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ENZ medium triggered collapse of Fano resonances and emergence of generalized
nonreciprocal Kerker effects by subwavelength hybrid meta-atoms
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By delicately designing the subwavelength “meta-atoms,” the corresponding scattering properties can be
flexibly engineered and one may provide more degrees of freedom for the implementation of custom-made
light-matter interaction. In this paper, the magnetic medium loaded subwavelength hybrid meta-atoms (HMAs)
are constructed, which exhibit nonreciprocal Fano resonance for the HMA immersed in air background due
to the interference of Mie resonances associated with the angular momentum channels (AMCs) m = +£1 as
well as the combining interaction for the Mie resonances with the AMCs m = %1 and —2. The introduction of
the epsilon-near-zero (ENZ) medium as the background medium results in the collapse of nonreciprocal Fano
resonance due to the narrowed Mie resonances with much larger quality factors. As a consequence, the multipolar
Mie resonances are superimposed solely with the uniform zeroth order mode, where two close intersections exist
with one of them behaving as the nearly reciprocal Kerker effects showing the forward scattering and the other
one behaving as the generalized nonreciprocal Kerker effects (GNKEs) showing the transverse unidirectional
scattering. In addition, the operating frequency can be flexibly regulated by controlling the bias magnetic field,
giving rise to the transformation between the reciprocal and nonreciprocal Kerker effects, as well as the frequency
reversing of GNKEs with regard to the lower and higher order multipolar Mie resonances. In addition, the GNKE
can even be modulated into the unidirectional scattering at nearly arbitrary direction with exceptional contrast
by altering the permittivity of the ENZ background medium. By further considering magneto-optical materials
the phenomenon can be expected at the optical regime and the research is also instructive for nonreciprocal
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photonics and potential applications.
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I. INTRODUCTION

Light scattering by subwavelength particles is a rather
classical topic and it remains the fundamentally important
issue in electrodynamics due to the close association with a
variety of potential applications such as optical imaging [1,2],
cancer management [3,4], and atmospheric research [5,6], as
well as biosensing and bioengineering [7—10]. The concept of
metamaterials and metasurfaces has opened a new landscape
in photonics by delicately engineering the associated build-
ing blocks [11,12], which can also revolutionarily upgrade
the scattering performance of a single particle by model-
ing subwavelength “meta-atoms” with exquisite structures.
Different from a conventional homogeneous particle, the elec-
tric and magnetic multipolar resonances in meta-atoms can
be arbitrarily tailored in principle. As a consequence, the
constructive and destructive interference of the multipolar
resonances can bring about the extreme scattering effect such
as superscattering [13,14] and invisibility [15,16]. In addition,
the interference of broadband bright mode and narrow band
dark mode can also lead to the Fano resonances, which were
widely observed in nanostructures [17,18]. These subwave-
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length photonic systems can be regarded, to some extent, as
typical meta-atoms and a great deal of promising functional-
ities were implemented, including enhanced nonlinear effects
[19,20], Fano laser [21,22], and optical micromanipulation
[23,24], among others.

Besides scattering amplitude, scattering directivity is an-
other important feature in characterizing light scattering by
subwavelength particles, in which the directivity can be tai-
lored straightforwardly by breaking the spatial symmetry
of the scattering object [25-28]. For spatially symmetric
particles, the scattering directivity can also be tailored by
appropriately exciting the multipolar resonances so that the
constructive and destructive interferences occur at different
directions, resulting in the enhancement and weakening of
the light field at opposite directions, corresponding to direc-
tional scattering [27,29,30]. The seminal work by Kerker and
co-workers investigated the scattering by a hypothetical mag-
netic sphere, where the forward scattering was realized and
the backward scattering was almost completely suppressed,
known as the first type Kerker effect [31-33]. Similarly, the
unidirectional scattering can be observed with the forward
scattering suppressed and the backward scattering dominated,
corresponding to the second type Kerker effect [34—36]. In
particular, the bidirectional transverse scattering comes into
appearance by suppressing both forward and backward scat-
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tering, which is referred to as the third type Kerker effect
[37-39]. Based on the Kerker effect, a wide range of interest-
ing phenomena and functionalities have been demonstrated,
including wide-angle transparency [38], enhanced spin-orbit
optical mirage [40], generalized Brewster effect [41], en-
hanced emission rate [42], near-infrared photodetector [43],
directional photoluminescence [44], and directional radia-
tion pattern in atomic antennas [45], among others. Hitherto,
Kerker effect has gained tremendous impetus and been im-
plemented ubiquitously in a variety of photonic systems far
beyond the original proposal for magnetic sphere, including
high-index dielectric symmetric particles [29,33,35,39,46,47],
irregular shaped particles [27,48-50], and particle oligomers
[51-54], as well as periodic or aperiodic metastructures
[38,41-44,55-57].

As is well known, under the exertion of a bias magnetic
field (BMF) magnetic particles exhibit nonreciprocal features
due to the breaking of time-reversal symmetry (TRS) [58].
Therefore, a variety of nonreciprocal phenomena and associ-
ated functionalities were implemented such as nonreciprocal
scattering at the interface of magnetic metamaterials [59,60],
nonreciprocal perfect absorbing effect [61,62], nonreciprocal
edge states [63—65], nonreciprocal waveguiding [66—68], and
nonreciprocal coupling effect supported by magnetic meta-
surfaces [69-71], as well as nonreciprocal add-drop filter
[72,73]. Although the Kerker effect by magnetic particles
was investigated theoretically and experimentally [31,34], the
nonreciprocity-related properties were not evidently demon-
strated. In this work, the magnetic medium loaded (MML)
subwavelength hybrid meta-atoms (HMAs) are constructed,
which exhibit nonreciprocal Fano resonances for the meta-
atoms immersed in air background due to the degeneracy
lift of multipolar resonances associated with the angular
momentum channels (AMCs) of opposite signs. Compared
to the traditional Fano resonance, the nonreciprocal Fano
resonance can be controlled by a BMF and the nonrecipro-
cal performance can also be expected. Zero-index materials
were shown to remarkably modulate light-matter interac-
tions, which include, among other things, the enhancement
of light scattering [74,75] or, in turn, the diminishment of
light scattering [76-78]. In addition, the epsilon-near-zero
(ENZ) medium was shown to be capable of manipulating
the multipolar resonances so that the enhancement of the
thermo-optic effect [79], optical nonlinearity [80], and light
confinement [81] were demonstrated. By altering the back-
ground medium from air to ENZ medium, the linewidths of
multipolar Mie resonances turn out to be infinitely small,
corresponding to the much larger quality factors, giving rise
to the collapse of nonreciprocal Fano resonances. Meanwhile,
the superimposition of multipolar modes with the nearly uni-
form zeroth order mode leads to the directional scattering at
nearly arbitrary direction but at opposite direction the scatter-
ing is completely suppressed, indicating the emergence of the
generalized Kerker effect. Interestingly, there exist two close
intersections between the narrowed multipolar Mie resonance
and the uniform zeroth order mode, where the scattering field
at one intersection behaves seemingly as normal reciprocal
Kerker effect as an ordinary dielectric particle, while the
scattering field at the other intersection exhibits evident non-
reciprocity with the associated directivity switchable by the

orientation of BMF, thus termed generalized nonreciprocal
Kerker effect (GNKE). In addition, the operating frequency
can be flexibly regulated by tuning the magnitude of BMF and
the nonreciprocal features can also be further modulated by
the ENZ medium. By considering magneto-optical materials
the phenomenon can be expected at the optical regime and
the research is also instructive for the nonreciprocal photonics
and potential applications. Interestingly, the oligomers made
up of multiple HMAs or the metastructures constructed by
periodically arranged HMAs can be investigated in the future
to provide more fascinating phenomena.

II. NONRECIPROCAL FANO RESONANCES
OF THE SUBWAVELENGTH HMAs

As a beginning, we first consider the architecture of the
meta-atoms to be investigated in the present work. To imple-
ment the nonreciprocal scattering of a subwavelength particle,
we introduce the magnetic medium as one of the constituents
of the multilayered cylindrical particle so that an MML sub-
wavelength HMA is designed, which offers an additional
degree of freedom to optimize the nonreciprocal electromag-
netic properties. Ferrite materials are typical magnetic media
with the magnetic permeability tunable by a BMF [82,83] and
under saturation magnetization the corresponding permeabil-
ity is a second-rank tensor [84]
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where w is the circular frequency of an incident electromag-
netic wave, « is the damping factor closely related to material
loss, wy = 2 fy = 2wy H, is the spin-wave resonance fre-
quency with y = 2.8 MHz/Oe the gyromagnetic ratio and
Hy the BMF, and w,, = 27 f,, = 2ny M, is the characteristic
frequency with M the saturation magnetization. As a kind of
widely used ferrite material, single-crystal yttrium iron garnet
(YIG) is a good candidate to furnish the gyromagnetic prop-
erty, which has the saturation magnetization M; = 1750 G and
the relative permittivity ¢, = 15. As schematically shown in
Fig. 1, the MML subwavelength HMA is a three-layered com-
posite rod with the in-between layer the magnetic medium.
The scattering properties of the HMA can be solved exactly
within the framework of Mie theory as elaborately detailed
in the Appendix. The Mie coefficients are given in Egs. (A20)
and (A23), based on which the dimensionless normalized scat-
tering cross section (NSCS) Q.. and the angular scattering
amplitude (ASA) I"(6) measuring the scattering performance
can be acquired.

To investigate the nonreciprocal properties of subwave-
length HMAs, two kinds of HMAs are designed with the first
kind of meta-atom possessing the parameters &; = &3 = §,
ur=p3=1,r =47 mm, r, =7.5 mm, and r; =9 mm.
The particle is immersed in the air and the scattering feature
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FIG. 1. Schematic diagram and the cross section of an MML
subwavelength HMA illuminated by the incident electromagnetic
wave of transverse magnetic (TM) polarization. The electric field is
polarized along the rod axis, i.e., the z axis, and the layer radius r; and
corresponding constitutive parameters &;, i, are denoted as well. The
radius of the third layer corresponds to the size of the outmost layer,
identified by r; to represent the radius of HMA and the permeability
of the second layer corresponds to that for the magnetic layer, iden-
tified by [t to indicate its gyromagnetic properties. The background
is an isotropic dielectric medium with the relative permittivity &4 and
the relative permeability 14, which is chosen as either the air or the
ENZ medium to realize different scattering behaviors. H, is the BMF,
exerted along the z axis.

is examined by calculating the NSCS Qy., under a BMF
Hy = 700 Oe. The result is shown in Fig. 2(a), where the most
prominent characteristic is the emergence of the asymmetric
Fano dip in the vicinity of 4.9 GHz. From the partial wave
NSCS associated with the AMCs m = %1, a similar Fano dip

can be found as identified by the blue solid line, suggesting
that the multipolar modes corresponding to the AMCs m =
+1 play the crucial role. The slow variation of partial wave
NSCS for m =0 and £2 only increases the magnitude of
total NSCS, serving as a background. Actually, in this case
the higher order multipolar modes for m = +2 are vanish-
ingly small as indicated by the near-zero amplitude of the
corresponding Mie coefficients in Fig. 2(b). To discover the
origin of Fano resonance, the amplitudes |S,,| and the phases
@,, of Mie coefficients are plotted as the functions of the
operating frequency f as shown in Figs. 2(b) and 2(c), where
the Mie coefficients associated with m = 41 and m = —1 are
evidently different, indicating the TRS breaking of the HMA,
which does not appear for an isotropic dielectric particle. The
degeneracy lift of the HMA arises from the nonreciprocal
nature of the magnetic medium under the exertion of a BMF.
In addition, it can be found that both the amplitude |S_;| and
the phase @_; are nearly unchanged in the vicinity of the
Fano dip, behaving as the broadband bright mode, while for
the multipolar mode with m = 41 both the amplitude |S.]|
and the phase @,; exhibit sharp change around the Fano
dip, behaving as the narrow band dark mode. As a result, the
interference of these two modes leads to the formation of Fano
resonance, termed nonreciprocal Fano resonance due to the
TRS breaking nature of HMAs under a BMF.

For the first kind of HMA only the lower order modes
contribute evidently to the nonreciprocal Fano resonance. To
examine the influence of the higher order modes the second
kind of HMA is taken into account, for which the inner
radius of the in-between magnetic layer is changed to be
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FIG. 2. Total NSCS Q' , the partial NSCSs Q%*2 and Q%!

sca’ sca sca

/(GHz)

associated, respectively, with the AMCs m = 0, 2 and m = %1 (a), (d), as

well as the amplitude |S,,| (b), () and the phase @,, (c), (f) of Mie coefficients plotted as the functions of the operating frequency f for the
first (a)—(c) and second (d)—(f) kind of HMA immersed in the air, respectively, under the exertion of a BMF Hy = 700 Oe. The ASAs I"(0)
together with the electromagnetic field patterns are plotted at four typical frequencies fa (g), (k), fg (h), (1), fc (1), (m), and fp (j), (n) for two
kinds of HMAs. The hollow circles in panels (b) and (e) mark the chosen frequencies fa, fs, fc, and fp. The green arrows in panels (g)—(j)
mark the direction of incident electromagnetic waves and the black solid circles in panels (k)—(n) mark the positions of the HMAs. The related
parameters are &; = &3 = 8, u; = U3 = 1, r, = 7.5 mm, ry, = 9 mm, &, = 15, and M; = 1750 G. For the first kind of HMA the radius of the
dielectric core is r; = 4.7 mm and the radius of the dielectric core is r; = 2.88 mm for the second kind of HMA.

235413-3



YIYUN CHEN et al.

PHYSICAL REVIEW B 108, 235413 (2023)

r; = 2.88 mm, corresponding to the increase of the layer
thickness. In this case, the NSCS also exhibits evident Fano
dip in the vicinity of 5 GHz as indicated by the black solid
line in Fig. 2(d). Compared to the partial wave NSCS, besides
the main contribution from that corresponding to the AMCs
m = *£1 the partial wave NSCS associated with the AMCs
m = 0 and +2 also contributes somewhat to the nonreciprocal
Fano interference. By examining the amplitude |S,,| and the
phase @, of Mie coefficients in Figs. 2(e) and 2(f), it can be
found that the multipolar mode with m = —1 still behaves as
the broadband bright mode and that for m = +1 is the narrow
band dark mode. However, different from the first kind of
HMA the multipolar mode associated with the AMC m = —2
behaves as an intermediate mode as indicated by the red
dashed line. As a consequence, the combinational interaction
of the multipolar modes for m = £1 and m = —2 gives rise
to the occurrence of nonreciprocal Fano interference and thus
the NSCS undergoes a certain increase compared to the first
kind of HMA. Actually, the nonreciprocal Fano resonance can
also be engineered by tuning the permittivities of the dielectric
layers, thus offering more degrees of freedom.

To vividly visualize the physical consequences of nonre-
ciprocal Fano resonance, the scattering feature is investigated
by calculating the ASAs and the electric field patterns for
the aforementioned two kinds of HMAs illuminated by the
incident plane waves of TM polarization. Regarding the first
kind of HMA two typical operating frequencies f4 and fg are
chosen at the intersections of |S,,| for the AMCs m = =1, as
marked by the hollow circles in Fig. 2(b). The corresponding
ASAs are plotted in Figs. 2(g) and 2(h), respectively, where
the upper rightward scattering is demonstrated at frequency
fa, signifying the nonreciprocal characteristic. Differently, at
frequency fg the nearly symmetric forward scattering can
be observed with I'(0) = I'(—6), which is similar to the
scattering behavior of an isotropic dielectric particle, signi-
fying the reciprocal characteristic. Considering the fact that
the zeroth order mode does not possess the nonreciprocal
feature, thus the multipolar modes with the AMCs m = %1
play the crucial role for the implementation of nonreciprocal
performance, which can be corroborated by the asymmetric
and symmetric figure-of-eight profiles of ASAs with respect
to the incident direction as indicated by the blue solid lines
in Figs. 2(g) and 2(h), respectively. Later on, it will be shown
that the phase difference of the multipolar modes determines
the directivity of scattering field for a pair of partial waves.
Regarding the second kind of HMA, the chosen frequencies
are still positioned at two intersections fc and fp of |S,,|
for the AMCs m = £1 as marked by the hollow circles in
Fig. 2(e). The corresponding ASAs are shown in Figs. 2(i)
and 2(j), respectively, where the ASA from the partial waves
with m = %1 exhibits a similar behavior as that of the first
kind of HMA. Differently, the ASAs from the partial waves
with m = 0 and m = £2 manifest themselves as asymmetric
profiles with respect to the incident direction, indicating the
nonreciprocal feature at both frequencies fc and fp due to the
evident contribution from the multipolar mode with m = —2.
As a consequence, the unidirectional scattering is enhanced at
frequency fc and at frequency fp a weakened nonreciprocal
feature still exists. The nonreciprocal scattering features can
also be visualized by examining the corresponding electric
field profiles as shown in Figs. 2(k)-2(n), where the evident

asymmetric interference patterns in panels (k) and (m) are in
good agreement with the corresponding ASAs. In addition,
the scattering amplitudes are still very strong, as can be ver-
ified by the large shadows behind the HMAs, although the
superscattering with the superimposed Mie resonances is not
achieved.

It is noted that from the scattering features shown in
Figs. 2(g)-2(n) there appears evident backward scattering,
which, actually, can be diminished by simply examining the
scattering behaviors at other specified operating frequencies
for the first and second kinds of HMAs. In this occasion,
the forward scattering is dominated, similar to the first type
Kerker effect, but the scattering amplitude is relatively weak.
In addition, by tuning the BMF Hj the corresponding oper-
ating frequency can be continuously adjusted. However, the
nonreciprocity is much weaker compared to the scattering
behaviors in the vicinity of nonreciprocal Fano resonances.
Interestingly, by further engineering the geometric parameters
of HMAs the NSCS can be improved, corresponding to the
superposition of a part of Mie resonances. Nonetheless, in
such occasion the scattering profiles are nearly symmetric
with respect to the incident direction and the nonreciprocal
Fano resonances cannot be established. Another matter usu-
ally concerned is the bandwidth of operating frequency, which
seems to be a single frequency since the operating frequency is
chosen at the intersections of Mie resonances in the numerical
simulations. Actually, in the vicinity of the chosen frequency
the similar but relatively weaker effect can still be observed
although the bandwidth is still narrow. Nonetheless, this fea-
ture is beneficial to the tunability of operating frequency by
controlling the BMF. By increasing the refractive index of the
background medium, the bandwidth of operating frequency
can be augmented somewhat but it cannot bring about qual-
itative change. On the contrary, the decrease of background
medium to zero refractive index can initiate substantially
different physical consequences, which will be investigated
intensively in the following sections.

III. GENERALIZED NONRECIPROCAL KERKER
EFFECTS DUE TO ENZ MEDIA

Considering the fact that the near-zero index material can
substantially change the scattering properties, we turn to in-
vestigate the situation for the subwavelength HMAs immersed
in the ENZ materials for convenience. The scattering prop-
erties for the first kind of HMA are shown in Fig. 3, where
we can find that the asymmetric Fano dip appearing in the
NSCS Q.. can no longer be discerned for the ENZ medium
with the relative permittivity &4 = 0.04 as shown in panel
(f) and completely vanishes for an even smaller permittivity
&4 = 0.0025 as shown in panel (i). To interpret the collapse of
nonreciprocal Fano resonance, the phase diagrams for the Mie
coefficients with respect to the background refractive index
n and the operating frequency f are plotted and the results
are shown in Figs. 3(a)-3(c) regarding the lower order AMCs
m = 0 and £1. It can be found that the amplitude of zeroth or-
der |Sp| uniformly decreases with decreasing the background
refractive index n (n® = &4), while the amplitude undergoes
nearly no change in the considered frequency range. Differ-
ently, the amplitudes |S4| of Mie coefficients exhibit distinct
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FIG. 3. Phase diagrams for the amplitudes (a) |So|, (b) |S+1|, and (c) |S_;| of Mie coefficients with respect to the operating frequency f
and the refractive index n of the background medium are plotted for the first kind of HMA under the BMF H, = 700 Oe. The amplitudes
[S,x| (d), (g) and the phases @,, (e), (h) of Mie coefficients are plotted as the functions of the operating frequency f for the ENZ background
medium with the relative permittivity (d), (e) &4 = 0.04 (refractive index n = /&4, = 0.2) and (g), (h) &, = 0.0025 (refractive index n = 0.05),
respectively. The insets in panels (d) and (e) are the amplified view of the curves in the vicinity of the narrow Mie resonance with m = +1. The
NSCS Q.. is plotted as the function of the operating frequency f for the ENZ background medium with the relative permittivity (f) e, = 0.04
(refractive index n = 0.2) and (i) &4 = 0.0025 (refractive index n = 0.05), respectively, to illustrate the collapse of the nonreciprocal Fano
resonance. Five typical operating frequencies fg, fr, fG, fu, and f are chosen and the corresponding ASAs are plotted in the insets (j), (k), (1),
(m), and (n), respectively. The solid vertical lines mark the positions of operating frequencies and the green arrows denote the direction of the
incident electromagnetic wave. All the other parameters are the same as those in Fig. 2.

change with the variation of permittivity &4 and operating
frequency f as shown in Figs. 3(b) and 3(c), where the evident
resonances come into appearance and the resonant linewidths
in both cases become narrower and narrower with the decrease
of background permittivity e4. In particular, when the back-
ground medium turns out to be an ENZ material the resonant
linewidth is close to zero, suggesting an infinitely large quality
factor for the £-1st order Mie resonance.

Then, for two special ENZ background media with the
relative permittivities &4 = 0.04 and 0.0025, the amplitudes
|S;,| and the phases @,, of Mie coefficients are plotted as the
functions of operating frequency f. The results are shown
in Figs. 3(d) and 3(e) and Figs. 3(g) and 3(h), respectively,
where the Mie resonances with m = —1 and m = +1 are
nearly separated for ¢4 = 0.04 and completely isolated for
the ENZ material with even smaller permittivity &4 = 0.0025.
As a result, the interaction between two Mie resonances with
m = %1 nearly vanishes, thus resulting in the collapse of
nonreciprocal Fano resonances existing for the case of air
background. This phenomenon is similar to that reported in
the previous research, where the Fano resonance collapses
into a bound state in the continuum for the photonic structures
with the infinite quality factor [85].

It is of great importance to find out what the physical
consequence is of the collapse for the nonreciprocal Fano
resonance. For the ENZ material with ¢4 = 0.04, three typical
operating frequencies fg, fr, and fg are chosen as marked by
the red, green, and blue solid lines, respectively, in panel (d),
corresponding to the intersections between the zeroth order
mode and the Mie resonances with m = £1. The inset in
panel (d) displays the amplified view of the narrower Mie res-
onance with m = +1 and the marked intersection corresponds
to the chosen frequency fi. The ASAs at three frequencies are
plotted as shown, respectively, in the insets (j), (k), and (1), re-
spectively, where the cardioid lines along different directions
are demonstrated. At frequency fr, the forward scattering
is presented and the backward scattering tends to be zero,
corresponding to the first type Kerker effect. Differently, at
frequency fg the transverse downward scattering is observed
and at the opposite upward direction the scattering is van-
ished, which is not the aforementioned three types of Kerker
effects and, specially, the remarkably nonreciprocal charac-
teristic comes into emergence. As a result, this extraordinary
scattering effect is termed GNKE; in particular, the directivity
can be reversed by reversing the direction of BMF. At fre-
quency fg, the transverse upward scattering can be observed
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as shown in inset (1), indicating that the GNKE is directed
toward the opposite direction for the Mie resonances with
opposite AMCs, signifying the nonreciprocal performance of
the subwavelength HMA. Interestingly, for the background
ENZ with the smaller permittivity ¢4 = 0.0025, the directions
of unidirectional scattering arising from the GNKEs can be
further tuned as shown in the insets (m) and (n) for the op-
erating frequencies at fy, and fi, adding more flexibilities in
manipulating the particle scattering.

To gain a deeper insight into the phenomenon, we aim to
develop an analytical theory to discover the physical mecha-
nism. The ASA is a direct evidence to witness the emergence
of GNKE:s and its dependence on the Mie resonance as well
as the permittivity of the ENZ background medium is also
apparent. Therefore, the theoretical approach starts with the
calculation of ASA for the interacting multipolar modes and
regarding the multipolar modes with the AMCs m = 0 and
m = —1 the ASA is

Tog—10) = |50 + io) + (51 +ic_1)e™ ™|, 3)

where &y, £_; and &, ¢_; are the real and imaginary parts for
the Mie coefficients Sy and S_;, respectively. By differentiat-
ing the ASA Ipg—1(8) with respect to the polar angle 6 and
setting Iy, () = 0, the polar angle 624! corresponding to
the maximum scattering amplitude can be acquired after some
mathematical manipulations:

(SR
- £
tan 92%~1 = ﬁ = tan (P_; — Do), “)
&

with

—1

&y = arctan 9, &_, = arctan §— 5)
&0 -1

As aresult, the scattering direction is determined by the phase

difference between the Mie coefficients Sy and S_;, namely,

V=l — @, — . (6)

max

As a special case, when the Mie coefficients Sy and S_; are in
phase, i.e., 9[?1‘3‘{1 = 0, the forward scattering can be realized.
This is just the case at frequency fr as shown in Fig. 3, where
both the amplitude and phase of Sy and S_; are the same.

Accordingly,
Tog—1(0) = 2[So| = 2|S-4]. (7N

At opposite direction, namely, the backward scattering am-
plitude Ipg—1(;r) = 0. This is the reason that the first type
Kerker effect is implemented.

Differently, at frequency fg the GNKE is observed as
shown in Fig. 3(j), where the phase difference ®_; — @ is

close to —7 as can be found in Fig. 3(e). Thus the Mie

coefficients satisfy S_; = Soe™'z and the maximum value
of Ipg—1(0) appears at the direction with the polar angle
%! = —Z, namely

p
F0&1<— E) = 2[So| = 2|S_1]. (8)

At the opposite direction, the corresponding backward scatter-
ing amplitude Ijg—1(5) = 0, thus explaining the realization
of GNKE. Therefore, for the first kind of HMA immersed

in the ENZ medium the coexistence of reciprocal and non-
reciprocal Kerker effects can be observed in the vicinity of
a very narrow Mie resonance, which is the unique property
rarely considered by far. This implies that only a very small
frequency shift can lead to the direction switching of unidi-
rectional scattering by the first kind of HMA.

In a similar manner, we can analyze the interacting
multipolar modes with the AMCs m =0 and +1 and the
corresponding ASA can be written straightforwardly as

Doa41(0) = |(&o +i80) + (E41 +i¢11)e”|, ©)

where &, &1 and o, {4+ are the real and imaginary parts
for the Mie coefficients Sy and S;, respectively. By differ-
entiating the ASA Tg1(0) with respect to the polar angle 6
and setting I, , () = 0, the polar angle with the maximum
scattering amplitude can be acquired after some mathematical
manipulations:

S _ &a
0&+1 & [ _
tanf, . " = —1 P =tan (®y — D41), (10)
Ea &
with
@Dy = arctan @, &, = arctan & (11
o &1

Therefore, the scattering direction is determined by the phase
difference between the Mie coefficients Sy and S, namely,

O%H! — oy — . (12)

max

Up to now, the Kerker effect for the case of two in-phase
modes at the intersection can be analyzed in a similar manner
as the case for the multipolar modes with m = 0 and —1 and
thus the scattering direction is 2% = 0. The corresponding
scattering amplitude is

Tog+1(0) = 2[So| = 2|S14]. (13)

At the opposite direction, the scattering amplitude is

Tbg+1(m) = 0, resulting in the formation of the first type

Kerker effect. At frequency fg in Fig. 3, the phase difference
T

@y — @, is close to 7, resulting in the transverse upward

scattering. The corresponding scattering amplitude is
4
N1 () = 21500 = 21811 (14)

At the opposite direction, the multipolar modes are out of
phase with each other so that the scattering amplitude is com-
pletely suppressed, namely, Ipg+1(—%) = 0, thus giving rise
to the occurrence of GNKE shown in Fig. 3(1).

For the ENZ medium with even smaller permittivity &4 =
0.0025, the nonreciprocal performance can be further tuned
as visualized by the insets (m) and (n) in Fig. 3(i), where the
cardioid lines of the ASAs are directed backward compared to
the cases shown in the insets (j) and (1). The result shown in
the inset (m) can be explained straightforwardly by examining
the phase difference @_; — @ in Fig. 3(h), which is close to
—37”, corresponding to the lower backward scattering. Simi-
larly, for the ASA shown in inset (n) the corresponding phase
difference @y — @ is close to 37”, thus resulting in the upper
backward scattering. The present theoretical approach can
also be used to explain the nonreciprocal Fano resonance in-
duced reciprocal and nonreciprocal scattering shown in Fig. 2
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FIG. 4. Phase diagrams for the amplitudes (a) |S_;|, (b) |S_1], (¢) |Sol, (d) |S+1], and (e) |S;,| of Mie coefficients with respect to the
operating frequency f and the refractive index n of the background medium are plotted for the second kind of HMA under the BMF H;, = 700
Oe. The amplitudes |S,,| (f), (h) and the phase @,, (g), (i) of Mie coefficients are plotted as the functions of the operating frequency f for the
ENZ background medium with the relative permittivity (f), (g) &4 = 0.04 (refractive index n = 0.2) and (h), (i) &4 = 0.01 (refractive index
n = 0.1), respectively. Five typical operating frequencies fj, fk, fi, fm, and fy are chosen and the corresponding ASAs are plotted in the
insets (j), (k), (1), (m), and (n), respectively. The solid vertical lines mark the positions of operating frequencies and the green arrows denote
the direction of incident light. All the other parameters are the same as those in Fig. 2.

by calculating the ASA arising from the Mie resonances with
the AMCs m = %1. It should be noted that the Mie resonances
are very sensitive to the BMF so that the operating frequency
can be flexibly shifted to the lower or higher frequency with
the decrease or increase of BMF. Actually, by further min-
imizing the permittivity of the ENZ medium the directions
of ASAs such as %%~1 and 9%&+! can be turned nearly from
0 to —m and +m, respectively, thus adding considerable de-
grees of freedom to manipulate the GNKEs. In addition, with
the decrease of permittivity, the scattering amplitude will be
weakened as well and the extreme situation corresponds to
the very weak scattering, reminiscent of the invisibility of a
particle.

Thus far, only the lower order modes are involved in the
Kerker effect; what are the physical consequences if the higher
order modes get involved? To seek out the associated scatter-
ing properties, the second kind of HMA is taken into account
and the Mie coefficients as the functions of the operating
frequency f and the refractive index n are plotted as shown
in Figs. 4(a)—4(e). It can be found that for the Mie coeffi-
cients with the AMCs m = 0 and —1 the amplitudes decrease
uniformly with the decrease of background refractive index
n. In particular, when the refractive index # is close to zero,
corresponding to the ENZ medium, the Mie coefficients for
m = —1 and m = +2 are nearly zero, indicating that they are
of no avail for the occurrence of Kerker effects. Differently,
the linewidths of Mie resonances with the AMCs m = 41 and
m = —2 become narrower and narrower, corresponding to the

increase of quality factors for the Mie resonances. This im-
plies that they will play a crucial role for the implementation
of Kerker effect.

To present a precise description of the Mie resonances,
both the amplitudes |S,,| and the phases @,, of the Mie coeffi-
cients are plotted as the functions of operating frequency f for
the ENZ background medium with two typical permittivities
&4 = 0.04 and ¢4 = 0.01. The results are shown in Figs. 4(f)—
4(i), where two Mie resonances are completely isolated so that
the nonreciprocal Fano resonances collapse as the case for the
first kind of HMA. Then, we choose five typical operating fre-
quencies fj, fx, fL, fm, and fx to examine the nonreciprocal
scattering properties. They are positioned at the intersections
between the zeroth order mode and the Mie resonances with
the AMCs m = +1 and m = —2, as indicated by the solid
vertical lines in Figs. 4(f) and 4(h). At frequency fj, the
GNKE is observed as visualized in Fig. 4(j) with the scattering
behavior almost the same as that in Fig. 3(1), which can be
interpreted in a similar manner as the situation for the first
kind of HMA. The decrease of refractive index for the ENZ
background medium corresponds to the change of permittivity
g4 from 0.04 to 0.01, which gives rise to the variation of
scattering direction as shown in Fig. 4(m) and the blueshift of
operating frequency fy compared to the operating frequency
f1- Regarding the higher order Mie resonance with the AMC
m = —2, anearly reciprocal scattering is demonstrated for the
in-phase multipolar modes at the operating frequency fi, as
manifested by the nearly symmetric line shape of ASA with
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respect to the incident direction. Nonetheless, for the phase
difference close to 7 at the operating frequency fx the nonre-
ciprocal scattering can be observed as displayed in Fig. 4(k).
Compared to the lower order Mie resonance with m = +1,
the relation between the phase difference and the scattering
direction of ASA is different, which we have yet to explain. In
addition, considering the third type Kerker effect with almost
solely transverse scattering, the present nonreciprocal scatter-
ing deviated from the vertical direction can be regarded as the
mutated Kerker effect, which can be considered as the GNKE
as well.

To interpret this new type of GNKE associated with the
higher order Mie resonance m = —2, the corresponding scat-
tering direction of ASA should be derived:

Doa—2(0) = (50 + i0) + (52 + i¢_2)e™ ™|, (15)

where &y, £_, and ¢y, {_, are the real and imaginary parts for
the Mie coefficients Sy and S_,, respectively. By differentiat-
ing the ASA Ipg—2(8) with respect to the polar angle 6 and
setting I, _,(6) = 0, the polar angle of the maximum ampli-
tude can be acquired after some mathematical manipulations:

2 L

0&—2 £, &
tan 20, = HCT,OLO = tan (P_» — Dy), (16)

52 &
with
&y = arctan 9, &_, = arctan C;z (17
0 -2

Therefore, the scattering direction 6242 can be determined

by the phase difference @_, — @, according to
O = 1(D_ — By). (18)

max

Based on this theoretical approach, the reciprocal and
nonreciprocal scattering properties shown in Fig. 4 can be
explained. At the operating frequency f1, the phase difference
@D_, — P is zero, resulting in

T'og—2(0) = 2|Sp| = 2[S_»], (19)

Tog—o(£m) = 2|So| = 2|S-2], (20
T

Fo&_z(jzi) — 0. Q1)

The scattering amplitude in Eqgs. (19)—(21) is in good agree-
ment with the symmetric figure-of-eight profile of ASA. At
the operating frequency fx, the phase difference ®_, — @

is close to —7 and the scattering direction is thus equal to
6% -2 = —Z, thus giving rise to
T (—7) = 210l = 21821, 22)
Nuo(=F £7) =20S =282l @3)
T
Fo&_2<—z + E) —0. (24)

From the scattering amplitudes given in Egs. (22)—(24), the
GNKE shown in Fig. 4(k) can be figured out. In addition, by
decreasing the permittivity of the ENZ background medium
from ¢4 = 0.04 to ¢4 = 0.01 the phase difference @_, — @
can be enlarged so that the scattering direction is deflected
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FIG. 5. Scattering field patterns for the partial waves with the
AMCs (a)-(e) m = 0, ().(g) m = —1, () m = +1, (,(j) m = -2,
and (k)—(o) the sum of the corresponding partial waves for the
first and second kinds of HMAs immersed in the ENZ background
medium with the relative permittivity e, = 0.04 at five typical oper-
ating frequencies fg, fr, f, fk. fL. as marked by the vertical lines
in Figs. 3 and 4. The BMF exerted on the HMAs is Hy = 700 Oe, A,
is the wavelength in the background medium with refractive index n,
and the other parameters are the same as those in Fig. 2.

gradually to the vertical direction as can be observed by
the inset (n) in Fig. 4. When the background permittivity
&4 becomes infinitesimal, the phase difference approaches an
extreme value close to —m. As a result, the scattering behavior
nearly tends to be the transverse scattering like the third type
Kerker effect. In addition, the scattering amplitude becomes
very weak, similar to the case for the first kind of HMA.

The ASAs illustrate the far field scattering features, but the
details of scattering fields, especially the near field scattering
by the HMAs, cannot be inspected. For this reason, the electric
field patterns for the scattering partial waves associated with
the AMCs m =0,m = —1, m = +1, m = —2 have been sim-
ulated at five typical operating frequencies fg, fr, fG, fk, fL
chosen in Figs. 3 and 4, respectively, for the first and second
kinds of HMAs immersed in the ENZ background medium
with the permittivity ¢4 = 0.04. The zeroth order modes at dif-
ferent operating frequencies are almost the same and exhibit
central symmetry, suggesting that they do not make a contri-
bution to the nonreciprocal performance. Differently, the Mie
resonances with the AMCs m = —1 and m = 41 manifest
themselves as the clockwise and counterclockwise two-fringe
field patterns, respectively, which can be visualized better by
plotting the maps of Poynting vectors. As a result, the com-
plete isolation of the Mie resonance in the ENZ background
medium is responsible for the generation nonreciprocal scat-
tering. At the operating frequency fg, the interaction between
the zeroth order mode and the Mie resonance with m = —1 is
shown in Fig. 5(k), where the destructive interference of the
electric fields in the upper area can be observed and in the
the lower area the electric fields interference constructively,
resulting in the formation of the GNKE. Comparing panels (f)
and (g), it can be found that the phase difference @, — @£,

T

is close to 7 as also quantitatively discerned in Fig. 3(e),
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corresponding to the counterclockwise rotation of the field
pattern. Therefore, the interference pattern is switched from
the downward scattering to the forward scattering as shown in
Fig. 5(1), corresponding to the first type Kerker effect. How-
ever, a weak asymmetric field profile implies the existence
of a nonreciprocal feature of the near-field particle scattering,
which is not discerned from the ASA in Fig. 3(k). In a similar
manner, the upward scattering shown in Fig. 5(m) can be
interpreted.

Differently, the scattering field patterns for the Mie res-
onance with m = —2 by the second kind of HMA is the
clockwise four-fringe field pattern and its interference with
the zeroth order mode results in the oblique scattering shown
in Fig. 5(n), corresponding to the mutated Kerker effect shown
in Fig. 4(k). As shown in Fig. 4(g), the phase difference of
the Mie resonance with m = —2 at two operating frequencies
fu and fx is 7, which corresponds to the counterclockwise
rotation of 7 by examining the field patterns in Figs. 5(i) and
5(j). As a result, at frequency fi the scattering field by the
second kind of HMA corresponds to the counterclockwise
rotation of oblique scattering in Fig. 5(n) to the horizontal
scattering shown in Fig. 5(o). Similar to the case in panel
(1), the asymmetric field profile with respect to the incident
direction signifies an effect arising from the nonreciprocal
performance, which cannot be discerned from the symmetric
figure-of-eight curve of ASA in Fig. 4(1). The nonrecipro-
cal features of the near field scattering might be significant
for engineering the light-matter interactions in the oligomers
composed of multiple HMAs.

Finally, it is interesting to note that due to the nonreciprocal
nature of HMAs only a part of the partial waves associated
with the AMCs exist, while the others are nearly suppressed
as indicated in Figs. 3 and 4. For the AMC m # 0, the
associated partial wave exhibits either a clockwise or counter-
clockwise energy vortex, signifying the emergence of orbital
angular momentum (OAM). Regarding the specified operat-
ing frequencies in Fig. 5, the partial waves associated with
the nonzero AMCs m = —1, +1, and —2 dominate the field
patterns, giving rise to the total scattering fields characterized
with the respective OAM. In addition, although the GNKEs
demonstrated in the present research are just the theoretical
prediction, the experimental implementation is feasible. First
of all, the zero-index material can be easily designed with both
the dielectric photonic crystals [86] and the magnetic meta-
materials [87,88] based on the Dirac cone induced accidental
degeneracy. Then, by substituting one of the unit cells in the
zero-index material with the first or second kind of HMAs,
the equivalent scenario of an MML subwavelength HMA im-
mersed in the zero-index material is fulfilled. In addition, the
nonreciprocal scattering in such configurations is much easier
to measure in experiments compared to the cases with either
nonlinear or time-varying materials involved verifications.

IV. TUNABILITY OF GNKEs BY BMFs

Due to the sensitive dependence of the magnetic medium
on the BMF, the scattering properties of the subwavelength
HMAs can also be controlled by tuning the BMF. To illustrate
the performance, we choose three typical operating frequen-
cies fg, fr, and fg for the first kind of HMA immersed in

the ENZ background medium with the relative permittivity
g4 = 0.04. At the operating frequency fg, the amplitudes and
the phases of Mie coefficients S,, are plotted as the functions
of the BMF as shown in Figs. 6(a) and 6(e), respectively,
where two intersections can be found as marked by the solid
vertical lines. The intersection on the right hand side is the
same as that in Fig. 3(j), corresponding to the GNKE under
the BMF Hy = 700 Oe, while for the intersection on the left
hand side the phase difference is zero so that the first type
Kerker effect is observed as indicated by the red solid line in
Fig. 6(i). Therefore, by tuning the BMF from Hy = 700 Oe
to 667 Oe the particle scattering can be transformed from the
GNKE to the first type Kerker effect and vice versa. At the
operating frequency fg, the corresponding results are shown
in Figs. 6(b), 6(f) and 6(j), where the scattering performance
can be switchable by tuning the BMF between 700 Oe and
730 Oe with the blue solid line marking the first type Kerker
effect, corresponding to that shown in panel (j). Similarly,
for the Mie resonance with the AMC m = +1 the switchable
Kerker effect is also shown to be controllable by a BMF
as illustrated in Fig. 6(k), where only a smaller change of
the BMF is required due to the narrowed linewidth of Mie
resonance compared to the case for the AMC m = —1. For the
second kind of subwavelength HMA, the operating frequency
Jx 1s chosen to examine the tunable scattering properties and
the corresponding results are shown in Figs. 6(d), 6(h) and
6(1), respectively, where the reconfigurable GNKE can be
implemented with an even smaller change of the BMF but the
rotation angle between two statuses is relatively smaller com-
pared to the first kind of HMA. Besides, with decreasing the
permittivity of the ENZ background medium, the linewidth
of the multipolar Mie resonances can be narrowed further
and the switchable GNKEs are more sensitive to the BMF,
which might be useful for the detection of the ENZ medium.
It should be pointed out that the tunability of the GNKEs can
also be triggered by reversing the magnetization, by which the
scattering performance can be switched between the mth and
—mth order Mie resonances.

By tuning the BMF, the switchable GNKE is demonstrated
in the last section, which adds considerable flexibility in the
manipulation of scattering properties by the subwavelength
HMAs. Actually, we can also visualize the tunability of the
scattering performance by a BMF from another point of view
by considering the fact that the response of diverse multipolar
Mie resonances to the BMF behaves rather differently. For this
purpose, the Mie resonances with both the lower order AMC
m = +1 and the higher order AMC m = —2 arising from the
second kind of HMA are plotted as the functions of the oper-
ating frequency f and the BMF Hj, as shown in Figs. 7(a) and
7(b), respectively. With the increase of the BMF, the operating
frequencies for both Mie resonances exhibit blueshifts, as in-
dicated by the rightward inclination of the narrow fringes. The
lower order Mie resonance with the AMC m = 41 exhibits
a more sensitive response to the BMF in that the operating
frequency spans a wider frequency range. In addition, the
corresponding linewidth also becomes narrower and narrower
at higher frequency. The linewidth for the higher order Mie
resonance with the AMC m = —2 is relatively narrower in the
whole frequency range. To present a clear picture in regard
to the frequency dependence, the Mie resonances are plotted
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FIG. 6. Amplitudes |S,,| and the phases &,, of Mie coefficients S,, are plotted as the functions of the BMF at the operating frequencies (a),
(e) fr, (b), (f) fr, and (c), (g) fc for the first kind of HMA and at the operating frequency (d), (h) fx for the second kind of HMA immersed
in the ENZ background medium with the relative permittivity e4 = 0.04 (refractive index n = 0.2). The switchable ASAs controlled by the
BMFs at the operating frequencies (i) f&, (j) fr, (k) fG, and (1) fx, respectively. The solid vertical lines mark the corresponding two typical
BMFs at four different operating frequencies and the other parameters are the same as those in Fig. 2.

as the functions of operating frequency f for the HMA under
two typical BMFs Hy = 300 Oe and Hy = 1100 Oe, respec-
tively, as shown in Figs. 7(c) and 7(d). Under the weaker
BMF with Hy = 300 Oe, two Mie resonances with the AMCs
m = +1 and m = —2 are completely separated and the lower
order Mie resonance appears at lower frequency as shown in

Fig. 7(c). Nevertheless, under the stronger BMF Hy = 1100
Oe the blueshift of the operating frequency for the lower order
Mie resonance with m = 41 is more evident than that for the
higher Mie resonance with m = —2 so that the lower order
Mie resonance appears at the even higher frequency, thus
giving rise to the frequency reversing by tuning the BMF. It
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FIG. 7. Phase diagrams showing the amplitudes of Mie coefficients

(a) |S+1] and (b) |S_,| as the functions of the operating frequency f and

the BMF H, for the second kind of subwavelength HMA immersed in the ENZ background medium with the relative permittivity &4 = 0.04
(refractive index n = 0.2). The amplitudes of Mie coefficients |S,,| are plotted as the function of the operating frequency f for the HMA under
two typical BMFs (c) Hy = 300 Oe and (d) Hy = 1100 Oe, respectively, with the insets showing the amplified view of the Mie resonances. The

scattering field patterns at four chosen operating frequencies (e) fo, (f)

fr, (8) fo, and (h) fr, respectively, to illustrate the frequency reversing

of the GNKEs associated with the lower and higher order Mie resonances. The vertical lines mark the chosen operating frequencies and the

other parameters are the same as those in Fig. 2.
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is noted that compared to the aforementioned nonreciprocal
Fano resonances the linewidth of Mie resonance becomes
much narrower, resulting in the nearly single operating fre-
quency of GNKE under a fixed BMF. This feature implies the
sensitivity of operating frequency to the background medium
and the BMF, giving rise to the potential applications for
sensing effect.

To illustrate the physical consequence due to the frequency
reversing, four typical frequencies fo, fp, fg, and fr are
chosen at the intersections between the zeroth order mode and
the multipolar Mie resonances with the AMCs m = +1 and
m = —2 as marked by the solid vertical lines in Figs. 7(c) and
7(d). In particular, for the narrow Mie resonances the chosen
frequencies are also shown in the insets and marked by the
hollow circles. The scattering field patterns have been simu-
lated at four chosen frequencies and the results are shown in
Figs. 7(e)-7(h), where the GNKE with the upward scattering
is observed for the lower order Mie resonance with the AMC
m = +1 at the operating frequency fo. At the higher operating
frequency fr, a similar scattering field pattern is observed,
indicating that for the HMA immersed in the same ENZ back-
ground medium the BMF only alters the operating frequency
but the field maps of GNKEs exhibit no evident changes. By
comparing the scattering field patterns in Figs. 7(f) and 7(g), it
can be found that with the change of the operating frequency
from fp to fq the field maps are almost the same, similar to
the occasion for the lower order Mie resonance. By the way,
the frequency reversing indicates that the interaction between
the Mie resonances can be flexibly tuned by delicately con-
trolling the frequency difference between the Mie resonances
beyond the Kerker effects considered in present research. In-
terestingly, the meta-atoms can also be arranged periodically
to functionalize as metasurfaces so that the reconfigurable
nonreciprocal lattice Kerker effects might be realized as the
generalized lattice Kerker effect observed in the phase-change
metasurface [89] and the parity-time symmetry metasurface
[90].

V. CONCLUSIONS

In summary, within the framework of generalized Mie
theory the scattering properties of the MML subwavelength
HMAs can be rigorously solved. Two kinds of HMAs are
theoretically designed with the first kind of HMA possess-
ing only the lower order Mie resonances with the AMCs
m = %1, resulting in the formation of nonreciprocal Fano
resonance. But for the second kind of HMA both the lower and
higher order Mie resonances with the AMCs m = +1 and —2
come into appearance; their combining interaction leads to the
enhancement of nonreciprocal Fano resonance. As a result,
the unidirectional scattering can be observed by examining
the ASAs and the electric near-field patterns. By altering the
background medium from the air to the ENZ medium, the
multipolar Mie resonances are narrowed except for the zeroth
order mode, which corresponds to the Mie resonances with
infinitely high quality factors, resulting in the isolation of Mie
resonances and thus triggering the collapse of nonreciprocal
Fano resonances for both kinds of HMAs. Interestingly, the
interaction between the narrowed Mie resonances and the
zeroth order mode gives rise to the occurrence of either the

nearly reciprocal Kerker effects or the GNKEs with cardioid
and figure-of-eight ASAs, respectively, for the lower order
Mie resonances with m = %1 and the higher order Mie res-
onance with m = —2. To better interpret the phenomenon, the
theoretical approach is developed, based on which the rules
are established for the GNKEs associated with both the lower
and higher order multipolar Mie resonances. More impor-
tantly, the scattering performance can be flexibly modulated
by the BMF so that the nearly reciprocal Kerker effect and
the GNKEs can be switched to each other. In addition, the dif-
ferent frequency dependence of Mie resonances also results in
the frequency reversing. The present work concentrates on the
single-particle scattering; we can expect more sophisticated
phenomena by considering multiple particle scattering via
engineering the mutual interactions between subwavelength
HMAs and, furthermore, the subwavelength HMAs can also
be used as the building blocks to construct metamaterials and
metasurfaces with particular functionalities.
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APPENDIX: MIE THEORY ON THE MML
SUBWAVELENGTH HMA

The MML subwavelength HMA considered in present re-
search is a three-layered composite cylindrical particle with
the magnetic medium sandwiched by dielectric-material lay-
ers, which is schematically shown in Fig. 1 where the related
parameters are identified and the axis of HMA is along the
z axis. The magnetic medium is single-crystal YIG ferrite
with the magnetic permeability a second-rank tensor given by
Eq. (1), which takes effect only for the electromagnetic waves
of TM polarization with the electric field polarized along the
z direction. The scattering properties of the HMA can be
rigorously solved within the framework of Mie theory. As
the first step, the electromagnetic waves in different regions
should be expanded into the summation of vector cylindrical
wave functions. Region I is the core part of HMA, where
the medium is isotropic dielectric material with the relative
permittivity £, and the relative permeability ;. The electric
and magnetic fields are

E\ =) Euq Ny (ki 1), (A1)
_ “’_“g'm 1 ag(D)
H = oo ;qumMm (ki, 1), (A2)

where the prefactor E,, = i"'|Ey|, with Ey the amplitude of the
electromagnetic wave, q,'n the expansion coefficients, and k; =
o . .

Z. /.81 I th(? wave 'number of the. electroma'gnetlc Wave' in
region I. Region II is the magnetic layer with the relative
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permittivity &, and the permeability ft. The electric and mag-
netic fields are

E,= ZE [ZND (s, 1) — END (o, 1], (A3)

a)82 M
> Enfqn| MY (. 1) — i==L) (ks
=ik A {qm|: m k2, 1) er m (K2, 1)

2
bm

(A4)

r

|:M(3)(k2, r)— L(S)(kz, r)] }

where ¢2, and b2, are the expansion coefficients of inward
and outward electromagnetic waves in region II, respectively,

2_,2 .

while k, = %\ e % is the wave number of the electro-
magnetic wave in region II. Region III is the outmost layer
of the HMA with the relative permittivity €3 and the relative

permeability w3 and the electric and magnetic fields can be
expanded in a similar manner,

ZEm qu(l)(]Q r)— b;NE,’?)(kg,r)], (A5)
w33 (1 3 aq03)
Hy= - ;E MV ks, ) — M ks, 1)), (A6)

where ¢ and b, are the expansion coefficients of inward
and outward electromagnetic wave in region III, respectively,
while k3 = 2 ,/e3,/113 is the wave number of the electromag-
netic wave propagating within region III. Region IV is the
background medium with the relative permittivity &4 and the
relative permeability 4 and the electric and magnetic fields
are

Ey=) Eu[qguN (ks r) = bj,N (ks )],

m

(A7)

m

we.
lk4 ZE qu(l)(k4vr) bizMS)(k“’r)]’ (A8)
4 m

J

where ¢! and b? are the expansion coefficients of incident
and scattered waves in region IV, respectively, while k4 =
2. J/€4 /4 is the wave number of the electromagnetic wave
propagating in region IV. The vector cylindrical wave func-
tions LY, MY, and N used in the above formulas are
defined as

dzD
L) (k,r) = [ o g,

n @an])(x)éq;}eiw, (A9)
X

dz(x)
d

Mk, r) = [@zf,p(x)é, - é¢]eim¢, (A10)
X

N (k,r) =2 (x)e" e, (A11)

where x = kr and zf,{ )(x) corresponds to either the mth order
Bessel function J,,(x) for the superscript J = 1 or the mth or-
der Hankel function of the first kind H" (x) for the superscript
J=3.

Then, the scattering properties of HMA can be solved by
matching the boundary conditions at three interfaces with r =
r, r =rpy,and r = ry,

El Xér|r:r| :EZ X ér|r=r1

(A12)
Hl Xer r=ri —H2xer|r r
E; x é.|,_, =E3xé&l._,, (AL3)
H2 X er|r=r2 =H3 X erlr:rza
E3 X érlr:ry :E4 X érlr:rsy

(A14)

H3 X érlr:rs =H4 X érlr:r

Substituting the corresponding electric and magnetic fields
into the above boundary conditions Egs. (A12), (A13), and
(Al4), we can derive six linear equations. It is noted that
the continuity of electromagnetic wave corresponds to the
equality of each order of linear equations. Aa a result, the
expansion coefficients in regions I, II, III, and IV can be
obtained. Concretely,

@ HD (kyr)) T (k1) — Hon (k11 (kary) (AI5)
Gy S Hy (o) (kir) = Ty Yo (kort)
2i
I _ fars (A16)
G To(%, s Hi Gesrs) — 22D Uesra) T (% Kor)
3 2
qm Is
"= "48 - (A17)
q’ﬂ Hm (k4rs)7:n( m kSrs) - ﬁT ( m k3rs)l-1m (k4rs)
by, _ ko), (ki) = T (kor)m(Kir1) (AL8)
ar  HY (ko)) (kiry) — Ho(kar) (ki)
B 2R ar) Ta( z,km) Tn(k3r2) T z,kzrz) A19)
D k7F3H(l)(k3"2)77n(  kary) — Hy! )(k3V2)T( z ,kzl’z)’
b‘r‘n Tn ( 3 kSrs)Jm(k4rv) Z? Tm( ) )Jm(k4rs) (A20)
G To(Z ksrs)H,ﬁl (kary) — ST (% ksrs)H,;”(km)’
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with

M
XAy

In(x) = J,(x) —m

T, %) = J(x) — yHD (%),

and Ty, %) = Jn(x) — yHm(x). In Eq. (A20), the dimen-
4
sionless quantity Z—;" is the ratio of expansion coefficients for

the scattered and ir{ﬂcident partial waves on the HMA, namely,
the mth order Mie coefficient. For convenience, we define

b4
With the Mie coefficients at hand, the NSCS of the HMA
can be evaluated according to formula [91,92]

S (A23)

+00

Qsca= Z |Sm|2~

m=—00

(A24)

In(). Hu() = HY (1) — mE< B O ),
X[y

Ty, x) = J,,(x) — yH' (),

(A21)

(A22)

(

The angular scattering amplitude, which is used to measure
the directivity of scattering field by the HMA, can also be
acquired in terms of [29,93]

+0o0
S eim9
E m

m=—0Q

re)= , (A25)

where 6 is the polar angle in Cartesian coordinate. In present
research, the incident plane wave is along the x axis so that
the polar angle 6 can also be considered as the angle between
the scattering field and the incident wave.
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