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Pb9Cu(PO4)6(OH)2: Phonon bands, localized flat-band magnetism, models, and chemical analysis
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In a series of recent reports, doped lead apatite (LK-99) has been proposed as a candidate ambient temperature
and pressure superconductor. However, from both an experimental and theoretical perspective, these claims
are largely unsubstantiated. To this end, our synthesis and subsequent analysis of an LK-99 sample reveals a
multiphase material that does not exhibit high-temperature superconductivity. We study the structure of this
phase with single-crystal x-ray diffraction (SXRD) and find a structure consistent with doped Pb10(PO4)6(OH)2.
However, the material is transparent which rules out a superconducting nature. From ab initio defect formation
energy calculations, we find that the material likely hosts OH− anions, rather than divalent O2− anions, within
the hexagonal channels and that Cu substitution is highly thermodynamically disfavored. Phonon spectra on
the equilibrium structures reveal numerous unstable phonon modes. Together, these calculations suggest it is
doubtful that Cu enters the structure in meaningful concentrations, despite initial attempts to model LK-99 in
this way. However, for the sake of completeness, we perform ab initio calculations of the topology, quantum
geometry, and Wannier function localization in the Cu-dominated flat bands of four separate doped structures. In
all cases, we find they are atomically localized by irreps, Wilson loops, and the Fubini-Study metric. It is unlikely
that such bands can support strong superfluidity, and instead are susceptible to ferromagnetism (or out-of-plane
antiferromagnetism) at low temperatures, which we find in ab initio studies. In sum, Pb9Cu(PO4)6(OH)2 could
more likely be a magnet, rather than an ambient temperature and pressure superconductor.

DOI: 10.1103/PhysRevB.108.235127

I. INTRODUCTION

A wave of scientific and social interest has followed a re-
cent claim that LK-99 [1,2], with the proposed composition of
Pb10−xCux(PO4)6O, exhibits ambient temperature and pres-
sure superconductivity [3–21]. Although the data presented in
the original reports is insufficient to support such a remarkable
claim, a large body of immediate work has followed. Exper-
imentally, it is unclear what the structure and composition of
the material really are; most likely it is a multiphase sample.
Experiments have suggested diamagnetic behavior, and levita-
tion experiments have discussed that it may arise from either
diamagnetism or small ferromagnetic impurities [8]. As the
sample is likely to contain multiple phases, it is possible that
two different compounds contribute to each property, i.e., one
part is diamagnetic, and the other metallic. Thus clarification
of the composition of the material is necessary before trusting
the models based on postulated structures. Assuming some of
the numerous possible compositions, a number of ab initio
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band structures have been produced. Claims of flat bands—
and their positive influence on superconductivity—have been
made.

However, given the stakes, computation, and prediction
of physical properties requires an elevated level of accu-
racy. While flat bands provide a theoretical platform for
high-temperature superconductivity, nontrivial quantum ge-
ometry is compulsory for superfluidity, i.e., the Meissner
effect [22–32]. This is because the mass of the condens-
ing Cooper pair is inversely proportional to the minimal
Fubini-Study metric [33,34], a rigorous measure of quantum
geometry. A variety of nonzero lower bounds on the minimal
Fubini-Study metric exist for nonatomic bands [22,35–38].
However, flat bands are in fact detrimental to superfluidity if
they are atomically localized, i.e., if their narrow dispersion
comes from Wannier localization as opposed to destructive
interference [39–41]. The inescapability of this conclusion
is seen in the limiting case of a tight-binding model with
all hoppings vanishing. The perfectly flat band that results
cannot support transport of any kind, much less superconduc-
tivity, even in the presence of attractive Hubbard interactions.
The key physics of flat band superconductivity thus lies in
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FIG. 1. The crystal structure for (a) Pb10(PO4)6O [45] and (b)
Pb10(PO4)6(OH)2 [5]. The Wyckoff positions of atoms in space
group 176 P63/m are labeled, with their coordinates given in Table I.
The O atoms surrounding P atoms that form PO4 are at 6h or generic
positions and are not labeled for simplicity. We also mark two possi-
ble Cu doping positions on Pb2 with yellow and blue circles, which
are 1b and 1c Wyckoff positions in space group 143 P3 and will
be called Cu1- and Cu2-doping, respectively. The H atoms are not
shown in (b) for simplicity, which are close to the trigonal O atoms
at 4e Wyckoff position.

deviations from this limit, measured by quantum geome-
try [42]. Furthermore, if Coulomb repulsion overwhelms the
would-be attractive interaction, flat band ferromagnetism,
rather than superconductivity, would be favored [43,44]. Thus
a comprehensive understanding of the active bands at the
Fermi level is required for predictions of the many-body state.

Due to new advances in understanding and classification of
band structures [46,47], we can analyze their symmetry, local-
ization, and topology with extreme accuracy that only depends
on the accuracy of the DFT calculation. In this work, we study
two lead apatites (see Fig. 1) available in materials databases,
Pb10(PO4)6O [45] and Pb10(PO4)6(OH)2 [5]—which we em-
phasize may not be the ultimate material structure. Making
assumptions about the location of the fractionally occupied
O anion and the Cu dopant, we obtain several microscopic

TABLE I. The atomic positions in Pb10(PO4)6O[45]
and Pb10(PO4)6(OH)2[5]. The lattice constants for Pb10

(PO4)6O are a = 9.865, c = 7.431 Å, and for Pb10(PO4)6(OH)2

are a = 9.866, c = 7.426 Å. The Wyckoff positions in
SG 176 have the following coordinates: 4 f = ( 1

3 , 2
3 , z),

( 2
3 , 1

3 , z + 1/2), ( 2
3 , 1

3 , −z), ( 1
3 , 2

3 , −z + 1/2), 4e = (0, 0, ±z), (0,

0, ±z + 1
2 ), and 6h = (x, y, 1

4 ), (−y, x − y, 1
4 ), (−x + y, −x, 1

4 ),
(−x, −y, 3

4 ), (y, −x + y, 3
4 ), (x − y, x, 3

4 ). For both compounds, the
Pb2 atoms at 4 f approximately lie on the honeycomb lattices on
z = 0, 1

2 planes. The ‘tri’ in the table stands for trigonal lattice. The
tri-O and tri-OH in the two compounds have fractional occupancies,
i.e., 1/4 for tri-O and 1/2 for tri-(OH)2.

Compound Atom Wyckoff position

Pb10(PO4)6O Pb1 6h
Pb2 4 f , z = 0.004
P 6h

tri-O 4e, z = 0.134, 1/4-occu
Pb10(PO4)6(OH)2 Pb1 6h

Pb2 4 f , z = 0.994
P 6h

tri-(OH)2 4e, z = 0.040, 1/2-occu

models for the electron and phonon bands in this system. Our
results can be summarized as follows.

Firstly in the Pb10(PO4)6O initial structure [Fig. 1(a)],
we consider Cu replacing Pb at two possible positions, ei-
ther the 1b or 1c Wyckoff positions, referred to as the Cu1-
and Cu2-dopings, respectively. Both possibilities result in a
set of two bands at the Fermi level dominated by Cu (see
Sec. III A). They are narrow with an ∼100-meV bandwidth,
and form an elementary band representation [46] of the Cu
d orbitals. We construct four-band, short-ranged, symmetric
tight-binding (TB) models for both Cu1 and Cu2 dopings,
which demonstrate that the weak dispersion of the Cu orbitals
arises primarily from hybridization with nearby O bands.
Based on the TB model, we compute the Fubini-Study metric
and non-Abelian Wilson loops, which show strong localiza-
tion, although the Cu2 structure does have a significantly
reduced gap to the O bands below. Secondly we consider the
Pb10(PO4)6(OH)2 structure [Fig. 1(b)]. For both locations of
the Cu dopant, we again find a set of Cu bands in an ele-
mentary band representation with the ∼100-meV bandwidth.
However, the gap to the nearby O bands is much larger, and
we provide a two-band model built entirely from Cu Wannier
functions. Again, the Fubini-Study metric indicates atomic
localization. See Secs. III and IV for more details.

In all cases, the two bands at the Fermi level lack strong
quantum geometry. Due to their flat, localized nature, fer-
romagnetism seems to be the preferred configuration of
these states in ab initio studies (see Sec. III A). The ab-
sence of extended states in these bands does not support a
theory of high-temperature superconductivity based on the
flat bands we obtain in these structures. However, prelim-
inary calculations of the phonon spectrum show that more
careful relaxation of the doped compound is required to
fully stabilize their structures, which may result in changes
to the band geometry. A phonon-driven mechanism for
superconductivity must also compete with the strong Hub-
bard repulsive interaction, which we also construct using
ab initio Hubbard-Kanamori parameters. Our Supplementary
section [48], including Refs. [1,2,5,9,45,46,49–63], contains
more supporting information.

II. CHEMICAL STRUCTURE

Pb-apatite is structurally related to the parent compound,
Ca-apatite, and much can be learned through their com-
parison. This crystal type features 1-dimensional channels
filled with requisite charge-balancing anions. For example,
the calcium-oxo analog has been shown to only exist as
Ca10(PO4)6O at temperatures exceeding 1000 ◦C [64] below
of which it rapidly includes water into the lattice, forming
the neutral hydrate Ca10(PO4)6(OH)2. While the Pb-based
system may have different dehydration temperatures to inter-
convert between Pb10(PO4)6O [45] and Pb10(PO4)6(OH)2 [5]
(see Fig. 1), historical data would indicate that the hydrated
material is thermodynamically preferred. To this end, we per-
formed a number of DFT calculations to assess the formation
enthalpy of the hydroxy and oxo Pb apatites considered here.
Our calculations reveal that the inclusion of H2O, forming
Pb10(PO4)6(OH)2, is exothermic with its inclusion favored by
38.5 kcal/mol. These data suggest while Pb10(PO4)6O may be
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a metastable form, direct syntheses of that material will tend to
form the hydrate if sufficient protons are available. And even
if Pb10(PO4)6O is formed it will interconvert to the hydrate
upon exposure to air.

Structurally, the oxo and hydroxy apatites are better dis-
tinguished by their lattice parameters, and less so by direct
crystallographic measurements. Ca-apatite exhibits a dramatic
lattice contraction in both the a and c parameters [65], pro-
portional to the extent of hydration, i.e., the conversion from
O2− to OH− contracts the lattice [66]. Such contraction has
been attributed to Cu inclusion within the Pb10(PO4)6O lat-
tice [2,7], but a similar effect is predicted through simple
hydration.

While theoretical studies thus far have focused on the
pure Pb10−xCux(PO4)6O or Pb10−xCux(PO4)6(OH)2 phase,
the reported synthesis methods cannot result in single phase
samples of either of them. In the final step of the reaction, La-
narkite (Pb2(SO4)O) is mixed in a 1:1 molar ratio with Cu3P,
but this 2:1 Pb/P ratio is stoichiometrically inconsistent with
the desired product. Even loosening the ratio of the reactants
would create a significant amount of Cu impurities: the final
product has 6 P, so there will be 18 Cu per formula unit of
Pb9Cu1(PO4)6O or Pb9Cu1(PO4)6(OH)2. The powder x-ray
diffraction (PXRD) pattern presented in the original reports
[1,2] suggests that the majority of the sample exists in a
structure related to Pb10(PO4)6(OH)2, but also features many
crystalline impurities. Due to the severe off-stoichiometry
of the reaction, additional amorphous phases are also to be
expected. Only a few Rietveld analyses have thus far been
performed [12], and it is difficult to separate the structural
effects of Cu inclusion versus hydration without high-quality
single crystal data. To this end, is unclear if any Cu atoms
were actually incorporated into the structure.

To address this, we are able to compute the formation
enthalpies of Cu substitutions at Pb lattice sites. Following
the standard procedure [52], the Cu defects were computed
using a 2 × 2 × 2 super cell containing 1831 electrons for
the neutral substitution. Computations were referenced to
bulk Cu/Pb (rich potentials) and CuO/PbO (poor potentials)
and the formation enthalpy was computed using a 2 × 2 × 2
k-mesh, with the FNV correctional scheme employed for
charged defects and averaged diagonalized dielectric tensors
[67,68], and Hubbard model (U = 4.0 eV for Cu). The forma-
tion enthalpies for the defects are depicted in Fig. 2. Notably,
the experimentally observed Cu2+ (i.e., charge-neutral) sub-
stitution is predicted to form in p-type conditions, at minimum
occurring with a 1.2 eV penalty depending on the refer-
ence potentials and amounting to many orders of magnitude
sub-stoichiometric Cu concentration, essentially forbidding
its ordered inclusion within the material. However, the charge
transition from the inclusion of Cu2+ to Cu1+ occurs very near
the Fermi level for the undoped Pb-apatite material, and Cu1+

inclusions become more favored in n-type conditions. The ex-
perimental absence of appreciable Cu1+ suggests that if Cu2+

is incorporating, it is being aided by other correlated defects
not considered here. Additionally, other mechanisms of Cu
inclusion are possible (e.g., interstitial formation, as observed
in Pb2+-containing lead halide perovskites [69]). Pb-apatite
may host other dopants, e.g., S, which is also present during
the reaction [70]. These may be studied in future work.
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FIG. 2. The defect formation enthalpies for Cu substitution in
Pb lattice sites at both rich and poor potentials show that CuPb is
unfavorably incorporated into either Pb site within the apatite lattice.

To address whether Cu and OH− are included, and to gen-
erally deduce the structure, we performed a modified synthesis
of the putative LK-99 compound described in Refs. [1,2]. Rel-
ative sample purity of all intermediate reagents was confirmed
via powder x-ray diffraction using a STOE Stadi P powder
x-ray diffractometer equipped with a Mo Kα (λ = 0.71073 Å)
sealed-tube x-ray source and graphite monochromator at room
temperature in either Debye-Scherrer or transmission geome-
try (see Sec. III in Ref. [48]). For synthesis of Pb2(SO4)O,
minor impurity peaks in the pattern are consistent with small
amounts of unreacted Pb(SO4). In the final step, Cu3P and
Pb2(SO4)O mixed in a 1:1 molar ratio were ground into a
fine powder in mortar and pestle. The powders were loaded
into an alumina crucible, placed in a quartz tube, and sealed
under dynamic vacuum without any argon back-filling. The
tube was then loaded in a furnace and heated to 950 ◦C
over 4 hours, kept at this temperature for 6 hours, and then
shut off to cool quickly. Upon pulling the sample out of the
furnace we observed that our sample, due to its loading in an
alumina crucible, did not attack our quartz tube in contrast to
Refs. [1,2]. This suggests the possibility of further chemical
reactions in the protocol of Refs. [1,2]. The resulting product
inside the crucible contained mostly white and orange colored
powder in addition to metallic gray lumps as seen in Fig. 16
in Sec. III in Ref. [48]. A PXRD pattern of this sample can
be seen in Fig. 15 in Sec. III in Ref. [48], showing that our
sample has more impurity phases than the original LK-99
sample, but that the characteristic peaks are present and thus
it seems possible to isolate the main phase reported in the
original sample from our sample as well. Energy-dispersive
x-ray spectroscopy (EDS) was also utilized to examine these
impurity phases. In Fig. 17 in Sec. III in Ref. [48], we show
that the transparent-orange phase likely gets its color from
pockets of metallic Cu. Likewise, in Fig. 18 in Sec. III in
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FIG. 3. A single crystal similar in transparency, shape, and size
to what we picked for SXRD.

Ref. [48], we observe islands of Cu2S embedded in a matrix
of the transparent-white phase. As noted previously [71,72],
these Cu2S islands are likely the cause of the tenfold drop in
resistivity observed at 104.8 ◦C in the original preprint.

Under magnification, the white powder was observed to be
transparent single crystals with a clear hexagonal rod habit
(Fig. 3). Knowing that Pb10(PO4)6O was reported to crystal-
lize in a hexagonal space group, a transparent single crystal of
dimensions (0.55 × 0.092 × 0.176 mm) was picked for single
crystal x-ray diffraction (SXRD) analysis using an APEX2
CCD diffractometer equipped with a Mo Kα (λ = 0.71073 Å)
sealed-tube x-ray source and graphite monochromator at room
temperature. Initial unit cell refinement obtained a unit cell in
a hexagonal setting with lattice parameters a = 9.8508(1) Å
and c = 7.4395(2) Å, agreeing with other previously reported
structures for lead apatite [5,45]. Indexation and integration
proceeded smoothly for a full hemisphere collection out to a
resolution of 0.5 Å. Run list generation and frame data pro-
cessing were done in APEX 2 [73]. An analytical absorption
correction was used to scale the data before importing the
peak list into JANA2020 [74].

The initial structure solution was obtained in space group
P63/m, consistent with observed systematic absences (Fig. 19
in Sec. III in Ref. [48]), from the charge-flipping algorithm as
implemented in SUPERFLIP [75]. An initial refinement, done
on F 2, was needed to obtain a valid initial structure with six
distinct sites (2 Pb, 1 P, and 3 O). Notably, during this initial
refinement Oxygen atoms along the c axis were removed.
Running a Fourier transform of residual electron density, visu-
alized with the VESTA software package [76], reveals 2 unique
crystallographic pockets of significant electron density around
points [0 0 0] (Wyckoff position 2b) and [0 0 1/4] (2a) in
P63/m, shown in Fig. 4, suggestive of a Pb10(PO4)6(OH)2

structural solution. After Oxygen atoms were added to these
points, freely refining their occupancies results in a site occu-
pancy factor of the 2b oxygen centered at [0 0 0] of 1.163,
an unphysical value for an OH− molecular unit. Clearly, an
atom with more electron density is needed. Replacing the

FIG. 4. Residual electron density located at the 2a and 2b posi-
tions along the c axis. Positive isosurfaces are drawn at 7e Å−3.

oxygen instead with sulfur, a chemically similar element that
is also present in the reaction, seems like a likely candidate,
although further elemental analysis methods will be needed to
distinguish between an SH−, PH−

2 , or other possible dopants
at this site.

Freely refining occupancies for both an O at [0 0 1/4] and
S located at [0 0 0] results in site occupancy factors of 0.54
and 0.56, respectively. The freely refined occupancies having
a summation very close to 1 seems suggestive that this could
be a physically real interpretation of the structural solution.
After refining the isotropic parameters anisotropically, a final
refinement converges with a goodness of fit (GoF) parameter
of 1.22 and R value of 3.94 compared to all reflections. Here,
our site occupancies for O (1.08) and S (1.12) sum to above 1.
If we decide to restrict the occupancies of the 2b S and 2a O
to sum to a site occupancy factor of 1, we end refinement with
a final composition Pb10(PO4)6(OH)0.94(SH)1.06. This refine-
ment has nominally the same refinement statistics [GoF(all)
= 1.22, R(all) = 3.95].

We also investigated two ways of possible Cu dop-
ing within our refinement: one in which the Cu atom
substitutes on the Pb lattice site, and another which the
Cu atom is inserted along the chain. Attempts to dope
both Pb sites with Cu results in a refined composition
of Pb9.55Cu0.45(PO4)6(OH)0.94(SH)1.06 with similar statistics
[GoF(all) = 1.21, R(all) = 3.93]. We found the Cu has to be
added in as a split site after the Pb position has been refined
completely. The last two steps of occupancy and anisotropic
parameter refinement had to be done by restraining the Pb/Cu
split site position with automatic refining keys switched off.

The compositional refinement of this structure certainly
warrants skepticism. Unfortunately for us, this system has
complications for EDS, namely, the Pb Lα1 edge lies at the
same energy as the S Kα1 edge. This, along with neutron
diffraction being needed to confirm H incorporation means
future studies are needed. However, in an attempt to confirm
the Cu incorporation suggested by our refinements, we carbon
coated a small transparent needle and ran EDS on a Quanta
environmental scanning electron microscope. Using the ele-
mental mapping technique, we were surprised to find that we
were able to detect Cu, and it is homogeneously distributed
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FIG. 5. Energy dispersive x-ray spectroscopy map of a translucent crystal coated in carbon.

within the crystal. Furthermore, in Fig. 5, the Pb:Cu ratio
we detected over a roughly 15-minute period was 58.3:2.8,
which roughly translates to a ratio of 9.55:0.46, an indica-
tor that the Cu incorporation in our refined composition of
Pb9.55Cu0.45(PO4)6(OH)0.94(SH)1.06 could be correct. How-
ever, we would like to acknowledge the fact that 2.8 atomic
percent is extremely low for EDS characterization and future
studies utilizing synchrotron radiation are needed to confirm
incorporation. In addition, as there is a lot of Cu in the reaction
it cannot be ruled out that Cu is at the surface of the crystal.

We can also obtain a reasonable refinement to the data if we
place Cu into the channel with composition Pb10(PO4)6(OH)
1.11 Cu0.49 (GoF = 1.22, R = 3.93). Still, as the crystals are
transparent, charge balance needs to be maintained and thus
this last solution is not chemically reasonable. Full collection,
integration, and refinement statistics can be found in Sec. III
in Ref. [48]. We would like to stress here again that the trans-
parent nature of the crystal should rule out superconductivity
as a property, it rather indicates a wide band gap.

Next, we compare simulated powder patterns of our struc-
tural solution, the ICSD reported structures, and the relaxed
DFT structures of Cu-doped variants with the published
PXRD pattern from [1,2]. To do this, structural position files
were loaded into VESTA, and patterns simulated for using a
Cu Kα (λ = 1.5406 Å) wavelength. Simulated patterns were
then overlaid atop the experimental pattern, extracted using
an in-house Mathematica code. For ease of visualization,
we adjust the simulated patterns via a zero point shift to
match the peaks expected around 18◦ in the experimental
data. This zero-point correction is not uncommon for Rietveld
refinements and is needed if the diffractometer used in the
experimental pattern is misaligned. Most zero-point correc-
tions were minimal, i.e., 0.2◦. We find a good agreement
(see Sec. III in Ref. [48]) of our SXRD solution with the
reported data. Other structures fit the data less well and a
discussion is given in the SI. This analysis is preliminary as
the cropped data from the original preprint are not of high
enough quality to perform a Rietveld analysis. It does however
show that our structure obtained from SRXD, measured in a

transparent crystal, agrees with the powder pattern published
in the original LK-99 paper. Further analysis of our samples
will follow.

Due to the numerous uncertainties regarding the ultimate
structural composition of the LK-99 material, we will inves-
tigate a variety of scenarios using ab initio density functional
theory. In our ab initio studies, we still focus on structures
on which Cu substitutes for Pb, as we come to different
conclusions as previous theoretical works assuming the same
substitutions.

III. AB INITIO RESULTS

We consider two different experimental structures of
lead apatite for ab initio calculations in this work, i.e.,
Pb10(PO4)6O [45,77] and Pb10(PO4)6(OH)2 [5,78], both have
space group (SG) 176 P63/m symmetry. Their crystal struc-
tures are shown in Fig. 1. The O atoms at 4e Wyckoff
position in Pb10(PO4)6O have 1/4 occupancy, while the
hydroxyl groups at 4e in Pb10(PO4)6(OH)2 have 1/2 oc-
cupancy. The atomic positions are summarized in Table I.
We remark that lead apatite has many experimentally re-
ported structures, with the position of trigonal-O or (OH)2

being slightly different. For example, the structures in
Refs. [79–82] has trigonal-(OH)2 located at Wyckoff po-
sition 2a = (0, 0, 1

4 ), (0, 0, 3
4 ) without fractional occupancy.

The LK-99 [1,2] Pb10−xCuxPO4)6O (0.9 < x < 1.1) is hy-
pothesized to be synthesized by doping Pb atoms with Cu at
4 f Wyckoff positions.

A. Electronic structure

In this section, we discuss the electronic structures for
Pb10(PO4)6O and Pb10(PO4)6(OH)2 in both undoped and Cu-
doped phases.

We first consider the undoped phase. As reported in litera-
ture [5,45], the trigonal-O in Pb10(PO4)6O has 1/4 occupancy,
while the trigonal-(OH)2 in Pb10(PO4)6(OH)2 has 1/2 occu-
pancy. Such fractional occupancy is difficult to treat in DFT.
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For simplicity, we fix their positions to remove the fractional
occupancy, i.e., fix O at (0,0,0.634), and fix O in OH2 at
(0,0,0.04),(0,0,0.54) and H at (0, 0,−0.10), (0, 0, 0.40), the
total number of electrons in the unit cell is the same as the
fractionally occupied structure. Mind that the positions of H
atoms are not given in the original experimental structure [5]
we use and are manually added using the O-H bond length
in H2O molecular, i.e., about 1Å, which also agrees with
the O-H length reported in another experiment structure [83].
Notice that after fixing the trigonal-O and (OH)2 positions, the
original SG 176 P63/m symmetry is lowered to SG 143 P3
and SG 173 P63 for two structures, respectively. Remark that
fixing trigonal-O at any of the four 4e positions are equivalent
by assuming periodic boundary condition, as they are related
by {C6z|00 1

2
} and {Mz|000} in SG 176. For trigonal (OH)2, the

scenario is similar. Thus we will focus on the aforementioned
positions of trigonal-O and (OH)2 in the following. We remark
that fractional occupancy can be treated more rigorously using
a supercell approach and the special quasirandom structure
(SQS) method [84] to generate atomic configurations. Also,
for Pb10(PO4)6(OH)2, the 1/2 occupancy of OH only leads
to a small oscillation of atomic position around (0,0,0) and
(0, 0, 1

2 ) in different unit cells (see Table I). Thus we infer
that using a large supercell that simulates the disorder will not
change the result quantitatively.

After fixing O or (OH)2 positions to remove the fractional
occupancy, we relax all the atoms in the structure and obtain
the relaxed lattice constants and atomic positions summarized
in Sec. I in Ref. [48]. Remark that if one first relaxes the struc-
ture without O or OH and then places them in experimental
positions, the result could be unreasonable. This is because,
without O or OH, the material is not chemically balanced and
could make the insulating system metallic. Thus it cannot give
properly relaxed structures.

The symmetry is maintained during the relaxation, i.e., SG
143 for Pb10(PO4)6O and SG 173 for Pb10(PO4)6(OH)2. The
band structures for two relaxed structures are shown in Fig. 6,
which host a large band gap of 2.761 and 2.635 eV, respec-
tively. The highest occupied bands are quasiflat and mainly
come from the (px, py) orbitals of the trigonal-O atoms.

We then consider the Cu-doped phases. As hypothesized in
Refs. [1,2], the Cu-doped LK-99 Pb10−xCux(PO4)6O (0.9 <

x < 1.1) has Cu doping the Pb atoms at 4 f position. By fixing
x = 1 for simplicity, there exist four possible Cu-doping struc-
tures by placing the Cu atom at one of the 4 f positions. The
four 4 f positions are equivalent in SG 176. However, after
fixing (OH)2 in Pb10(PO4)6(OH)2, the SG is lowered to SG
173 P63, which gives two inequivalent Cu doping positions,
which we call the one at ( 1

3 , 2
3 , z) Cu1-doping and ( 2

3 , 1
3 ,−z)

Cu2 doping, as marked using yellow and blue circles in Fig. 1.
For Pb10(PO4)6O, after fixing the position of trigonal-O, the
SG is lower to 143 P3 which makes all four positions inequiv-
alent. For simplicity, we only consider the Cu1 doping and
Cu2 doping, as the other two possible dopings have similar
band structures as reported in Ref. [14].

We relax the structure of Cu1- and Cu2-doping for
Pb10(PO4)6O and Pb10(PO4)6(OH)2, both having SG 143 P3
symmetry, with lattice constants and atomic positions summa-
rized in Sec. I A in Ref. [48]. The four relaxed structures are

(a) Pb10(PO4)6O (b) Pb10(PO4)6(OH)2

(c) (d) 

FIG. 6. Electronic band structure for undoped (a) Pb10(PO4)6O
and (b) Pb10(PO4)6(OH)2, and zoom in plots in (c) for Pb10(PO4)6O
and (d) for Pb10(PO4)6(OH)2. The quasiflat bands near Ef are mainly
formed by the (px, py ) orbitals of the trigonal-O atoms, which are
shown with blue weights.

used to perform DFT calculations. We consider the paramag-
netic (PM) phase and ferromagnetic (FM) for each structure,
with their band structures shown in Figs. 7 and 8, and the
orbital projections given in Sec. I B in Ref. [48].

In the PM phase, for all four structures, there exist two
quasiflat bands with 3

4 filling at the Fermi level E f , contributed

(a) Cu1-doping, PM (b) Cu1-doping, FM

(c) Cu2-doping, PM (d) Cu2-doping, FM

FIG. 7. Electronic band structure for Pb9Cu1(PO4)6O, where
(a) is the PM phase and (b) is the FM phase of Cu1 doping. (c) and
(d) are similar for Cu2 doping.
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(a) Cu1-doping, PM (b) Cu1-doping, FM

(c) Cu2-doping, PM (d) Cu2-doping, FM

FIG. 8. Electronic band structure for Pb9Cu1(PO4)6(OH)2,
where (a) is the PM phase and (b) is the FM phase of Cu1 doping.
(c) and (d) are similar for Cu2 doping.

mainly by the (dxz, dyz ) orbitals of Cu (with Cu (dxz, dyz )
weight about 50%, (dxy, dx2−y2 ) about 20%, and p orbital of O
atoms that close to Cu weight about 30%), forming elemen-
tary band representation (EBR) 1E2E@1b in SG P3 (notice in
the PM phase the time-reversal symmetry exists and enforces
1E and 2E to be degenerate) for Cu1 doping and 1E2E@1c for
Cu2 doping. For two Cu dopings of Pb10(PO4)6O, there are
two bands close the to Cu bands with a small band gap, mainly
formed by the bands of (px, py) of the trigonal-O and form
EBR 1E2E@1a, as shown in Fig. 7 and orbital projections in
Sec. I B in Ref. [48]. Although here these four bands formed
by (dxz, dyz ) of Cu and (px, py) of the trigonal-O do not have
band inversions and are topologically trivial, we can adjust
the hoppings and make them topological, which we show
in Sec. IV using minimal tight-binding models. For two Cu
dopings of Pb10(PO4)6(OH)2, however, the bands below the
Cu bands have a larger band gap and weak hybridization with
Cu bands.

The FM phases of the four structures all have a lower
total energy compared with the PM phase, as shown in
Table II, suggesting that the FM phase is energetically more
favored than the PM phase. Evidence for soft ferromagnetism,
consistent with the well-localized bands and strong Coulomb
repulsion we find, has recently appeared in experiments [8].
In the spin-polarized orbital projections shown in Sec. I B in
Ref. [48], the quasiflat bands of Cu near E f have a large spin
splitting of about 0.6 eV, while the bands of trigonal-O have
negligible spin splitting. The calculated magnetic moment is
about 0.6 μB for Cu and small moments for O atoms surround-
ing Cu which sum to about 0.3 μB in total, in agreement with
the fact that the two flat bands near E f in the PM phase also
have about 30% weight from O. We also calculate the total
energy of the A-type antiferromagnetic phase (AFM), i.e., FM
inplane and AFM out of the plane, as shown in Table II. The

TABLE II. Comparison between total energy of PM, FM, and
A-type AFM phases per unit cell (in eV) calculated in DFT.
The total energies in the Cu1-doping phase in Pb10(PO4)6O and
Pb10(PO4)6(OH)2 are used as zero. It can be seen that in all four
cases, the FM and AFM phases have very close total energy, which
are both lower than the PM phase. In Pb10(PO4)6O, the Cu1 doping
has lower energy while in Pb10(PO4)6)(OH)2, the Cu2 phase is lower.

Compound Phase PM FM AFM

Pb10(PO4)6O Cu1 doping 0 −0.129 −0.130
Cu2 doping 0.195 0.089 0.092

Pb10(PO4)6(OH)2 Cu1 doping 0 −0.136 −0.136
Cu2 doping −0.177 −0.332 −0.332

FM and AFM phases have almost the same energy per unit
cell, both being lower than the PM phase. We leave for future
studies to investigate the magnetic ground state.

B. Phonon spectrum

In this section, we perform the phonon calculations to
check the stability of proposed structures in the literature,
including Pb10(PO4)6O, Pb10(PO4)6(OH)2, Pb9Cu1(PO4)6O
and Pb9Cu1(PO4)6(OH)2. We find that, in their nominal 111
unit cells (i.e., the original unit cell), all structures display
imaginary phonon frequencies. We focus our discussion be-
low on Pb9Cu1(PO4)6(OH)2 since powder x-ray diffraction
shows a strong similarity between it and LK-99. Supplemental
figures for other structures may be found in Sec. I D [48].

For the undoped structures, both the Pb-O and Pb-(OH)2

present negative/imaginary phonon at low T and high T with
1 × 1 × 1 cell, where the phonon of Pb-(OH)2 is shown in
Figs. 9(a) and 9(b). Here, the temperature effect is included
via electronic smearing in the harmonic approximation level.
As the atomic projection presents, the phonon instability is
mainly contributed—as theoretically expected—by the heav-
iest Pb atoms at both Pb1 and Pb2 sites. As the temperature
goes higher, the imaginary phonons harden, especially in the
kz = 0 plane where imaginary modes disappear at high T .
Since the calculation is performed in 1 × 1 × 1 cell with a
short c compared to a, the negative phonon in kz = π plane
may be caused by the short cutoff in the c direction. To
verify this scenario, we also perform phonon calculation in
1 × 1 × 2 supercell at high T . As shown in Fig. 9(c), the
negative branches on the kz = π plane in the 1 × 1 × 1 cell
calculation become positive, as the cell is enlarged to include
the force constants between atoms with longer distance. We
expect that the residual imaginary phonon at the � point
can be eliminated by performing phonon calculations in a
larger supercell after relaxation. We remark that there exist
more advanced methods that could give a better description
of the temperature effects on phonons compared with the
electronic smearing method, including quasiharmonic cal-
culations, stochastic self-consistent harmonic approximation
(SSCHA) [85], and temperature-dependent effective poten-
tials (TDEP) [86], which we leave for future studies.

We also observe that the phonon spectrum presents a good
separation of frequency based on the mass of elements: the
heaviest Pb dominates the lowest frequency and gives the

235127-7



YI JIANG et al. PHYSICAL REVIEW B 108, 235127 (2023)

FIG. 9. Phonon spectrum for relaxed Pb10(PO4)6(OH)2 (without Cu doping) structure at (a) low and (b) high temperature calculated using
1 × 1 × 1 supercell, which shows imaginary, unstable phonons in the k3 = π plane (i.e., kz = π

c plane which contains the A-L-H -K lines,
where c is the lattice constant in the z direction). (c) Phonon spectrum calculated using a 1 × 1 × 2 supercell at high temperature, which
stabilizes the k3 = π modes but softens a single mode at the � point. In addition, we observe that the soft phonon modes shown in (a) and
(b) are flat modes in the k3 = π plane. A series of flat phonon modes are also presented at the finite frequency in the high-T calculations, such
as flat modes around 1 THz in (c).

imaginary modes, H phonons lie at a much higher frequency,
which is not shown in the plot, and P and O phonons lie in the
middle.

For the Cu-doped structure, previous DFT calculations
suggest a (ferro/antiferro)magnetic ground state. Therefore,
the phonon calculations are performed in both paramagnetic
and ferromagnetic phases as presented in Sec. I D in Ref. [48],
with a 1 × 1 × 1 cell. Similar to the undoped case, the doped
structures show negative phonon modes, but tend to harden
in the FM phase. Both O and the Cu dopant contribute to
the imaginary phonon at low T and one should relax the
structure with much care for the doping effect to obtain a
stable phonon spectrum. We remark that further relaxation
in a supercell could be important to stabilize the phonon,
especially for disordered systems [87], which we leave for
future studies. The difficulty in obtaining a stable structure
even for the undoped parent compounds, which exist in nature,
underscores an important challenge for first principles studies
of the doped compound, whatever its nature.

IV. TIGHT-BINDING MODELS

In this section, we construct short-range tight-binding
models for both Pb9Cu1(PO4)6O and Pb9Cu1(PO4)6(OH)2

compounds and for both considered positions of the Cu
dopant. Such models are a prerequisite for studying the
many-body phases that LK-99 is conjectured to realize. We
emphasize that the precise chemical composition, purity, and
structure of the supposed compound are far from being settled,
and initial proposals may need to be re-examined. Neverthe-
less, we study the proposed structures here for completeness.
We find, in all cases and in agreement with independent
calculations, that Cu forms a high-density flat band at the
Fermi level. Based on this finding we ask whether a flat
band superconductivity scenario is viable. We perform the
calculations of the quantum geometry in these bands and find
that they are atomically localized and will likely not favor
superconductivity.

In all cases, we find that the two bands straddling the Fermi
level are atomic and dominated by the Cu d-orbitals. In the
Pb9Cu1(PO4)6O structure, a four-band model is required due
to the close proximity of the O bands, which hybridize with

the Cu orbitals particularly in the kz = π plane. For this struc-
ture, the dispersion of the Cu bands is predominantly due to
hybridization with O. In contrast, Pb9Cu1(PO4)6(OH)2 shows
well-isolated Cu bands at the Fermi level, and a two-band
model can be constructed. Section II in Ref. [48] contains a
complete discussion of the parameters, symmetry, and quan-
tum geometry of the bands.

A low-energy model of the flat bands can be constructed
from the dyz, dxz orbitals of Cu on the 1b/1c positions for
Cu1/Cu2 doping, and the px, py orbitals of O on the 1a po-
sition in space group P3 for conventions of the lattice). Our
DFT calculations show degeneracies at � and A (which form
double Weyl points [9]) that cannot be protected by C3 alone
since they form an Abelian group. We check that the sepa-
rate spin sectors possess a spin-less time-reversal symmetry
T 2 = +1 which protects a 2D complex irrep 1E 2E arising
from the d and p orbitals. The preservation of the spin-less T
in the FM phase comes from the fact that the magnetization is
taken into account as the local momentum term M(r)sz (with
real scalar M(r)). The spin-orbital coupling is negligible for
the Cu and O atoms.

A. Pb9Cu(PO4)6O

In the Pb9Cu(PO4)6O structure, it is necessary to construct
a four-band model due to the O-dominated bands that appear
closely below (and hybridize with) the Cu-dominated bands
at the Fermi level. The model takes the form

h4(k) =
(

hC (k) hCO(k)
h†

CO(k) hO(k)

)
(1)

consistent with these symmetries. For Cu1 doping, it is suf-
ficient to include the three nearest-neighbor Cu-O hoppings
(hCO(k)), six O-O in-plane hoppings for O and Cu, and the
two O-O vertical hoppings (hO(k)). In fact, the Cu hoppings
are less than 4meV and can be safely dropped, effectively set-
ting hC (k) = 0. The Cu2 doping structure exhibits a smaller
gap between the O and Cu bands and requires the inclusion
of the next nearest neighbor hoppings, with full expressions
given in Sec. II in Ref. [48]. We find excellent agreement
with the DFT spectrum and irreps in Fig. 10 within this
approximation.
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FIG. 10. Comparison of DFT and tight-binding model band structures for Pb9Cu(PO4)6O. The relaxed DFT (red) and short-range tight-
binding model (blue) are shown for Cu1 doping (a) and for Cu2 doping (b). The 2D quantum metric g(k) is computed on the plane k3 = π for
the Cu1 (c) and Cu2 (d) models, showing peaked features where the Cu and O bands have the smallest direct gap.

Our tight-binding model shows that the dispersion of the
Cu bands at the Fermi level arises essentially in its entirety
from hybridization with O. Nevertheless, symmetry eigen-
values indicate that the bands are topologically trivial: O
hybridization does not cause a topological change. To con-
firm this, we compute the 2D Fubini-Study quantum metric
[Figs. 10(c) and 10(d)]

g(k) = 1

2

∑
i=x,y

Tr ∂iP(k)∂iP(k), (2)

where P(k) = U (k)U †(k) is the projector onto the eigenvec-
tor matrix U (k) of the two Cu bands, and non-Abelian Wilson
loop

W (k2, k3) = U †(2π, k2, k3)
2π←0∏

k1

P(k)U (0, k2, k3) (3)

computed over the set of two bands at the Fermi level.
Both show strongly localized states, consistent with their ele-
mentary band representation. Furthermore, the basis Wannier
functions are localized: the square root of Wannier spread is
about 0.20a ≈ 0.26c for Cu and about 0.33a ≈ 0.43c for O.
As we can see, the Wannier function is more localized for Cu
than that for O, explaining the fact why the hopping among
Cu is smaller than that among O.

B. Pb9Cu(PO4)6(OH)2

We construct a two-band model h2(k) for the two bands
near the Fermi level in Pb9Cu(PO4)6(OH)2 for both Cu1
doping and Cu2 doping and in both PM and FM phases. The
two-band model is constructed with dxz and dyz on Cu (at
1b for Cu1 doping and at 1c for Cu2 doping), and it only
contains NN hopping along all three directions in addition to
the onsite energy term. The form of the model is the same
for both doping and for both PM and FM phases, since they
all preserve the spinless TR and C3 symmetries for the two
bands near the Fermi level according to the Wannierization
of DFT data. With parameter values determined from the
Wannierization of the DFT data, we can see that the model
gives very similar bands as the DFT band structure (Fig. 11).
(Detailed expression and parameter values of the two-band
model can be found in Sec. II B in Ref. [48].)

In particular, for one specific Cu doping, we choose the
same parameter values for the NN hoppings for PM and FM

phases, since the DFT values in the two phases are very close
(difference smaller than 0.1 meV); the only non-negligible
difference between PM and FM is just an onsite energy shift,
indicating that the effect of FM on the states near Fermi level
is just uniformly shifting their energy. The small bandwidth
of the bands near the Fermi level comes from the small hop-
ping magnitudes (maximum hopping about 12 meV), which
comes from the small spread of the Wannier function of the
basis (the square root of the Wannier spread of each orbital
is about 0.24a ≈ 0.32c). We can see the Wannier spread of
the two-band model is larger than that of the Cu in the four-
band model, which is consistent with the larger hopping here
compared to the hopping among Cu in the four-band model.

In the DFT bands structure, the symmetry-protected gap-
less points at � and A are double Weyl points with chirality
±2. (See Sec. II B in Ref. [48] for details.) However, the band
splitting along �-A is very small (maximum splitting about
2 meV), and thus in our simplified NN-hopping model, we
neglect the band splitting along �-A for simplicity. Although
such simplification in our model will make the two double
Weyl points merge into an accidental nodal line along �-A, it
will be convenient for future study on the correlated physics,
since it makes the eigenvectors of the Hamiltonian indepen-
dent of kz.

Both Refs. [9,16] contain two-band PM models con-
structed from dxz and dyz on Cu. However, the two-band PM
model in Ref. [16] has mirror symmetry along y, which we do
not include in our model since the DFT calculation indicates a
considerable breaking of the mirror symmetry. The two-band
PM models in both Refs. [9,16] have considerably different
parameter values than ours. Reference [9] shows double Weyl
points at � and A in their two-band model, for which they
choose to include the small band splitting along �-A in their
model.

V. INTERACTING HAMILTONIAN

We use the constraint random phase approximation (cRPA)
method [88–91] to compute the screened Coulomb interaction
for the (dxz, dyz ) orbitals of Cu near E f for two Cu-doped
structure of Pb9Cu1(PO4)6O and Pb9Cu1(PO4)6(OH)2. In
Table III, we list the values of Hubbard-Kanamori parame-
ters, i.e., the onsite intra-orbital Hubbard U , inter-orbital U ′,
and onsite exchange J . The interacting Hamiltonian can be
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FIG. 11. Comparison of the relaxed DFT (red) and two-band tight-binding model band structures (blue) and irreps for Pb9Cu(PO4)6(OH)2

in the specified Cu doping and magnetic properties. The relaxed DFT and the NN-hopping tight-binding model (blue) are in close agreement.
The expression of the model and the values of the model parameters are specified in Sec. II in Ref. [48]. Note that this is a two-band model, so
the quantum geometric tensor of both bands, taken together, vanishes.

constructed as

Ĥint = U
∑
im

nim↑nim↓ + U ′ ∑
i,m 	=m′

nim↑nim′↓

+ (U ′ − J )
∑

i,m<m′,σ

nimσ nim′σ

+ J
∑

i,m 	=m′
(−c†

im↑cim↓c†
im′↓cim′↑ + c†

im↑c†
im↓cim′↓cim′↑),

(4)

where i is the site index and m the orbital index. We remark
that the ab initio Hubbard-Kanamori parameters may need to
be renormalized as the two quasiflat bands near E f also have
weights of other orbitals.

Comments on flat bands and interactions

Flat bands are thought to be beneficial for strongly
correlated phases since the interaction strength necessarily
dominates over the single-particle bandwidth. However, the
quantum geometry of the flat bands is another essential in-
gredient in determining the nature of the resulting strongly
correlated phases.

For instance, in the single-band square lattice Hubbard
model at half filling, the flat band limit t → 0 yields a
fully decoupled lattice (the atomic limit) which is a perfect
paramagnet. It is O(t2/U ) corrections that stabilize an anti-
ferromagnetic phase. If, however, the interaction strength is
much larger than a set of isolated bands but smaller than the
gap between these bands and their complement, a different
set of phases can emerge. In the repulsive case, ferromag-
netism can be proven [43,44], and superconductivity (or
phase separation) for attractive case [26,34,43]. Features of

TABLE III. The ab-initio Hubbard-Kanamori parameters. In the
table, U , U ′, J denotes the onsite intraorbital Hubbard, interorbital
Hubbard, and onsite exchange interaction. All numbers are in eV.

Phase U U ′ J

Pb9Cu1(PO4)6O Cu1 2.75 1.71 0.52
Pb9Cu1(PO4)6O Cu2 3.53 2.38 0.58
Pb9Cu1(PO4)6(OH)2 Cu1 2.88 1.99 0.45
Pb9Cu1(PO4)6(OH)2 Cu2 1.85 0.96 0.14

the many-body phase, for instance the mass of the Cooper
pair, stiffness of the spin wave, and a lower bound on the
electron-phonon coupling are determined by quantum geom-
etry [26,34,92].

To entertain the possibility of superconductivity in flat
bands, we recall that the mean-field critical temperature in
flat bands will be proportional to the interaction strength [22].
Although this scenario is exponentially improved over one-
band BCS theory, it still requires an attractive interaction of
roughly 100 meV. This order of magnitude is larger than the
bandwidth of the two-band model in the OH structure, and
roughly equal to the bandwidth of the upper Cu bands in the
four-band model for the O structure. (We note in this case
that the band gap is small, and projecting the interaction to
the flat bands may not be justified.) The repulsive Coulomb
interaction we computed is eV scale, and is much larger than
the total bandwidth of both tight-binding models.

Two recent papers [9,20] have proposed models where one
of the Cu bands is perfectly flat. Although the two Cu bands
together form an indecomposable elementary band represen-
tation with trivial topology, analyzing only one of the two
bands (per spin) away from their degeneracy points at � and
A can show strong quantum geometry. It is only appropriate
to consider strong coupling groundstate a single flat (gap-
less) band in the limit where the interaction strength is much
smaller than the bandwidth. This limit, while interesting and
worthy of study, places an upper bound on the interaction
strength which limits its applicability to a high-temperature
phase.

VI. FURTHER VERIFICATION AND TESTS

A. Immediate experiments

As we experimentally found that samples are multiphase,
short-term experiments should focus on isolating the different
phases and characterizing their compositions and structures.
Also several more synthesis should be performed to confirm
that the outcomes are repeatable. Once we know reliably the
outcome of the synthesis the sample needs to be thoroughly
characterized with a wide range of methods. SEM/EDX will
be a good first attempt to analyze how many different phases
are in the materials and what their respective compositions
are. It would be ideal if those phases can be separated ei-
ther manually of in different synthesis attempts targeting the
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respective compositions found via SEM/EDX. As we showed
it is possible to pick single crystals from at least one phase.

B. Chemical structure verification

Once phase-pure materials are obtained, they can be thor-
oughly characterized. If single crystals are obtained, SXRD
is ideal in combination with chemical analysis such as
SEM/EDX or, if enough samples can be separated, ICP-OES.
Otherwise PXRD in combination with Rietveld refinement
will be necessary. If the phases are not crystalline, the
structural characterization becomes more complicated and
chemical analysis is a more important first step, likely to be
followed by high-resolution electron microscopy.

Characterization of physical properties is most meaningful
on single-phase materials and can be performed after through
characterization of all components of the samples. Similarly,
theoretical analysis of the electronic structures is most mean-
ingful if the final crystal structures are known.

C. Theoretical analysis

Once the chemical structure is firmly established and the
set of bands at the Fermi level is settled, the bands must be
fully analyzed based on the principles outlined in this paper,
including orbital, quantum geometric, topological, and local-
ization content in all the multiple phases that result from the
reaction. The interacting Hamiltonian must then be derived
and with it the values of the Hubbard U . Then the ground
state of the system must be determined. Even if not super-
conducting, one must still explain the levitation properties
shown in initial experiments—either large diamagnetism or
some flavor of ferromagnetism. The phonons, and more im-
portantly the electron-phonon interaction need to be obtained;
an understanding is needed of the rather flat Pb phonon bands
on the kz = π plane that seem to become negative at low
temperature. If indeed, however, the sample does turn out to
be superconducting, short of being a fundamental discovery,
it would also point out the limitation of our theoretical under-
standing of the mechanisms that create it.

VII. CONCLUSIONS

Assuming the reported structure and the location of
the Cu dopants, we have performed first principle calcu-
lations of the electronic structure of Pb9Cu1(PO4)6O and
Pb9Cu1(PO4)6(OH)2. We find that the bands are almost flat,
localized on the Cu atoms, and have weak quantum geometry
and trivial topology. Hence in a “flat-band superconductiv-
ity” scenario, already alluded to previously, our calculation
of the quantum geometric properties of the active bands
shows that such a phase would have extremely small super-
fluid stiffness even at zero temperature. Instead, their flatness
and the strong Coulomb repulsion are compatible with the
(anti/)ferromagnetic ground states found in calculations. The
phonon spectra seem to contain imaginary phonons for both
high and low-temperature paramagnetic phases (with the re-
ported unrelaxed structure). The experimental findings also
do not, as of yet, strongly suggest the presence of supercon-
ductivity. Hence either the reported structure is incorrect, or
the ab initio calculations and the structure are correct but

then further give rise to a nonsuperconducting ground state,
or the ab initio calculations are incorrect due to large cor-
relation, or the simplified treatment for disordered structures
might not faithfully represent the complexity, thus warranting
the exploration of more advanced computational algorithms.
In fact, our preliminary experiments and structural solutions
point to LK-99 being a multiphase material, where the part
that structurally agrees with a doped version of Pb apatite
is transparent and thus probably not superconducting. Either
way, this points to the difficulty of predicting and/or explain-
ing superconductors by ab initio methods, even when they
exist. It also suggests that extra cases be taken in the literature,
both experimental and theoretical. Experimentally, samples
need to be much more carefully analyzed with a wide range of
diffraction and spectroscopic methods. The individual phases
should be isolated and their properties should be studied sepa-
rately. Theoretically, one must at the very minimum check the
correct symmetry of the states, their localization and topology,
and try to obtain superconductivity from the first principle
Hamiltonian, rather than introducing it by hand in a BdG
formalism. These represent hard challenges that only serious
investigations can overcome.
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