, and My,− = 1. Equations (F43) and (F44) apply, and addi-
tionally Eqs. (F36)–(F38) imply Eqs. (F47), (F51), and (F54).

(2) For A2, we take C3z,− = 1, T− = 1, C2z,− = 1, Mx,− =
−1, and My,− = −1. Equations (F43) and (F44) apply,
and additionally Eqs. (F36)–(F38) imply Eqs. (F47), (F52),
and (F55).

(3) For B2, we take C3z,− = 1, T− = 1, C2z,− = −1,
Mx,− = −1, and My,− = 1. Equations (F43) and (F44) apply,
and additionally Eqs. (F36)–(F38) imply Eqs. (F48), (F52),
and (F54).

(4) For B1, we take C3z,− = 1, T− = 1, C2z,− = −1,
Mx,− = 1, and My,− = −1. Equations (F43) and (F44) apply,
and additionally Eqs. (F36)–(F38) imply Eqs. (F48), (F51),
and (F55).

(5) For E2, we take C3z,− = e−i(2π/3)σz , T− = σx, C2z,− =
σ0, Mx,− = σx, and My,− = σx. Equations (F45) and (F46)
apply, and additionally (F36) and (F38) imply (F49) and (F56)
while Eq. (F37) implies

v0, vx, vz ∈ R, vy ∈ iR. (F57)

(6) For E1, we take C3z,− = e−i(2π/3)σz , T− = σx, C2z,− =
−σ0, Mx,− = −σx, and My,− = σx. Equations (F45) and (F46)
apply, and additionally Eqs. (F36)–(F38) imply Eqs. (F50),
(F53), and (F56).

We can summarize the results for this case more succinctly
using the w parameters in Eq. (F27). For coirreps A1, A2, B2,
and B1, we have

w1,y = −2v2
1

E0
, w1,z = My,−v2

1

E0
,

w2,y = − v2
1

E0
, w2,z = −My,−v2

1

E0
,

w0,0 = −3|v1|2
E0

, w√
3,0 = |v1|2

2E0
,

w√
3,x = −My,−|v1|2

E0
, w√

3,z = −|v1|2
√

3

2E0
, (F58)

where v1 ∈ R for A1 and B1, v1 ∈ iR for A2 and B2, My,− = 1
for A1 and B2, and My,− = −1 for A2 and B1. Likewise, for
coirreps E2 and E1, we have

w1,y = 2v0vx

E0
, w1,z = v2

0 − 2v2
x

E0
, w2,y = −2v0vx

E0
,

w2,z = −v2
0 + v2

x

E0
, w0,0 = −3(|v0|2 + |vx|2)

E0
,

w√
3,0 = |v0|2 − 2|vx|2

2E0
, w√

3,x = v0v
∗
x + v∗

0vx

2E0
,

w√
3,z = |v0|2

√
3

2E0
, (F59)

where v0, vx ∈ R for E2 and v0, vx ∈ iR for E1.
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APPENDIX G: COUPLED-VALLEY GRAPHENE MODEL WITH SPIN

In Appendix F we ignored the spin degrees of freedom in order to simplify the discussion. In this Appendix, we present the
changes necessary to the derivation in Appendix F to include spin and spin-orbit coupling.

1. Continuum model

We use |↑〉 and |↓〉 to denote orthonormal spin states in the z direction and define the row vector of states

|sz〉 = (|↑〉 |↓〉). (G1)

Generalizing Eq. (F11), the spinful continuum Hamiltonian is

H̃c =
∫

d2r(|r〉c ⊗ |sz〉)H̃c(r)(〈r|c ⊗ 〈sz|)

H̃c(r) =

⎛
⎜⎝

−ih̄vF σ · ∇ ⊗ σ0 0 T̃+(r)

0 ih̄vF σ∗ · ∇ ⊗ σ0 T̃−(r)

T̃ †
+ (r) T̃ †

− (r) H̃−

⎞
⎟⎠

T̃η(r) =
3∑

j=1

T̃η,q j e
−iηr·q j . (G2)

Here, the T̃η,q j are 4 × (2n) complex matrices and H̃− is the spinful Hamiltonian for the bottom layer at �−. After applying
perturbation theory and a change of basis, we find a spinful continuum Hamiltonian for the graphene degrees of freedom of the
form

H̃g =
∫

d2r(|r〉 ⊗ |sz〉)H̃(r)(〈r| ⊗ 〈sz|)

H̃(r) =
(

S̃+(r) − ih̄vF σ · ∇ ⊗ σ0 T̃ (r)

T̃ †(r) S̃−(r) − ih̄vF σ · ∇ ⊗ σ0

)
(G3)

where the T̃ and S̃η potentials are given by

T̃ (r) = −T̃+(r)H̃−1
− T̃ †

− (r)(σy ⊗ σ0), S̃+(r) = −T̃+(r)H̃−1
− T̃ †

+ (r),

S̃−(r) = −(σy ⊗ σ0)T̃−(r)H̃−1
− T̃ †

− (r)(σy ⊗ σ0). (G4)

We expand the potentials as

T̃ (r) =
∑
q∈P+

M

T̃qeir·q, S̃η(r) =
∑
q∈PM

S̃η,qeir·q (G5)

for 4 × 4 complex matrices T̃q and S̃η,q with S̃†
η,q = S̃η,−q.

2. Symmetry constraints

In the presence of spin, we supplement Eqs. (F17) and (F18) with

C3z|sz〉 = |sz〉e−i(π/3)σz , C2z|sz〉 = |sz〉e−i(π/2)σz ,

Mx|sz〉 = |sz〉e−i(π/2)σx , My|sz〉 = |sz〉e−i(π/2)σy ,

T |sz〉 = |sz〉σy. (G6)

Equation (F19) then generalizes to

[C3z, H̃g] = 0 ⇐⇒ T̃R2π/3q = (ei(2π/3)σz ⊗ ei(2π/3)σz )T̃q(e−i(2π/3)σz ⊗ e−i(2π/3)σz ) and

S̃η,R2π/3q = (ei(2π/3)σz ⊗ ei(2π/3)σz )S̃η,q(e−i(2π/3)σz ⊗ e−i(2π/3)σz ),

[C2z, H̃g] = 0 ⇐⇒ T̃q = −(σz ⊗ σz )T̃ †
q (σz ⊗ σz ) and S̃+,−q = (σz ⊗ σz )S̃−,q(σz ⊗ σz ),

[Mx, H̃g] = 0 ⇐⇒ T̃Rŷq = (σy ⊗ σx )T̃ †
q (σy ⊗ σx ) and S̃+,Rŷq = (σy ⊗ σx )S̃−,−q(σy ⊗ σx ),

[My, H̃g] = 0 ⇐⇒ T̃Rŷq = −(σx ⊗ σy)T̃q(σx ⊗ σy) and S̃η,Rŷq = (σx ⊗ σy)S̃η,q(σx ⊗ σy),

[T , H̃g] = 0 ⇐⇒ T̃q = −(σy ⊗ σy)T̃ T
q (σy ⊗ σy) and S̃+,q = (σy ⊗ σy)S̃∗

−,−q(σy ⊗ σy), (G7)

where the newly added second Pauli matrix in each tensor product acts on spin.
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As in Appendix F 2, we will always make the assumption that C3z and T symmetries are preserved. By Eq. (G7), T symmetry
implies

S̃−(r) = (σy ⊗ σy)S̃∗
+(r)(σy ⊗ σy) (G8)

so it suffices to characterize T̃ (r) and S̃+(r). If we expand these potentials to second order as in Eqs. (G4) and (G5), we can use
C3z, T , and Hermiticity to write

T̃q j = Tq j ⊗ σ0 + σ0 ⊗ (ũ1,0xσ · n̂ζ j + ũ1,0yσ · n̂ζ j+π/2 + ũ1,0zσz ),

T̃−2q j = T−2q j ⊗ σ0 + σ0 ⊗ (ũ2,0xσ · n̂ζ j + ũ2,0yσ · n̂ζ j+π/2 + ũ2,0zσz ),

S̃+,0 = S+,0 ⊗ σ0 + ũ0,0zσ0 ⊗ σz + ũ0,zzσz ⊗ σz + ũ0,xx(σx ⊗ σx + σy ⊗ σy) + ũ0,xy(σx ⊗ σy − σy ⊗ σx ),

S̃+,q1+ j−q2+ j = S+,q1+ j−q2+ j ⊗ σ0 + σ0 ⊗ (ũ√
3,0xσ · n̂ζ j + ũ√

3,0yσ · n̂ζ j+π/2 + ũ√
3,0zσz )

+ σ · n̂ζ j ⊗ (ũ√
3,xxσ · n̂ζ j + ũ√

3,xyσ · n̂ζ j+π/2 + ũ√
3,xzσz )

+ σ · n̂ζ j+π/2 ⊗ (ũ√
3,yxσ · n̂ζ j + ũ√

3,yyσ · n̂ζ j+π/2 + ũ√
3,yzσz )

+ σz ⊗ (ũ√
3,zxσ · n̂ζ j + ũ√

3,zyσ · n̂ζ j+π/2 + ũ√
3,zzσz ),

S̃+,q2+ j−q1+ j = S̃†
+,q1+ j−q2+ j

, (G9)

where ũ0,0z, ũ0,zz, ũ0,xx, and ũ0,xy are real parameters, all of the other ũ parameters are in general complex, and where the forms
for the Tq and S+,q matrices are given in Eq. (F21). We now consider the symmetry constraints in the same five cases as in
Appendix F 2.

(1) The symmetry group is generated by C3z and T . In this case, we have Eq. (F22) and

ũ0,0z, ũ0,zz, ũ0,xx, ũ0,xy ∈ R. (G10)

(2) The symmetry group is generated by C3z, T , and C2z. In this case, we have Eq. (F23) and

ũ0,zz, ũ0,xx, ũ0,xy, ũ1,0x, ũ1,0y, ũ2,0x, ũ2,0y, ũ√
3,0x, ũ√

3,0y, ũ√
3,xx, ũ√

3,xy, ũ√
3,yx, ũ√

3,yy, ũ√
3,zz ∈ R,

ũ1,0z, ũ2,0z, ũ√
3,0z, ũ√

3,xz, ũ√
3,yz, ũ√

3,zx, ũ√
3,zy ∈ iR,

ũ0,0z = 0. (G11)

(3) The symmetry group is generated by C3z, T , and Mx. In this case, we have Eq. (F24) and

ũ0,0z, ũ0,zz, ũ0,xy, ũ1,0x, ũ2,0x ∈ R,

ũ1,0y, ũ1,0z, ũ2,0y, ũ2,0z ∈ iR,

ũ0,xx = ũ√
3,0x = ũ√

3,xx = ũ√
3,yy = ũ√

3,yz = ũ√
3,zx = 0. (G12)

(4) The symmetry group is generated by C3z, T , and My. In this case, we have Eq. (F25) and

ũ0,zz, ũ0,xy, ũ√
3,0y, ũ√

3,xy, ũ√
3,yx, ũ√

3,yz, ũ√
3,zx, ũ√

3,zz ∈ R,

ũ√
3,0x, ũ√

3,0z, ũ√
3,xx, ũ√

3,xz, ũ√
3,yy, ũ√

3,zy ∈ iR,

ũ0,0z = ũ0,xx = ũ1,0y = ũ2,0y = 0. (G13)

(5) The symmetry group is generated by C3z, T , C2z, Mx, and My. In this case, we have Eq. (F26) and

ũ0,zz, ũ0,xy, ũ1,0x, ũ2,0x, ũ√
3,0y, ũ√

3,xy, ũ√
3,yx, ũ√

3,zz ∈ R,

ũ1,0z, ũ2,0z, ũ√
3,0z, ũ√

3,xz, ũ√
3,zy ∈ iR,

ũ0,0z = ũ0,xx = ũ1,0y = ũ2,0y = ũ√
3,0x = ũ√

3,xx = ũ√
3,yy = ũ√

3,yz = ũ√
3,zx = 0. (G14)

3. Conservation of z component of spin

In this section we consider the case in which the Hamiltonian commutes with Sz, the generator of spin rotations about the z
axis. This operator is defined by

Sz|r〉c = |r〉c, Sz|sz〉 = |sz〉h̄σz/2, (G15)

and we have

[Sz, H̃g] = 0 ⇐⇒ [T̃q, σ0 ⊗ σz] = 0 and [S̃η,q, σ0 ⊗ σz] = 0. (G16)
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When H̃g commutes with Sz, we can write

H̃g = Hg,↑ ⊗ |↑〉〈↑| + Hg,↓ ⊗ |↓〉〈↓| (G17)

where Hg,↑ and Hg,↓ are spinless Hamiltonians of the form in Eq. (F14). That is to say, we can write

Hg,s =
∫

d2r|r〉Hs(r)〈r|

Hs(r) =
(

Ss,+(r) − ih̄vF σ · ∇ Ts(r)

T †
s (r) Ss,−(r) − ih̄vF σ · ∇

) (G18)

for s ∈ {↑,↓}, where

T̃ (r) = T↑(r) ⊗ σ0 + σz

2
+ T↓(r) ⊗ σ0 − σz

2
,

S̃η(r) = S↑,η(r) ⊗ σ0 + σz

2
+ S↓,η(r) ⊗ σ0 − σz

2
. (G19)

We expand the Ts and Ss,η potentials as

Ts(r) =
∑
q∈P+

M

Ts,qeir·q, Ss,η(r) =
∑
q∈PM

Ss,η,qeir·q (G20)

for 2 × 2 complex matrices Ts,q and Ss,η,q with S†
s,η,q = Ss,η,−q.

Now suppose that H̃g commutes with Sz, C3z, and T . By Eq. (G8), T symmetry implies

Ss,−(r) = σyS∗
−s,+(r)σy (G21)

so it suffices to characterize the Ts and Ss,+ potentials. Additionally, Eq. (G9) holds with

ũ1,0x = ũ1,0y = ũ2,0x = ũ2,0y = ũ0,xx = ũ0,xy = ũ√
3,0x = ũ√

3,0y = ũ√
3,xx = ũ√

3,xy = ũ√
3,zx = ũ√

3,zy = 0. (G22)

We can then write

Ts,q j = Tq j + sũ1,0zσ0, Ts,−2q j = T−2q j + sũ2,0zσ0, Ss,+,0 = S+,0 + sũ0,0zσ0 + sũ0,zzσz,

Ss,+,q1+ j−q2+ j = S+,q1+ j−q2+ j + sũ√
3,0zσ0 + sũ√

3,xzσ · n̂ζ j

+ sũ√
3,yzσ · n̂ζ j+π/2 + sũ√

3,zzσz,

Ss,+,q2+ j−q1+ j = S†
s,+,q1+ j−q2+ j

, (G23)

for s ∈ {↑,↓}, where we have made the identification ↑= +, ↓= −, and where the Tq and S+,q matrices are given by Eq. (F21).
In the special case that H̃g commutes with Sz, C3z, T , C2z, Mx, and My, Eqs. (F27) and (G14) allows us to summarize this more
succinctly as

Ts,mq j = sw̃|m|,0iσ0 + w|m|,yσ · n̂ζ j+π/2 + w|m|,ziσz,

Ss,+,0 = w0,0σ0 + sw̃0,zσz,

Ss,+,γ (q1+ j−q2+ j ) = (w√
3,0 + sγ w̃√

3,0i)σ0 + (w√
3,x + sγ w̃√

3,xi)σ · n̂ζ j + (sw̃√
3,z + γw√

3,zi)σz, (G24)

for m ∈ {1,−2}, γ ∈ {+,−}, and s ∈ {↑,↓}, where the real w̃ parameters are defined by

w̃1,0 = −iũ1,z, w̃2,0 = −iũ2,z, w̃0,z = ũ0,zz, w̃√
3,0 = −iũ√

3,0z, w̃√
3,x = −iũ√

3,xz, w̃√
3,z = ũ√

3,zz. (G25)

4. Transformation to the moiré coordinate system

Since the model for spin s ∈ {↑,↓} described in Appendix G 3 is of the form described in Appendix D 1, we can transform it
into the moiré coordinate system defined in Appendix E just as we did in Appendix F 3. Equations (G21) and (G23) imply

Sξ,s,−(r) = σyS∗
ξ,−s,+(r)σy (G26)

and

Tξ,s,q j = Tξ,q j + sũ1,0zσ0, Tξ,s,−2q j = T−2q j + sũ2,0zσ0, Sξ,s,+,0 = Sξ,+,0 + sũ0,0zσ0 + sũ0,zzσz,

Sξ,s,+,q1+ j−q2+ j = Sξ,+,q1+ j−q2+ j + sũ√
3,0zσ0 + sũ√

3,xzσ · n̂ζ j−ξ + sũ√
3,yzσ · n̂ζ j+π/2−ξ + sũ√

3,zzσz,

Sξ,s,+,q2+ j−q1+ j = S†
ξ,s,+,q1+ j−q2+ j

, (G27)
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where the Tq and S+,q matrices are given by Eq. (F30). Additionally, Eq. (G24) implies

Tξ,s,mq j = sw̃|m|,0iσ0 + w|m|,yσ · n̂ζ j+φ1 + w|m|,ziσz,

Sξ,s,+,0 = w0,0σ0 + sw̃0,zσz,

Sξ,s,+,γ (q1+ j−q2+ j ) = (w√
3,0 + sγ w̃√

3,0i)σ0 + (w√
3,x + sγ w̃√

3,xi)σ · n̂ζ j+φ1−π/2 + (sw̃√
3,z + γw√

3,zi)σz. (G28)

for m ∈ {1,−2}, γ ∈ {+,−}, and s ∈ {↑,↓}, where φ1 is defined by Eq. (F32).

5. Coirrep decomposition for the bottom layer

In this section, we consider the effect of spin on the corepresentation theory analysis in Appendix F 4. We begin by
generalizing Eq. (F33) to

C3z(|r〉g ⊗ |sz〉) = |R2π/3r〉g(ei(2π/3)σz⊗σz ⊗ e−i(π/3)σz ) ⊕ C̃3z,−,

C2z(|r〉g ⊗ |sz〉) = |−r〉g(σx ⊗ σx ⊗ e−i(π/2)σz ) ⊕ C̃2z,−,

Mx(|r〉g ⊗ |sz〉) = |Rx̂r〉g(σx ⊗ σ0 ⊗ e−i(π/2)σx ) ⊕ M̃x,−,

My(|r〉g ⊗ |sz〉) = |Rŷr〉g(σ0 ⊗ σx ⊗ e−i(π/2)σy ) ⊕ M̃y,−,

T (|r〉g ⊗ |sz〉) = |r〉g(σx ⊗ σ0 ⊗ σy) ⊕ T̃−, (G29)

for some unitary matrices C̃3z,−, C̃2z,−, M̃x,−, M̃y,−, and T̃−, which act on the bottom layer including spin. Eq. (F34) then
generalizes to

[C3z, H̃c] = 0 ⇐⇒ T̃η,q j+1 = (eiη(2π/3)σz ⊗ e−i(π/3)σz )T̃η,q j C̃
†
3z,−

[C2z, H̃c] = 0 ⇐⇒ T̃η,q j = (σx ⊗ e−i(π/2)σz )T̃−η,q j C̃
†
2z,−

[Mx, H̃c] = 0 ⇐⇒ T̃η,q1 = (σ0 ⊗ e−i(π/2)σx )T̃−η,q1 M̃†
x,−

T̃η,q2 = (σ0 ⊗ e−i(π/2)σx )T̃−η,q3 M̃x,−

T̃η,q3 = (σ0 ⊗ e−i(π/2)σx )T̃−η,q2 M̃†
x,−

[My, H̃c] = 0 ⇐⇒ T̃η,q1 = (σx ⊗ e−i(π/2)σy )T̃η,q1 M̃†
y,−

T̃η,q2 = (σx ⊗ e−i(π/2)σy )T̃η,q3 M̃†
y,−

T̃η,q3 = (σx ⊗ e−i(π/2)σy )T̃η,q2 M̃†
y,−

[T , H̃c] =0 ⇐⇒ T̃η,q j = (σ0 ⊗ σy)T̃ ∗
−η,q j

T̃ †
− . (G30)

As in Appendix F 4, in the presence of C3z and T symmetries, all of the T̃η,q j matrices are determined by T̃+,q1 through the
equations

T̃η,q j = (eiηζ jσz ⊗ e−i(ζ j/2)σz )T̃η,q1C̃
1− j
3z,−

T̃−,q1 = (σ0 ⊗ σy)T̃ ∗
+,q1

T̃ †
− . (G31)

C2z, Mx, and My symmetries imply the constraints

[C2z, H̃c] = 0 ⇒ T̃+,q1 = −(σx ⊗ σx )T̃ ∗
+,q1

(C̃2z,−T̃−)†, (G32)

[Mx, H̃c] = 0 ⇒ T̃+,q1 = (σ0 ⊗ σz )T̃ ∗
+,q1

(M̃x,−T̃−)†, (G33)

[My, H̃c] = 0 ⇒ T̃+,q1 = −i(σx ⊗ σy)T̃+,q1 M̃†
y,−. (G34)

By Eqs. (G2) and (G4), we have

T̃ (r) = −
3∑

j,k=1

T̃+,q j H̃−1
− T̃ †

−,qk
(σy ⊗ σ0)e−ir·(qk+q j ) (G35)

= −
3∑

j,k=1

(eiζ jσz ⊗ e−i(ζ j/2)σz )T̃+,q1C̃
1− j
3z,−H̃−1

− C̃k−1
3z,−T̃−T̃ T

+,q1
(σy ⊗ σy)(e−iζkσz ⊗ ei(ζk/2)σz )e−ir·(qk+q j ), (G36)
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S̃+(r) = −
3∑

j,k=1

T̃+,q j H̃−1
− T̃ †

+,qk
eir·(qk−q j ) (G37)

= −
3∑

j,k=1

(eiζ jσz ⊗ e−i(ζ j/2)σz )T̃+,q1C̃
1− j
3z,−H̃−1

− C̃k−1
3z,−T̃ †

+,q1
(e−iζkσz ⊗ ei(ζk/2)σz )eir·(qk−q j ). (G38)

By the same argument as in Appendix F 4, it is possible to use Eqs. (G36) and (G38) to write T̃ (r) and S̃+(r) as a sum over
the coirreps present on the bottom layer at �−. Note that if we use T symmetry twice, we find

T̃+,q1 = (σ0 ⊗ σy)((σ0 ⊗ σy)T̃ ∗
+,q1

T̃ †
− )∗T̃ †

− = T̃+,q1 (−T̃−T̃ ∗
− )† (G39)

so that either T̃−T̃ ∗
− = −1 or T̃+,q1 = 0. As a result, it suffices to consider only the spinful coirreps in Table III. We could write

a straightforward adaptation of Appendices F 4 a–F 4 e to the spinful case, considering coirreps EE and 1E2E for 31′, coirreps
2E1

1E1, 1E3
2E3, and 1E2

2E2 for 61′, coirreps 2E1E and E1 for 3m1′, and coirreps E3, E2, and E1 for 6mm1′. Such an analysis
would cover all possibilities including spin-orbit coupling in both the bottom layer and in the interlayer couplings. However,
the formulas would contain sixteen complex parameters in the case of the spinful point group 31′ and would not be particularly
illuminating.

For these reasons, we focus instead on the more physically realistic case of weak spin-orbit coupling. Specifically, we make
the approximation that spin-orbit coupling affects only the bottom layer Hamiltonian and not the interlayer coupling. We take

T̃η(r) = Tη(r) ⊗ σ0, H̃− = H− ⊗ σ0 + HSO,−, C̃3z,− = C3z,− ⊗ e−i(π/3)σz , C̃2z,− = C2z,− ⊗ e−i(π/2)σz ,

M̃x,− = Mx,− ⊗ e−i(π/2)σx , M̃y,− = My,− ⊗ e−i(π/2)σy , T̃− = T− ⊗ σy, (G40)

where HSO,− is the spin-orbit coupling Hamiltonian at �−, which we assume is independent of momentum. As in Appendix F 4,
we block diagonalize the spinless part of the corepresentation (i.e., C3z,−, C2z,−, Mx,−, My,−, T−) along with H−. Since T̃ (r) and
S̃+(r) in Eqs. (G36) and (G38) are additive over these spinless coirreps, we now consider each spinless coirrep separately.

We first consider the case of a one-dimensional spinless coirrep. In this case, the full corepresentation in Eq. (G40) is two-
dimensional. Kramers’ theorem implies that spinful corepresentations cannot be one-dimensional, so the corepresentation must
be irreducible. It follows that H̃0 = E0σ0 and HSO,− = 0. Eqs. (G36) and (G38) imply

T̃ (r) = T (r) ⊗ σ0, S̃+(r) = S+(r) ⊗ σ0, (G41)

where T (r) and S+(r) are given by Eqs. (F40) and (F42) with H− = E0.
Next, suppose that the spinless coirrep is 2E1E for spinless point group 31′

0. The full corepresentation in Eq. (G40) is then
2E1E ⊗ 1E2E , which decomposes as

2E1E ⊗ 1E2E ∼= EE ⊕ 1E2E . (G42)

Furthermore, if we take C3z,− = e−i(2π/3)σz as in Appendix F 4 a, then

C̃3z,− = e−i(2π/3)σz ⊗ e−i(π/3)σz =

⎛
⎜⎜⎝

−1 0 0 0
0 e−i(π/3) 0 0
0 0 ei(π/3) 0
0 0 0 −1

⎞
⎟⎟⎠, (G43)

which makes the coirrep decomposition explicit. It follows that we can write

H̃−1
− = 1

E0
σ0 ⊗ σ0 + λ

E0
σz ⊗ σz (G44)

where E0 is the harmonic mean of the energies at �− and λ is a real dimensionless parameter that controls the spin-orbit coupling
strength. In the case of weak spin-orbit coupling, we will have |λ| � 1 and note that λ = 0 corresponds to vanishing spin-orbit
coupling.

Equations (G36) and (G38) imply

T̃ (r) = T (r) ⊗ σ0 + λTSO(r) ⊗ σz, S̃+(r) = S+(r) ⊗ σ0 + λSSO,+(r) ⊗ σz, (G45)

where T (r) and S+(r) are given by Eqs. (F40) and (F42) with H− = E0σ0 while TSO(r) and SSO,+(r) are given by
Eqs. (F40) and (F42) with H− = E0σz. It is clear from Eq. (G45) that [Sz, H̃g] = 0, which is the case that was discussed
in Appendix G 3. If we parametrize T+,q1 as in Eq. (F45) then T̃ (r) and S̃+(r) are given by Eqs. (G19), (G20) and (G23)
where the Tq and S+,q matrices are given in terms of the v0, vx, vy, and vz parameters by Eqs. (F21) and (F46), and
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additionally

ũ1,0z = iλ

E0

(
v2

0 + 2v2
x + 2v2

y − v2
z

)
, ũ2,0z = − iλ

E0

(
v2

0 − v2
x − v2

y − v2
z

)
,

ũ0,0z = −3λ

E0
(v0v

∗
z + v∗

0vz − i(vxv
∗
y − v∗

x vy)), ũ0,zz = −3λ

E0
(|v0|2 − |vx|2 − |vy|2 + |vz|2),

ũ√
3,0z = λ

2E0
(v0v

∗
z + v∗

0vz + 2i(vxv
∗
y − v∗

x vy) + i
√

3(|v0|2 + |vz|2)),

ũ√
3,xz = λ

2E0
(vxv

∗
z + v∗

x vz − i(v0v
∗
y − v∗

0vy) +
√

3(vyv
∗
z − v∗

y vz ) − i
√

3(v0v
∗
x + v∗

0vx )),

ũ√
3,yz = λ

2E0
(vyv

∗
z + v∗

y vz + i(v0v
∗
x − v∗

0vx ) −
√

3(vxv
∗
z − v∗

x vz ) − i
√

3(v0v
∗
y + v∗

0vy)),

ũ√
3,zz = λ

2E0
(|v0|2 + 2|vx|2 + 2|vy|2 + |vz|2 + i

√
3(v0v

∗
z + v∗

0vz )). (G46)

Finally, we consider the other possible spinless coirreps. The spinless coirrep could be 2E1
1E1 or 2E2

1E2 for 61′
0, E for 3m1′,

or E2 or E1 for 6mm1′. However, the conventions we chose in Appendices F 4 b–F 4 e imply that Eq. (G43) is satisfied in each
case, and in fact the above calculation applies for each coirrep. The distinctions are only in the constraints placed on the v0, vx,
vy, and vz parameters, which are listed for each coirrep in Appendices F 4 b–F 4 e.

For the case of spinless point group 6mm1′, Eq. (G23) simplifies to Eq. (G24) where the w parameters are given by Eq. (F59)
and

w̃1,0 = λ

E0

(
v2

0 + 2v2
x

)
, w̃2,0 = − λ

E0

(
v2

0 − v2
x

)
, w̃0,z = −3λ

E0
(|v0|2 − |vx|2),

w̃√
3,0 = λ

√
3

2E0
|v0|2, w̃√

3,x = −λ
√

3

2E0
(v0v

∗
x + v∗

0vx ), w̃√
3,z = λ

2E0
(|v0|2 + 2|vx|2).

(G47)

Additionally, v0, vx ∈ R for coirrep E2 and v0, vx ∈ iR for coirrep E1.

APPENDIX H: OPPOSITE-VELOCITY MODEL

We now consider the construction of Appendix D 2 specif-
ically in the case of the type I+ configuration with ε0 =
0, θ0 = 0. In this case, we have N− = 1 and we can take
ξ0 = 0 so that Eq. (D13) implies

q j = (e−εRθ − 1)Rζ j K+. (H1)

For simplicity, we ignore spin in this Appendix. We do not
need to assume that either layer is graphene, though we do
require both layers to have triangular Bravais lattices and
Dirac cones at their K and −K points centered at their Fermi
energies. Furthermore, we require that the symmetries C3z

(rotation by angle 2π/3 about ẑ), C2z (rotation by angle π

about ẑ), Mx (reflection through the yz plane), My (reflection
through the xz plane), and T (antiunitary time-reversal with
T 2 = 1) take the same form on the Dirac cones as they do
in graphene. As in Appendix D 2, we focus on the valley
containing K+ and K−, which is preserved by C3z, C2zT , and
My. Using the states |r〉 in Eq. (D25), we then have

C3z|r〉 = |R2π/3r〉σ0 ⊗ ei(2π/3)σz ,

C2zT |r〉 = |−r〉σ0 ⊗ σx,

My|r〉 = |Rŷr〉σ0 ⊗ σx. (H2)

Here, the first (second) Pauli matrix in each tensor product
acts on layer (sublattice).

We now take a unitary change of basis

|r〉o = |r〉
(

σ0 0
0 iσz

)
(H3)

under which the Hamiltonian in Eq. (D9) becomes

H =
∫

d2r|r〉oH̃(r)〈r|o

H̃(r) =
(

S̃+(r) − ih̄v+σ · ∇ T̃ (r)

T̃ †(r) S̃−(r) + ih̄v−σ · ∇

)
(H4)

where

S̃+(r) = S+(r), S̃−(r) = σzS−(r)σz, T̃ (r) = iT (r)σz.

(H5)

Additionally, Eq. (H2) implies

C3z|r〉o = |R2π/3r〉oσ0 ⊗ ei(2π/3)σz ,

C2zT |r〉o = |−r〉oσ0 ⊗ σx,

My|r〉o = |Rŷr〉oσz ⊗ σx. (H6)

Interestingly, this form for the C3z, C2zT , and My symmetries
is equivalent to that implied by Eq. (F18) for the coupled-
valley graphene model. With this motivation, we define the
emergent C2z operator

C̃2z = −|−r〉σy ⊗ σz. (H7)
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We expand the potentials as

T̃ (r) =
∑
q∈P+

M

T̃qeir·q, S̃l (r) =
∑
q∈PM

S̃l,qeir·q, (H8)

for 2 × 2 complex matrices Tq and S̃l,q with S̃†
l,q = S̃l,−q. Applying the arguments of Appendix F 2, we find

[C3z, H] = 0 ⇐⇒ T̃R2π/3q = ei(2π/3)σz T̃qe−i(2π/3)σz and

S̃l,R2π/3q = ei(2π/3)σz S̃l,qe−i(2π/3)σz ,

[C2zT , H] = 0 ⇐⇒ T̃q = σxT̃ ∗
q σx and S̃l,q = σxS̃∗

l,qσx,

[My, H] = 0 ⇐⇒ T̃Rŷq = −σxT̃qσx and

S̃l,Rŷq = σxS̃l,qσx,

[C̃2z, H] = 0 ⇐⇒ T̃q = −σzT̃
†

q σz, S̃+,−q = σzS̃−,qσz, and v− = −v+. (H9)

To lowest order, we only need to keep terms of the form

T̃q j , S̃l,0. (H10)

Using C3z, C2zT , and Hermiticity, we can then write

T̃q j = w̃0σ0 + w̃1σ · n̂ζ j + w1σ · n̂ζ j+π/2 + iw0σz,

S̃l,0 =
(

EF + lE�

2

)
σ0, (H11)

for real parameters w0, w1, w̃0, w̃1, EF , and E�. If My is also
preserved then additionally w̃0 = w̃1 = 0. If we additionally
have E� = 0 and v− = −v+ then [C̃2z, H] = 0.

Finally, we transform to the moiré coordinate system as
described in Appendix E. The T̃q j and S̃l,0 matrices are then
replaced by

T̃ξ,q j = w̃0σ0 + w̃1σ · n̂ζ j+φ1−π/2 + w1σ · n̂ζ j+φ1 + iw0σz,

S̃ξ,l,0 =
(

EF + lE�

2

)
σ0, (H12)

where

φ1 = π/2 − ξ = arg(1 − e−δε−iδθ ) (H13)

since ξ0 = 0.

APPENDIX I: MAGNETIC POINT GROUPS

The spinful magnetic point group 6mm1′ is generated by
three elements C6z, My, and T , which satisfy the relations

T 4 = 1, C6
6z = M2

y = (C6zMy)2 = T 2, C6zT = T C6z,

MyT = T My. (I1)

We further define group elements

−1 = T 2, C3z = C2
6z, C2z = C3

6z, Mx = C2zM
−1
y ,

(I2)

and subgroups

31′ = 〈C3z, T 〉, (I3)

61′ = 〈C6z, T 〉, (I4)

mm21′ = 〈Mx, My, T 〉, (I5)

3m1′ = 〈C3z, Mx, T 〉 or 〈C3z, My, T 〉, (I6)

where 〈x1, . . . , xk〉 indicates the subgroup generated by ele-
ments x1, . . . , xk . Note that Eq. (I6) gives two expressions
for 3m1′, which are different subgroups of 6mm1′ but are
isomorphic. Information about these groups is available on the
Bilbao Crystallographic Server [30,43,44,60,61].

For each of these spinful magnetic point groups, we define
a corresponding spinless magnetic point group produced by
taking the quotient with the normal subgroup {1,−1}. Equiv-
alently, we replace the condition T 4 = 1 by T 2 = 1. We use a
subscript 0 to differentiate the spinless groups from the spinful
groups, so that we have defined 31′

0, 61′
0, mm21′

0, 3m1′
0, and

6mm1′
0.

The character tables for the spinful magnetic point groups,
enumerating the coirreps in which T is represented by an anti-
linear operator, are given in Table III. For the case of 3m1′, we
use M in place of Mx or My to emphasize that both definitions
yield the same character table. In each coirrep, the element
−1 is either represented by 1 or by −1. Coirreps in which
−1 is represented by 1 are also coirreps of the corresponding
spinless magnetic point group. As a result, Table III also effec-
tively contains the character tables for the spinless magnetic
point groups. Additionally, we say that a corepresentation is
spinless (spinful) if it represents −1 by 1 (−1).

APPENDIX J: PARAMETER CHOICES FOR THE PHASE
DIAGRAM OF LOW-ENERGY BANDS

In this section, we justify the parameter choices that were
made to simplify the phase diagram of low-energy bands in
Fig. 2(b). We consider the Hamiltonian in Eq. (3) in the case
that the moiré potentials arise completely from a single 2D
spinless coirrep. We first note that the Hamiltonian is invariant
under ϕ �→ ϕ + π so that for the purpose of computing a
phase diagram we can take ϕ ∈ [0, π ). Similarly, the trans-
formation v0 �→ iv0, vx �→ ivx is equivalent to conjugation by
σz ⊗ σ0 so we can take v0 and vx to be real. Additionally,
φ1 �→ φ1 + π is equivalent to ϕ �→ −ϕ. Since we assume
δθ = 0 for the phase diagram, we can take δε < 0 and φ1 = 0.
Finally, E0 �→ −E0 is equivalent to ϕ �→ −ϕ, conjugation by
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FIG. 7. [(a)–(c)] Illustrations of the tight-binding models in Appendix K. [(d)–(f)] Corresponding example band structures. (a) The
honeycomb lattice one-orbital model described in Appendix K 1. (b) The kagome lattice one-orbital model described in Appendix K 2. (c) The
honeycomb lattice two-orbital model described in Appendix K 3. (d) Band structure for the Hamiltonian in Eq. (K4) with s = 0, t = 1. (e)
Band structure for the Hamiltonian in Eq. (K8) with s = 0, t = 1. (f) Band structures for the Hamiltonian in Eq. (K11) with s = 0, t0 = 1. In
solid black lines we have tx = 1 and in dashed gray lines we have tx = 1.25.

σ0 ⊗ σz, and an overall sign change. As a result, we are free
to choose E0 < 0.

APPENDIX K: KAGOME AND HONEYCOMB
TIGHT-BINDING MODELS

In the following subsections we review three tight-binding
models on kagome and honeycomb lattices. We denote the
Bravais lattice, reciprocal lattice, and Brillouin zone for each
model by L, P, and BZ, respectively. The primitive vectors
of L are a1 and a2 as given in Eq. (B1) and illustrated in
Figs. 7(a)–7(c). The primitive vectors for P are b1 and b2 as
given in Eq. (B2) and the high-symmetry momenta are

� = 0, K = 2
3 b1 + 1

3 b2, M = 1
2 b1 + 1

2 b2. (K1)

1. Honeycomb lattice one-orbital model

We first consider a tight-binding model with a single spin-
less Wannier function on each site of a honeycomb lattice.
The Wannier centers and nearest-neighbor bonds are shown
in Fig. 7(a) with red circles and black lines, respectively. The
Wannier functions are all related by isometries to a single ex-
ponentially localized orbital, which carries some 1D spinless
coirrep ρ ∈ {A1, A2} of 3m1′ (see Appendix I and Table III).
The Wannier functions together transform under the induced
corepresentation (ρ)2b of the magnetic space group P6mm1′
(No. 183.186 in the BNS setting [30]), which we now de-
scribe.

The lattice sites have positions r + ατ where r ∈ L, α ∈
{+,−}, and τ = 1√

3
Rπ/2a1. We denote the Wannier function

at position r + ατ by |r, α〉 and define Bloch states

|k, α〉 = 1√|BZ|
∑
r∈L

eik·(r+ατ )|r, α〉. (K2)

Using coset representatives Tr and TrC2z where Tr denotes
translation by r ∈ L, the induced corepresentation (ρ)2b is
determined by

Tr|k, α〉 = e−ik·r|k, α〉,
C3z|k, α〉 = |R2π/3k, α〉,
C2z|k, α〉 = |−k,−α〉,
Mx|k, α〉 = tr(ρ(Mx ))|Rx̂k, α〉,
My|k, α〉 = tr(ρ(Mx ))|Rŷk,−α〉,
T |k, α〉 = |−k, α〉. (K3)

According to the Bilbao Crystallographic Server [43,44],
(ρ)2b is always an elementary band representation [45].

If the Hamiltonian H for this system commutes with (ρ)2b

and has at most nearest-neighbor hopping, then H takes the
form

H |k, α〉 = s|k, α〉 + t
3∑

j=1

e−iαk·Rζ j τ |k,−α〉 (K4)

for real parameters s and t , where ζ j = 2π
3 ( j − 1). Figure 7(d)

shows the band structure for the Hamiltonian in Eq. (K4) with
s = 0 and t = 1. The band structure has two dispersive bands
with at Dirac cone at K, van Hove singularities at M, and
extrema at �. The spectrum is symmetric about s because
H − s anticommutes with the chiral symmetry operator

C|k, α〉 = α|k, α〉. (K5)

2. Kagome lattice one-orbital model

We next consider a tight-binding model with a single spin-
less Wannier function on each site of a kagome lattice. The
Wannier centers and nearest-neighbor bonds are shown in
Fig. 7(b) with red circles and black lines, respectively. The
Wannier functions are all related by isometries to a single
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exponentially localized orbital, which carries some spinless
coirrep ρ ∈ {A1, A2, B1, B2} of mm21′ (see Appendix I and
Table III). The Wannier functions together transform under
the induced corepresentation (ρ)3c of P6mm1′, which we now
describe.

The lattice sites have positions r + τ j where r ∈ L, j ∈
{1, 2, 3}, τ j = 1

2 Rζ j a1, and ζ j = 2π
3 ( j − 1). We denote the

Wannier function at position r + τ j by |r, j〉 and define Bloch
states

|k, j〉 = 1√|BZ|
∑
r∈L

eik·(r+τ j )|r, j〉. (K6)

Using coset representatives Tr, TrC3z, and TrC
−1
3z where Tr

denotes translation by r ∈ L, the induced corepresentation
(ρ)3c is determined by

Tr|k, j〉 = e−ik·r|k, j〉,
C3z|k, j〉 = |R2π/3k, j + 1〉,
C2z|k, j〉 = tr(ρ(C2z ))|−k, j〉,
Mx|k, j〉 = tr(ρ(Mx ))|Rx̂k, 2 − j〉,
My|k, j〉 = tr(ρ(My))|Rŷk, 2 − j〉,
T |k, j〉 = |−k, j〉, (K7)

where the j indices are cyclic modulo 3. According to the
Bilbao Crystallographic Server [43,44], (ρ)3c is always an
elementary band representation [45].

If the Hamiltonian H for this system commutes with (ρ)3c

and has at most nearest-neighbor hopping, then H takes the
form

H |k, j〉 = s|k, j〉 + 2t cos(k · τ j−1)|k, j + 1〉
+ 2t cos(k · τ j+1)|k, j − 1〉 (K8)

for real parameters s and t . Figure 7(e) shows the band struc-
ture for the Hamiltonian in Eq. (K8) with s = 0 and t = 1.
The band structure has two dispersive bands with at Dirac
cone at K, van Hove singularities at M, and extrema at �.
Additionally, there is a flat band that has a quadratic touching
with a dispersive band at �. We prove in Appendix L 2 that
the Hamiltonian in Eq. (K8) has a perfectly flat band with
energy s − 2t .

3. Honeycomb lattice two-orbital model

Finally, we consider a tight-binding model with two spin-
less Wannier functions on each site of a honeycomb lattice.
The Wannier centers and nearest-neighbor bonds are shown
in Fig. 7(c) with red and blue circles and black lines, respec-
tively. The Wannier functions are all related by isometries
to a pair of exponentially localized orbitals, which transform
under coirrep E of 3m1′ (see Appendix I and Table III).
The Wannier functions together transform under the induced
corepresentation (E )2b of P6mm1′, which we now describe.

The lattice sites have positions r + ατ where r ∈ L, α ∈
{+,−}, and τ = 1√

3
Rπ/2a1. We denote the two Wannier func-

tions at position r + ατ by |r, α, �〉 where � ∈ {+,−} labels

the two orbitals, and we define Bloch states

|k, α, �〉 = 1√|BZ|
∑
r∈L

eik·(r+ατ )|r, α, �〉. (K9)

For convenience, we choose the two orbitals so that C3z, Mx,
and T are represented by e−i(2π/3)σz , −σx, and σxK, respec-
tively, where K denotes complex conjugation. This symmetry
condition is satisfied, for example, by atomic orbitals px +
i�py. Using coset representatives Tr and TrC2z where Tr de-
notes translation by r ∈ L, the induced corepresentation (E )2b

is determined by

Tr|k, α, �〉 = e−ik·r|k, α, �〉,
C3z|k, α, �〉 = e−i(2π/3)�|R2π/3k, α, �〉,
C2z|k, α, �〉 = |−k,−α, �〉,
Mx|k, α, �〉 = −|Rx̂k, α,−�〉,
My|k, α, �〉 = −|Rŷk,−α,−�〉,
T |k, α, �〉 = |−k, α,−�〉. (K10)

According to the Bilbao Crystallographic Server [43,44],
(E )2b is an elementary band representation [45].

If the Hamiltonian H for this system commutes with (E )2b

and has at most nearest-neighbor hopping, then H takes the
form

H |k, α, �〉 = s|k, α, �〉 +
3∑

j=1

e−iαk·Rζ j τ (t0|k,−α, �〉

+ txe−i�ζ j |k,−α,−�〉) (K11)

for real parameters s, t0, and tx, where ζ j = 2π
3 ( j − 1).

Figure 7(f) shows band structures for the Hamiltonian in
Eq. (K11) with s = 0, t0 = tx = 1 in solid black lines and
s = 0, t0 = 1, tx = 1.25 in dashed gray lines. The middle two
bands in both cases are dispersive and have a Dirac cone at K,
van Hove singularities at M, and extrema at �. Additionally,
the top and bottom bands have quadratic touchings with the
middle two bands at �. The spectrum is symmetric about s
because H − s anticommutes with the chiral symmetry oper-
ator

C|k, α, �〉 = α|k, α, �〉. (K12)

When t0 = tx = 1, the top and bottom bands are flat, but
when t0 = 1, tx = 1.25 they are dispersive. We prove in
Appendix L 3 that the Hamiltonian in Eq. (K11) has two
perfectly flat bands with energies s ± 3|t0| when |t0| = |tx|.

APPENDIX L: KAGOME AND HONEYCOMB FLAT BANDS
FROM BIPARTITE CRYSTALLINE LATTICES

In the following subsections we review the bipartite crys-
talline lattice construction of Ref. [15] and then apply it to
prove the existence of flat bands in the models described in
Appendices K 2 and K 3.

1. Bipartite crystalline lattice construction

As in Appendices K 1 to K 3, we consider a tight-binding
model supported on Wannier functions that are formed from
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FIG. 8. (a) Bipartite crystalline lattice for Appendix L 2. The
n = 1 (n = 2) Wannier centers are shown with red (gray) circles.
(b) Bipartite crystalline lattice for Appendix L 3. The n = 1 (n = 2)
Wannier centers are shown with red and blue (gray) circles. In both
diagrams, the black lines indicate nearest-neighbor hoppings.

some set of exponentially localized orbitals. We partition the
orbitals into two subsets O1 and O2 and denote the Wannier
functions arising from subset On by |r, n, x〉 for r ∈ L, n ∈
{1, 2}, and 1 � x � Nn, where L is the Bravais lattice and Nn

is the number of orbitals from On in each unit cell. The orbital
|r, n, x〉 has position r + τn,x and we define Bloch states

|k, n, x〉 = 1√|BZ|
∑
r∈L

eik·(r+τn,x )|r, n, x〉. (L1)

We assume the Hamiltonian H has no hoppings between
Wannier functions arising from the same subset On, except for
a constant chemical potential μ on Wannier functions arising
from O2. A model of this form is called a bipartite crys-
talline lattice [15]. We assume without loss of generality that
N1 � N2. For a given crystal momentum k, H is represented
on Bloch states |k, n, x〉 by the matrix

H(k) =
(

0 S (k)
S†(k) −μ

)
(L2)

for some N1 × N2 complex matrix S (k). The first N1 (last N2)
rows and columns of H(k) correspond to O1 (O2). By the
rank-nullity theorem, the null space of S†(k) has dimension at
least N1 − N2. Additionally, if v is in the null space of S†(k)
then

H(k)

(
v

0

)
= 0. (L3)

As a result, H must have at least N1 − N2 perfectly flat bands
with energy 0, which are completely supported on the Wannier
functions arising from O1.

We next apply Schrieffer-Wolff perturbation theory [58,59]
to second order in S (k) to find the low-energy Hamiltonian H̃
for the Wannier functions arising from O1. For a given crystal
momentum k, H̃ is represented on Bloch states |k, 1, x〉 by the
matrix

H̃(k) = S (k)S†(k)

μ
. (L4)

We now send |μ|, |S (k)| → ∞ while fixing H̃(k). In this
limit, the Schrieffer-Wolff perturbation theory at second order
becomes exact. The resulting tight-binding model H̃ then has
at least N1 − N2 perfectly flat bands with energy 0.

2. Kagome lattice one-orbital model

We take |r, 1, x〉 to be the kagome lattice Wannier func-
tions |r, j〉 in Appendix K 2 so that N1 = 3. Additionally, we
take |r, 2, x〉 to be the honeycomb lattice Wannier functions
|r, α〉 in Appendix K 1 so that N2 = 2. The Wannier functions
and nearest-neighbor hoppings are illustrated in Fig. 8(a) in
red (n = 1) and gray (n = 2) circles, and black lines, re-
spectively. Since the matrix elements of the Hamiltonian in
Eq. (K8) do not depend on the choice of corepresentation,
we are free to choose corepresentations A1 of mm21′ and A1

of 3m1′ to induce the corepresentations of P6mm1′, without
loss of generality. The full set of Wannier functions transforms
under the direct sum of the two induced corepresentations.

If the Hamiltonian H for this system commutes with
the direct sum corepresentation, satisfies the requirements in
Appendix L 1, and has at most first-order hoppings, then we
must have

H |k, j〉 = t̃
∑
α=±

eik·τ j,α |k, α〉,

H |k, α〉 = −μ|k, α〉 + t̃
3∑

j=1

e−ik·τ j,α |k, j〉 (L5)

for a real parameter t̃ , where

τ j,α = α

2
√

3
Rζ j+π/2a1 (L6)

with ζ j = 2π
3 ( j − 1). If we take μ = t̃2/t for some fixed real

value t and then send t̃ → ∞, the low-energy Hamiltonian H̃
described in Appendix L 1 takes the form of Eq. (K8) with s =
2t . Since H̃ has N1 − N2 = 1 perfectly flat band with energy 0
for any t ∈ R, we conclude that the Hamiltonian in Eq. (K8)
always has a perfectly flat band with energy s − 2t .

3. Honeycomb lattice two-orbital model

Next, we take |r, 1, x〉 to be the honeycomb lattice Wannier
functions |r, α, �〉 in Appendix K 3 so that N1 = 4. Addi-
tionally, we take |r, 2, x〉 to be the kagome lattice Wannier
functions |r, j〉 in Appendix K 2 so that N2 = 3. The Wan-
nier functions and nearest-neighbor hoppings are illustrated
in Fig. 8(b) in red and blue (n = 1) and gray (n = 2) circles,
and black lines, respectively. We choose corepresentations
E of 3m1′ and ρ ∈ {A1, A2, B1, B2} of mm21′ to induce the
corepresentations of P6mm1′. The full set of Wannier func-
tions transforms under the direct sum of the two induced
corepresentations.

If the Hamiltonian H for this system commutes with
the direct sum corepresentation, satisfies the requirements in
Appendix L 1, and has at most first-order hoppings, then we
must have

H |k, α, �〉 = t̃∗
3∑

j=1

e−ik·τ j,α ei�ζ j αν1�ν2 |k, j〉,

H |k, j〉 = −μ|k, j〉 + t̃
∑
α=±

∑
�=±

eik·τ j,α e−i�ζ j αν1�ν2 |k, α, �〉

(L7)
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for a real or imaginary parameter t̃ , where

t̃ ∈ R, ν1 = 0, ν2 = 0 when ρ = A2

t̃ ∈ iR, ν1 = 0, ν2 = 1 when ρ = A1

t̃ ∈ R, ν1 = 1, ν2 = 0 when ρ = B1

t̃ ∈ iR, ν1 = 1, ν2 = 1 when ρ = B2 (L8)

(see Table III), τα, j is given by Eq. (L6), and ζ j = 2π
3 ( j − 1).

If we take μ = |t̃ |2/t for some fixed real value t and then
send |t̃ | → ∞, the low-energy Hamiltonian H̃ described in
Appendix L 1 takes the form of Eq. (K11) with s = 3t , t0 =
(−1)ν1t , tx = (−1)ν1+ν2t . Since H̃ has a perfectly flat band
with energy 0 for any t ∈ R and ν1, ν2 ∈ {0, 1}, we conclude
that the Hamiltonian in Eq. (K11) has two perfectly flat bands
with energies s ± 3|t0| when |t0| = |tx|.
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