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Charge order and superconductivity in a two-band model for infinite-layer nickelates
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The recent discovery of superconductivity in infinite-layer nickelates has drawn considerable attention;
however, a consensus on the fundamental building blocks and common ingredients is necessary to understand and
describe their ground states and emergent properties is lacking. A series of experimental and theoretical studies
have suggested that an effective two-band Hubbard model with Ni 3dx2−y2 and rare-earth (R) 5d character may
describe the low-energy physics. Here, we study the ground state properties of this two-band model on four-leg
cylinders using the density-matrix renormalization group (DMRG) technique to better grasp whether such a
simple model can embody the essential physics. A key difference compared to single-band Hubbard materials
is that the system is self-doped: even at overall half-filling, the R band acts as an electron reservoir, hole doping
the Ni layer, and fundamentally altering the physics expected from an undoped antiferromagnet. On the four-leg
cylinder, the ground state is consistent with a Luttinger liquid, with antiphase modulations of the charge density
in the Ni and R layers having corresponding wave vectors that lock together. Light hole doping away from
half-filling releases the locking between the Ni and the R charge modulations, as the electron density in the R
band decreases and eventually becomes exhausted at a hole doping concentration that depends sensitively on the
effective splitting between the Ni and the R orbitals. The ground state of the doped system is consistent with
a Luther-Emery liquid, possessing quasi-long-range superconducting correlations in the Ni layer, similar to the
single-band Hubbard model. Our results are consistent with experimental observations and may help to reveal
the microscopic mechanism for pairing and other emergent properties not only in the infinite-layer nickelates but
also other unconventional superconductors.
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I. INTRODUCTION

Long sought as close relatives of the cuprates, supercon-
ductivity with a critical temperature Tc ∼ 10 K was discovered
recently in a series of infinite-layer nickelate materials synthe-
sized by topotactic reduction (R1−xSrxNiO2, where R = La,
Nd, Pr) [1–6]. Unlike the cuprates, measurements of the Hall
coefficient have shown that the charge carriers change from
electronlike to holelike upon doping, suggesting the presence
of an electron pocket in the parent compounds [4]. At the
same time, both resonant inelastic x-ray scattering (RIXS) and
electron energy loss spectroscopy (EELS) measurements have
highlighted the essential contributions from the rare-earth
5d orbitals [7,8]. These rare-earth itinerant electrons, which
might interact or hybridize strongly with the more correlated
magnetic Ni orbitals, already may lead to new physics absent
in the cuprates [9]. For example, recent resonant x-ray scat-
tering experiments have revealed the presence of charge order
in the undoped Nd- and La-based parent compounds [6,10–
12], where one normally would find strong antiferromag-
netic order as in the undoped cuprate family. Even more
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unexpectedly, there also are indications of a superconducting
state in undoped LaNiO2 without rare-earth magnetism [5,6].
These discoveries, especially in the undoped parent com-
pounds, truly distinguish the infinite-layer nickelates from
their close relatives, the cuprates.

The ingredients of an effective low-energy model can be
further constrained by additional experimental results. For
example, x-ray absorption spectroscopy (XAS) experiments
near the Ni L edge absorption have shown that the Ni 3dx2−y2

orbital plays a dominant role upon doping [7], as well as sug-
gesting that the Ni 3dz2 orbital plays only a minor role. Other
XAS measurements at the oxygen K edge have not observed
the characteristic signatures of oxygen density of states near
the Fermi energy [7] with hole doping, likely indicating that
these nickelates are in the Mott-Hubbard limit rather than the
charge-transfer limit, of the Zaanen-Sawatzky-Allen (ZSA)
scheme [13]. On the other hand, EELS measurements [8]
have demonstrated an emergent hybridization, reminiscent of
a Zhang Rice singlet (ZRS) and oxygen-projected states; how-
ever, the spectral weight of the O-2p features remains rather
small, even at high doping levels. Such experimental findings
provide additional evidence that these infinite-layer nickelates
are distinct from the cuprates, where ZRSs dominate the low-
energy physics [14] and much of the theoretical work has
been focused on effective single- and multiorbital Hubbard
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models of the physics restricted to the two-dimensional CuO2

planes.
While debate remains about the most appropriate mini-

mal effective model, the electronic structure of the parent
infinite-layer nickelates has been discussed for quite some
time [15,16]. Soon after the discovery of superconductivity,
various theoretical models were proposed to describe the
low-energy physics [9,17–41]. Whether or not Kondo physics
is relevant in these materials remains unclear; however, the
experimental results provide strong evidence that multiorbital
models, which include a dx2−y2 orbital in the Ni-O plane
and a R 5d orbital of itinerant electrons, could provide an
effective electronic description of the parent state of these
materials. Consistency between model predictions and ex-
perimental observations can further test the validity of such
effective Hamiltonians.

Here, we use the numerically unbiased density matrix
renormalization group (DMRG) [42] method to study the
ground state properties of a two-orbital model and examine
its relevance to infinite-layer nickelates. Specifically, we fo-
cus on the effect of the rare-earth 5d orbital and Ni 3dx2−y2

orbital in both the half-filled parent and doped cases. In the
parent compound (or at half-filling to be consistent with the
convention in cuprates), we find that the ground state of
quasi-one-dimensional four-leg cylinders is consistent with
a Luttinger liquid (LL), characterized by quasi-long-range

charge and spin correlations in the R layer but short-range
correlations in the Ni layer. Electrons in the R layer, respon-
sible for the electron pocket, hybridize with the correlated Ni
orbitals, self-doping holes into the Ni layer. This gives rise to a
charge density wave (CDW) in both layers at half-filling, with
an antiphase modulation of the charge density between the Ni
and R layers and corresponding wave vectors proportional to
the carrier concentration that lock together. With hole doping,
the R layer empties and becomes insulating (at a hole doping
concentration ∼12.5% for the parameters shown here) and the
ground state of the system is consistent with a Luther-Emery
(LE) liquid [43], with quasi-long-range superconducting (SC)
and CDW correlations in the Ni layer but short-range spin and
single-particle correlations. Consistency between our results
and experiments provides additional support for the relevance
of this two-band effective model to the low-energy physics in
the infinite-layer nickelates.

II. MODEL AND METHOD

We consider the two-band Hubbard model proposed in
Ref. [9], with some simplifications to study the effects of
strongly correlated electrons without overloading model pa-
rameters. The model that we use is depicted in Fig. 1(a),
whose Hamiltonian is defined as H = HNi + HR + HNi−R.
Specifically,

HNi = −tNi

∑

〈ii′〉, σ

(
ĉ[Ni]†

iσ ĉ[Ni]
i′σ + H.c.

) − t ′
Ni

∑

〈〈ii′〉〉, σ

(
ĉ[Ni]†

iσ ĉ[Ni]
i′σ + H.c.

) + UNi

∑

i

n̂[Ni]
i↑ n̂[Ni]

i↓ , (1)

HR = −tR
∑

〈 j j′〉, σ
(
ĉ[R]†

jσ ĉ[R]
j′σ + H.c.

) + εR-Ni
0

∑
j n̂[R]

j , (2)

HNi-R = −tNi-R
∑

i j,σ

(
ĉ[Ni]†

iσ ĉ[R]
jσ + H.c.

)
. (3)

Here, ĉ[l]†
iσ (ĉ[l]

iσ ) is the electron creation (annihilation) operator
with spin σ (σ =↑, ↓) on site i = (x, y) in the l layer (l: Ni,
R), and n̂[l]

i is the electron number operator. HNi denotes the
Hamiltonian of the Ni 3dx2−y2 orbital. The summary of model
parameters as shown in Table I. In the present study, we set
tNi = 1 as the energy unit and consider t ′

Ni = −0.25 [9,44],
where 〈ii′〉 and 〈〈ii′〉〉 denote the nearest-neighbor (NN) and
next-nearest-neighbor (NNN) sites in the Ni layer. The on-site
Coulomb repulsion is set to UNi = 8 in units of tNi. While
this represents a typical value used for studies associated with
the cuprates [23], it is in the intermediate coupling regime,
between weak coupling and the Heisenberg limit, and con-
sistent with constrained random phase approximation (cRPA)
estimates [17,23]. HR is the Hamiltonian for the rare-earth 5d
orbital (R: La, Nd, Pr etc.), and HNi−R is the hybridization
between Ni and R layers. We set tR = 0.5 and tNi−R = 0.07,

TABLE I. Summary of model parameters.

tNi t ′
Ni UNi tNi-R tR εR-Ni

0

1 −0.25 8 0.07 0.5 3.2 − 4.0

respectively, to mimic the actual band dispersion as in Ref. [9].
εR-Ni

0 denotes the on-site energy difference between the R
and Ni bands. The on-site energy difference varies between
different infinite-layer nickelate compounds, and also might
change with chemical doping. Here, the value originates from
Wannier downfolding the density functional theory (DFT)
paramagnetic solution [9]. Tuning the value of the on-site
energy difference controls the size of the electron pocket, as
well as the dominant order at half-filling. We take this on-site
energy difference as a tunable parameter to adjust the relative
electron density between the R and Ni bands and the R pocket
size compared to experiments.

To reduce the computational complexity, we consider an
interlayer NN hopping in our model calculations. By symme-
try, such an interlayer NN hopping between Ni dx2−y2 and R
dz2 should be zero, and a NNN hopping would be nonzero
to leading order in the hybridization. However, since the
electrons in the R layer behave like a free Fermi gas due
to their low electron density and high mobility, the details
of the interlayer hopping will not affect the leading role of
the rare-earth 5d orbital. It is worth emphasizing that such
a simplification will not change the ground state properties.
This is confirmed further by the negligible difference between
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FIG. 1. (a) Schematic two-band Hubbard model on a four-leg square cylinder geometry, with periodic boundary condition along the short
y direction and open boundary condition along the longer x direction. Here, tNi and t ′

Ni represent the nearest-neighbor (NN) and next-nearest-
neighbor (NNN) hopping within the Ni layer, respectively. tR is the NN hopping within the R-layer, and tNi−R is the hopping between the two
layers. (b), (c) Charge density profile for εR-Ni

0 = 3.7 and εR-Ni
0 = 3.4 at half-filling. (d), (f) Correlation functions measured on the Ni and R

layers, respectively, for εR-Ni
0 = 3.4 at half-filling. The power-law fitting functions are represented by dashed lines.

the charge density distribution computed separately from the
HNi−R that includes only NNN or NN hopping terms (details
provided in the Supplemental Material [45]).

The lattice geometry used in our simulation is depicted
in Fig. 1(a), where x̂ = (1, 0) and ŷ = (0, 1) denote the two
basis vectors of the square lattice. We consider a cylindrical
geometry with periodic (open) boundary conditions in the ŷ
(x̂) direction in each layer. We focus on four-leg cylinders with
width Ly = 4 and length up to Lx = 32, where Ly and Lx are
the number of sites along the ŷ and x̂ directions, respectively.
The total number of sites of the system is 2N where N = Lx ×
Ly. The hole doping concentration away from half-filling is
defined as δ = Nh/N , where Nh is the number of doped holes
(Nh = 0 at half-filling). We keep up to m = 25 000 states in
our simulations with a typical truncation error ε ∼ 10−6. The
on-site energy difference εR-Ni

0 plays a vital role in controlling
the size of the R-band electron pocket. For εR-Ni

0 in the range
3.4–3.7, the size of the rare-earth electron pocket matches well
to experimental results [4]. We focus primarily on εR-Ni

0 = 3.4
in this study to make a direct connection with the experiment;
however, we will show results for different values of εR-Ni

0 to
aid our discussion.

III. RESULTS

A. Half-filling

The main results for the two-orbital Hubbard model at
half-filling for the parent compound are shown in Fig. 1.
Figures 1(b) and 1(c) show the charge density profile, defined
as n(x) = ∑Ly

y=1〈n̂[l]
i 〉/Ly, for the Ni and R layers, respectively.

Here n̂[l]
i is the electron number operator on site i = (x, y)

where x and y are the rung and row indices of the l layer
(l = Ni, R). It is clear that a small fraction of electrons
transfer from the Ni layer to the R layer, which gives rise
to “self-doped” holes. The electron density in the R layer is
approximately 6.87% for εR-Ni

0 = 3.7 and 10.04% for εR-Ni
0 =

3.4, respectively. These densities are consistent with Hall co-
efficient measurements of the size of the rare-earth electron
pocket ∼8% per formula unit for NdNiO2 [4]. Although the
noninteracting R band has much higher energy than the Ni
band (see the Supplemental Material [45] for more details),
the strong on-site Hubbard UNi splits the Ni band into upper
and lower Hubbard bands, significantly broadening the inter-
acting Ni bandwidth.
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FIG. 2. Charge density profile at (a) half-filling, (b) δ = 6.25%, and (c) 12.5% hole doping.

In Figs. 1(b) and 1(c), we see that a CDW has formed in
both layers due to the modulation of the self-doped holes in
the Ni layer and the itinerant electrons in the R layer. The
CDW is consistent with nearly “half-filed” stripes in the Ni
layer, reminiscent of the charge stripes of the single-band
Hubbard model with t ′, although at finite doping [46,47]. The
spatial decay of the CDW correlations at long distances is
dominated by a power-law with the Luttinger exponent Kc.
This exponent can be obtained by fitting the charge den-
sity oscillations (Friedel oscillations) [48,49] induced by the
boundaries of the cylinder

n(x) ≈ n0 + A cos(Qcx + φ1)

[Leff sin(πx/Leff + φ2)]Kc/2
, (4)

where A is a nonuniversal amplitude, φ1 and φ2 are phase
shifts, n0 = 1 − δ is the mean density, and Qc is the wave
vector. An effective length of Leff ∼ Lx best describes our
results at half-filling, and the extracted exponent Kc = 1.35(5)
for εR-Ni

0 = 3.4 in the Ni layer.
Our results suggest that the overall ground state of the

system for εR-Ni
0 = 3.4 and 3.7 is consistent with a LL, as

evidenced by the slow decay of the single-particle Green
function in the R layer, Gσ (r) = |〈ĉ[l]†

i0,σ
ĉ[l]

i0+r,σ 〉|, in contrast
to the single-band Hubbard model at half-filling. Here, i0 =
(x0, y0) is the reference site, x0 ∼ Lx/4, and r is the distance
between two sites in the x direction in each layer. For example,

Gσ (r) in the R layer for εR-Ni
0 = 3.4 [shown in Fig. 1(d)] can

be fit well by a power-law Gσ (r) ∼ r−KG with the Luttinger
exponent KG = 0.9(2). This is the overall leading correlation
which dominates over other correlations including the CDW
correlation in the Ni layer. On the contrary, Gσ (r) in the Ni
layer decays much more rapidly, in fact, consistent with an
exponential decay Gσ (r) ∼ e−r/ξG with a correlation length
ξG = 3.5(3) in units of the lattice spacing. An alternative
power-law fit Gσ (r) ∼ r−KG to the single-particle Green func-
tion in the Ni layer yields KG = 3.4(3), which is much larger
than the expected exponent KG ∼ 1 for a LL in the Ni layer.

For completeness, we have also calculated the spin-
spin correlation function F (r) = |〈S[l]

i0
· S[l]

i0+r〉|. As shown in
Fig. 1(e), F (r) in the R layer appears to decay as a power-law
F (r) ∼ r−Ks , but with a large exponent Ks = 2.4(3), consis-
tent with LL behavior. The spin-spin correlation function F (r)
in the Ni layer is shown in Fig. 1(e). While it is difficult to
distinguish between power-law and exponential decay due to
finite-size effects, we find that the behavior of F (r) in the
Ni-layer is similar with that of the lightly doped single-band
Hubbard model on four-leg square cylinders, where F (r) de-
cays exponentially at long distances although dominates at
short distances [50].

To test the possibility of superconductivity, we
also calculate the equal-time SC pair-pair correlations
defined as 	αβ (r) = 〈�†

α (x0, y)�β (x0 + r, y)〉, where
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FIG. 3. (a), (b) The charge density profile for εR-Ni
0 = 3.7 and εR-Ni

0 = 3.4 at δ = 12.5% doping. Fits to Eq. (4) are represented by dashed
lines. (c)–(e) Correlation functions measured in the Ni layer for εR-Ni

0 = 3.4 at δ = 12.5% doping. The power-law fitting functions are
represented by dashed lines.

�†
α (i) = 1√

2
[ĉ[l]†

i↑ ĉ[l]†
i+α↓ − ĉ[l]†

i↓ ĉ[l]†
i+α↑] is the spin-singlet

pair-field creation operator. Here, α = x/y denotes the
bond orientation and r is the distance between two bonds
along the x direction. As expected for a LL, 	αβ (r) in the
R layer decays as a power law, i.e., |	yy| ∼ r−Ksc where
Ksc = 2.3(3), as shown in Fig. 1(f). 	αβ (r) in the Ni layer
shows similar behavior to F (r), and it is difficult to precisely
determine its decay at long distances due to finite-size effects.
However, a power-law fit in the Ni layer gives Ksc = 2.2(3),
which suggests that the SC susceptibility is unlikely to
diverge. Taken together, the ground state of the two-band
Hubbard model in this range of on-site energy at half-filling
is more consistent with a metallic LL, but is unlikely to be
superconducting.

B. CDW dependence on εR-Ni
0 and doping

Figure 2 shows the DMRG results of the on-site energy dif-
ference εR-Ni

0 and doping dependence of the CDW periodicity
in the Ni and R layers. At half-filling [Fig. 2(a)], smaller on-
site energy differences between the two layers lead to shorter
CDW wavelengths. The wave vectors for εR-Ni

0 = 3.2, 3.4, and
3.7 are Qc = π/2, 3π/8, and π/4, respectively. For larger
energy differences, e.g., εR-Ni

0 = 4.0, there are no clearly
discernible charge modulations. The recent observations of
charge order in the infinite-layer nickelates show an incom-
mensurate wave vector of Qc ∼ 2π/3 with a wavelength
∼3 lattice spacings [10], which could be reproduced with a
slightly smaller value of εR-Ni

0 ∼ 3.0. Importantly, the CDW
modulations at half-filling in the two layers lock together at
the same wave vector with an antiphase pattern between the
Ni and the R charge modulation, when the self-doped hole
concentration in the Ni layer equals the charge filling concen-

tration in the R layer. This locked CDW modulations with the
same wave vector between Ni and R layers were also observed
in the RIXS measurement for the infinite-layer LaNiO2 [10].

With light doping, this locking of the CDW between the
two layers is released, as shown in Fig. 2(b) for δ = 6.25%,
where the periodicity of the CDW becomes different in the
two layers for the same εR-Ni

0 . Additional doping introduces
more holes in the Ni-layer and depletes charge carriers from
the R layer, e.g., δ = 12.5%, as shown in Fig. 2(c). At this
doping concentration, the Ni layer shows more clear charge
stripes, while the electron density in the R layer is very low
but nonzero. It remains an open question whether the CDW,
as well as superconducting correlations, would become the
leading order for some special value of the on-site energy
difference εR-Ni

0 even at half-filling.

C. Finite hole doping

Experiments have shown that the phase diagram of infinite-
layer Nd1−xSrxNiO2 possess a SC dome in the range of
12% < δ < 25% hole doping [3,4]. In our search for su-
perconductivity in the two-band model, we focus on the
underdoped region with δ = 12.5%. The main results are
shown in Fig. 3. Nearly all of the charge carriers reside in
the Ni layer for both εR-Ni

0 = 3.7 and 3.4, consistent with
experiments [4,7]. It may be worth mentioning again that the
residual electron density remains nonzero in the R layer, e.g.,
around 0.01 for εR-Ni

0 = 3.4. This would appear to agree with
the discovery of a nonnegligible contribution from the Nd 5d
electron pocket, reported from RIXS measurements at the Ni
L edge for Sr-doped nickelates [7]. At δ = 12.5%, the results
for the two-band model agree reasonably well with previous
studies of the single-band Hubbard [46,47,50,51] and t-J
models [47], where the ground state of the system possess

245115-5



PENG, JIANG, MORITZ, DEVEREAUX, AND JIA PHYSICAL REVIEW B 108, 245115 (2023)

TABLE II. This table lists the Luttinger exponents Kc and Ksc, the correlation lengths (in units of lattice spacing) ξs and ξG, as well as
the central charge c at a doping concentration δ = 12.5%. The system length is fixed to Lx = 32. Those exponents (correlation lengths) are
extracted from the algebraically (exponentially) decaying correlation functions measured on the Ni layer.

εR-Ni
0 Kc Ksc ξs ξG c

3.7 1.0(2) 1.1(1) 10.8(2) 4.8(2) 1.2(3)
3.4 0.9(1) 1.3(2) 10.0(6) 5.8(1) 1.3(2)

“half-filled” charge stripes [see Figs. 3(a) and 3(b)] with an
ordering vector Qc = 4πδ of wavelength λc = 1/2δ—half of
a doped hole per CDW unit cell.

Distinct from half-filling, the single-particle Green func-
tions Gσ (r) at δ = 12.5% in both the Ni and R layers
are short-ranged, decaying exponentially as Gσ (r) ∝ e−r/ξG ,
shown in Fig. 3(c). We provide the value of ξG in Table II.
To measure the magnetic properties of the system, we also
calculated the spin-spin correlations F (r), shown in Fig. 3(d).
It is clear that F (r) also decays exponentially as F (r) ∝
e−r/ξs , with extracted correlation length ξs ≈ 10 lattice spac-
ings. This is similar to the value in previous studies of the
single-band Hubbard model on the square lattice [50].

Unlike both Gσ (r) and F (r), we find that the equal-time
SC and CDW correlations are quasi-long-ranged. The spatial
decay of the SC correlation at long distances is dominated
by a slow power-law decay 	αβ (r) ∼ r−Ksc with a Luttinger
exponent Ksc ∼ 1. Results are shown in Fig. 3(d) and Table II.
The pairing symmetry of the SC correlations is consistent
with plaquette d wave on four-leg square cylinders, which is
evidenced by the fact that the dominant SC correlation 	yy(r)
changes sign around the cylinder [46,47,50,52,53]. The spatial
decay of the CDW correlations at long distances is also domi-
nated by a power law, with corresponding Luttinger exponent
Kc. The exponent Kc can be obtained by fitting the charge den-
sity oscillations (Friedel oscillations). Note that an effective
length Leff ∼ Lx − 2 best describes our results at 12.5% hole
doping. The extracted exponent Kc, as summarized in Table II,
is consistent with Kc ∼ 1.

Taken together, our results suggest that the ground state of
the system at δ = 12.5% is consistent with a Luther-Emery
(LE) liquid [43], having the expected dual relationship Kc ∼
1/Ksc within numerical uncertainty. Quantitatively, the pres-
ence of the rare-earth layer modifies the Luttinger exponents,
enlarging Kc and suppressing Ksc. Beyond 12.5% hole dop-
ing in the Ni layer of the two-layer two-orbital model, these
exponents are both ∼1 (as shown in Table II), in contrast to
the single band Hubbard model [46] and the associated t-J
model [47], where Kc ∼ 0.6 and Ksc ∼ 1.7 on a cylinder of
equivalent length, indicating that the Luther-Emery behavior
is gradually modified by the existence of the rare-earth orbital.
This behavior is very reminiscent of that found in an extended
single-band Hubbard model with finite near-neighbor attrac-
tive interaction [54].

As a further test for the LE liquid, the system should
have a single gapless charge mode with central charge c = 1.
To demonstrate this, we have calculated the von Neumann
entanglement entropy S(x) = −Trρx ln ρx, where ρx is the
reduced density matrix of a subsystem with length x. The
extracted central charge c (see Table II) is reasonably close to
c = 1 (see the Supplemental Material [45] for more details).

Therefore, our results for the two-band Hubbard model on
four-leg square cylinders at δ = 12.5% show that the ground
state is a LE liquid with a strongly diverging SC susceptibility
χsc ∼ T −(2−Ksc ) as the temperature T → 0.

IV. DISCUSSION

Our DMRG results suggest that the itinerant electrons in
the rare-earth 5d orbital play a vital role in leading the ground
state of the two-band Hubbard model to behave distinctly
from the single-band Hubbard model at half-filling. Surpris-
ingly, we have seen nearly “half-filled” charge stripes in the Ni
layer even at half-filling. It remains possible that manipulating
the model parameters, such as the on-site energy difference,
may enhance the SC pair-pair correlation function in the Ni
layer, leading alternatively to a LE liquid at half-filling. For
δ = 12.5% hole doping, the results for the two-band Hub-
bard model agree with previous studies of the single-band
Hubbard and t-J models, as the rare-earth 5d band becomes
almost empty. This interplay between the itinerant rare-earth
5d electrons and the Ni 3dx2−y2 orbital coincides with the
experimental observation that the 5d electron pocket dimin-
ishes and the 3d hole pocket becomes dominant when the
doping level increases to approximately 12%, also where the
SC dome starts to emerge [1–4]. Our DMRG results at δ =
12.5% may also help to explain the similarity of the phase
diagram between the infinite-layer nickelates and cuprates in
the overdoped regime and why the SC dome of infinite-layer
nickelates ends at δ ≈ 25%, a typical value for cuprates.

Needless to say, there is a speculative leap from our results
on quasi-1D cylinders to the 2D limit. Even for the single-
band Hubbard model where accurate ground state properties,
such as superconductivity, are still under debate on cylin-
ders wider than four leg for negative t ′. However, we feel
that the present results may be a precursor of the solution
of the corresponding 2D problem, given that the Luttinger
(Luther-Emery) liquid is the 1D descendent of the Fermi
liquid (superconducting phase) in two or higher dimensions.
The model on narrow cylinders like four leg shows consis-
tency with experimental observations, especially charge order
in the undoped parent materials. It would be interesting in
the future to study how the system evolves if the leg width
were expanded to six or eight legs, or even extended to the
2D and 3D limits. Here, we have focused on half-filling and
underdoping. It also will be interesting to study the on-site
energy difference and higher doping, including optimal dop-
ing. Meanwhile, we expect that more unbiased numerical
simulations of this model could be performed in the future
to better understand its physical properties at both zero and
finite temperatures and the dynamical spin and charge re-
sponses. Answering these questions could shed new light on
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the mechanism of high-temperature superconductivity in both
nickelates and cuprates.

The main data supporting the findings of this study are
available within the main text and the Supplemental Material.
Extra data are available from the corresponding author upon
reasonable request. The codes implementing the calculations
of this study are available from the corresponding author upon
request.
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