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The stability of a quantum critical point in the O(N) universality class with respect to an elastic coupling,
which preserves O(N) symmetry, is investigated for isotropic elasticity in the framework of the renormalization
group (RG) close to the upper critical dimension d = 3 — €. With respect to the Wilson-Fisher fixed point, we
find that the elastic coupling is relevant in the RG sense for 1 < N < 4, and the crystal becomes microscopically
unstable, i.e., a sound velocity vanishes at a finite value of the correlation length &. For N > 4, an additional
fixed point emerges that is located at a finite value of the dimensionless elastic coupling. This fixed point is

repulsive and separates the flow to weak and strong elastic coupling. As the fixed point is approached, the sound
velocity is found to vanish only asymptotically as £ — oo, such that the crystal remains microscopically stable
for any finite value of &£. The fixed point structure we find for the quantum problem is distinct from the classical
counterpart in d = 4 — €, where the crystal always remains microscopically stable for finite &.

DOLI: 10.1103/PhysRevB.108.235126

I. INTRODUCTION

In the solid state, any degree of freedom invariably inter-
acts with the low-energy fluctuations of the atomic crystal
lattice, i.e., the acoustic phonons. Often, this interaction does
not lead to qualitatively new behavior as it is effectively weak.
Notable exceptions are materials close to certain second-
order phase transitions. Here, it is important to distinguish
whether the symmetry allows a bilinear coupling between
strain and the order parameter of the phase transition or
not. In the former case, the order parameter hybridizes with
the elastic degrees of freedom and the critical behavior is
strongly affected by critical elasticity [1-3]. Examples include
piezoelectric ferroelectricity [4,5], Mott criticality [6,7], meta-
magnetic criticality [8], or nematic quantum criticality [9,10].

In case the bilinear coupling is not allowed, the situation
is more intricate. For classical criticality, this problem was
intensively investigated from the 1950s to the 1970s [11-22],
see Ref. [23] for a review. It was already pointed out by
Rice in 1954 that a critical system with a diverging specific
heat should exhibit a nonperturbative elastic coupling [11].
In the absence of any common symmetries, the strain tensor
g;; might only couple linearly to the square of the order
parameter, i.e., the energy density of the critical degrees of
freedom. Perturbatively integrating out the latter leads to a
renormalization of the elastic constants proportional to their
equal-time energy density autocorrelations, i.e, the critical
specific heat. As a consequence, this perturbative treatment
necessarily breaks down if the critical specific heat, C., ~
|T — T.|7%, diverges with a positive exponent o > 0 as the
temperature 7 approaches the critical temperature 7.. As-
suming hyperscaling @ = 2 — vd with the correlation length
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exponent v and the spatial dimension d, the criterion for a
nonperturbative elastic coupling amounts to 2 — vd > 0.

To determine the fate of the system for & > 0, it is essential
to take into account both the elastic moduli as well as the local
rigidity of the crystal, which must be all positive to ensure,
respectively, its macroscopic and microscopic elastic stabil-
ity [24]. Importantly, the strain tensor &;; comprises a uniform
part, E;; [ dre;;, as well as a nonuniform part carrying
finite wave vector g. The eigenmodes of E;; are determined,
on the one hand, by the elastic constant tensor C;j; whose
eigenvalues are the elastic moduli. The elastic rigidities, on
the other hand, are given by the acoustic phonon velocities,
which are obtained via the eigenvalues of the dynamical ma-
trix Dy = q;q;C;ju for wave vectors g. Elastic coupling to
criticality poses the challenge that infinite-range interactions
among the critical degrees of freedom are generated in both
cases, when integrating out the macroscopic strain E;; as well
as when integrating out the nonuniform phonon degrees of
freedom.

This challenge was successfully addressed by Larkin and
Pikin [15] for an isotropic elastic system. Using a Hubbard-
Stratonovich transformation, they succeeded to decouple the
infinite-range interactions, yielding an effective nonanalytic
Landau theory for a macroscopic auxiliary field. The result for
a > 0 crucially depends on the imposed boundary conditions:
the phase transition turns from second to first order at constant
hydrostatic pressure P, whereas at constant volume V a mod-
ified critical point might be reached that is characterized by
Fisher-renormalized exponents [14]. In particular, the critical
part of the specific heat behaves in this case Co; ~ |T — T;.|7%F
with oy = —a/(1 — @) < 0.

Subsequent works essentially confirmed this scenario
but further elucidated the subtle importance of boundary
conditions [18-20]. Bergman and Halperin [19] pointed
out that the boundary condition of constant volume in an
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isotropic elastic system might not be sufficient to reach the
Fisher-renormalized critical point. Instead, pinned boundary
conditions need to be imposed that fix each unit cell of the
crystal at the surface and, in addition, an internal fracture of
the sample must be prevented.

It is interesting how this physics is captured in the
framework of a renormalization group (RG) analysis. In
the literature, two distinct approaches can be found treat-
ing a classical critical ¢* theory with O(N) symmetry in
d = 4 — € dimensions and isotropic elasticity. Similar to the
work of Larkin and Pikin [15], the first approach consid-
ers an effective theory for criticality after integrating out all
elastic degrees freedom at the cost of infinite-range interac-
tions [16,17,20,22]. For 1 > € > 0 and in the absence of an
elastic coupling, the RG trajectories are governed by the stable
Wilson-Fisher (WF) fixed point with a specific heat exponent
o =€(4— N)/(2(N + 8)) whose sign depends on the number
of order parameter components N. Consistent with expec-
tations, the WF fixed point becomes unstable with respect
to the elastic coupling for N < 4 when « > 0. Depending
on the applied boundary conditions, the RG flow is either
towards a stable Fisher-renormalized Wilson-Fisher (FR-WF)
fixed point for constant volume V or one finds runaway flow
for constant pressure P, which is interpreted as a sign for a
first-order transition [25].

The second approach treats the critical and elastic degrees
of freedom on the same footing [19], leading to a more
transparent interpretation. Here, one also finds for € > 0 both
fixed points, WF and FR-WF, whereas the former becomes
unstable again for N < 4. In this approach, the microscopic
degrees of freedom, which includes the elastic rigidity of the
phonon modes, then always flow towards the stable FR-WF
fixed point. Upon approaching this fixed point, the velocity
of longitudinal phonons asymptotically vanishes as a function
of the correlation length & with a power law. Microscopically,
the crystal thus only destabilizes asymptotically for £ — oo
but remains stable at any finite distance to the FR-WF fixed
point. In contrast, the macroscopic stability is determined
by the bulk modulus that is found to reach zero at a finite
distance to the FR-WF fixed point. Whether the macroscopic
instability develops or not, however, again depends on the im-
posed boundary conditions. Moreover, if elastic anisotropies
are taken into account, the crystal becomes microscopically
unstable at a finite value of £ leading to a first-order transition
irrespective of the boundary conditions.

It is an obvious question in which sense these results
generalize to quantum criticality. It is rather straightforward
to obtain the criterion for a nonperturbative elastic coupling
to quantum criticality [3,26]. Generally, close to a second-
order quantum critical point the ground-state energy varies
as a function of the tuning parameter r as 8Ey ~ |r|>~% with
the exponent . If the tuning parameter either depends on
pressure or volume, this amounts to a correction to either the
compressibility or the bulk modulus proportional to 3?8 E, that
diverges for r — 0 if a; > 0. The exponent ¢, is thus the
quantum analog of the specific heat exponent « for classical
criticality. Assuming hyperscaling with the dynamical critical
exponent z and the correlation length exponent v of the quan-
tum phase transition, the criterion for a nonperturbative elastic

coupling to quantum criticality amounts to
a;=2-v(d+z)>0. €))

This can be also formally obtained from the classical criterion
by replacingd — d + z.

In Ref. [26], it was pointed out that the criterion
Eq. (1) might be fulfilled at quantum critical points of low-
dimensional spin systems. Moreover, the critical temperature
for the elastically induced, putative first-order transition was
estimated for the field-driven quantum critical point of the
spin-ladder compound (CsH;,N),CuBry. The criterion is also
marginally fulfilled at a quantum Lifshitz transition in d = 2
and, indeed, a large lattice softening as a function of tem-
perature was recently observed at the two-dimensional Van
Hove singularity of SrRuQO4 [27]. An interesting scenario
of a quantum annealed criticality was proposed in Ref. [28],
which involves a quantum critical point that does not fulfill
the criterion Eq. (1) and stays second order but terminates a
line of classical phase transitions, which are converted to first
order by elastic coupling.

A serious study going beyond perturbation theory and con-
sidering quantum criticality in the presence of a coupling to
isotropic elasticity was carried out by Chandra et al. [28].
They considered a Lorentz invariant Ising ¢* theory with
dynamical exponent z = 1 that exhibits a WF fixed point in
d = 3 — e dimensions for € > 0. They followed the approach
of Larkin and Pikin [15] and first integrated out all elastic
degrees of freedom. This results in an effective quantum the-
ory for the order parameter that contains (i) an infinite-range
interaction in space-time and (ii) an interaction that is non-
analytic in frequency-wave-vector space. From the latter, only
the zero frequency limit was retained, which just renormalizes
the local interaction while the rest is disregarded, claiming
that it is irrelevant with respect to the WF fixed point. Re-
markably, Chandra et al. found that the interaction (i) is not
only of infinite range in space as in the classical problem
but simultaneously of infinite range in time. Decoupling this
infinite-range interaction via a Hubbard-Stratonovich trans-
formation, the authors arrived at a nonanalytic Landau theory
for an auxiliary field generalizing the result of Larkin and
Pikin to the quantum realm. This suggests, in particular, for
€ > 0, the existence of a quantum version of a FR-WF fixed
point.

Another investigation of the O(N) symmetric version of the
same model was recently performed by Samanta et al. [29].
Elastic degrees of freedom were also integrated out but the
infinite-range interaction (i), which is key to this problem,
was then omitted. The interaction (ii), that is nonanalytic
in frequency-wave-vector space, was expanded in terms of
a spherical harmonic decomposition and truncated at some
order. The resulting theory was analyzed in terms of a RG
treatment in d = 3 — € dimensions. It was found that the in-
teraction (ii), in contrast to the claim of Ref. [28], destabilizes
the WF fixed point for N < 4.

Given these two contradicting theories, the fate of a quan-
tum critical point in the presence of an elastic coupling is
currently unsettled. Various questions arise: How does the
quantum system behave if the criterion Eq. (1) is fulfilled?
Does the crystal necessarily undergo a first-order isostructural
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transition or can it be stabilized by pinned boundary condi-
tions? Does a quantum version of a FR-WF fixed point exist,
as suggested by the results of Chandra et al. [28]? Could
the crystal become unstable even if the perturbative criterion
Eq. (1) is not fulfilled? To shed light on these questions, we
also consider in the present paper the Lorentz invariant quan-
tum critical ¢* theory with O(N) symmetry and a coupling
to isotropic elasticity. Following the approach of Bergman
and Halperin [19], we perform a RG analysis of the quantum
problem at temperature 7 = O treating both critical and elastic
degrees of freedom on the same footing.

The following sections are organized as follows. In Sec. II,
the field theory is defined, and its infrared singularities are
discussed in Sec. Il A. The one-loop RG equations are pre-
sented in Sec. II B and discussed in Sec. II C. The macroscopic
stability of the crystal is analyzed in Sec. II D. In Sec. III, the
results are summarized and discussed.

II. QUANTUM CRITICAL ¢* THEORY COUPLED
TO ISOTROPIC ELASTICITY

We consider a Euclidian field theory, S = foﬂ dt [drL,
for the N component vector field ¢p(r, T) and the displacement
field u(r, v) governed by the Lagrangian density £ = Ly +
L+ £¢_52

Ly = 2(0:0)" + 2(3:9)° + r¢’1 + L@, ()
L= %p(aru)z + %Sijcijklé‘kl, 3)
Ly =r¢ tr{e;). (4)

The critical part £, is given by the Lorentz invariant ¢* theory
with velocity c, tuning parameter r, and self-interaction u. The
elastic part £, depends on the mass density p and the elastic
constant tensor C;ji;. For a cubic crystal, it possesses only
three independent components, i.e., Cyj, Cj,, and Cy4 in Voigt
notation. They are related to the bulk modulus K and shear
modulus u:

K = %Cll + %Cm, 1 = Cys. (5)

The anisotropy of the cubic lattice can be quantified by the
anisotropy index A = 2Cy4/(Cy; — C12) and, in the following,
we focus on an isotropic crystal A = 1. The strain tensor
in terms of the displacement field is given by ¢&;(r, 7) =
%(aiuj (r, T) + dju;(r, )). As already alluded to in the Intro-
duction, the uniform part [ dre;;(r, T) plays a particular role;
its effective potential determines the macroscopic stability of
the crystal. Finally, A is the elastic coupling that maintains
O(N) symmetry of the order parameter field.

At zero temperature and spatial dimensions d = 3, both
the self-interaction u as well as the elastic coupling A are
marginal with respect to the Gaussian (G) fixed point at r =
0. For A =0, the theory for the order parameter possesses
Lorentz invariance with dynamical exponent z = 1, and it is
at its upper critical dimension d + z = 4. As a consequence,
for € =3 — d > 0, the coupling u becomes relevant and the
Gaussian fixed point is unstable towards the WF fixed point.
In the following, we will determine the influence of a finite
elastic coupling A on the RG flow. We will concentrate on the
noncondensed phase r > 0 at zero temperature.

{0

\ /
N 7

)

(a) (b) ()

FIG. 1. Self-energy diagrams (a) and (b) for the order parameter
field ¢, and (c) for the phonon field u. The solid and dashed lines are
¢ and u propagators.

The fluctuations of the order parameter around the Gaus-
sian fixed point are characterized by the Green’s function

Sup
W+ 32+
where o, B € {1, .., N}, g = |q| and w is a bosonic Matsubara

frequency. The fluctuations of the nonuniform strain compo-
nent with g # 0 are governed by the phonon Green’s function,

D (g, w) = ((po” + D(@) ")
I L 8ij — qig;

0 w2+ciq2 0)2+C%~q2 ’
where i, j € {1,2,3} and § = ¢q/q. The dynamical matrix

Dit(q) = q;q:Cjju, and the longitudinal and transversal sound

velocities are given by ¢, = /(K +4ur/3)/p and cr =
1L/ p, respectively. As the strain enters the elastic coupling
only via its trace, only longitudinal phonons couple to the
order parameter field.

Gy)(g. ) = (6)

(N

A. Logarithmic singularities at one-loop order

In the following, we determine the logarithmic singulari-
ties generated by one-loop self-energy and vertex corrections
in d = 3. The self-energy diagrams are displayed in Fig. 1,
where the solid line and dashed line correspond to a G
and D Green’s function, respectively. The diagrams in Figs.
I(a) and 1(b) contribute to the self-energy for the ¢ field,
G (g, w) = (G9(q, w))"! — X(q, w), and Fig. 1(c) con-
tributes to the polarization for the phonons, D~ !(q, w) =
(DD(g, w))~! — I1(q, ). We obtain

u
Y(q, w) = —2(2N + 4)511 +4)%L(q, w), ®)

I1;(q, ®) = 2NA*Lqiq;, )

where the integrals I; with j = 1, 2, 3 are specified below. We
already neglected the wave vector and frequency dependence
of I1(q, w) ~ I5(0,0) = I3 because it does not give rise to
singular corrections.

The vertex diagrams for the self-interaction of the ¢ field
and the elastic coupling are listed in Figs. 2 and 3, re-
spectively. By power counting, singular corrections are only
expected for the local interaction ¥ — u 4+ Su and A — X +
8A and we find

2
Su=—(4N + 32)%13 +242%uly — 9615, (10)

us 3
51=—(@N +8) 7L +41°L, (1

with additional integrals I; with j =4, 5.
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(a) (b)
| | |
() (d)

FIG. 2. Vertex diagrams for the ¢* interaction. (a) is the bare
vertex u and (b)—(d) are vertex corrections.

The integrals are explicitly given by

dqd 1
L= | S , (12)
Qm)d+t w2 + c2g% + r
| [ dgdew 1
I /’ / —
2g. @) o] @G W+ AP+
( I_|_ 2
x——— qz) . (13)
(0" + w) +CL(q +q)
Moreover, I35 = —‘Z—’r‘, Iy = —w, and I5 = _%;171%' We

found it convenient to evaluate the integrals over the full
frequency range but to introduce a UV cutoff A for the wave-
vector integrals. Extracting the cutoff dependence from the
integrals, we obtain

- 2,2
I ~ P [c"A“ —rIn A], (14)
1 1 2
L~ A2 ZEEC A
8m2p c3cr(c+cr) c+cp

! ! 2 lop InA. (15)
— W — =c nA.
472p ccp(c +cr)? 3 K

Using these results, we will derive the RG equations in the
next section using a Wilsonian scheme. The dependence of
the integrals /; on A will only influence the initial RG flow.
In the following, we concentrate on the In A dependencies that
will control the flow at large wavelengths and low energies.
We verified that the same one-loop RG equations are obtained
by using instead a dimensional regularization scheme.

e

(a) (b) (c)

FIG. 3. Vertex diagrams for the elastic coupling. (a) is the bare
elastic coupling A and (b), (c) are vertex corrections.

B. Renormalization group equations

We perform a Wilsonian RG analysis by subsequently in-
tegrating out simultaneously ¢ and # modes with large wave
vectors. After integrating out a momentum shell g € [A/b, A]
with b > 1 and Inb <« 1, we rescale wave vectors and fre-
quencies according to

q=4'/b, o=/, (16)

where we find it convenient to rescale frequencies with an
arbitrary dynamical exponent z. In addition, the fields are
rescaled,

d+3z

d(q. ) =/Zsb > ¢'(q, ), (17)
u(g, w) = VZ,b"> (g, o), (18)

where Zy and Z, are wave-function renormalizations and d is
the spatial dimensionality. Finally, the parameters are rescaled
according to

6'2 — c/2 (Z¢b(22—2)), ci — C/LZ (Zub(2z—2)),
w=u[(Z2D), k=N )(ZyZb D),
r = r’/(Z¢b2Z). (19)

Imposing the RG conditions

_ _ —0
G0, 0)lm = @*, DN )0 pa?,  (20)

we obtain the following set of differential RG equations up to
one-loop order:

dz, 1 e
. A— @1
de w2p ccp(c+cr)?
dr 1 A2 1 2c4c¢L A2
22— — + -
de m2pccr(c+cr)?  2mlpci(c+cp)? 3
N+2u
A e 2
4872 c3)r’ @2)
dc? 4 A2 2
L _(2—2- 2, (23)
de 3n2p ccp(c+ cr)?
dc; N A\,
L _ (g2 22 )2, 24
de ( ¢ 4%p c%c3>cl“ (24)
d_u — Go—dyu— (N +38) u_2 L4c2+9ch+36% 2
de 4872 3 7wlp Aeplc+cr)?
12 C2+33€CL+C%A4, 25)
w2p? Scj(c+cr)?
dr 5z—d—2+ 1 3c+c ., NA4+2u
de 2 212p c3(c+ )3 4872 3 )7
(26)

where we abbreviated £ = In b. In addition, we find dZ,, /d{ =
0 at this order. The first equation, Eq. (21), generates an
anomalous dimension for the order parameter field ¢. The
second equation, Eq. (22), describes the flow of the tuning
parameter 7 and determines the correlation length exponent of
the transition. Equations (23) and (24) represent, respectively,
the flow of the velocities of the ¢ field and the longitudinal
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TABLE I. Three fixed points characterize the RG flow in d = 3 — € spatial dimensions. At zero elastic coupling A> = 0, there exists the
conventional Gaussian (G) and Wilson-Fisher (WF) fixed point of the ¢* theory with a vanishing or finite self-interaction i, respectively. At G
and WE, the ratio of velocity ¢ = ¢, /c assumes a finite value, 9 € R.. For € > 0, the elastic coupling A2 is relevant with respect to G and
with respect to WF in case N < 4; see last column. An additional fixed point WF* then arises in the limit # — 0 for which the elastic degrees

of freedom can be characterized by a dynamical exponent Zpponon 7 1.

din|i|

>
[

Fixed point s i Zphonon o l2=0
G R 0 0 1 £
WF R.o e 0 1 1k,
WE*(N > 4) 0 e LI + e n/a

phonons. The elastic coupling A explicitly breaks Lorentz
invariance triggering the flow of ¢ and c;. Note that this can
also be interpreted as a correction to the dynamical exponent
z # 1 by demanding the vanishing of one of the corresponding
B functions. Choosing, however, z = 1, both velocities will
decrease under RG transformation. Finally, Egs. (25) and (26)
describe the flow of the vertices.

The RG flow of the four equations, Egs. (23)-(26), is cou-
pled. It turns out that the flow can be simplified and the four
coupled equations can be reduced to only three by introducing
the dimensionless parameters

crL u 22 A2 7
c 41¢%° M= 2pcic3’ @7
: L

where ¢ is the ratio of the two velocities. Their RG flow is
governed by the closed set of equations

o 1 (16 2 -
— = ———— —N? |)%, (28)
de 472\ 3 (14 0)3
di . N+8_, 602+ .,
— =il — i+ = ———iik
de 272 72 (1+9)2
2 9(1 439 +92%).
& 1+ + ))»4, (29)
2 (1+9)

72 . N+2.., 1 4\
AN ¢ B i — (N4d— — )i
e~ € " 2712< 1+0)

(30)

where we have set d = 3 — €. Note that, remarkably, these
equations do not depend on the so far arbitrary dynamical
exponent z.

For completeness, we also list the RG equations for Zy, the
tuning parameter r and the velocities in terms of dimension-
less variables:

iZy 2 b o an
e w2493
dinr N+2 1 92G+9) -,
- i+ 20T V5 (3
T e T T A x ey (32)
din 8 9 o o)
e = a2 (1+0)
dlncz N -,
—2—2— 32 34
e < 272 34

C. Renormalization group flow and fixed points

For a vanishing elastic coupling A = 0, the equations re-
duce to the well-known RG equations of the ¢* theory with a
Gaussian (G) and a WF fixed point at r = 0, see Table 1. Note
that at both fixed points the dynamical exponent is z = 1; this
ensures that both velocities, ¢; and ¢, remain invariant under
RG transformations.

The scaling dimension of the dimensionless elastic cou-
pling at A2 = 0 is

N+2_

din|%
njA e i, (35)

de = 2 272

The elastic coupling is relevant and nonperturbative if the
right-hand side is larger than zero. This indeed coincides
with the criterion given in Eq. (1), ¢y =2 —v(d +2) > 0,
as we demonstrate in the following. At 22 =0, the correla-
tion length exponent reads 1/v = d;‘z’ 5200 =2 — g;fﬁ and

z = 1. So, we get up to corrections of order O(ii?, ii€):

€ N+2_
Olq|5\2=0=§— 2712 u.

(36)

At the Gaussian fixed point, i = 0, and the elastic coupling is
relevant for € > 0. At the WF fixed point, i = %e and the
elastic coupling is relevant for N < 4.

For finite A # 0 and N > 1, the velocity ratio ¥ always
flows to smaller values, and its RG equation Eq. (28) only
vanishes for ¥ = 0. As both velocities decrease under RG,
it follows that the longitudinal phonon velocity c¢; decreases
faster than c. The flow is towards an instability of the crystal,
as will be further discussed below. Interestingly, Eq. (28) also
vanishes for a finite ratio ¥ provided that N < % ~ 0.79,
potentially giving rise to a nontrivial fixed point. In the fol-
lowing, however, we focuson N > 1.

In the limit ¥ — 0, an additional fixed point WF* arises
in the set of RG Eqgs. (28)—~(30) with a finite value for the
dimensionless elastic coupling 12; see Table I. This new fixed
point is only present in the case that A is irrelevant with
respect to the WF fixed point. If, however, 1> exceeds a
threshold value, it enables a flow towards strong coupling, as
will be discussed in more detail below. Interestingly, WF* can
be characterized by a renormalized dynamical exponent for
the phonon degrees of freedom, Zphonon # 1, by demanding
that the scaling dimension of the longitudinal phonon velocity
vanishes, see Eq. (34).
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FIG. 4. RG flow for d = 2.99 dimensions (¢ = 0.01), ¥ < 1
and 1 < N < 4. Both the G and WF fixed point are unstable with
respect to A2 resulting in runaway flow. For N = 4, the elastic cou-
pling is only marginally relevant with respect to WE.

The direction of the RG flow within the (i, 1?) plane is
determined by the matrix

J di d di
9 dt Frern
2412 a di?
am de %2 de
oo (€= 50 0
= N+252 1 n52 ] GD
—=5EA €+ —(NA” — (N +2)ir)

In the limit ¢ — O, the flow is along the two directions (0,1)
and (6ii + NA2, (N + 2)A?) with eigenvalues € + 5 (NX* —
(N +2)it) and € — N;ZS i1, respectively. Using the respective
fixed point values for i and 12, this also specifies the scaling
fields and scaling dimensions of each fixed point. In the fol-
lowing, we will discuss in more detail the RG flow for various
representative examples.

1. RG flow for d = 2.99 dimensions

Below three spatial dimensions, € > 0, the Gaussian fixed
point is unstable with respect to both i and A%. The flow
for A2 = 0 is towards the stable WF fixed point, but for fi-
nite A> > 0 it depends on the number of components N. For
1 < N < 4, on the one hand, the WF fixed point is unstable
and the flow is always towards strong coupling, see Fig. 4.
For N > 4, on the other hand, the WF fixed is perturbatively
stable, see Fig. 5. In this case, however, the repulsive fixed
point WF* emerges such that the flow is towards strong
coupling for sufficiently large A%. The separatrix within the
(i1, A*) plane, that separates weak from strong coupling flow,
possesses the slope (N —4)/N for ¢ — 0, which can be
obtained from the scaling variables of WF*, see Eq. (37).
For N =4, this slope vanishes and the two fixed points
WF and WF* merge while A% remains relevant albeit only
marginally.

In the following, we will further elaborate on the RG flow
for N > 4, where both fixed points, WF and WF*, are present.
To elucidate the physics of the runaway flow, we present in
Fig. 6 the flow of the dimensionful variables c; and X as well

™
<

FIG. 5. RG flow for d = 2.99 dimensions (¢ = 0.01), ¥ < 1
and N > 4. The G and WF fixed points are unstable and stable,
respectively. The additional fixed point WF* is repulsive with respect
to A2, leading to runaway flow for sufficiently large elastic coupling.

as the dimensionless coupling A? for starting values below
and above the separatrix. The flow of the longitudinal phonon
velocity ¢y is always towards smaller values. For starting
values above the separatrix, the flow of A% is towards strong
coupling and the phonon velocity ¢, vanishes at some finite
RG scale £*, see Fig. 6(b). For starting values within the basin
of attraction of the WF fixed point, see Fig. 6(c), the dimen-
sionless elastic coupling 1> flows sufficiently fast to zero such
that the flow for ¢, stops and the phonon velocity remains

=

)
~
*

0.0 e
100 102 104
!

FIG. 6. RG flow for d = 2.99 and N = 5 of the phonon velocity
¢y, the elastic coupling A, and the dimensionless elastic coupling A2
using starting values ¢o = 1, co, = 0.1, and uy = 0.5. The starting
value for (b) Ao = 0.015 is located above the separatrix as indicated
in (a), leading to runaway flow: the phonon velocity vanishes at some
finite RG scale €* marked by the dashed line. The starting value
for (c) Ao = 0.009 is located below the separatrix, and the flow is
towards the WF fixed point. Here, the velocity ¢, saturates at a finite
value.
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FIG. 7. RG flow for d = 2.99 and N =5, illustrating the influ-
ence of the WF* fixed point. Starting values just below the separatrix
are chosen, ¢cp = 1, ¢, o = 0.3, up = 0.1, and 1y =~ 0.0163. The re-
sulting flow within the (i, A2) plane is shown in (a). (c)—(f) Phonon
velocity ¢, the dimensionful interactions u and A, as well as the
dimensionless elastic coupling A2 as a function of the RG scale £,
respectively. The shaded region indicates the range of £ governed
by a specific fixed point, whereas the white regions correspond to
crossovers. Initially, the flow is still influenced by the Gaussian fixed
point G. There is an extended range of £ where the flow is dominated
by WF* leading to an exponential dependence of the phonon Velocity
on ¢ with the expected exponent 8z = 55—t ~ 3.846 x 107*,
shown in more detail in (b). Eventually, the flow is governed by the
WE fixed point when A2 drops quickly to zero.

finite at lowest energies. Note, however, that this does not
automatically imply that the crystal remains macroscopically
stable, see Sec. II D.

The influence of the WF* fixed point materializes if the
initial values are located on or very close to the separatrix. In
this case, the phonon velocity eventually decreases as ¢ (£) ~
e~%¢ that can be interpreted as a correction to the dynamical
exponent of the phonons zpnonon = 1 + 8z, see Table I, where
dz= ;%je This is illustrated in Fig. 7.

2. RG flow for d = 3 dimensions

At the upper critical dimension d = 3, both couplings #
and A? are marginal and the RG flows only logarithmically.
In general, the solution of the three coupled Egs. (28)—(30) is
involved but it simplifies in the limit of small ¢ « 1. The flow
within the (i, %) plane is then asymptotically described by

dii N+38) ,
—_— R —_—Uu s

det 272 (38)

di? N+2) - N

a2 N+ N

de 72 272
The first equation is independent of A2, and it possesses the
solution

Pl (39)

i) = ———, (40)

where i1(0) = iy is the initial value of the asymptotic flow
and we abbreviated a = (NTJ’E) This implies that &, on the
one hand, is always marginally irrelevant with the asymptotic
behavior & ~ (N +8)£ The Gaussian fixed point, on the other
hand, is always unstable with respect to the elastic coupling.

Solving the second equation at i = 0, one finds A%(£) =
22/ - AZ%ZK) with a pole at the RG scale £* = 272/(A2N),
with the initial value A%(0) = 5\% of the asymptotic RG flow.
The dimensionless elastic coupling thus reaches infinity at a
finite RG scale £*, implying that the phonon velocity c; van-
ishes at a finite value of the correlation length £* = get =
£0e>™ /0N where &) is a microscopic length scale on the
order of the inverse momentum cutoff. This length scale is
exponentlally large in 1 /kz for small dimensionless elastic
coupling )‘o

The behavior within the (i, %) plane away from the two
axis depends on the number of components N reminiscent of
the behavior for finite €. The general solution reads

Nedg
=2 (’“—*““—0—1)(,1;, Zﬂ)%ﬂﬂ o forN # 4
FO=10 s ' @)
3iigA B
(aii€+1)(3ig—23 In (aitg€+1)) forN = 4.
For 1 < N < 4, we find that the elastic coupling A2 diverges at

a finite RG scale £*, implying that the axis A> = 0 is unstable
with respect to a small elastic coupling. For N > 4, the flow
is only towards strong coupling provided that the initial value
of the elastic coupling exceeds the threshold value,

- N -4
AS>

it, (42)

which also defines the separatrix separating the flow to strong
and to weak coupling. This is illustrated in Figs. 8 and 9.

In the case of a flow to strong coupling, A%(¢) reaches
infinity at the RG scale:

N+8
1 (1 =22 m)sv 1 forN +#4

= — (m v i) 43)
o | o7 — 1 forN = 4.

In the limit il < A3, this reduces to the scale £* = 272 /(A2N)
already discussed above, whereas in the opposite limit
ity > A for N < 4,

4=N i\ 17
E*mi (jﬁ) -’
2
0

forN < 4
(44)

e forN =4,

the scale £* is polynomially or exponentially large in i /Xé
for N < 4 and N = 4, respectively. Consequently, the length
scale £* = £ye’” at which the phonon velocity vanishes is also
very large.
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FIG. 8. RG flow at the upper critical dimension d = 3 for ¥ « 1
and N > 4. There exists a separatrix below which the flow is towards
the Gaussian fixed point. Above the separatrix, the flow is towards
strong coupling.

D. Microscopic and macroscopic instability of the crystal lattice

The RG flow discussed in the last section characterizes the
microscopic fluctuations of the ¢ field as well as the longitudi-
nal acoustic phonons within the bulk of the system. When the
flow of the dimensionless elastic coupling is towards strong
coupling, 22 = 0o, we found that the longitudinal phonon
velocity, ¢y, vanishes at a finite RG scale £*, see, for example,
Figs. 6(b) and 9(c). This signals a microscopic elastic insta-
bility within the bulk of the crystal that develops at a finite
value of the correlation length &* = & e’". Such an instability
will generically trigger a first-order isostructural transition
irrespective of the boundary conditions.

If the RG flow of A is either towards weak coupling 1>—0
or towards the fixed point value of WF*, the longitudinal
phonon velocity ¢y, respectively, remains finite at all scales,
see Figs. 6(c) and 9(e), or it vanishes only asymptotically for
£ — oo, see Figs. 7 and 9(d). This implies that at any finite
RG scale ¢, the microscopic phonon degrees of freedom are
stable.

However, this does not imply that the crystal also remains
stable macroscopically. The macroscopic elastic stability of a
crystal is generally determined by the elastic moduli, which
are required to be positive. If the bulk modulus K vanishes for
free boundary conditions, i.e., at constant hydrostatic pressure
P, the crystal becomes unstable. This isostructural instabil-
ity generically results in a first-order transition because the
Landau potential for the bulk strain possesses a cubic term.
For vanishing K and isotropic elasticity, however, the crystal
might still be stabilized by pinned boundary conditions as
specified by Bergman and Halperin [19].

For isotropic elasticity, the longitudinal and transversal
sound velocity, see Eq. (7), are given in terms of the bulk and
shear moduli by

c2—1<K+4M) cz—lu (45)
L p 3 ’ T p *

Importantly, at a macroscopic instability where the bulk mod-
ulus K vanishes and eventually turns negative, both phonon
velocities remain finite. As a result, the isostructural transition

In/
15 20 25 30
In(c,) = —0.03851n ¢
=28
B (b)
—3.2
0.1 L
A
(c) 0
0.0 *
0.1
. \
0.0

00 S :
102 10* 100 108 10'0 10"
¢

FIG. 9. RG flow for d =3 and N =5 of the phonon velocity
c,, the elastic coupling A, and the dimensionless elastic coupling 1>
using starting values ¢o = 1, ¢, o = 0.1, up = 0.1. (a) illustrates the
choice for the starting value of A. For (c), (d) and (e), the starting
values Ao = 0.006, 1y ~ 0.0045, and X, = 0.003 are chosen that are
located above, on, and below the separatrix, respectively. Above the
separatrix (c) the phonon velocity vanishes at a finite RG scale £*. On
the separatrix (d), the phonon velocity vanishes algebraically with £
with exponent s2=% = 0.03846.., as illustrated in (b). Below the

o 2(N+8) R R
separatrix (e), ¢, saturates in the large ¢ limit.

of a crystal is a genuine mean-field transition without critical
phonon fluctuations [1]. As the transversal phonon modes do
not couple to the ¢ critical degrees of freedom, cr is invariant
under RG transformation and so is the shear modulus w. The
RG flow of the bulk modulus K is therefore determined by the
one of the longitudinal velocity:

3
K(t) = p(ci(e) - Zc%). (46)

Note, in particular, that this holds because we obtained at one-
loop order Z, = 1 for the wave-function renormalization of
the phonons. As c¢; decreases under RG, the bulk modulus
vanishes at an RG scale £}, where ¢ (€,,) = 3¢%. Due
to the finite shear modulus, the macroscopic elastic instability
of the crystal, in general, preempts the microscopic instability.

Consequently, when the dimensionless elastic coupling 1>
flows to strong coupling, there exists always a finite scale
£ aero < €%, where K(£5...,) =0 and the crystal becomes
macroscopically unstable at constant P before the microscopic
instability develops at £*. However, such a macroscopic insta-
bility can also exist even when the flow of A2 is towards weak
coupling. In this case, ¢;, decreases during the RG flow as long
as AZ? is finite but ¢, eventually saturates at a finite value, see

Figs. 6(c) and 9(e). If this saturation value implies a nega-
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o

!
FIG. 10. Diagram with a closed loop of the ¢ propagator (solid
line) that generates an internal hydrostatic pressure.

tive bulk modulus K(£) < 0, there exist even in such a case
a critical RG scale £% .~ where the macroscopic instability
develops. We conclude that a macroscopic elastic instability
can occur even when the microscopic elastic degrees of free-
dom remain noncritical and the flow of A2 is towards weak
coupling.

A special situation arises when the elastic coupling flows
towards the WF* fixed point. In this case, the longitudinal
phonon velocity ¢z (£) ~ e~%:¢ vanishes as a function of in-
creasing correlation length £ = £ye’ with a power law

oL~ ET, (47)
with 82 = Zphonon — 1 = ﬂ%—f&e > (; see Table I. In this case,

a critical RG scale £}, . also exists where the bulk modulus
vanishes. For free boundary conditions at constant hydrostatic
pressure P, the vanishing of the bulk modulus will trigger a
first-order transition, thus preempting the flow towards WF*.
However, for pinned boundary conditions the first-order tran-
sition might be avoided such that the asymptotic properties of
the new fixed points become accessible.

At the upper critical dimension d = 3, the flow is always
towards strong coupling for N < 4. For N > 4, it depends
on the initial conditions, and the flow is only towards strong
coupling for sufficiently large values of A>. The weak coupling
flow on the separatrix is governed by the asymptotic behavior,
see Eq. (41):
23N —4) 1

N(N +8) ¢
Plugging this into the RG equation for the phonon velocity
Eq. (34), we obtain

cr ~ [In(& /&))", (49)

as a function of £ = £ye’. On the separatrix, the phonon veloc-
ity thus vanishes logarithmically reminiscent of the behavior
in Eq. (47); see Fig. 9. Below the separatrix, the flow of ¢y is
found to saturate at a finite value. Whether an elastic first-
order transition develops for the weak coupling flow again
depends on the value of the shear modulus and the boundary
conditions.

The ¢ degrees of freedom also generate an internal hydro-
static pressure on the bulk strain. This pressure is proportional
to the closed loop of the ¢ propagator; see Fig. 10. The
resulting response of the system also depends on the bound-
ary conditions. For pinned boundary conditions, this internal
pressure is compensated by the external forces imposing the
boundary conditions. For free boundary conditions at constant
P, the macroscopic bulk strain £ will respond to the internal
pressure. In this manner, the critical ¢ degrees of freedom
cause a nonanalytic dependence of the expansivity E(r, T') on
the tuning parameter r and the temperature 7'. This results in a
bulk thermal expansion d7 E with characteristic quantum criti-
cal signatures [30,31]. However, if the bulk modulus becomes

32 ~ (48)

small and the system is close to the isostructural instability,
Hooke’s law will break down and the elastic response will be
nonlinear.

III. SUMMARY AND DISCUSSION

A stability analysis of a second-order quantum critical
point with respect to an elastic coupling predicts a breakdown
of perturbation theory if the criterion of Eq. (1) is fulfilled,
ie., ay=2—v(d+z) > 0. In the present paper, we con-
firmed this explicitly for the ¢* theory with O(N) symmetry
and dynamical exponent z = 1 close to spatial dimensions
d = 3 — €, assuming isotropic elasticity. The WF fixed point
possesses the exponent o, = E% and, consistent with ex-
pectations, it is unstable with respect to an elastic coupling
for 1 < N < 4. We found that this coupling flows under RG
transformation towards strong coupling, A> — oo, see Fig. 4.
In this case, the longitudinal phonon velocity vanishes at a fi-
nite RG scale £*, triggering a microscopic elastic instability at
a finite value of the correlation length £* = £ye’". As a result,
the crystal becomes microscopically and macroscopically un-
stable, resulting in a first-order isostructural transition for any
boundary conditions, in particular, for both constant hydro-
static pressure P and constant volume V. For N = 4, we find
that the elastic coupling remains relevant but only marginally.

For N > 4, the exponent o, < 0 and the impact of an
elastic coupling is expected to be perturbative. Consistent with
this expectation, the RG flow for small % is found to be
towards weak coupling, X2 = 0; see Fig. 5. However, if A2
exceeds a threshold value, the situation turns out be qualita-
tively different. The presence of a repulsive fixed point WF*
gives rise to a separatrix beyond which the flow of A? is again
towards strong coupling, that again induces a first-order tran-
sition for any boundary conditions. On the separatrix, the flow
is towards the fixed point WF*, and the dimensionless elastic
coupling flows towards a constant value. As a consequence,
the longitudinal phonon velocity will decrease as a power
law with increasing correlation length, ¢, ~ £7%2 where the
exponent 82 = Zphonon — 1 can be interpreted as a correction
to the dynamical exponent of the phonons; see Table I. In
this case, the velocity ¢, vanishes only asymptotically such
that for any finite & the crystal remains microscopically stable.
However, the bulk modulus vanishes at a finite value of & and
whether the crystal remains macroscopically stable depends
on the boundary conditions. For free boundary conditions, i.e.,
at constant hydrostatic pressure P, a first-order transition is ex-
pected, while for pinned boundary conditions the macroscopic
elastic instability might be avoided, stabilizing the criticality
of the new fixed point WF*.

If the flow of A? is towards weak coupling, the phonon
velocity ¢p saturates at a diminished but finite value, and
microscopically the crystal remains stable. Depending on the
shear modulus, a macroscopic instability can still develop in
the case that the bulk modulus turns negative; see Eq. (46).
Similarly as before, it depends on the boundary conditions
whether the system then undergoes a first-order isostructural
transition or not.

At the upper critical dimension d = 3, all fixed points,
G, WFE, and WF* merge. Here, the flow of the elastic cou-
pling A2 for 1 < N < 4 is towards strong coupling inducing
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an elastic first-order transition irrespective of the boundary
conditions. For N > 4, a separatrix still separates the flow to
strong and weak coupling, see Fig. 8, reminiscent of the case
for € > 0. We find that the flow of the longitudinal phonon
velocity on the separatrix now vanishes logarithmically ¢, ~

[In(&/ SO)T%, whereas below the separatrix the flow of ¢,
saturates at a finite value. Here, the macroscopic stability of
the crystal again depends on the boundary conditions.

The sensitivity of the second-order quantum critical point
with respect to the elastic coupling, that we find, is thus
rather distinct from the classical case. In the classical problem
for d =4 — ¢, runaway flow towards strong elastic cou-
pling never occurs because there always exist stable fixed
points [19]. Depending on the number of components N,
either the WF or the Fisher-renormalized WF fixed point is
stable for 1 > € > 0. Itis interesting to compare the RG equa-
tions for the dimensionless couplings Egs. (28)—(30) of the
quantum problem to the classical case. As shown in Ref. [19],
in the classical problem only the RG equations for the di-
mensionless parameters i and A> are coupled. If the theory
is restricted to the zero Matsubara modes, the integrals of
Egs. (12) and (13) instead read

=1 44 1 big.o)) = —=1,.  (50)
== AN ] >y . , W = —> 11,

‘T e M p; !

with the inverse temperature B. Extracting their infrared
divergences, the one-loop RG equations for the same dimen-
sionless couplings Eqgs. (27) but in d = 4 — € dimensions are
obtained [19]:

% _ N+8, 6 -, 2

— =il — — x4, (51
o0~ U amaget g™ T gt O
AA> ~ N+2 ., N+4.
AR e S P ta54 (52)
&I 72Bc 2n2Bc

They can be decoupled, however, after introducing i=ii—
%2, that amounts to a reduced local self-interaction caused
by the elastic degrees of freedom. The RG equation for the
shifted i then assumes the same form as in the absence of
an elastic coupling such that # converges to its value at the
WEF fixed point for € > 0, provided that the theory is stable
it > 0. The remaining RG equation for A> then gives rise to
two solutions such that in total four fixed points are obtained:
G, WE, FR-G, and FR-WF; see Fig. 11.

In the quantum case, the velocities of both the critical
¢ and phonon degrees of freedom, ¢ and c;, flow under
RG because the elastic coupling explicitly breaks Lorentz
invariance. Their ratio ¢ = ¢ /c also flows and influences the
RG trajectories of both dimensionless couplings & and 12,
signaling that space and time are intertwined at the quantum
critical point. Interestingly, if we consider the limit ¥ — oo
in the RG equations for i and A2, Egs. (29) and (30), they
acquire the same form as in the classical problem. This is
consistent with the result of Ref. [28], which suggests that

r

N\

FIG. 11. RG flow of the classical problem [19] for d =4 — ¢
with e = 0.01 and 1 < N < 4. There are four fixed points: Gaussian
(G), Fisher-renormalized Gaussian (FR-G), Wilson-Fisher (WF),
and Fisher-renormalized Wilson-Fisher (FR-WF). The FR-WF fixed
point is stable within the (i, 1?) plane, where i = ii — A2, and there
is no runaway flow. For N > 4, the WF fixed point is instead stable
with respect to the elastic coupling A2 (not shown).

in the limit of vanishing mass density p — 0, i.e., ¥ — o0,
the quantum problem in d = 3 — € possesses the same fixed
point structure as Eqgs. (51) and (52). The fact that we found
distinct behavior in the quantum theory can thus be traced
to the RG flow of ¥ that does not flow to infinity but rather
towards zero under RG transformations for N > 1. Note that
the flow ¥ — 0 is characteristic for the quantum critical point
considered in this paper; for other quantum phase transitions,
the ratio of velocities could exhibit different scaling behavior,
see, for example, Ref. [32].

In this paper, we limited ourselves to isotropic elasticity.
In the classical case, it was found that anisotropic elas-
ticity increases the tendency towards a microscopic elastic
instability and thus towards a first-order isostructural tran-
sition [19-21,33]. We leave it for a future study whether
the same holds true in the quantum case. With the caveat
of isotropic elasticity, our results directly apply to certain
dimerized antiferromagnets like TICuCl; [34] that exhibit a
quantum phase transition in the O(3) universality class and
z = 1. We predict that the latter is unstable with respect to
an elastic coupling. The quantum fluctuations will induce
a microscopic elastic instability, eventually leading to an
isostructural first-order transition masking the putative quan-
tum critical point in these materials.
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