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Several unconventional superconductors show indications of zero-energy excitations in the superconducting
state consistent with the existence of a so-called Bogoliubov-Fermi surface (BFS). In particular, FeSe isovalently
substituted with S seems to acquire a nonzero density of states at zero energy at low temperatures as the system
goes into the tetragonal phase, consistent with a previously proposed phenomenological theory assuming an
anisotropic spin singlet pairing gap coexisting with a nonunitary interband triplet component. Here we search
for a microscopic model that can support the coexistence of singlet pairing with other orders, including interband
nonunitary triplet pairing with magnetization, and discuss several candidates that indeed stabilize ground states
with BFS. We show that with proper choice of the coupling strength of the various orders in our model,
spontaneous breaking of C4 rotational symmetry is realized at low temperatures. This feature resembles the
findings of recent angle-resolved photoemission experiments in Fe(Se,S) in the tetragonal phase.
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I. INTRODUCTION

It is expected that strong repulsive Coulomb interactions
drive sign changes in the order parameters of unconventional
superconductors, typically taking the form of line or point
nodes on the Fermi surface. There are, however, by now well-
known cases where superconductors can develop manifolds
of extended zero-energy excitations called the Bogoliubov-
Fermi surface (BFS), which have the same dimensionality as
the normal state Fermi surface. Interest in superconducting
states hosting BFS, referred to as “ultranodal states”, has
been driven recently by theoretical work in systems with
multiple fermionic flavors—either higher spin or multiple
bands—because it was recognized that such extended nodes
are topologically nontrivial [1–4].

A multiband, spin-1/2 version of this scenario potentially
applicable to Fe-based systems was presented in Refs. [4,5],
which included dominant spin singlet pairing, as well as two
interband triplet terms. These works showed that in order to
generate the ultranodal state, time-reversal symmetry break-
ing triplet pairings were necessary. The mean field model
was shown to be characterized by a Z2 topological invari-
ant corresponding to the sign of the Pfaffian Pf(Hk ). Sign
changes of the Pfaffian somewhere in the Brillouin zone could
be induced in the theory by tuning the relative magnitudes
of the singlet and triplet order parameters. Dominant singlet
pairing always led to the trivial state unless the singlet gap was
highly anisotropic, in which case the sign change of the Pfaf-
fian could drive a transition to the ultranodal state hosting a
BFS.

This scenario was applied to the enigmatic Fe(Se,S)
material, which is in the normal state well characterized
by angle resolved photoemission spectroscopy (ARPES)

measurements and the observation of quantum oscillations
revealing changes in correlations and the fermiology [6,7]. It
had been shown [8,9] that this system exhibits simultaneous
jumps in the residual density of states N (0) and concomitant
abrupt drops in the magnitude of the superconducting gap
upon entering the tetragonal phase from the nematic phase at
low S substitution. The BFS were then proposed as a natural
explanation for these empirical phenomena. Entering the ul-
tranodal state was shown to be driven by enhanced intraband
singlet anisotropy with increasing S substitution, as observed
in experiment. In this situation, the BFS formed near the
momenta where the singlet order parameter fell below the
relevant triplet component. In Ref. [5], other signatures of
the ultranodal state were proposed, which have not yet been
confirmed.

Recently, however, an ARPES experiment on Fe(Se,S) in
the tetragonal phase [10] provided direct evidence of nonzero-
area regions of the Fermi surface exhibiting zero spectral
gap in the tetragonal phase, supporting the existence of the
proposed BFS. The same experiment also observed a clear
C2 symmetry of the spectral gap, implying that any possible
ultranodal state spontaneously breaks the C4 symmetry normal
state.

In Refs. [4,5], the Hamiltonian terms required to produce
the BFS were introduced phenomenologically, which enabled
neither a deeper understanding of the origin of the pairing
interaction, nor a self-consistent framework with which to
calculate temperature dependences and relative magnitudes
of pairing fields. Therefore the main goal of this work is to
construct a microscopic Hamiltonian, which might lead to the
observed phenomena with appropriate BFS in the tetragonal
phase of Fe(Se,S), including the observed C4 symmetry break-
ing below Tc.
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In single band models with spin-singlet superconductivity,
a rather well known type of BFS exists if an external mag-
netic field is present, namely the Volovik effect, whereby line
nodes are broadened by the Doppler shift of quasiparticles in
an orbital field. Naturally one might expect that spin-driven
BFS should also exist in single band models with singlet
pairing and itinerant ferromagnetic interactions. Indeed, it
was shown in Ref. [11] that in three dimensions the s-wave
state with coexisting ferromagnetic order has spherical nodal
pockets, and is therefore ultranodal in our language. However,
it was subsequently pointed out in Ref. [12] that this solution
with coexisting orders is not energetically favored compared
to the solution with nonmagnetic superconducting order. In
Appendix A we show that the same conclusion applies to
two dimensions. In short, this simple one-band model with
singlet superconductivity and ferromagnetic interactions does
not host stable BFS.

For the spin-triplet superconducting order parameter con-
sidered in our previous proposal [4,5], time reversal symmetry
breaking in spin space is required, implying a nonunitary
pairing state, e.g., |�↑↑| �= |�↓↓|. On the other hand, the
phenomena in question are observed in zero external magnetic
field, with no ferromagnetic moment above Tc. Thus we search
for a spontaneous condensation of a nonunitary component at
or near Tc. First, we briefly review nonunitary triplet supercon-
ductivity that is not spontaneous, in single band models. The
theory of nonunitary triplet superconductivity coexisting with
itinerant ferromagnetism has been studied extensively, mainly
in the context of single-band models with three- dimensional
(3D) Fermi surfaces relevant to the ferromagnetic supercon-
ductors UGe2, URhGe and UCoGe [13–15]. In this case, the
superconducting Tc for the majority spin is enhanced and the
nonunitary state wins energetically over the unitary solution
due to the increase in the density of states (DOS) at the Fermi
level for the majority spin when shifted by magnetization
[16]. In these theories, superconductivity condenses out of a
preexisting ferromagnetically ordered state (Tc < TCurie). The
theory of spontaneous nonunitary triplet superconductivity
has also been proposed on the Ginzburg-Landau (GL) level
by various works [17–19]. In the presence of a coupling be-
tween the nonunitary pairing and the ferromagnetism of the
form m · (id × d∗), spontaneous magnetization and nonuni-
tary triplet state can arise at the same Tc (here m is the net
magnetization and d is the triplet d vector). It is, however,
not guaranteed that the free energy of the nonunitary state
will be lower than that of the unitary triplet state at zero
temperature.

For quasi-2D single-band models, the DOS N (ε) is rel-
atively constant near the band edge, and the change in the
DOS due to small shifts from the magnetization is negligible.
As a result, splitting of subbands of opposite spins does not
naturally lead to a splitting of the corresponding equal-spin
triplet pair amplitudes as in three dimensions. Nevertheless,
we find that in the case where the Fermi energy is less than
the energy cutoffs of superconductivity and magnetism, the
m · (id × d∗) term in the GL expansion is large within weak
coupling if the Fermi energy is small. This should stabilize
the nonunitary state near Tc. However, we did not find any
energetically favorable nonunitary solution that persists down
to zero temperature within this single-band model.

In multiband superconductors with interband triplet pair-
ing, the splitting due to magnetization can stabilize the
nonunitary triplet state much more effectively. These effects
lead to possible nonunitary interband triplet ground states
even in the absence of preexisting magnetic order. We discuss
this aspect in Sec. II below. In Sec. III, we construct a min-
imal two-band model that contains interband triplet pairing,
fluctuating ferromagnetic order and intraband singlet super-
conductivity, and show that the self-consistently determined
ground state can be an ultranodal state with all three or-
ders coexisting. Furthermore, the ground state simultaneously
breaks rotational symmetry. In Sec. IV we consider a more
realistic four-band model, relevant to the tetragonal (normal
state) phase of the Fe(Se,S). In this case the spontaneous C4

symmetry breaking BFS in our model resembles that reported
by the recent ARPES experiment [10]. Finally, we discuss
the possible interplay between fluctuating nematic order and
the three coexisting orders in our ultranodal solution. We
argue that the C4 symmetry breaking ground state within our
model can be further stabilized at higher temperatures when
taking into consideration the fluctuating nematic order. This
last argument would appear to be relevant to the BFS in
Fe(Se,S), which is observed in the tetragonal phase close to
the disappearance of the nematic phase.

II. SPONTANEOUS NONUNITARITY FOR INTERBAND
TRIPLET PAIRING

We consider a Hamiltonian with two 2D parabolic bands
εik = k2

2mi
− μi as follows:

H = H0 + Hm + HT

=
∑
k,σ

i={1,2}

εikc†
ikσ cikσ

− J

2

∑
k,k′,σ,σ ′,i, j

�i j (k, k′)σzσ
′
zc†

ikσ c†
jk′σ ′c jk′σ ′cikσ

− V
∑

k,k′,σ

cos(θk − θk′ )c†
1kσ c†

2−kσ c2−k′σ c1k′σ . (1)

The two parabolic bands considered here (See Fig. 1) will
correspond to the hole pockets at � point in a complete
four-band model later in Sec. IV. The second term Hm is a
magnetic interaction that involves electrons in both bands.
�i j (k, k′) = λiλ j�̂(k, k′), where the constant parameters λ1

and λ2 ≡
√

1 − λ2
1 tune the relative strength of the magnetic

interaction on band 1 and 2, and �̂(k, k′) is a momentum
space cutoff. We use the assumption that �̂(k, k′) equals 1
if |θk − θk′ | is within an angular cutoff �θc and |εik|, |ε jk′ |
are both within an energy cutoff, and otherwise 0. Here θk is
the angle between k and the kx axis. Thus the exchange in-
teraction is taken to affect only electrons with |k − k′| within
a range in momentum space [20]. In the second term Hm the
σ (′ )

z is a shorthand notation for the diagonal elements of the
Pauli matrix σz, and it takes value ±1 for spin up/down. The
third term HT is an attractive interband p-wave triplet pairing
interaction between equal spins. Note that both the mag-
netic and pairing interaction in Eq. (1) explicitly break spin
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FIG. 1. Schematic plots of normal state electronic structure for
tetragonal Fe(Se,S) considered in this work. (a) Solid lines are
schematic tight-binding bands and the dashed lines are parabolic
approximations that are used in our actual calculations. The black
square indicates the scope of view for Figs. 2(a), 2(b) and Fig. 3(a).
(b) Normal state Fermi pockets. The black dashed square corre-
sponds to the scope of view of Figs. 4(c), 4(d) and Fig. 5(a) insets.

rotational symmetry. The fully rotational symmetric interac-
tion will contain σz terms that is in Eq. (1), as well as other
terms involving σx,y. Nevertheless these extra terms would
vanish in the mean-field approximation even if they were
included in Eq. (1) if the magnetization condenses in the z
direction. So we may regard Eq. (1) as representing a system
with spin rotational symmetry within a mean-field approxi-
mation, after condensation of m along z. For simplicity, from
now on we drop the subscript z and use the notation σ = ±1
for spin up/down.

The momentum resolved magnetization on band i is
m̃ik = ∑

σ σ 〈c†
ikσ cikσ 〉. We define a weighted magnetization

m̃k ≡ ∑
k′ �̂(k, k′)(λ1m̃1k′ + λ2m̃2k′ ). The triplet gaps are

�px/py,σσ = V
∑

k ωpx/py(θk )〈c2−kσ c1kσ 〉, with ωpx = cos θk
and ωpy = sin θk, and the total gap function is �σσ (θk ) =
ωpx(θk )�px,σσ + ωpy(θk )�py,σσ . We also denote the normal
state dispersion after shifted by magnetization as εikσ ≡
εik − σJλim̃k. Thus within the mean-field approximation the

Hamiltonian reads

H =
∑
k,σ,i

εikσ c†
ikσ cikσ

−
∑
k,σ

�σσ (θk )(c†
1kσ c†

2−kσ + H.c.)

+ J

2

∑
k,k′,i, j

�i j (k, k′)m̃ikm̃ jk′

+ |�px↑↑|2 + |�px↓↓|2 + |�py↑↑|2 + |�py↓↓|2
V

. (2)

From above we see that the mean-field Hamiltonian is block
diagonal in spin space. By diagonalizing the two spin blocks
separately, the self-consistency condition can be found as

m̃k =
∑

k′
�̂(k, k′)

(
λ1 − λ2

2
[δ f (Ēk′↑, hk′↑) − δ f (Ēk′↓, hk′↓)]

− λ1 + λ2

2

[
ε̄k′↑
Ēk′↑

th(Ēk′↑, hk′↑) − ε̄k′↓
Ēk′↓

th(Ēk′↓, hk′↓)

])
,

(3)

1 = V
∑

k

ω2
p(θk )

th(Ēkσ , hkσ )

2Ēkσ

, (4)

where δ f (E , h) ≡ f (E + h) − f (E − h) and th(E , h) ≡ 1 −
f (E + h) − f (E − h). Note that Eq. (4) represents four differ-
ent equations with p = px, py and σ =↑,↓. If h = 0 we have
th(E , 0) = tanh( βE

2 ). For fixed E and temperature, th(E , h)
is an even function of h, and it monotonically decreases as |h|
increases. ε̄kσ and hkσ are the average and difference between
the two subbands with the same spin, respectively:

ε̄kσ = (ε1kσ + ε2kσ )/2

= (ε1k + ε2k − σ (λ1 + λ2)Jm̃k )/2, (5)

hkσ = (ε1kσ − ε2kσ )/2

= (ε1k − ε2k − σ (λ1 − λ2)Jm̃k )/2. (6)

E{1,2}kσ = Ēkσ ± hkσ are the Bogoliubov quasiparticle dis-

persions and Ēkσ =
√

ε̄2
kσ + |�σσ (θk )|2. Equation (4) can be

written in terms of an integral over ε̄kσ and θk, as long as
m̃k has only angular dependence on k, which can be deduced
from Eq. (3). To this end, we express hkσ in terms of ε̄kσ and
m̃k = m̃(θk ):

hkσ = 1

m1 + m2
((m2 − m1)ε̄kσ−m1μ1+m2μ2

− σ (m1λ1 − m2λ2)Jm̃k ). (7)

Note that the mi are the band masses and m̃ represents
magnetization. Eq. (4) can then be written as

1

V
= N̄

∫ 2π

0

dθk

2π

∫ 
c−hkuσ

−
c+hkl σ

d ε̄kσω2
p(θk )

th(Ēkσ , hkσ )

2Ēkσ

, (8)

where N̄ = (N1 + N2)/2 is the averaged DOS of the two
parabolic bands. If we assume that the k-sum is cut off when
|ε1k| > 
c or |ε2k| > 
c, then the ε integral in Eq. (8) has
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FIG. 2. Effects of spontaneous magnetization on interband triplet pairing in a two band model with the same mass m1 = m2. (a),
(b) Schematic plots of normal state bands shifted by magnetization. Left: the spin up subbands. Right: the spin down subbands. For each
spin, klσ and kuσ correspond to the limits of the pairing interaction in momentum space. Case (a): m1 = m2, λ1 = λ2. Case (b): m1 = m2,
λ1 �= λ2. Green curves are averaged dispersion ε̄kσ , and ±(
c − h) are cutoffs for the energy integral over ε̄kσ [cf. Eq. (8)]. The red color
highlights the electrons that take part in the interband pairing. (c) λ1 − V phase diagram at zero temperature of the model Hamiltonian (1),
for m1 = m2. Both nonunitary (NU) and unitary (U) triplet phases are chiral p+ip state. Parameters used: μ1 = −10 meV, μ2 = −15 meV,
m1 = m2 = −8 eV−1, �θc = π

10 , J = 3.85 eV. Note J is below the Stoner threshold J0 ≈ 4.05 eV for these parameters. (d) Temperature phase
diagram at V = 0.43 eV. [x axis corresponding to the dashed line in (c)]. All the transition lines are first order due to the interband nature of
the pairing.

cutoff 
c − hkl,uσ depending on m̃k [See Figs. 2(b) and 3(a)],
thus also depending on θk.

For fixed temperature, normal state dispersion and �σσ , the
RHS of Eq. (8) only depends on the magnetization on each of
the bands, and a larger RHS leads to a smaller pairing strength
V . Therefore we may say that a certain configuration of the
magnetization-shifted normal state dispersion helps pairing,
if it makes the RHS of Eq. (8) larger than the value without
magnetization. The magnetization m̃k affects the RHS of Eq.
(8) by (i) changing the splitting hkσ between the two subbands
with the same spin if λ1 �= λ2; and (ii) shifting ε̄kσ , which in

turn shifts the energy cutoffs 
′
c as well as hkσ . Note that when

we say hkσ changes, we mean when considering it as function
of k rather than as a function of ε̄kσ . Examining Eq. (6), it is
obvious that λ1 �= λ2 is the correct condition for m̃k being able
to alter hkσ and not the condition m1λ1 �= m2λ2 as one might
imagine by looking at Eq. (7).

There are two general conditions that can help the inter-
band equal spin pairing of spin σ . First, because th(E , h)
decreases monotonically as |h| increases, smaller splitting
|hkσ | helps pairing, especially at places where the denomi-
nator ε̄kσ is also small. This corresponds to shifting the two

(b)

5 4 0 5 8 0 6 2 0 6 6 0
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1 0

2 0

T
(K
 ) N or m a l

N U
U

(a)

FIG. 3. (a) Schematic plots of normal state bands shifted by magnetization, for m1 �= m2 and λ1 = λ2. Left: the spin up subbands. Right:
the spin down subbands. (b) T − V phase diagram of the model Hamiltonian (1) for m1 �= m2 and λ1 = λ2. Parameters used: μ1 = −10 meV,
μ2 = −15 meV, m1 = −8 eV−1, m2 = −4 eV−1, �θc = π

10 , J = 5.25 eV.
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subbands’ crossing point towards the Fermi level for m1 �=
m2, or shifting the two subbands closer to each other for m1 =
m2. Secondly, a larger energy interval [−
c + hkl σ ,
c −
hkuσ ] where pairing is allowed also clearly helps pairing.

Guided by the above intuition, we discuss the following
four cases: (i) m1 = m2, λ1 = λ2 = 1/

√
2. This corresponds

to Fig. 2(a). The single band triplet pairing problem in two
dimensions with fluctuating magnetism can be viewed as a
special case of the interband pairing problem falling into this
case, with hkσ = 0 everywhere. Because hkσ is the same for
both spins regardless of the value of m̃k, both the integrand
and the limits of the integral in Eq. (8) are the same for both
spins, there can be no nonunitary pairing in two dimensions.
(ii) m1 = m2, λ1 �= λ2. This corresponds to Fig. 2(b). Because
hkσ is reduced for one spin component and enlarged for the
other spin, and consequently the energy interval for pairing is
also enlarged for the favored spin, nonunitary solutions exist
and are energetically favorable, even for pairing strength V
less than the unitary critical value Vc. This is shown in the
phase diagram Fig. 2(c), where the unitary critical pairing
strength is Vc ≈ 0.42 eV and the nonunitary phase persists
down to V ≈ 0.35 eV when λ1 is very different from λ2.
In panel 2(d) we see that the nonunitary state where both
�↑↑ and m̃ are nonzero indeed arises spontaneously from the
normal state where both order parameters are zero through
a first-order transition. In addition, the transition temperature
for the nonunitary phase can be higher than the unitary Tc.
(iii) m1 �= m2, λ1 = λ2 = 1/

√
2. There are furthermore two

different scenarios in this case. The first scenario is that the
two parabolic bands cross each other already when there is
no magnetization. This corresponds to Fig. 3. Because the
crossing of the two subbands can be shifted closer to EF for
one spin and away from EF for the other spin by any finite m̃k,
a spontaneous nonunitary phase also exists for this case and is
shown by the phase diagram Fig. 3(b). In the second scenario
where the two parabolic bands do not cross, interband pairing,
unitary or nonunitary, is very difficult due to the separation of
the bands and requires huge pairing strength. Therefore this
scenario is excluded from our search for nonunitary pairing.
(iv) m1 �= m2, λ1 �= λ2. This is the most general case where
spontaneous non-unitarity is possible due to the interband
nature of the the triplet pair. We will construct our microscopic
Hamiltonian hosting BFS in the subsequent sections based on
the Hamiltonian (1) with m1 �= m2 and λ1 �= λ2, and the BFS
is largely a consequence of having singlet superconductivity
coexisting with this nonunitary triplet order.

III. TWO-BAND MODEL WITH MIXED
SINGLET-TRIPLET PAIR

Now we add spin singlet pairing to the Hamiltonian in the
previous section. To allow for the possibility of spontaneous
C4 symmetry breaking, we consider intraband pairing in both
s- and d-wave channel, namely

H ′ = H0 + Hm + HT −
∑
k,k′,i

(
W s

i ωs(θk )ωs(θk′ )

+ W d
i ωd (θk )ωd (θk′ )

)
c†

ik↑c†
i−k↓ci−k′↓cik′↑. (9)

We use the s-wave form factor ωs(θk ) = cos4 2θk, which
has accidental nodes along the 45◦ directions, and the d-wave
form factor ωd (θk ) = cos 2θkωs(θk ). The θk-dependent gap
function is �i(θk ) = ωs(θk )�s

i + ωd (θk )�d
i and the singlet

s/d-wave order parameters are determined self-consistently
by �

s/d
i = W s/d

i

∑
k ωs/d (θk )〈ci−k↓cik↑〉. We note that the

form factors assumed here respect the tetragonal symmetry,
but are not of the lowest order in θk that would be allowed.
For now, this choice is made only because we did not find
energetically favorable ultranodal solutions using lower or-
der hamonics. We postpone the discussion of the physical
justifications of the singlet pairing form factors to the next
section, where a more realistic four-band model is considered.
The model is now solved within the mean field approxima-
tion numerically. For a particular choice of the interaction
strength (see the caption of Fig. 4), we found, among other
solutions to the self-consistency equations, a solution with
nonunitary triplet px pairing and s + d singlet pairing, which
has a twofold symmetric BFS. We refer to this state as the C2

ultranodal state, and note that in the current model it exists
only over a narrow range of parameters in the region of the
phase diagram where singlet states and unitary triplet states
are competitive. Figure 4(b) compares the free energy of vari-
ous solutions. At zero temperature, the C2 ultranodal solution
has the lowest free energy, therefore it is the ground state. For
the same interaction strength at higher temperature, the system
has a stable singlet d-wave pairing state and subsequently an
s + id state in a narrow temperature range. Figures 4(c) and
4(e) show the BFS and the angular dependence of the order
parameters of the C2 ultranodal ground state. Clearly it is
energetically favorable to have the singlet and the nonunitary
triplet pair living on different parts of the Fermi surface,
thus avoiding competition. In contrast, for the metastable C4

symmetric solution shown in (d) and (f), the singlet and triplet
pair cannot avoid each other (unless one of them is zero) so
there is loss of total condensation energy.

IV. FOUR-BAND MODEL

We now consider a model which is crudely relevant for
the tetragonal phase of FeSe1−xSx (x > 0.17) of interest, con-
sisting of four bands with 2D parabolic dispersions ε1,2 =
k2

x +k2
y

2m1,2
− μh, ε3 = (kx−π )2+k2

y

2me
− μe, ε4 = k2

x +(ky−π )2

2me
− μe. The

masses m1, m2 and the Fermi energy μh are taken to be neg-
ative, and me, μe to be positive, therefore bands 1 and 2 are
hole bands degenerate at �, and bands 3 and 4 are electron
bands centered at X and Y respectively. We note that in the real
material, there are some qualitative differences to our model
such as the splitting due to spin orbit coupling at the � point.
Furthermore, the dispersion in the third dimension as detected
experimentally leads to only one hole band crossing the Fermi
level for some kz [6,7]; our model can be seen as an effective
(average) model in two dimensions. The Hamiltonian is

H =
∑
k,σ

i={1,2,3,4}

εikc†
ikσ cikσ + Hm + HT

+
∑
k,k′

i, j={1,2,3,4},i� j

�i j (k, k′)c†
ik↑c†

i−k↓c j−k′↓c jk′↑. (10)

224506-5



YIFU CAO et al. PHYSICAL REVIEW B 108, 224506 (2023)

FIG. 4. Results for the two band model Hamiltonian (9) with mixed singlet-triplet pairing. (a) Zero temperature phase diagram, with fixed
magnetic interaction, fixed triplet pairing interaction and varying intraband singlet pairing interaction. The C4 symmetry breaking ultranodal
ground state exists within our model when the triplet pairing and the s- and d-wave singlet pairing are all nearly degenerate. (b) Free energy
versus temperature plot of various solutions at W s

1 = 0.8 eV, W d
1 = 0.9 eV. The system goes from the d-wave state to the s + id state, then

through first order transition to the C2 ultranodal state at this particular choice of the interaction strength. (c), (d) Normal (black) and Bogoliubov
(colored) Fermi surfaces of (c) the ground state C2 ultranodal state; (d) the metastable C4 symmetric ultranodal solution. (e), (f) Angular
dependence of the various order parameters of the ultranodal states corresponding to (c) and (d), respectively. For(f), the triplet gaps are of the
complex px + ipy form, and only the magnitude of the order parameters are plotted. Parameters used: μ1 = μ2 = −10 meV, m1 = −8 eV−1,
m2 = −4 eV−1, �θc = π

10 , λ1 = 2λ2 = 2√
5
, J = 4.35 eV, V = 0.78 eV, W s

1 = 0.45W s
2 , W d

1 = 0.45W d
2 . For (b)–(f), W s

1 = 0.8 eV, W d
1 = 0.9 eV,

which is marked by the red star in (a).

The ferromagnetic term Hm and the triplet interaction HT

are the same as in Eq. (1) and involve only the two hole
pocket at � point. The last term is the repulsive s± pairing
interaction. The effective pairing interaction in band space
�i j (k, k′) should, in principle, depend on the orbital content
of each band if deduced from the spin fluctuation theory [21].
Here we make a simplified assumption of an effective pairing
interaction, namely

�13(k, k′) = Weh

W ′
eh

�23(k, k′) = Wehαx(θk ), (11)

�14(k, k′) = Weh

W ′
eh

�24(k, k′) = Wehαy(θk ), (12)

�34(k, k′) = Wee, (13)

�12(k, k′) = �ii(k, k′) = 0. (14)

The form factors on the hole bands αx(θk ) and αy(θk ) are
related by αx(θk ) = αy(θk + π

2 ) due to the C4 symmetry of the
pairing interaction. For simplicity, the pairing interactions on
the electron pockets are taken to be isotropic, i.e., �i j (k, k′)
does not actually depend on k′ when j = 3, 4. As a conse-
quence the gaps on the two electron pockets are isotropic and
they have the same sign if the (π, 0), (0, π ) repulsive pairing

interaction dominates the (π, π ) one, i.e., if Weh 
 Wee. In
this case, the gaps on the hole pockets acquire the s-wave
form factor αx(θk ) + αy(θk ). In the opposite limit if Weh �
Wee, the electron pockets gaps acquire opposite signs and
the hole pockets gaps have the d-wave form αx(θk ) − αy(θk ).
We assume that the s-wave form factor is αx(θk ) + αy(θk ) ≡
cos2(2θk ) + a. In accordance to this, we further make the
assumption that

αx(θk ) ≡ (cos2(2θk ) + a)(cos2(θk ) + b)/(1 + 2b), (15)

where the latter constant b tunes the overlap between αx and
αy while keeping the s-wave form unchanged. We note that
the s-wave form factor we use is indeed the lowest order
harmonics suitable for C4 symmetric gap functions with acci-
dental minimal/nodes, while the d-wave form factor αx − αy

is not of the lowest order form, since the latter would be
αx − αy = cos(2θk ). However, the particular choice (15) is
made in order to mimic a situation where the s-wave and
d-wave forms are similar in the shapes of the absolute values
but only different in signs. This is likely to occur in multiband
systems with orbital structure, when competing instabilities
and nesting is present [21,22].

Within mean-field theory, this four-band model (10) can
have two ultranodal phases at low temperature, as shown in
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FIG. 5. Results for the four band model Hamiltonian (10). Only
the hole pockets near � is shown and the X and Y pockets are not
shown because they are assumed to be only trivially involved in
the s± singlet pairing but not in other physical processes that are
responsible for the BFS. (a) Phase diagram near zero temperature.
Insets: typical shapes of the BFS of the C2 and C4 ultranodal ground
states near the hole pockets. Parameters used: μh = −10 meV, μe =
25 meV, m1 = −8 eV−1, m2 = −4 eV−1 = −me, �θc = π

10 , λ1 =
2λ2 = 2√

5
, a = 0, b = 0.2, J = 4.325 eV, V = 0.775 eV, Weh

W ′
eh

= 0.45.

(b) The lowest quasiparticle excitation energy at all k along the angle
θk, for typical s-wave, s + id and C2 ultranodal ground states in
the phase diagram (a). For the C2 ultranodal state, we used Weh =
−0.775 eV, Wee = −0.148 eV.

Fig. 5(a). First there is an ultranodal phase that spontaneously
breaks the C4 symmetry of the pairing interaction. The gap
structure and the BFS is similar to what we have for the two-
band model in Sec. III, namely the singlet gap acquires the real
s + d form and the non-unitary triplet acquires the px form,
in order to avoid competition between s + id and p + ip. In
Fig. 5(b) we show the calculated gap size as a function of
angle, which is defined as the lowest quasiparticle excitation
energy at all k along the angle θk. As expected, in a wide angle
range, the quasiparticle excitation energy is zero for the C2

ultranodal ground state. This result and the shape of the BFS
is in agreement with the recent ARPES measurement [10]. In
addition, there is an ultranodal phase at low temperature that
preserves the C4 symmetry. We note that the corresponding
BFS, as shown in the inset of Fig. 5(a), has different shape
from that of the metastable C4 ultranodal solution of the two-
band model.

V. DISCUSSION

We have exhibited models with weak magnetic and mixed
singlet-triplet pairing interactions that can host C2 ultranodal
states as ground states. As temperature increases, our models
undergo first order transitions from the ultranodal ground state
to either singlet or triplet superconducting phases [see, e.g.,
Fig. 4(b)], and the free energies of the ultranodal solutions
at these temperature are no longer the lowest. There is, to
our knowledge no experimental evidence of the tetragonal
Fe(Se,S) system having multiple transitions below the su-
perconducting Tc. On the other hand, current T -dependent
evidence for the BFS is not sufficient to rule out such tran-
sitions. In addition, we note that nematic fluctuations are
significant even in the tetragonal phase above the critical S
substitution [23], and it has been pointed out [24] that in the
presence of comparable s- and d- channel pairing interaction,
it is energetically favorable for the nematic fluctuations to be
stabilized along with an s + d superconducting gap. The s + d
singlet gap structure is consistent with our C2 ultranodal state.
Therefore, we expect that if the nematic field is accounted for
and allowed to order, in addition to our proposed Hamiltonian
Eqs. (9) or (10), the free energy of our C2 ultranodal state
will be further lowered; and it is possible that this ultranodal
phase becomes considerably more robust, expanding both in
interaction parameter space and to higher temperatures.

Another issue we would like to briefly address is the
lack of inversion symmetry of our mixed-singlet-triplet mean
field Hamiltonian. Although the Hamlitonian (9) and (10)
is symmetric under parity, unlike the mean-field model we
proposed in Refs. [4,5], which contains even parity inter-
band spin-triplet pairing terms, the mean-field Hamiltonian
corresponding to our microscopic model in this paper see
Eq. (B1)] is not invariant under parity, because of the pres-
ence of both the even-parity intraband spin-singlet pair and
odd-parity interband spin-triplet pair. Nevertheless, the exis-
tence of the BFS can be still understood as a consequence
of having sign changes of the Pfaffian Pf(H̃k ) across the
Brillouin zone. In this case, despite the lack of inversion
symmetry UPH−kU †

P �= Hk with UP = 1, there is an acciden-
tal symmetry UQH−kU †

Q = Hk with UQ = τz. Here τz is the
Pauli matrix in band space where the two hole bands are
considered, and the electron bands are unchanged under this
accidental symmetry. Using the unitary operator UQ instead
of UP, one can transform Hk into an antisymmetric form and
define the Pfaffian following the same line of thought as in
Ref. [1].

As we just mentioned, the inversion symmetry of the mi-
croscopic Hamiltonian (10) does not guarantee the inversion
symmetry of the corresponding mean-field Hamiltonian at
low temperature. When the superconducting state sponta-
neously breaks inversion symmetry, the BFS can still exist,
as was shown in the previous paragraph, or it can be gapped
out. To see the latter point, let us consider adding an in-
traband triplet paring interaction on the hole pockets to the
Hamiltonian (10),

HT,i = −Vi

∑
k,k′,σ

cos(θk − θk′ )c†
ikσ c†

i−kσ ci−k′σ cik′σ ,

i = 1, 2, (16)
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FIG. 6. The induced intraband spin-triplet gap as a function of
the perturbing intraband spin-triplet pairing strength V1 on the C2

ultranodal state. The unperturbed C2 ultranodal state is obtained
using the same set of parameter as in the caption of Fig. 5. At
V1 = 0.24 eV = 0.31V (V = 0.775 eV) the intraband triplet gaps
�1σσ become finite and gap out the BFS.

which still preserves the inversion symmetry of (10). If a finite
intraband triplet odd-parity pair �1,↓↓ is induced, the BFS
we showed in Fig. 5 will be gapped out. In Fig. 6 we see
that for V1 < 0.31V there is no intraband triplet condensate
induced by the additional term (16) and the C2 ultran-
odal solution remains the ground state. For V1 > 0.31V the
solution acquires a finite �1,↓↓, which will gap out the BFS.
The ultranodal state is stable against small intraband triplet
pairing interaction, but will become fully gapped when the
intraband triplet pairing interaction exceeds a critical value
within our model. In materials with multiple orbital degrees of
freedom where singlet and triplet pairing are assumed to arise
from a spin-fluctuation mechanism, it is natural that interband
pairing (with finite momentum transfer pair hopping) can be
large if the leading instability is a singlet state. In this case,
the triplet pairing interaction also has the same properties,
i.e., large pairing interaction for large momentum transfer
(interband) and small pairing interaction for small momentum
transfer (intraband) [25]. In this scenario, the coefficient Vi

obtained by projecting onto the leading harmonic in Eq. (16)
is expected to be small. Whether the interband triplet pairing
coefficient V in Eq. (1) exceeds Vi by a parametric factor
depends on details of the model such as shape of the Fermi
surface and orbital weights [21,26].

In this work, we have assumed a ferromagnetic interaction
in our microscopic models, which helps stabilize the nonuni-
tary triplet pair and the BFS. However, there exist no strong
signatures of ferromagnetic correlations in Fe based supercon-
ductors, although there are a few exceptions [27,28]. Previous
theoretical studies have found stable ultranodal states with
spontaneously broken time reversal symmetry in the strong
spin orbit coupling and high angular momentum j = 3/2 sce-
nario [29], where the nonunitarity has a different origin than
the complex d-vector spin triplet pairing in our spin-1/2 sce-
nario. Therefore, we anticipate that spin-orbit coupling might
be able to play the role of ferromagnetic interactions in our
current model and stabilize an ultranodal state with nonunitary
spin triplet pairing, but the actual form of minimal spin-orbit

terms that can stabilize such states in spin-1/2 models requires
further investigation.

Finally, we note that in our model, we have focused only
on the case where the ground state is not an eigenstate of
parity [case (d) in Ref. [5] with a momentum dependent triplet
pair]. However, BFS are also possible in other situations.
For example, they can occur when the pairing state is odd
under both charge conjugation and inversion symmetries but
preserves their product (case (b) in Ref. [5]), or case (c) where
the order parameter has a purely imaginary component. In
the context of noncentrosymmetric superconductors, case (b)
was discussed in Ref. [30]. Recently, we learned that a similar
scenario for the phenomenology of tetragonal FeSe,S has been
investigated by Wu, Amin, Yu, and Agterberg [31].

VI. CONCLUSIONS

In this paper, we have studied Hamiltonians with triplet
pairing and itinerant ferromagnetic interactions, together with
a singlet pairing interaction, in a multiband scenario. We
showed that such models, treated in self-consistent mean-field
theory, possess a well-defined Pfaffian and are equivalent to
phenomenological Hamiltonians expected to host surfaces of
zero energy excitations in the superconducting state (ultran-
odal state). Such models have been introduced in the context
of the Fe-based superconductor Fe(Se,S) in the tetragonal
phase, which seems to exhibit a residual density of states
below Tc without evidence of significant disorder. Within this
framework, we have shown that interband nonunitary triplet
states can be stabilized by ferromagnetic fluctuations. In ad-
dition, when singlet pair order coexists with triplet order, the
competition of various instabilities can lead to energetically
favorable ultranodal ground states.

The self-consistent theory presented here allows a calcu-
lation of the temperature dependences of the various gaps in
the model, and, in principle, a quantitative description of the
topological transition to the ultranodal state. As such, it is
a significant step beyond the predictions of Ref. [4], and a
good starting point to try to understand the properties of the
Fe(Se,S) system.

Depending on details, we find the system thus described
may condense in an ultranodal state that may or may not
preserve the underlying C4 symmetry of the crystal lattice
in the tetragonal normal state. In the latter case the ground
state of the model is only C2 symmetric. At present, the
theory neglects orbital degrees of freedom, a discussion of
which we postpone to a further study. However, we anticipate
that allowing for spontaneous orbital order or other electronic
nematic orders will generally enhance the robustness of the
C2-symmetric ultranodal phase.

These theoretical findings may have connections to
(nearly) ferromagnetic superconductors where non-unitary
states could emerge without ferromagnetic order in the normal
state, and to the Fe(Se,S) system where various experimen-
tal observations could be explained by the presence of a C2
symmetric BFS. We note that recently weak time reversal
symmetry breaking in the Fe(Se,S) system has been detected
in μSR experiments [32], but at present there is no evidence of
which we are aware of significant ferromagnetic correlations
in the Fe(Se,S) system. However, ferromagnetic correlations
have occasionally been reported in other iron-based systems
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[27,28], and our analysis should serve as a motivation to
further experimental searches in this direction.
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APPENDIX A: STABILITY OF ULTRANODAL SOLUTIONS IN SINGLE BAND MODEL

In the work by Karchev et al. [11], the problem of singlet superconductivity coexisting with itinerant ferromagnetic order
for a single band was studied. Starting from an interacting Hamiltonian with an exchange term of strength J and a density-
density interaction of strength g, they used a Hubbard-Stratonovich transformation to derive self-consistency equations for the
ferromagnetic (FM) order parameter M and superconducting (SC) order parameter �. They showed that a solution to the self-
consistency equations with both the FM and SC order parameters nonzero exists. This solution would correspond to a physical
ultranodal state if it turns out to be stable. However, it was realized in Ref. [12] that this original solution in three dimensions
does not minimize the free energy, thus is unstable. We show here in two dimensions the same conclusion holds, i.e., a solution
with coexisting FM and SC order exists but the free energy is higher than the trivial singlet SC solution.

We begin with introducing the same mean-field Hamiltonian and self-consistency equations as in Ref. [11] Eqs. (3)–(7), but
instead of a 3D model let us consider a 2D one:

Heff =
∑

p

ε↑
p c†

p↑cp↑ + ε↓
p c†

p↓cp↓ + �∗c−p↓cp↑ + H.c., (A1)

εp = p2

2m∗ − μ, ε↑
p = εp + JM

2
, ε↓

p = εp − JM

2
, (A2)

M = 1

2

∫
d2 p

(2π )2

(
1 − nα

p − nβ
p

)
, (A3)

|�| = |�|g
2

∫
d2 p

(2π )2

nβ
p − nα

p√
ε2

p + |�|2
. (A4)

Here, εp is dispersion of free electrons and nα/β
p are the distribution functions of the Bogoliubov fermions with dispersion

Eα/β
p = JM

2 ±
√

ε2
p + |�|2. We use the same notation as their Eq. (8) to denote the two momenta p±

F where the lower quasiparticle

band is at the Fermi level, Eβ
p = 0:

p±
F =

√
2m∗μ ± m∗

√
(JM )2 − 4|�|2. (A5)

In analog with Eq. (9) in Ref. [11], for the 2D problem, Eq. (A3) becomes

M = 1

8π

[(
p+

F

)2 − (
p−

F

)2] = m∗

4π

√
(JM )2 − 4|�|2. (A6)

This yields the same linear relation between M and |�| as Eq. (12) in Ref. [11] with a modified r = Jm∗
4π

:

M = 2

J

r√
r2 − 1

|�|. (A7)

Note that to get the above relation we do not require r 
 1 as it was assumed in Ref. [11] for 3D, but we still need r > 1 for the
solution to exist.

Equation (A4) is evaluated at zero temperature assuming an energy cutoff � 
 |�|:

1 = g

4π

⎛
⎜⎝∫ √

2m∗(μ+�)

√
2m∗(μ−�)

d p
p√

ε2
p + |�|2

−
∫ p+

F

p−
F

d p
p√

ε2
p + |�|2

⎞
⎟⎠

= gm∗

8π

⎛
⎜⎝log

(√
�2 + |�|2 + �√
�2 + |�|2 − �

)
− log

⎛
⎜⎝ JM

2 +
√(

JM
2

)2 − |�|2
JM
2 −

√(
JM
2

)2 − |�|2

⎞
⎟⎠

⎞
⎟⎠
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= gm∗

8π

(
log

(√
�2 + |�|2 + �√
�2 + |�|2 − �

)
+ log

(
r − 1

r + 1

))
≈ gm∗

4π

(
log

(
2�

|�|
)

+ 1

2
log

(
r − 1

r + 1

))
. (A8)

The last term on the RHS renormalizes the energy cutoff �, and therefore renormalizes �, in the sense that

� =
√

r − 1

r + 1
�0, (A9)

where we use �0 to denote the gap in the trivial singlet SC solution to Eqs. (A3) and (A4) with no FM order (M = 0),
equivalently, the solution to Eq. (A8) without the last term on the RHS. Next we compute the condensation energy for the
solution [Eqs. (A7) and (A9)] at T = 0:

F (M,�, T = 0) − F (0, 0, T = 0) = JM2

2
+ |�|2

g
−

∫ p+
F

p−
F

d2 p

(2π )2
|εp| −

(∫ √
2m∗(μ+�)

√
2m∗(μ−�)

−
∫ p+

F

p−
F

)
d2 p

(2π )2

(√
ε2

p + |�|2 − |εp|
)
.

(A10)

The last term is (∫ √
2m∗(μ+�)

√
2m∗(μ−�)

−
∫ p+

F

p−
F

)
d2 p

(2π )2

(√
ε2

p + |�|2 − |εp|
)

= m∗

π

∫ �

√
( JM

2 )2−|�|2
dε(

√
ε2 + |�|2 − |ε|)

= m∗

2π

⎛
⎜⎝�(

√
�2 + |�|2 − �) − 1

r + 1
|�|2 + |�|2 log

⎛
⎜⎝

√
�2 + |�|2 + �√

r+1
r−1 |�|

⎞
⎟⎠

⎞
⎟⎠

= m∗

2π

(
(r − 1)2

2(r + 1)2
|�0|2 + r − 1

r + 1
|�0|2 log

(
2�

|�0|
))

. (A11)

To obtain the last line we used � 
 |�| and � =
√

r−1
r+1�0. The other integral in Eq. (A10) is

∫ p+
F

p−
F

d2 p

(2π )2

∣∣εp

∣∣ = m∗

2π

1

r2 − 1
|�|2 = m∗

2π

1

(r + 1)2
|�0|2. (A12)

We also have the second term in Eq. (A10)

|�|2
g

= r − 1

r + 1

|�0|2
g

= m∗

2π

r − 1

r + 1
|�0|2 log

(
2�

|�0|
)

. (A13)

We want to compare the condensation energy (A10) with the condensation energy of the trivial SC-only solution:

F (0,�0, T = 0) − F (0, 0, T = 0) = − m∗

4π
�2

0. (A14)

Putting everything together we get

F (M,�, T = 0) − F (0,�0, T = 0) = JM2

2
+ m∗

2π

2r − 1

(r + 1)2
|�0|2 > 0. (A15)

This shows that the trivial SC-only solution is always energetically more favorable than the solution with both SC and FM order
parameters nonzero in two dimensions.

APPENDIX B: DETAILS OF THE MEAN-FIELD TREATMENT

We show here explicitly the forms of the mean-field Hamiltonian and free energy of Hamiltonian (10) in the main text.
Applying a standard mean-field treatment, Eq. (10) becomes

H =
∑
k,σ

i={1,2,3,4}

εikc†
ikσ cikσ −

∑
k,σ

i={1,2}

σJλi

∑
k′

�̂(k, k′)(λ1m1k′ + λ2m2k′ )c†
ikσ cikσ

−
(∑

k,σ

(cos θk�px,σσ + sin θk�py,σσ )c†
1kσ c†

2−kσ
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+
∑

k
i={1,2}

(αx(θk )�sx,i + αy(θk )�sy,i )c
†
ik↑c†

i−k↓ +
∑

k
i={3,4}

�ic
†
ik↑c†

i−k↓ + H.c.

)

+ J

2

∑
k,k′,i, j

�i j (k, k′)mikmjk′ + |�px↑↑|2 + |�px↓↓|2 + |�py↑↑|2 + |�py↓↓|2
V

+ �sy1�
∗
3 + �sx1�

∗
4 − Wee

Weh
�sx1�

∗
sy1 + H.c.

Weh
(B1)

The mean-field order parameters are determined by the following self-consistency equations:

mik =
∑

σ

σ 〈c†
ikσ

cikσ 〉, (B2)

�px↑↑ = V
∑

k

cos θk〈c2−k↑c1k↑〉, �py↓↓ = V
∑

k

sin θk〈c2−k↓c1k↓〉, (B3)

�sx1 = Weh

∑
k

〈c3−k↓c3k↑〉, �sy1 = Weh

∑
k

〈c4−k↓c4k↑〉, (B4)

�sx2 = W ′
eh

Weh
�sx1, �sy2 = W ′

eh

Weh
�sy1, (B5)

�3 =
∑

k

αx(θk )(Weh〈c1−k↓c1k↑〉 + W ′
eh〈c2−k↓c2k↑〉) + Wee〈c4−k↓c4k↑〉, (B6)

�4 =
∑

k

αy(θk )(Weh〈c1−k↓c1k↑〉 + W ′
eh〈c2−k↓c2k↑〉) + Wee〈c3−k↓c3k↑〉. (B7)

The self-consistency equations can be solved numerically at a given temperature. Once we get a solution to the self-consistency
equations, the mean-field free energy of the corresponding solution can be calculated using

F = − T
∑
k,n

ln (1 + e−βEnk ) − 1

2

∑
k,n

Enk +
∑
k,i

εik + J

2

∑
k,k′,i, j

�i j (k, k′)mikmjk′

+ |�px↑↑|2 + |�px↓↓|2 + |�py↑↑|2 + |�py↓↓|2
V

+ �sy1�
∗
3 + �sx1�

∗
4 − Wee

Weh
�sx1�

∗
sy1 + H.c.

Weh
(B8)

Here n is a quasiparticle band index and Enk runs over all the positive eigenvalues of the mean-field Hamiltonian (B1).
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