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Reducing the frequency of the Higgs mode in a helical superconductor coupled to an LC circuit
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We show that the amplitude or Higgs mode of a superconductor with strong spin-orbit coupling and an
exchange field, couples linearly to the electromagnetic field. Furthermore, by coupling such a superconductor
to an LC resonator, we demonstrate that the Higgs resonance becomes a regular mode at frequencies smaller
than the quasiparticle energy threshold 2A,. We finally propose and discuss a possible experiment based on
microwave spectroscopy for an unequivocal detection of the Higgs mode. Our approach may allow visualizing
Higgs modes also in more complicated multiband superconductors with a coupling between the charge and other

electronic degrees of freedom.
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Introduction. In superconductors with spontaneously bro-
ken U(l) symmetry, the Higgs mode is an excitation
associated with the oscillation of the order parameter am-
plitude around its saddle point value [1-5]; see Fig. 1.
Despite the progress in studying the Higgs mode in systems
where charge-density-wave order and superconductivity coex-
ist [5-9], or via its nonlinear coupling to the electromagnetic
(EM) field [10-21], detecting unequivocally the Higgs mode,
in general, remains a challenging task.

One of the obstacles is that the Higgs mode in conventional
superconductors is a scalar mode, and hence it couples non-
linearly to the EM field. A linear coupling can be achieved
in the presence of a supercurrent [22]. A second reason for
its challenging detection is that with a mass of 2A(, the
Higgs mode resides precisely at the bottom of the quasipar-
ticle continuum, and is thus overdamped by the quasiparticle
excitations. Unlike a regular collective mode, the Higgs mode
corresponds to a square root singularity of the pair suscepti-
bility. As a result, it decays in time in a power law fashion
SA(t) ~ 8A(0)cos(2Apt)/~/2A0t [23], where §A is a small
perturbation of the pairing gap around its average value, Ay.
Even though it was suggested that the mass of the Higgs
mode can be below the energy gap in strongly disordered
superconductors [24], it was shown later that in such systems,
the Higgs mode never shows up as a real mode [25].

In this paper, we propose a way of overcoming these
difficulties. We first demonstrate that the amplitude mode
in helical superconductors [26-28] couples linearly to the
EM field, even in the absence of a supercurrent. Helical su-
perconductivity occurs in systems where both inversion and
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time-reversal symmetries are broken, for instance due to mag-
netic fields and spin-orbit coupling (SOC). Second, we exploit
such a linear coupling and demonstrate the reduction of the
Higgs frequency by coupling the superconductor to an LC
resonator (Fig. 1). When the resonant frequency of the LC
mode is slightly larger than the Higgs frequency, and the
direct coupling between the two modes is finite, they repel
each other, and the Higgs mode is pushed down to frequencies
smaller than 2A, making it a well-defined mode.

Summary of the results from a phenomenological model.
In a conventional superconductor the Higgs-light coupling is
characterized by the susceptibility
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where § is the action, A is the vector potential, and J = 95/0A
is the supercurrent. Near the critical temperature, J o A?% and
the susceptibility is y4a o J/A. In other words, it is finite
only in the presence of a supercurrent [22].

The situation is different in superconductors with broken
time-reversal and inversion symmetries. These may corre-
spond to superconductors with Rashba SOC and an in-plane
exchange field, intensively studied in the context of mag-
netoelectric phenomena in superconductors, such as helical
superconductivity [26-28], Josephson ¢y junctions [29,30],
and most recently supercurrent diode effects [31-36]. In this

case, the action up to the fourth order in the order parameter
is given by [35,36]
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where Q = Q + A(¢) is the gauge-invariant condensate mo-
mentum and Q is the phase gradient of the order parameter.
So is the zeroth-order term in Q, and A(¢) the time-dependent

©2023 American Physical Society


https://orcid.org/0000-0002-4498-9215
https://orcid.org/0000-0001-9665-6503
https://orcid.org/0000-0002-7732-691X
https://orcid.org/0000-0001-6007-4878
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.108.224517&domain=pdf&date_stamp=2023-12-26
https://doi.org/10.1103/PhysRevB.108.224517

YAO LU et al.

PHYSICAL REVIEW B 108, 224517 (2023)

Higgs mode + Lifshitz invariant LC mode
energy
amplitude
= voltage
phase RLC resonator
N o o o
Helical SC I

R C L

phase
|) gradient T[R TIC T]L
! S S SRS

FIG. 1. Schematic diagram of the circuit that couples a helical
superconductor and an LC resonator. Microwave is sent to the system
through a transmission line, and the resonance modes are detected
by measuring the microwave reflection rate. The Lifshitz invariant
couples the supercurrent and the Higgs mode.

order parameter A(¢) = Ag + §A(¢). The constants by, are
the usual Ginzburg-Landau (GL) coefficients appearing in
even-power terms of Q Linear-in-Q terms, a; and a,, are only
allowed in superconductors with broken time-reversal and
inversion symmetries, and are related to the Lifshitz invariant
[37,38,39].

The action, Eq. (2), describes a helical superconductor
with a spatially varying order parameter in the ground state,
A(r) = Age'@" [26-28]. The amplitude of modulation @, can
be determined from the condition that the supercurrent J in
the ground state must vanish: 35/90Qlg-g, = 0. Thus, @, =
—(ay +a2A%)/[2(b1 —i—bzA%)]. Next, we calculate xap by
taking Q = Q, + 60, where §Q is a phase gradient generated
by passing a supercurrent through the system. Substituting
Eq. (2) into Eq. (1) we obtain the Higgs-light coupling
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The first term describes the linear Higgs-light coupling due
to a finite supercurrent discussed above and established in
Ref. [22]. The second term is an additional contribution that is
only finite in helical superconductors for which a; and a, are
nonzero. Equation (3) suggests that helical superconductors
can potentially exhibit a linear Higgs-light coupling, even
without the presence of an applied supercurrent. The rest of
the paper is dedicated to demonstrating, within a microscopic
model, the conditions under which this statement holds true.
Additionally, we show how the Higgs mode would be affected
if it were linearly coupled to an LC resonator. In writing
Eq. (3) we use the stationary version of the GL theory be-
cause it is simple and gives us qualitatively an idea about the
origin of Higgs-light coupling. But, we note that this theory is
limited and fails to capture the vanishing Higgs-light coupling
in the clean case, as we show using the microscopic theory.
Let us now investigate how the structure of the Higgs mode
would change, if it were to be coupled linearly to an LC

resonator (see setup in Fig. 1). The Higgs mode is described
by the fluctuations of the order parameter § A(t), whereas the
LC mode is described by the time-varying voltage V(¢). In
frequency domain, the effective equations of motion of this
system can be written as

VO —Q+ily Y1 SA(R2))

Here Qg and €2 are the resonant frequencies of the Higgs and
the LC mode, respectively, and I'y; and I'¢ are the damping pa-
rameters. The coupling coefficients y; and y, are proportional
to xaa. We assume a vanishing injected DC supercurrent,
which is why only the second term in Eq. (3) contributes to
the coupling.

In the absence of any coupling, y; = y» = 0, the Higgs
mode is not a well-defined mode with a Lorentzian line shape,
as reflected in the square root function in Eq. (4). On the
other hand, the LC mode is a regular mode. For a finite but
small coupling such that I'y < Re(n?) < Qo — Sy, where
n=y1/(Q — Qy +ily), and a low dissipation of the LC
mode, 'y < Qp — Ry, we can approximate the eigenvalue
equation near the Higgs frequency as

\/QH—Q—FI.FH—T]:O. (5)

If Re(n) > 0, the eigenvalue equation can be linearized
around the new resonance frequency and becomes

[Qy — Re(n®) — Q] +i[Ty — Im(n*)] = 0. (©6)

The Higgs mode is shifted away from the branch cut at Qg to
a lower frequency Qy — Re(n?), and becomes a real mode
with a potentially small linewidth 'y — Im(?) [40]. Thus
by coupling the two modes, the resonant response from the
Higgs mode can be dramatically enhanced and its frequency
reduced. This is our second main result. In what follows we
derive our findings from a microscopic model.

Microscopic theory. One realization of helical supercon-
ductivity is a quasi-two-dimensional superconductor with
strong Rashba SOC and an in-plane magnetic field. To cal-
culate the susceptibility xaa, we start with the generalized
Eilenberger equation describing this system in the basis of the
two helical bands labeled by the index A = 1 [41,42]:

in - (QUF/2 + )‘hex X 2)[":.% gln] - {8,r3, gkn}
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Here, g,, is the quasiclassical Green function of the band
A with the momentum direction at the Fermi level given by
n = p/pr. It is a matrix in the Nambu space, spanned by the
Pauli matrices 7; 53 and the identity matrix 1. The normal-
ization condition gin =1 holds. Q is the phase gradient of
the order parameter, ke is the exchange field, and Z is the
unit vector perpendicular to the plane of the superconductor.
v is the Fermi velocity, Ay is the saddle point value of the
order parameter, and Ag is the Fourier amplitude of the ex-
ternal pairing potential with frequency . £, is the disorder
self-energy
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Here 7, is the effective scattering time for the band A,
% = 1(1 + A ) where 7 is the impurity scattering time.
o is the velocny associated with Rashba SOC. Note that
Eq. (7) is valid when SOC is larger than all other energy
scales except the chemical potential u, namely u 2 app >
A, e, T, Qup, T, where T is the temperature. In the ab-
sence of disorder, the two bands are decoupled, but share the
same order parameter. Disorder couples the bands by intro-
ducing interband scattering.

Within linear response to the external field, the Green func-
tion can be written as g = §©e/@1—1) 4 g(A)piorti—ionts " yith
o) = wand wy = o + Q. Here §© is the unperturbative static
Green function and §*) denotes the external field-induced
dynamical Green function, which is of the first order in Ag.
Once we solve the Eilenberger equation, the supercurrent can
be determined from

J(O,A) — ZNAvar[Q("g(S,A))n]' ©)
A

Here, J©© and J® correspond to DC and AC supercurrents,
respectively. N, = No(1 + A;"—F) is the density of states of band
A, with Ny denoting the average density of states. From the
condition J©(Q = 0,) = 0, we first determine the modula-
tion vector of the helical superconductivity Q. Finally, we
calculate x4 from

A=JP/Aq. (10)

Our method using the Eilenberger equation is equivalent to
the diagrammatic approach taking into account all the ladder
impurity diagrams as explained in Ref. [13].

First, we consider x4, in two limiting cases, namely, the
pure ballistic and the diffusive limits. In the ballistic limit
! — 0, the system preserves a Galilean symmetry [43,44],
so that the current is time independent despite the presence
of an external pairing field, and hence y4o = 0. On the other
hand, in the diffusive limit 7=! > A, T, the two helical bands
are strongly mixed by disorder, and both bands are described
by the same Usadel equation derived in Ref. [41]. This leads
to x4a = O (see the Supplemental Material [42]).

For intermediate degree of disorder one needs to solve
the Eilenberger equation, Eq. (7). The weak exchange field
allows for an analytic solution presented in the Supplemental
Material [42,45]. We find a nonmonotonic behavior of y4a
while increasing the disorder strength [Fig. 2(a)]. Without
the disorder potential, x4 is zero, consistent with the above
symmetry analysis. With increasing disorder strength, x4a
rapidly reaches its maximum and then decays as a power law.
We also verified that x4 vanishes in the diffusive limit, when
1/tAp > 1. In this work, we focus on the case where the
Fermi energy is much greater than any other energy scale
Er > Ay, 1/7, T. This is a totally different parameter regime
from those considered in Refs. [46—49], where Er is compa-
rable with Ag and 1/7.

The linear Higgs-light coupling leads to a modification
of the admittance of the superconductor. To find the total
admittance, we write the order parameter as A = Ag + §A(¢)
and expand the action up to the second order in §A and the
external field A, S = Sy + Sy, where Sy, is the mean-field

(b)
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FIG. 2. (a) Real part (solid lines) and imaginary part (dashed
lines) of xaa at 2 = 2A, as a function of the disorder strength for
different strengths of spin-orbit coupling. xsa behaves nonmono-
tonically as a function of the disorder strength. (b) The real parts
of admittance normalized by its value in the normal state with
(solid line) and without (dashed line) the Higgs contribution. The
peak localized at Q2 = 2A is the signature of the Higgs mode. The
parameters used here are 7 = 0.1A, hex/Ao = 0.5. In panel (b),
o/vr = 0.3. The Dynes parameter is I' = 0.001A,.

term and Sy is the fluctuation term given by

_ L [sa2) 1 x5 xMMm(szn}
Sf - T Xn: |:A(_Qn) :| I:XAAAA XAA A(Qn) ’
(11)

where €2, is the bosonic Matsubara frequency €2, = 2nn T
with n € Z. xaa is defined in Eq. (10), whereas xaa and xas
are defined as xa4 = 0F/0A, and xapn = 0F /0Aq — 1/U,
where F is the pair correlation F = Y, N, Tr[t1(&n)n] and U
is the BCS interaction. xa4 and x4 are related by yaa(2) =
xan(—2)* = xaa(2) [50]. Finally, the field susceptibility is
defined as x44 = 0J/0A.

The pair susceptibility xaa has a square root singularity
at Q2 = 2A indicating the existence of the Higgs mode. Inte-
grating out the § A field, we obtain the total field susceptibility

Xa4 = Xaa t XaaXaaXaa, (12)

which defines the total admittance Y = }44/i2. Here the
first term y44 represents the conventional AC response of the
superconductor, whereas the second term is the Higgs contri-
bution to the AC response. When x4a and xaa are finite, the
admittance exhibits a peak at the Higgs frequency [Fig. 2(b)]
providing a way of detecting the Higgs mode using standard
experimental methods.

To couple the Higgs mode with an LC resonator we con-
sider the circuit shown in Fig. 1. A capacitor and an inductor
form an LC resonator. The effect of the conventional conduc-
tance of the superconductor is only to modify the inductance
and resistance of the LC loop as explained in the Supplemen-
tal Material [42]. The total inductance of the circuit, L,
L'+ L7', includes the inductance L of the LC resonator and
the kinetic inductance of the superconductor Ls = 1/Re[xaal.
The total resistance is R;! = R~! + RS_] , where R represents

tot
the damping of the LC circuit and Ry is the resistance of the

superconductor given by Ry = i2/Im[x44]. We propose an
experiment in which microwaves are sent to the system, for
example through a transmission line, whereas the complex
reflection coefficient is measured. To explicitly calculate the
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FIG. 3. (a) The microwave absorption rate W and (b) the modi-
fied pair susceptibility xX', as functions of the inductance L and the
frequency 2. Here we have assumed that the resistance is dominated
by the resistance of the superconductor R = Ry. The parameters used

here are 7 =0.1A), - =04, & =05, £ =03, C= £

vF m 2’

Z, = 100%:%’ where Er is the Fermi energy of the superconductor.
0

Here we restore the electron charge ey and the Planck constant /4 for

clarity. The Dynes parameter is I' = 0.001A.

modified Higgs spectrum, we combine the equation of current
conservation I¢ + Ig + I, + Is = I.x, and the self-consistency
equation for the dynamical part of the order parameter [42]

S oA@ [ 0
M (V(Q)/idQ) = (Iex[/Cd>’ (13)

with the response matrix given by
—XAA

-1
pm=( e , s ) as
_XAAQOZO Q- — QO — iQk

where Qo = +/1/LotC, Zo = v/Liot/C, kK = 1/RiotC, and d is
the size of the superconductor. The analytical expression of
Xana was obtained in Ref. [5]. Its general form is complicated,
but for © < 2A¢, x4 scales as /2Aq — 2. The system can
thus be effectively described by Eq. (4). Moreover, when Q <
Qy = 2A0, xaa = xaa become real [42]. The resonance fre-
quency is determined by det M = 0. The total impedance of
the system is given by

. 1 1 g
Z_|:ZQC+iQL+R+iQi| , (15)
which determines the microwave reflection rate r = (Z —
Z:)/(Z + Z;), where Z, is the impedance of the transmission
line and %44 is defined in Eq. (12). The real part of Z has peaks
located at frequencies where det M = 0 showing that the res-
onant modes can be detected by measuring the impedance or
the microwave reflection rate.

The microwave absorption rate W, defined as W =1 —
|r|?, is shown in Fig. 3(a). W is hugely enhanced at the fre-
quencies of the resonance modes. An avoided crossing occurs
due to linear coupling when the LC frequency matches the
Higgs frequency. We find that the low-frequency mode is a
well-defined mode with a frequency below the quasiparticle
continuum, whereas the high-frequency mode is ill defined
and decays into quasiparticle excitations, especially when
Q 2 2A. Figure 3(b) shows the modified pair susceptibility
ARA = M~'(1, 1), obtained by eliminating V from Eq. (13).

20
—no LC mode
- 2,2
15l C—EFh/eOA0
- 2,2
C—0.3EFh/e0A0
<
€ <410
>
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O L A - 4‘;
1.5 2 25
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FIG. 4. The modified pair susceptibility xX', as a function of
frequency for different values of C normalized by the maximum
value without the LC resonator. The frequency of the LC resonator is
fixed Qy = ——— = 2.1A,. The parameters used here are the same

. VL€
as those in Fig. 3.

The low-frequency mode has a significant Higgs component,
especially when LC < 1/(2A¢)? and the mode occurs below
the quasiparticle continuum.

Figure 4 shows how the spectral weight of the Higgs mode
(pair susceptibility) depends on the capacitance C of the LC
circuit, with fixed LC frequency €2rc. One can see how the
pair susceptibility goes from a +/2A( — €2 behavior in the
absence of the LC mode, to a sharp resonance when coupled to
the LC mode. The Higgs frequency is reduced with decreasing
value of C.

The suggested experiment can be realized, for example, by
galvanically coupling a 2D superconductor with strong SOC
to a coplanar superconducting resonator [51]. The size of the
latter can be adjusted to be in resonance with the Higgs mode.
Ideally, to avoid extra damping, the Higgs frequency 2Aym
of the 2D superconductor needs to be smaller than the gap
of the superconductor forming the resonator. Strong SOC can
also be found at the LaAlO3/SrTiOs interface. In this case
Agm ~ 0.03 meV [52], which corresponds to a bare Higgs
mode frequency of around 10 GHz. This frequency is accessi-
ble with state-of-the-art microwave measurement setups. For
the needed Zeeman field, ~0.3Agy, one can either apply an
in-plane field of 0.3 T or utilize the magnetic proximity effect
from an adjacent ferromagnetic insulator like EuS [53,54].
Recently, clean LaAlO3 /SrTiO; samples have been made with
mobility of 19380 cm?/V s [55], corresponding to a scat-
tering time of 1/t ~ 0.05 meV comparable with Ay, which
is in the parameter regime where the Higgs mode strongly
couples to electromagnetic fields according to Fig. 2. Other
candidate materials for the study of the effects discussed here
are two-dimensional superconducting materials grown with
state-of-the-art techniques in an inert atmosphere, in which
the mobility, and thus the mean free path, can be increased
by orders of magnitude [56]. Finally, noncentrosymmetric
superconductors [38], especially those at the clean limit [57],
could be potential candidates for studying the linear coupling
discussed here if it were feasible to produce them as thin
films.
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Conclusion. We have shown that the linear Higgs-light
coupling exists in a helical superconductor even without
a supercurrent. From a phenomenological Ginzburg-Landau
theory, we demonstrate that this linear Higgs-light coupling
relies on the terms in the action related to the Lifshitz in-
variant. We confirm this result by explicitly calculating the
susceptibility x4 of a helical superconductor within a mi-
croscopic theory. We find that x4 reaches its maximum at a
weak disorder but vanishes in both clean and diffusive limits.
We propose to reduce the mass of the Higgs mode by coupling
it with an LC resonator. We demonstrate that the Higgs mode
becomes an undamped regular collective mode when its fre-
quency is reduced below the quasiparticle excitation energy
2.

The linear Higgs-light coupling can show up in a system
with a Lifshitz invariant. It may therefore be relevant also
in the superconducting state of (twisted) multilayer graphene
systems where the role of spin is replaced by the valley degree
of freedom [58,59]. On the other hand, it would be interesting

to study this mechanism in multiband superconductors, where
it might allow for a direct visualization of the amplitude
modes.
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