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Shear Bernstein modes in a two-dimensional electron liquid
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Bernstein modes are formed as a result of nonlocal coupling of collective excitations and cyclotron harmonics
in magnetized plasma. In degenerate solid-state plasma they are typically associated with magnetoplasmons. A
different type of Bernstein modes arise in two-dimensional electron liquid at sufficiently strong quasiparticle
interaction. We consider Bernstein modes originating from coupling between quasiparticle cyclotron harmonics
and shear magnetosound waves. The latter may be responsible for the giant peak in radiofrequency photore-
sistance observed in high-quality GaAs quantum wells. Using Landau-Silin kinetic equation with an arbitrary
strength of the interparticle Landau interaction, we trace the reconstruction of Bernstein mode spectrum in
high-quality 2D electron systems across the crossover between weakly interacting degenerate electron gas and
the correlated electron liquid. Sensitivity of Bernstein modes to the strength of quasiparticle interaction allows
one to use them for spectroscopy of Landau interaction function in the electron Fermi liquids.
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I. INTRODUCTION

Recent demonstration of hydrodynamic electron transport
[1,2] in ultrapure samples of graphene [3–7], 2D metals
[8,9], and semiconductor heterostructures [10–13] has marked
the practical realization of pristine two-dimensional elec-
tron liquid (2DEL), which dynamics is governed solely by
the electron-electron interaction while the effects of disorder
and electron-phonon interaction are very minor. Experimental
studies of high-frequency response of hydrodynamic samples,
namely their photoresistance in classically strong magnetic
fields, revealed nonsinusoidal shape of microwave-induced
resistance oscillations (MIRO) [14–17] and abnormally strong
absorption at cyclotron resonance overtones [15–19]. The lat-
ter effect is especially pronounced in GaAs quantum wells at
the second cyclotron harmonic [15–17,19].

High-frequency properties of electron liquid are typically
associated with the collisionless collective modes [20,21], and
the effect of giant photoresponse was attributed to excitation
of the two different types of waves. First of them [18,22,23]
are Bernstein modes (BMs) [24,25] in 2D degenerate elec-
tron gas (2DEG) [26,27]. At the wave vectors comparable
to the inverse cyclotron radius, magnetoplasmon and single-
particle excitations are coupled due to nonuniformity of the
self-consistent electrostatic field of the wave at the cyclotron
orbit. As a result, long-wavelength magnetoplasmon disper-
sion splits into series of BM branches between the sequential
cyclotron harmonics.

The second explanation [28,29] of the giant photoresponse
relies on viscoelasticity of 2DEL [30]. At sufficiently high
frequencies, ω � ν2 (here ν2 is the inverse shear stress relax-
ation time determined by the electron-electron collisions), the
viscosity coefficient becomes purely imaginary and propor-
tional to the elastic shear modulus. Behavior of the electron
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liquid is similar to amorphous solid in this frequency domain:
Shear stress density �̂sh(r, t ) oscillates in phase with particle
current density j(r, t ) and thus can propagate in the form
of shear sound, in contrast to attenuation in hydrodynamic
regime ω � ν2 [31]. From the microscopic point of view,
shear wave in electron liquid is represented by transverse zero
sound [32]. It emerges in 2DEL with relatively strong dipole
part of the short-range Landau interaction, when quasiparticle
mass m = (1 + F1)m(0) [33] exceeds the threshold value of
2m(0) [34–37] (here F1 is the spin-symmetric dipole Landau
parameter and m(0) is the effective electron mass before the
interaction is turned on). The required degree of mass renor-
malization has been observed in high-purity semiconductor
heterostructures with low carrier concentration [38–43].

In external magnetic field, shear stress density is de-
termined by the two viscosity coefficients: ordinary (even)
ηs(ω) and Hall (odd) ηH (ω) [44,45], both having resonance
at the renormalized second cyclotron harmonic [46]. This
viscoelastic resonance manifests itself via reconstruction of
the collective excitation spectrum at long wavelengths. Be-
sides the conventional magnetoplasmon, spectrum consists of
the shear magnetosound mode [28,29], which leads to the
giant peak in photoresistance at the second cyclotron har-
monic [15–17,19,28,47]. However, the viscoelastic model is
valid [29] only in the long-wavelength domain for strongly-
interacting 2DEL, while the quasiparticle interaction strength
is arbitrary and dependent on rs in realistic GaAs structures.

In this paper we consider the evolution of collective
mode spectrum of magnetized 2DEL with the increase of
quasiparticle interaction strength. Using Landau-Silin kinetic
equation [20,21,48] we show that the conventional BM pat-
tern of 2DEG is reconstructed at strong quasiparticle mass
renormalization (high F1). The emergent shear magnetosound
mode couples with the quasiparticle excitations and forms an-
other type of BMs. Renormalized second cyclotron resonance
harmonic becomes the main one and the resulting collective
excitation spectrum consists of the two independent series of
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BMs. The conventional BMs are related to magnetoplasmon
and characterized by the longitudinal current polarization,
while the coexisting shear BMs related to shear magnetosound
carry the transverse current density.

II. LONG-WAVELENGTH EXCITATIONS
IN MAGNETIZED VISCOELASTIC 2DEL

Single-particle excitations of magnetized 2DEL are rep-
resented by quasiparticle transitions to higher Landau levels
above the topmost occupied one in the ground state. At large
filling factors, they are characterized by harmonics of the
renormalized cyclotron frequency ωc = eH/mc [33] and the
wave packets describing the excited quasiparticles are local-
ized at circular orbits with cyclotron radius Rc = vF /ωc up to
the Fermi wavelength (here vF is the Fermi velocity). In con-
trast to the weakly interacting 2DEG case, long-wavelength
cyclotron resonance frequencies ω̄n in magnetized 2DEL dif-
fer from the quasiparticle cyclotron harmonics nωc. In 2DEL,
local cyclotron rotation of macroscopic quantities propor-
tional to the angular harmonics of nonequilibrium distribution
function (e.g., current and shear stress densities) is affected
by quasiparticle backflow [20] caused by the short-range in-
teraction. As a result, the rotation frequency associated with
the nth angular harmonic undergoes additional renormaliza-
tion [21,49] and is given by ω̄n = n(1 + Fn)ωc. In particular,
current density rotates with the bare frequency ω̄1 = eH/m(0)c
(main cyclotron resonance harmonic) in consistence with
Kohn’s theorem [50] and the shear stress rotation is governed
by ω̄2 = 2(1 + F2)ωc, see Fig. 1(a).

To describe the collective modes of 2DEL in magnetic
field within the viscoelastic model we combine the linearized
Navier-Stokes and continuity equations for the nonequilib-
rium quasiparticle density δN (r, t ) and current density j(r, t ).
For the waves propagating along Ox with the wave vector q at
frequency ω, the set of equations for the Fourier transformed
quantities δNωq, jωq reads

−iωδN + iq jx = 0, (1)

[−iω+ν̄1 + ηs(ω)q2] jx = [ω̄1 + ηH (ω)q2] jy − iqs2
p(q)δN,

(2)

[−iω + ν̄1 + ηs(ω)q2] jy = −[ω̄1 + ηH (ω)q2] jx. (3)

Here ν̄n = (1 + Fn)τ−1
n denote renormalized effective scatter-

ing rates [20], and ν̄1 � ν̄2 describes momentum relaxation
due to scattering by disorder. Equations (1)–(3) valid at strong
dipole Landau interaction F1 � 1 [29] and qRc � 1 deter-
mine the long-wavelength dispersion of the two types of
waves in viscoelastic 2DEL. The last term in (2) describes
restoring force for the charge density oscillations due to
quasiparticle compressibility and long-range self-consistent
electrostatic field U (r, t ) = ∫

V (|r − r′|)δN (r′, t )dr′. Here
V (r) is the 2D Coulomb interaction screened by metallic gate
introduced to a 2D sample to control the carrier concentration,
its Fourier transform is V (q) = 2πe2

κq (1 − e−2qd ), where κ is
the static background dielectric constant and d is the distance
between the gate and 2DEL. At zero magnetic field, dispersion
of longitudinal [see Fig. 1(b)] plasmon wave ωp(q) = sp(q)q
in 2D and its velocity s2

p(q) = (1 + F1)(1 + F̃0)v2
F /2 are
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FIG. 1. Formation of Bernstein modes in 2DEL with strong
dipole quasiparticle interaction. (a) Cyclotron rotation of current
density, shear stress density and individual quasiparticles (marked
by red circles) in magnetic field. [(b), (c)] Propagation of plasmon
and shear sound in 2DEL: quasiparticle and shear stress densities
in the waves are marked by color, white arrows denote current
density fields, shape of the colored region correspond to the typical
displacement of the finite liquid element under wave propagation.
(d) Long-wavelength dispersions of magnetoplasmon (cyan) and
shear magnetosound (light green) in gated 2DEL and their coun-
terparts at zero magnetic field (dashed lines), white circles mark
the positions of anticrossings with single-particle excitations at nωc

leading to Bernstein modes.

determined by the renormalized [20,48,49] Landau parame-
ters F̃n(q) = Fn + Fc(q)δn0, which describe total quasiparticle
interaction in the n channel consisting of short-range Fn and
Coulomb Fc(q) = DV (q) parts (here D stands for the 2D
density of states). In magnetic field, plasmons are hybridized
with current cyclotron rotation leading to magnetoplasmon
with dispersion

ωmp(q) =
√

ω̄2
1 + ω2

p(q). (4)

Frequency-dependent kinematic shear viscosity coeffi-
cients given by

ηs(ω) = i(1 + F1)(1 + F2)
v2

F

4

ω + iν̄2

(ω + iν̄2)2 − ω̄2
2

, (5)

ηH (ω) = (1 + F1)(1 + F2)
v2

F

4

ω̄2

(ω + iν̄2)2 − ω̄2
2

, (6)

describe viscoelasticity of magnetized 2DEL. In classically
weak magnetic fields ω̄2τ̄2 � 1, viscoelastic properties of
2DEL are similar to the zero-field case: Hall (odd) viscosity
ηH (ω) is negligible and the ordinary (even) shear viscos-
ity ηs(ω) becomes purely imaginary in collisionless domain
ωτ̄2 � 1 [see Fig. 2(a)], enabling propagation of the shear
sound with linear dispersion ωsh(q) = sshq. Its velocity s2

sh =
(1 + F1)(1 + F2)v2

F /4 coincides with the velocity of trans-
verse zero sound [32] in 2D [34] within the applicability
domain of the viscoelastic model (F1 � 1). In contrast to
compression (plasmon) wave, quasiparticle density in trans-
verse shear sound remains constant, hence its dispersion is
unaffected by Coulomb interaction. Due to oscillations of
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FIG. 2. Viscoelasticity of 2DEL in (a) weak and (b) strong mag-
netic fields. ω̄2 = 2(1 + F2)ωc and ν̄2 = τ̄−1

2 = (1 + F2)ν2 denote
renormalized frequencies of the shear stress cyclotron rotation and
relaxation, respectively.

nondiagonal components of the shear stress tensor �xy(x, t )
in the wave, each element of the electron liquid is deformed
in direction perpendicular to the wave vector without volume
change [see Fig. 1(c)]. At classically strong magnetic fields
ω̄2τ̄2 � 1, viscous behavior is reestablished [see Fig. 2(b)] in
the part of the collisionless domain near the shear stress cy-
clotron rotation frequency ω̄2 [see Fig. 1(a)]. This viscoelastic
resonance appearing in both ηs(ω) and ηH (ω) leads to shear
magnetosound mode, representing the second solution of the
system (1)–(3). Its dispersion starts at the second cyclotron
resonance harmonic ωms(0) = ω̄2 and has two characteristic
parts depending on the ratio ω̄1/ωp,

ωms(q) =
⎧⎨
⎩

√
ω̄2

2 − 2ω̄2ω
2
sh/ω̄1 + ω2

pω
2
sh/ω̄

2
1, ω̄1 � ωp√

ω̄2
2 + ω2

sh, ω̄1 � ωp.

(7)

Equation (7) is obtained using the relations ω̄2 � ω̄1 and
ωsh � ωp between characteristic frequencies of the viscoelas-
tic model (provided F̃0, F1 � 1). At ω̄1/ωp � 1, longitudinal
(in current polarization) plasmon and transverse shear oscilla-
tions are mixed by the circularly polarized cyclotron motion.
The corresponding dispersion is characterized by negative
wave velocity at small q due to Hall viscosity. This effect
is similar for hydrodynamic waves in neutral fluids [10]. At
ω̄1/ωp � 1, plasmon and shear waves are separated and dis-
persion equation takes the form ω = −iηsq2 conventional for
the shear sound, but with modified viscosity (5). The disper-
sion ωms(q) in this limit was obtained in [28,29].

Both magnetoplasmon and shear magnetosound are lon-
gitudinal (with respect to self-consistent field) electrostatic
modes in magnetized 2DEL. Their dispersion laws can
be found from zeros of the longitudinal dielectric func-
tion εxx(ω, q) = 0 calculated using Eqs. (1)–(3), while the
poles of εyy(ω, q) responsible for transverse modes are ab-
sent. At short wavelengths qRc ∼ 1, magnetoplasmon is
coupled to quasiparticle cyclotron harmonics near their
crossing points [see Fig. 1(d)], leading to formation of
the conventional BMs. Longitudinal shear magnetosound
generates a different type of BMs via the same mecha-
nism. Since the threshold of the shear sound emergence
in 2D F1 � 1 coincides (at Fn = 0 for |n| � 2) with

inversion of the main and the second cyclotron resonance
harmonics ω̄2 � ω̄1 [see Fig. 1(d)], magnetoplasmon and
shear magnetosound dispersions do not cross and the latter
forms its own series of BMs independently.

III. BERNSTEIN MODES IN 2DEL

To obtain dispersion of BMs in 2DEL we go beyond
the viscoelastic model and use Landau-Silin kinetic equa-
tion [20,21,48] valid in the quasiclassical domain at arbitrary
strength of the short-range interaction. Its linearized form is

∂tδn + [vF ∇ + ωc∂θ ]δn̄ − vF [∇U + eE0]n′
0 = St[δn̄], (8)

where E0 is the external electric field, and θ is the an-
gle between quasiparticle velocity at the Fermi surface
and Ox (the geometry is shown in Fig. 1). Here δnp(r, t )
stands for the global nonequilibrium part of distribution
function, δn̄p(r, t ) = np(r, t ) − n0(Ēp(r, t )) describes devia-
tion from the local equilibrium [20] characterized by the
local energy of quasiparticle Ēp(r, t ) = ε(p) + δEp(r, t ) con-
sisting of the noninteracting part ε(p) = p2/2m and the
contribution from Landau short-range interaction δEp(r, t ) =∑

p′ fs(p̂p′)δnp′ (r, t ). We describe weakly excited state of
2DEL in terms of the small Fermi surface deforma-
tion (θ, r, t ) � μ related to the distribution function via
δnp(r, t ) = −n′

0(ε)(θ, r, t ), where n0(ε) = �(μ − ε) is the
equilibrium distribution and μ is the Fermi energy.

We consider plane-wave like (q||Ox) solutions
(θ, r, t ) = (θ )ei(qr−ωt ) of the homogeneous form of
kinetic equation (8) in collisionless regime, thus we omit the
collision integral St[δn̄] everywhere, except for regularization
of singularities. Expanding Fermi surface deformation
(θ ) = ∑

n neinθ and spin-symmetric part of the Landau

interaction function fs(p̂F p′
F ) = D−1 ∑

n Fnein(θ−θ ′ ) in Fourier
series (note that Fn = F−n) and combining them with Eq. (8),
we obtain closed system for the angular harmonics of (θ ),

(1 + F̃n)n −
∑

s

AnsF̃ss = 0, (9)

Ans(�, k) = �
∑

l

Jl−n(k)Jl−s(k)

� − l + iγ
, (10)

where � = ω/ωc and k = qRc are the dimensionless fre-
quency and wave vector, Jn(k) is the Bessel function of
the first kind, and γ = νee/ωc stands for the dimensionless
quasiparticle scattering rate appearing in the model collision
integral St[δn̄] = n′

0νee
∑

|n|�2 neinθ , which we use in this
paper. At zero wave vector, the solutions of Eq. (9) are
Re ω(0) = ω̄n.

In this paper, we consider the effect of short-range
interaction in isotropic and dipole channels only
[32,34–36,49,51,52], thus the system (9) reduces to⎡
⎢⎣

1 − βA+
11 −F̃0A10 1 − βA−

11

−βA+
01 1 + F̃0(1 − A00) −βA−

01

1 − βA+
1̄1̄

−F̃0A1̄0 −1 + βA−
1̄1̄

⎤
⎥⎦

⎡
⎢⎣

jx

vF δN

i jy

⎤
⎥⎦ = 0,

(11)

where A±
ns = Ans ± Ans̄, s̄ = −s, β = F1/(1 + F1) and

nonequilibrium quasiparticle and current densities are given
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FIG. 3. Bernstein modes spectrum [(a),(c)] and its visualiza-
tion through the energy loss function [(b, d)] in gated 2DEL with
Rc/aB = 300, d/Rc = 0.1 for weak F0 = −0.4, F1 = 0.2 [(a), (b)]
and strong F0 = −2, F1 = 7.4 [(c), (d)] dipole Landau interaction at
γ = 0.1. Color of the dispersion curves in (a) and (c) show linear
current polarization degree. Cyan and light green curves denote
long-wavelength dispersions of magnetoplasmon and shear magne-
tosound, respectively.

by δN (r, t ) = 2
∑

p δnp(r, t ) and j(r, t ) = 2
∑

p vpδn̄p(r, t ).
Equations (11) are analogous to macroscopic equations of
the viscoelastic model (1)–(3) valid at short wavelengths and
arbitrary short-range interaction strength. In 2DEL, isotropic
Landau parameter F0 is typically negative and decreases with
rs [53–55], while the dipole one F1 is positive and increases
with rs [37–43].

The BM spectra of the gated and ungated 2DELs with
either weak and strong dipole Landau interaction calculated
after Eqs. (11) are shown in Figs. 3(a) and 3(c), and Figs. 4(a)
and 4(c), respectively. The color of the curves correspond-
ing to the linear current polarization degree Pcur = (| jy|2 −
| jx|2)/(| jy|2 + | jx|2) visualizes nature of the modes (at par-
ticular q): (1) plasmon-like (Pcur = −1) with longitudinal
current polarization, (2) shear wave like (Pcur = 1) carrying
the transverse current, or (3) cyclotron motion like (Pcur = 0)
with circular current polarization. In the weakly interacting
case [Figs. 3(a) and 4(a)] the conventional BM pattern is
reproduced and the magnetoplasmon-like segments of dis-
persion are characterized by longitudinal current polarization.
With the increase of F1, magnetoplasmon dispersion and the
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(c) (d)

ω
/ω

c

ω
/ω

c

ω
/ ω

c

ω
/ ω
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FIG. 4. Bernstein modes spectrum [(a),(c)] and its visualization
through the energy loss function [(b), (d)] in ungated 2DEL with
Rc/aB = 15, d/Rc = 10, for weak F0 = −0.4, F1 = 0.2 [(a), (b)]
and strong F0 = −2, F1 = 7.4 [(c), (d)] dipole Landau interaction at
γ = 0.1. Other notations are the same as in Fig. 3.

associated BMs are shifted upwards relative to quasiparticle
harmonics. At strong dipole interaction, the calculated spectra
[Figs. 3(c) and 4(c)] demonstrate inversion of the main and
the second cyclotron resonance harmonics and reconstruction
of BM pattern regardless of the screening strength (induced
by the gate). Shear BMs with transverse current polarization
arise due to anticrossings of shear magnetosound dispersion
and quasiparticle cyclotron harmonics. In contrast to the con-
ventional BM case, each branch of the new type spreads to a
wider frequency range greater than ωc.

In Figs. 3(b), 3(d), 4(b), and 4(d) we plot maps of the
energy loss function Im [−ε−1

xx (ω, q)] [20,21] [determined by
the longitudinal nonlocal proper conductivity calculated using
the full kinetic equation (8)], which describes the inelastic
scattering of high-energy electrons passing through the system
[56]. Positions of the peaks of Im [−ε−1

xx (ω, q)] on the (ω, q)
plane and their widths correspond to dispersion and damping
of the longitudinal collective modes, respectively. It is well
seen that the shear BMs are well defined and directly accessi-
ble through the energy-loss techniques.

IV. CONCLUSIONS

In this paper we have considered the emergence of shear
BMs and inversion of the cyclotron resonance harmonics
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due to strong dipole Landau interaction. Sensitivity of BM
spectrum to the short-range quasiparticle interaction can be
used for spectroscopy of 2DEL. Inversion of the cyclotron
resonance frequencies and emergence of shear BMs can be
treated as a hallmark of strong interaction in 2DEL. Simi-
larly to the shear magnetosound [19,28,47], shear BMs can
be excited in the ac magnetotransport experiments and may
lead to the giant peak in photoresistance at second and higher
cyclotron harmonics. The effect may be used for estimation of
the anisotropic part of Landau interaction function at various
rs and magnetic fields, by analogy with the 3D metal case
[21] where excitation of the cyclotron waves is involved.
Interestingly, reconstruction of the BM spectrum can
happen in higher angular channels at Fn � 1, and emergence
of the modes associated with the corresponding zero sound

branch (e.g., for quadrupole interaction see [49,51,57,58]) is
expected, as well as cyclotron resonance frequencies inversion
with respect to the nth harmonic ω̄n.
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