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Ideal Weyl semimetals, with minimum Weyl nodes located far away from each other in reciprocal space
and near the Fermi level in the energy space, are considered to be crucial for revealing the intrinsic physical
properties of Weyl semimetals. Based on first-principles calculations, we demonstrate that elemental tellurium,
under application of a broad range of shear strain, is a candidate for realizing ideal Weyl semimetals. Particularly,
the sheared elemental tellurium has only four Weyl nodes in the Brillioun zone, which is the minimum number
of Weyl nodes that can be achieved by a system with time-reversal symmetry. More importantly, by adjusting the
strength of the strain, we obtain abundant topological phases, i.e., Weyl semimetals, strong topological insulators,
composite Weyl semimetals, and weak topological insulators in elemental tellurium. Notably, this paper proposes
implementing a weak topological insulator phase in a space group with only time-reversal symmetry. The
complete topological phase diagram of sheared tellurium is given and the topological properties of different
topological nontrivial phases are characterized, respectively.

DOLI: 10.1103/PhysRevB.108.235211

I. INTRODUCTION

Weyl semimetals (WSMs), three-dimensional (3D) crystals
characterized by the topological properties of the zero-
dimensional crossing manifold of band structure in the bulk
Brillioun zone (BZ), have grasped extensive attention in the
past decade [1-10]. Physically, Weyl points work as a source
or a sink of the Berry curvature in the BZ, which requires
the breaking time-reversal symmetry or inversion symmetry.
The nontrivial band topology of the zero-dimensional band
crossing is characterized by the quantized integration of the
Berry curvature on a surface that encloses the node point, i.e.,
chirality. According to the Nielsen-Ninomiya no-go theorem,
chiralities of Weyl nodes throughout the BZ sum to zero
[11-13]. A variety of intriguing properties such as topologi-
cally protected surface states, i.e., open Fermi arcs [1,4,14—
19], chiral anomaly effect [20-25], the negative longitudi-
nal resistance [26-28], and prominent anomalous Hall effect
[29-34] have been reported in WSMs. Some WSMs have been
proposed theoretically and confirmed experimentally. Never-
theless, in previous proposed crystals, systems often possess
too many chemical elements and Weyl nodes, and some Weyl
nodes locate near each other [35-40]. Moreover, in many
previous reports, WSM candidate systems have encountered
difficulties in practical applications due to the involvement of
environmentally unfriendly elements such as As. All of the
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disadvantages imply that searching for the ideal WSM with
a simple crystal structure and the minimum number of Weyl
nodes that separate to each other is still desirable for research
focused on the intrinsic physical properties of Weyl fermions.

Elemental tellurium (Te), a quasi-one-dimensional van
der Waals material consisting of characteristic chiral heli-
cal chains [see Figs. 1(a)-1(b)] [41], has exhibited many
intriguing physical properties such as multiferroic behavior
[42], piezoelectric effect [43], high-efficiency thermoelec-
tricity [44-46], and high hole mobilities [47]. The weak
interchain interaction suggests it is possible to exfoliate Te
into ultrathin films and nanowires, which is verified by many
recent experimental works and attracts plenty of attention
[48-52]. Note that, due to the characteristic crystal structure,
strain is regarded as a highly feasible means to engineer the
electronic and topological properties of Te [53—55]. In fact,
some topological nontrivial properties were reported in Te
with/without strain already. Specifically, under application
of hydrostatic pressure, Te turns into a WSM, which is one
of the earliest theoretical works that realize Weyl fermion
in systems without inversion symmetry [54]. Notably, this
prediction has recently been experimentally verified [55,56].
Moreover, by angle-resolved photoemission spectroscopy and
density functional theory (DFT), in the valance bands of Te,
Weyl nodes were found [57-59], whereas, guaranteed by the
high symmetry, too many Weyl nodes were found to coexist in
Te. On the other hand, Te is stated to be a strong topological
insulator (STI) with shear strain [53]. However, a complete
topological phase diagram of elemental tellurium under shear
strain is still lacking and desired. For example, due to the
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FIG. 1. (a) Side view and (b) top view of the crystal structure of
elemental Te. Here, the balls in purple, red, and blue represent the
three unequal Te atoms in the unit cell, respectively. (c) Schematic
diagram of the shear strain that induced by tilt the chiral helical chain
6 radian towards [110] direction. (d), (¢) Bulk Brillouin zone of Te
(d) and sheared Te (e). (f) The band structures of Te calculated by
HSEO06 and WLWEF. The weights of the p., py, and p, orbits of Te
are highlighted in blue, purple, and green, respectively, in the right
panel.

absence of inversion symmetry [60], the Weyl phase must
appear during the phase transition from normal insulator (NI)
to STL

In this paper, based on first-principles calculations, we
present a comprehensive investigation on the electronic and
topological properties of tellurium with shear strain. We
demonstrate that, during the NI-STI phase transition, elemen-
tal Te becomes a WSM. In sharp contrast to the WSM phase
revealed in Te with hydrostatic pressure, the sheared Te, with
lower symmetry, possesses the minimum Weyl nodes, i.e., two
pairs for systems with time-reversal symmetry. Remarkably,
the four Weyl nodes are far apart from each other in the BZ,
which effectively avoids the scattering effect among Weyl
nodes. Moreover, we give the complete topological phase
diagram of Te under shear strain. With the increasing strength
of strain, abundant topological nontrivial phases are found.
For each topological phase, the topological properties are
characterized by the topological invariant and surface states,
respectively.

II. CRYSTAL STRUCTURE AND METHODOLOGY

Tellurium is well-known as a chiral crystal. As shown in
Figs. 1(a)-1(c), each unit cell of Te is made up of three
nonequivalent Te atoms. These three atoms are periodically
stacked in an orderly fashion along the c axis, forming a chiral

helical chain, as shown in see Figs. 1(a)-1(c). Consisting of
parallel right-/left-handed helical chains, Te belongs to the
P3,21-D3/P3,21-D§ space group (No. 152/No. 154) with
trigonal structure. The crystal structure of the right-handed
elemental Te is shown in Figs. 1(a)-1(c). It is worth noting
that since there is no difference in the electronic properties of
right-handed and left-handed Te, we focus on right-handed Te
hereafter.

The first-principles calculations were performed within
the framework of DFT [61,62] with the projector augmented
wave method [63,64], as implemented in the Vienna Ab initio
Simulation Package (VASP) [65,66]. The band structures are
obtained by employing the nonlocal HeydScuseria-Ernzerhof
(HSEO06) hybrid functional method [67]. A tested I'-centered
k-mesh 7 x 7 x 5 was used to sample the Brillouin zone (BZ).
The kinetic energy cutoff for the plane-wave basis was set as
300 eV. The experimental lattice parameters, a = b = 4.45 A
and ¢ =15.93 10\, were used in all these calculations [68].
Under each strain, the atom positions are fully relaxed. The
maximally localized Wannier functions (MLWFs) projected
from the bulk Bloch wave functions were constructed to
obtain the tight-binding Hamiltonian [69—73]. The iterative
Green’s function method as implemented in WANNIERTOOLS
[74] was used for calculation of the topological surface states
and Fermi arcs.

III. THE ELECTRONIC PROPERTIES OF TE

The band structure of Te without strain is shown in
Fig. 1(f). With a Rashba-like spin splitting, the edges of
both conduction and valence bands are pinned near the high-
symmetry point H: (1/3,1/3,1/2) of the bulk BZ, which
indicates that Te is an insulator with a narrow indirect band
gap. The band gap of Te calculated by HSE06 method is
0.295eV, as shown in Fig. 1(f). The calculated band gap is
in good agreement with the value 0.323 eV measured un-
der the low experimental temperature 4.2 K [75,76] and the
theoretical value 0.314 eV given by the GW correction [54].
Further, we performed the orbital-resolved calculation, as
shown in the right panel of Fig. 1(f). The band-project analysis
demonstrates that the bands near the Fermi level are mainly
contributed by the p orbits of Te. Hence, in further calculation,
the MLWFs are only constructed for the p orbits, and a highly
accordant energy spectrum with the DFT result is obtained
and shown Fig. 1(f).

IV. THE TOPOLOGICAL PHASE DIAGRAM
OF TE UNDER SHEAR STRAIN

Now we apply finite shear strain along the [110] direction.
Concretely, for the first-principles calculations, we tilt the ¢
axis towards the [110] direction to the ¢’ axis, as schemati-
cally shown in Fig. 1(c). The strength of the shear strain is
defined as

0
e =2— x100%, €))
T
with the parameter 0 being the angle between the ¢ axis and

the tilted ¢’ axis, as shown in Fig. 1(c). For all the chiral helical
chains being tilted, the crystal structure of Te turns to the

235211-2



COMPLETE TOPOLOGICAL PHASE DIAGRAM ...

PHYSICAL REVIEW B 108, 235211 (2023)

807 STI % WTI
i L Ll (1;010) 2 (0;111)
60— *
- ’/
loe”
40— - -3k-- Band Gap ,>'k‘3,i< ,'
- (meV) ,/' ! ]
20| s
/ !
_ . / ;\T;
) SOl .‘*____*_-_.,é ___________ o D
ﬁ// T T T T T T T T
6% 8% 10% 12%
Strain

FIG. 2. The topological phase diagram of Te under application
of shear strain. The minimum local band gap of sheared Te, in units
of meV, varying with the strength of shear strain, is shown by the
dashed line in red.

chiral triclinic structure that belongs to the P1 space group
(No. 1). This space group has the lowest crystal symmetry,
only the identity symmetry, which helps reveal WSMs that
possess the fewest Weyl nodes.

With the strength of strain increasing, the local band gap of
Te presents a rich variation, corresponding to abundant topo-
logical phases, shown in Fig. 2. The narrow band gap of Te
decreases from 0% ~ 7% shear strain, and the system keeps
a topological trivial insulator phase. At ~7.5% shear strain,
the energy gap of Te vanishes, resulting in the emergence
of a WSM phase. Under the application of a stronger strain
(8% ~ 10%), sheared Te remains a semimetal phase. Weyl
nodes in sheared Te annihilate at ~10.5% and appear near
~11.6% strain again. In sharp contrast to the WSM phase in
the range of 8% ~ 10%, the ~11.6% sheared Te is a compos-
ite Weyl semimetal (CWSM) phase, which is characterized by
the coexist of the surface arc and circle in the isoenergy band
contours of certain surface band [77]. An increasing band gap
appears in Te under application of shear strain > 12%. In fact,
at 10.5% ~ 11.5% and > 12% shear strain, Te is a STI and
weak topological insulator (WTI), respectively. Notably, the
bottom (top) of the conduction (valance) band is pulled down
(up) toward and cross the Fermi level. Thus, as discussed in
later sections, the system becomes a metal phase with local
band gap, i.e., a topological metal.

V. WEYL SEMIMETAL PHASE IN SHEARED TE

Now, we first demonstrate that, under application of 10%
shear strain, Te is revealed to be an ideal WSM with minimal
Weyl nodes. The band structure of 10% sheared Te is shown
in Fig. 3(a). It is observable that there is still a local gap
along the line with high symmetry in BZ. However, at general
points in the bulk BZ, there may be some gapless points, i.e.,
Weyl nodes. With more precise band calculations, we find two
gapless points at £(0.4690, —0.1628, 0.3528) (these coordi-
nates are written under the reciprocal lattice vector as basis),
labeled W and W,, respectively. Since two Weyl nodes are
connected to each other by time-reversal symmetry, they carry
the same chirality, i.e., the Chern number calculated to be —1.
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FIG. 3. (a) Band structure of 10% sheared Te. (b), (c) Band
dispersions along the k,, k,, and k, directions near the Weyl node
(b) W, and (c) W3 of 10% sheared Te. Panel (b) shows a distinct band
desperation of type-I Weyl node, while (c) indicates W3 a type-II
Weyl node. (d), (e) Isoenergy band contours for the (001) surface of
10% sheared Te with the Fermi energy fixing at the energy of Weyl
node (d) W, » or (e) W3 4. The type-I Weyl node is an isolated point
in the surface BZ, while the type-II Weyl node is a point located at
the joint of the electron and hole pocket. (d), (¢) 0.4 x 0.6 region of
surface BZ.

To ensure that the chiralities of Weyl nodes sum to zero in the
whole BZ, two Weyl nodes with opposite chirality must exist
in the BZ. The two Weyl nodes with chirality +1 are found
to be W34 that locate at +(0.3673, 0.1782, 0.4306). These
four Weyl points are far away from each other, the scattering
effect among them is avoided naturally. The first-principles
calculations demonstrate that the two pairs of Weyl nodes
with opposite chiralities are at slightly different energies:
0.3626 eV for W), and 0.4225 eV for W3 4, respectively. The
slight difference between the energies 0.0559 eV is compara-
ble with that reported in famous type-II WSM MoTe,, i.e.,
0.056 eV. Though all of the Weyl nodes are above the Fermi
level, they can be experimentally observed by time-resolved
photoemission spectroscopy or n-type doping. Meanwhile,
see Figs. 3(b) and 3(c), since both the conduction and valance
band disperse linearly with a negative slope along k, near
W3 4, they are verified to be type-II Weyl nodes, while W »
are type-I type Weyl nodes. Thus, we realized the minimum
Weyl nodes in a system with time-reversal symmetry, i.e.,
sheared elemental Te.

A general feature of both type-I and -II Weyl nodes is that
the characteristic Fermi arcs connecting two Weyl nodes with
opposite chiralities appear on the surface. By using MLWF
and the Green’s function method, to realize the characteristic
Fermi arcs, we obtained the isoenergy band contours of 10%
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FIG. 4. (a), (b) Band structures of Te under application of
(a) 11% and (b) 12% shear strain. There is always a local band gap in
both 11% and 12% sheared Te. (c), (d) The Wilson loops of k, = 0, =
planes for (c) 11% and (d) 12% sheared Te. (e) The surface state of
11% shear strain for the (001) surface. (f) The surface state of 12%

shear strain for the (010) surface. The surface Dirac cones in both (¢)
and (f) plots are highlighted by the dashes circle in green.

sheared Te for the (001) surface, as shown in Figs. 3(d) and
3(e). Two different types of Weyl nodes perform different
features in the isoenergy band contours when projected on the
particular surface with Fermi-level fixing to the energy of the
node. The project of a type-I Weyl node W, » is an isolated
point in the band contours, as shown in Fig. 3(d) clearly.
Differently, for type-II Weyl nodes, W3 4, the projected point
connect the hole and electron pockets, see Fig. 3(e). As shown
in Figs. 3(d) and 3(e), besides Fermi arcs connecting W
and W3 4, there is not any other characteristic Fermi arc in
the projected BZ, which provides significant evidence of the
minimum Weyl nodes in sheared Te.

VI. STTI AND WTI PHASES IN SHEARED TE

With stronger shear strain, four Weyl nodes move closer
and ultimately annihilate when each pair that carry opposite
chiralities get together. In this case, as shown in Fig. 4(a),
the system will have local band gap. It is reported that the
elemental Te can be induced to a STI phase by shear strain.
In sharp contrast, as discussed above, we demonstrate that
the Te with slight shear strain is a Weyl semimetal for the
appearance of the gapless point in the bulk BZ. Indeed, under
application of 210.5% shear strain, the four Weyl nodes ulti-
mately annihilate. In this case, elemental Te turns to a system
with local gap. The obtained four Z, topological invariants

(vo; vivpv3) [78-80] of 11% sheared Te read (1;010). Due
to the absence of inversion symmetry in sheared Te, the Z,
topological invariants is obtained by the Wilson loop method
[81-83]. As shown in Fig. 4(c), there is unavoidable winding
in the Wilson loop spectrum in k, = 0 plane, with no winding
in that of the k, = w plane. Thus, we have the strong Z,
topological invariant vy = 1, indicating 11% sheared Te is a
STI with local band gap. The surface state of 11% sheared
Te for the (001) surface is shown in Fig. 4(e). There are
three surface Dirac cones located at the time-reversal invariant
momentum T, X and Y of surface BZ, which verifies the STI
phase.

When we turn the strength of the strain to 12%, the first-
principles calculations demonstrate that sheared Te becomes a
WTI where the invariants (vg; viv,v3) read (0; 111). The band
structure of 12% sheared Te is shown in Fig. 4(b). The local
band gap is observable. Interestingly, as shown in Fig. 4(d),
there are Wilson loop windings in the the Wilson loop spec-
trum in both the k, = 0 and k, = 7 planes, indicating vy = 0
in this case. To further check the properties of WTI, we
compute the surface state of the (010) surface. As shown in
Fig. 4(f), there are two surface Dirac cones locating at the X
and Z points, respectively. The even number of surface Dirac
cones indicate the system turns to a WTI phase indeed [78].
Further calculations show that the system keeps a WTI phase
with a larger local gap when 13% shear strain is applied. To
the best of our knowledge, there are currently no reports of
candidates of WTI phases in the P1 (No. 1) space group,
where only time-reversal symmetry exists.

VII. THE CWSM PHASE IN SHEARED TE

Since a STI-WTI topological phase transition occurs be-
tween the 11% and 12% sheared Te, there must be a band
inversion during the process. Thus, it is feasible to find a
gapless phase in between the STI and WTI phases. With
more careful calculations, a CWSM phase [77] is found un-
der application of ~11.6% shear strain. One notes that, in
the STI-WTT topological phase transition, the topological in-
variants change from (1;010) to (0; 111). Thus, the gapless
phase must appear near the time-reversal invariant high-
symmetry point M : (1/2,0, 1/2). With the 11.66% shear
strain, a CWSM phase with four Weyl nodes is found. The
four Weyl nodes are labeled as W{ _,. Specifically, W¢,
locate at +(0.4981, 0.0119, 0.5040) and possess the positive
charity. Wg’ 4 locate at £(0.4912, 0.0074, 0.4927) and possess
negative charity. Different from the WSM phase in slighter
strain (10.0% shear strain as an example) where both type-I
and type-II Weyl nodes are found, as shown in Figs. 5(a)
and 5(b), all four Weyl nodes in the CWSM phase belong to
type-1 Weyl nodes. The CWSM phase is characterized by the
coexistence of the surface arc and circle in the isoenergy band
contours of certain surface bands, which is benefiting from
the rich dispersion of the surface states of WSMs [77]. As
shown in Figs. 5(c) and 5(d), we can see the surface arc and
circle clearly when we fix the Fermi level at the energy of
the WY ,.
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FIG. 5. (a), (b) Band dispersions along the k,, k,, and k, direc-
tions near the Weyl nodes (a) W{ and (b) W of 11.66% sheared Te.
All four Weyl nodes W{ , ; , belong to type L. (c), (d) The isoenergy
band contours for the (001) surface of 11.66% sheared Te with the
Fermi energy fixing at the energy of Weyl node (c) W7 , or (d) W5 ;.
The surface arc and circle coexist in the (001) surface.

VIII. DISCUSSION AND SUMMARY

In summary, by applying shear strain on the noncen-
trosymmetric elemental Te, we presented a comprehensive
investigation on the electronic and topological properties
of elemental tellurium. A NI-WSM-STI-CWSM-WTI topo-
logical transition and the corresponding topological phase
diagram are obtained. The distinct topological properties
of different topological nontrivial phases are characterized,

respectively. Comparing to previous works, there are many
advantages to revealing the nontrivial properties in elemental
tellurium: (i) Te has the simplest crystal structure with only
one element, which is of great interest in both communities
of physics and material science. (ii) In sharp contrast to topo-
logical phase transitions revealed in systems with hydrostatic
pressure [53,54,84], shear systems with symmetry breaking
offer more possibilities for realizing Weyl nodes with a mini-
mum number of nodes. Te has the minimum number of Weyl
nodes that can be realized in systems with time reversal sym-
metry. (iii) The Weyl nodes stay far away from each other,
which effectively avoids the interaction between two Weyl
nodes. (iv) The WTI phase is found in the space group with the
lowest symmetries in real materials. We admit that achieving
electronic properties of materials under large strains will be
a huge challenge for experimentalists. Fortunately, nontrivial
electronic properties in hydrostatic pressure applied Te were
reported already [55], giving us confidence in detecting topo-
logical phases of sheared strain. Our paper gives systematic
recognition of the topological properties of sheared elemental
Te and provides a platform to detect the topological phase
transition and reveal the deep physics of the topologically
nontrivial phases such as exotic transport phenomena induced
by the chiral anomaly.
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