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Strong-coupling superconductivity of the Heusler-type compound ScAu2Al: Ab initio studies
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The ScAu2Al superconducting Heusler-type compound was recently characterized to have the highest critical
temperature of Tc = 5.12 K and the strongest electron-phonon coupling among the Heusler family. In this work,
the electronic structure, phonons, electron-phonon coupling, and superconductivity of ScAu2Al are studied using
ab initio calculations. The spin-orbit coupling significantly changes the electronic structure removing the van
Hove singularity from the vicinity of the Fermi level. In the phonon spectrum, low-frequency acoustic modes,
additionally softened by the spin-orbit interaction, strongly couple with electrons, leading to the electron-phonon
coupling constant λ = 1.25, a record high among Heuslers. The density functional theory for superconductors
is then used to analyze superconducting state in this two-band superconductor. The effect of spin fluctuations
(SF) on superconductivity is also analyzed. The calculated critical temperatures of Tc = 5.16 K (4.79 K with
SF) agree very well with the experiment, confirming the electron-phonon mechanism of superconductivity and
showing a weak spin-fluctuation effect. The superconducting gaps formed on two Fermi surface sheets exhibit
moderate anisotropy. Their magnitudes confirm the strong coupling regime, as the reduced average values are
2�b1/kBTc � 4.1 and 2�b2/kBTc � 4.3. Anisotropy of the gaps and large spread in their values significantly
affect the calculated quasiparticle density of states.
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I. INTRODUCTION

Heusler family of compounds consists of more than a
thousand systems with a wide variety of physical properties.
To name a few, one can find half-metallic ferromagnetism
[1–10], shape memory effect [11,12], heavy fermion behavior
[13–17], charge density waves [18], topologically nontrivial
states [19–23], and superconductivity [24–29]. In many cases,
the properties of Heusler compounds can be easily tuned by
chemical substitution [4,30–32] or pressure [33,34]. These
intermetallic materials have a general formula XY2Z for the
so-called full Heusler compounds and XYZ for their half-
Heusler counterparts. The full Heusler compounds crystallize
in a cubic structure with a space group Fm − 3m, No. 225,
shown in Fig. 1. The relative simplicity of the structure and the
wealth of physical properties make this family a very active
and compelling field of research.

To our knowledge, to date superconductivity has been re-
ported in 34 full Heusler compounds [29]. Generally, they
follow Matthias’ rule, which states that the maximum super-
conducting transition temperature Tc is expected for 5 to 7
valence electrons per atom in the unit cell [35,36]. The highest
Tc among Heusler compounds was recently reported to be
5.12 K in ScAu2Al [37] which has 7 electrons per atom (28
per formula unit). However, a considerably lower Tc = 4.4 K
was previously reported for that system [29,38,39]. More-
over, on the basis of the McMillan formula [40], measured
Debye temperature (θD = 180 K) and using a Coulomb pseu-
dopotential value of μ∗ = 0.13 Bag et al. [37] estimated the
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electron-phonon coupling constant to be λ = 0.77, suggesting
a moderate strength of the electron-phonon interaction, not
necessarily expected for a case with the highest Tc in this
family of materials.

This raises the question of whether strongly coupled super-
conductivity with λ > 1.0 actually exists among Heuslers. In
other intermetallic superconducting families, such as Laves
phases or A-15 compounds, materials with the highest Tcs
exhibit λ > 1.0, for example, SrIr2 (λ = 1.1, Tc = 6.1 K)
[41], CaIr2 (λ = 1.05, Tc = 7 K) [42,43], or Nb3Ge (λ � 1.7,
Tc = 21.8 K) [44]. Therefore it is worth considering whether
the Heusler family is in some way “distinct” and incapable
of achieving higher values of λ than the postulated ∼0.8, or
the estimation of λ based on the McMillan formula provides
a very inaccurate result. These facts served as motivation for
the undertaking of theoretical studies for ScAu2Al.

This work provides a theoretical analysis of superconduc-
tivity in ScAu2Al to determine the electron-phonon coupling
strength, critical temperature, and the structure and anisotropy
of the superconducting gap. Calculations will help verify the
strong- or moderate-coupling regime of superconductivity and
to determine which of the experimentally reported values of
Tc corresponds to the one for the ideal ScAu2Al phase, as
due to the presence of defects and disorder, frequently ob-
served in Heuslers, the discrepancy in experimental Tc’s is
not unusual. Using the ab initio methods, we calculate the
electronic structure, phonons, and electron-phonon coupling
functions using density functional theory (DFT). To investi-
gate the anisotropy of the superconducting gap and obtain the
critical temperature without using any external parameters,
the density functional theory for superconductors (SCDFT)
in the decoupling approximation [45–48] is used. In these
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calculations, we avoid the need to assume the value of the ef-
fective Coulomb repulsion parameter μ∗ present in McMillan
[40] or Allen-Dynes [49] Tc formulas, and the ferromagnetic
spin-fluctuation effect, competing with superconductivity, can
be analyzed.

The main results of our calculations show that ScAu2Al
is a two-band strong-coupled electron-phonon superconduc-
tor with λ ∼ 1.3 significantly increased by the spin-orbit
coupling, Tc � 5 K and 2�/kBTc � 4.1, with a moderate
anisotropy of the two superconducting gaps.

II. COMPUTATIONAL DETAILS

DFT calculations were performed using the QUANTUM

ESPRESSO package [50,51]. Projected augmented wave (PAW)
pseudopotentials from the PSlibrary [52,53] were used, with
the Perdew-Burke-Ernzerhof exchange correlation functional
[54]. The effects of spin-orbit coupling (SOC) were studied by
performing the scalar-relativistic and full-relativistic calcula-
tions. Self-consistent calculations were done on a 12 × 12 ×
12 Monkhorst-Pack k-point mesh. Electronic density of states
(DOS) and eigenvalues for electron-phonon matrix elements
were obtained on a 24 × 24 × 24 grid, whereas the Fermi
surface (FS) was rendered from a 48 × 48 × 48 grid. Kinetic
energy cutoffs in the plane wave expansion of wave functions
and charge density were set to 100 and 600 Ry, respectively. In
phonon calculations, dynamical matrices were calculated for a
6 × 6 × 6 q-point grid which corresponds to 16 inequivalent
q points, from which the interatomic force constants in real
space were calculated using Fourier interpolation methods.
In Ref. [55], we show that these k- and q-point samplings
were sufficient to obtain convergent results and discuss con-
vergence against smearing parameters of the cold-smearing
technique, used during integrations. In addition, a comparison
of the electronic structure obtained in the pseudopotential
calculations and from the full-potential all-electron linearized
augmented plane wave method, implemented in the WIEN2K

package [56,57], is shown [55], which validates the choice of
pseudopotentials.

Superconducting density functional theory (SCDFT) cal-
culations were carried out using the Superconducting Toolkit
(SCTK) [48] which is interfaced with QUANTUM ESPRESSO. As
this procedure requires a shifted q-point mesh, the prerequi-
site electron-phonon calculations were repeated on a shifted
6 × 6 × 6 q-point grid, containing 28 independent points,
with the 12 × 12 × 12 and 24 × 24 × 24 k-point meshes for
self-consistent cycle and eigenvalues calculations. Here, all
integrations are done using the tetrahedron method.

The volume of the unit cell was relaxed with the Broyden-
Fletcher-Goldfarb-Shanno algorithm. The obtained lattice
constants, 6.5894 Å without SOC and 6.5775 Å with SOC, are
slightly larger than the experimental one, equal to 6.5305 Å
[37]. Such an overestimation is typical for the GGA exchange
correlation functional.

III. RESULTS AND DISCUSSION

A. Electronic structure

The calculated electronic dispersion relations and the
Fermi surface of ScAu2Al are shown in Fig. 2, and the

(a)                                                    (b)

FIG. 1. (a) Unit cell of the ScAu2Al full Heusler compound
with interpenetrating fcc sublattices; (b) Brillouin zone with high-
symmetry points.

densities of states (DOS) in Fig. 3. Brillouin zone with the
high-symmetry points is shown in Fig. 1(b). In general, our
results agree well with the earlier band-structure calculations
[37,59].

Two bands cross the Fermi level building two Fermi sur-
face sheets [Figs. 2(c) and 2(d)]: one, hole-like, with a shape
of a cube skeleton stretched between the L points, and the
second, electron-like, with large pockets centered at X and
small pockets around K . The first Fermi surface sheet, shown
in Fig. 2(c), contributes approximately 75% of the total den-
sity of states at the Fermi level, N (EF ), as electrons have a
lower Fermi velocity compared to the second sheet.

FIG. 2. (a) Electronic bands and (b) total DOS of ScAu2Al.
[(c) and (d)] Fermi surface with SOC and colored with the Fermi
velocity. Inset shows a fragment near the L point calculated without
SOC. FS was visualized in FERMISURFER [58].
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FIG. 3. Total and projected density of states (DOS) of ScAu2Al. Top panels show the full-relativistic results, bottom with SOC neglected.
In (c) and (g), the densities of states are plotted for two Au atoms, the single-atomic orbital contribution is two times smaller.

The first notable feature in the electronic structure is a
flat band near the L point, located at the Fermi energy EF

in the scalar-relativistic case. Because the derivative ∇E (k)
approaches zero, a van Hove singularity appears in the DOS
as a sharp kink at EF in Figs. 3(e)–3(h). The inset in Fig. 2
shows a piece of the Fermi surface near the L point, calculated
without SOC. As one can see, there are no states exactly at the
L point and a closer analysis shows that, in fact, the electronic
band is located 10 meV below EF .

Spin-orbit coupling visibly affects bands near the Fermi
level in the � -L direction, removing the band degeneracy.
Two flat bands are moved away from the Fermi energy,
removing the van Hove singularity from the vicinity of
EF . This results in the formation of two DOS peaks that
merge into a broader maximum visible in Figs. 3(a)–3(d),
with slightly decreased N (EF ), whereas in the Fermi surface
small tubes around L are built, connecting the FS fragments
[Fig. 2(c)].

A more detailed view of the band structure is shown in
Fig. 4 where the bands are colored according to their orbital
character.

A dominant contribution of Sc-d states is noticeable, espe-
cially in the flat-band region and for a linear band between K
and �. In the �-L direction, SOC pushes Sc-d- j5/2 below EF ,
leaving the dominant contribution to Sc-d- j3/2. The contribu-
tions from the Au-d and Al-p states, compared to Sc, are more
uniformly distributed between the bands and as a function of
the distance from EF .

Analysis of densities of states in Fig. 3 confirms that the
states at EF are mainly built from Sc-3d, and the next contri-
bution comes from Al-3p orbitals. Although the two Au atoms
contribute 22 of 28 valence electrons in the ScAu2Al unit cell,
their almost filled 5d shells form bands deep below EF . The
total and projected values of N (EF ) are collected in Table I
and the largest contribution to DOS at the Fermi level comes
from scandium.

Although spin-orbit coupling visibly affects the band struc-
ture near EF , it has a small effect on the magnitude of N (EF ).
The relativistic value is only about 2% smaller than the
scalar-relativistic one. The calculated density of states (with
SOC) gives the electronic specific heat coefficient γband =
4.74 mJ/(mol K2). The experimental Sommerfeld coefficient,
reported in [37] is γexpt = 6.75 mJ/(mol K2). That gives the
electron phonon renormalization factor λγ = γexpt/γband − 1
= 0.425, which is very small considering the high Tc =

TABLE I. Calculated total and projected N (EF ) of ScAu2Al, and
bandstructure values of the Sommerfeld coefficient γband.

N (EF ) (eV−1) γband

total Sc Au2 Al ( mJ
mol K2 )

with SOC 2.010 0.972 0.362 0.556 4.74
w/o SOC 2.043 0.990 0.359 0.565 4.82
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FIG. 4. Electronic bands colored according to their orbital char-
acter. (a)–(d) show the scalar-relativistic results, whereas in (e)–(h),
spin-orbit coupling is included.

5.12 K. However, we consider the reported value of γexpt =
6.75 mJ/(mol K2) as unlikely. The value of γexpt was obtained
in Ref. [37] by fitting the data of Cp(T ) measured in a mag-
netic field of 10 kOe to the standard equation Cp/T = γ +
βT 2 + δT 4. Measurements were reported for the temperature
range 2–5.5 K; the fit range was not reported. In Ref. [55],
we reanalyze the specific heat data from [37], performing a
set of fits in the temperature range 2.0 K − Tmax, with 4.5 K
< Tmax < 5.5 K (T 2

max from 20 to 30 K2). It appeared that the
obtained γ is very sensitive to the fit range; it varies from 12
mJ/(mol K2) for the narrower fit range to 2.8 mJ/(mol K2)
for the broader, while it should be constant within some er-
ror bar. Similar situation holds for the Debye temperature,
obtained from this fit. The problem in stabilization of the
temperature, mentioned in Ref. [37], could have influenced
the measurements; however, as we discuss in Ref. [55] in
temperatures above 2 K the lattice specific heat in ScAu2Al
cannot be analyzed using the Debye C = βT 3 + δT 5 for-
mula, due to the presence of low-frequency phonon mode,
discussed in the next paragraph. To precisely determine the
Sommerfeld parameter and limit the influence of the lattice
contribution, specific heat should be measured at lower tem-
peratures, below 2 K. Our theoretical value of the Sommerfeld
parameter, renormalized by the calculated electron-phonon
coupling constant (see the following sections), points to the
value of γ ∼ 11 mJ/(mol K2). Clearly, the specific heat in
ScAu2Al requires further experimental low-temperature stud-
ies to provide conclusive results and comparison.

FIG. 5. Phonon bands and partial phonon density of states of
ScAu2Al. Color shading with hatches represents atomic contribu-
tions to phonon branches.

B. Phonons

Figure 5 presents the phonon dispersion relations ωq,ν

and the phonon density of states F(ω). Gold, as expected
for the heaviest atom, constitutes mostly the first six phonon
modes with the lowest frequency, up to about 2.5 THz. These
phonon branches have minor contributions from scandium
and aluminum. A large gap in the phonon spectrum is formed,
as the next phonons appear around 5 THz. Such a separa-
tion of phonon modes is expected because Au atoms are
approximately 8 and 4 times heavier than Al and Sc atoms, re-
spectively. The higher-frequency part of the phonon spectrum,
involving Sc and Al vibrations, span the range from 5 THz to
about 7.5 THz and is grouped into two parts. Three phonon
modes, between roughly 5 and 6 THz, have a dominant Al
character, whereas the highest three modes describe mostly
the vibrations of Sc. Thus inversion of the phonon modes is
noticed, because despite the fact that Sc is 67% heavier than
Al, its phonon modes have much higher frequencies. This
inversion is caused by the stronger bonding of scandium atoms
inside the structure, which leads to higher values of the force
constants matrix elements. For example, the restoring force
acting on Sc when it is displaced in the x direction is about
two times greater than for Al and Au, and the force constant

224501-4



STRONG-COUPLING SUPERCONDUCTIVITY OF THE … PHYSICAL REVIEW B 108, 224501 (2023)

FIG. 6. Electron density (number of electrons/a3
B, where aB is the

Bohr radius) in the primitive cell of ScAu2Al. The electron density
was visualized using XCRYSDEN [60].

matrix elements for the Sc-Au nearest-neighbor pair are ap-
proximately three times greater than those for the Al-Au pair.
This is supported by the charge density distribution, shown in
Fig. 6 in the Al-Sc-Au and Sc-Al planes. The electron density
between Sc and Au is generally larger than that between the
Al and Au or Al and Sc pairs. This gives a larger metallic con-
tribution to the mixed metallic-ionic bonding in this structure,
strengthening the bonding between Sc and Au, compared to
Al-Au or Al-Sc. In turn, higher values of the force constants
result in higher frequencies of Sc vibrations, above Al.

Taking a closer look at the low-frequency range, we notice
a strong softening of the first two acoustic modes, especially
in the �-X direction and at the K point. All three atom
species make a visible contribution to these modes near the
X point. On the other hand, the third acoustic mode at the X
point has almost zero contribution from Sc and Al vibrations.
SOC further enhances this softening as highlighted in Fig. 7,
therefore, it must be included to accurately analyze supercon-
ductivity in ScAu2Al, since the low-frequency phonon modes
give the largest contribution to the electron-phonon coupling

FIG. 7. Effect of spin-orbit coupling on the phonon dispersion
relations and phonon density of states of ScAu2Al.

parameter λ. As far as the optical modes are concerned, the
SOC slightly increases the phonon frequencies of the upper
optical branches, which can be attributed to a slightly stiffened
lattice because the lattice parameter computed with SOC is
smaller than the scalar-relativistic one. The average phonon
frequencies are 3.82 THz (with SOC) and 3.80 THz (without
SOC).

One of the possible reasons for the softening of phonons in
metals is the Kohn anomaly, which occurs if large fragments
of the Fermi surface can be connected by a single vector q (FS
exhibits strong nesting). In the case of ScAu2Al, the phonon
branches in �-X gradually flatten, so there are no sharp dips
in the dispersion relation, indicating a characteristic disconti-
nuity of a derivative of ω(q). To quantitatively investigate the
nesting of the Fermi surface, we calculated the values of the
nesting function

χ (q) =
∑
n,n′

∫
BZ

d3k
VBZ

δ(EF − En,k )δ(EF − En′,k+q). (1)

Figure 8(a) shows χ (q) calculated in selected directions in the
Brillouin zone. The largest number of states are connected by
vectors starting from the first band, which builds the FS sheet
shown in Fig. 2(c) and has large contributions from Sc-d- j3/2.
Apart from the irrelevant peak in �, the nesting function is
strongly enhanced in the �-X direction and near the X point,
which is correlated with the observed softening of the first
acoustic phonon mode. Furthermore, χ (q) is enhanced at the
K point, where we also noticed softened phonons. Nesting
vectors �-X and �-K are visualized on the Fermi surface
in Figs. 8(c) and 8(e), respectively. Furthermore, spin-orbit
coupling significantly increases χ (q) in the �-X direction,
as shown in Figs. 8(a) and 8(b), which partly answers the
question why the �-X acoustic mode is additionally softened
in the relativistic case. Analysis of χ (q) shows that the spe-
cific geometry of the Fermi surface is beneficial for strong
electron-phonon coupling and superconductivity in ScAu2Al.

To further investigate the character of the softened phonon
mode in �-X , we visualized the movement of the atoms in
the real space for the phonons at the X point in Fig. 9. This
also allows one to see the additional difference imposed by
spin-orbit coupling, as SOC increases the χ (q) values in the
�-X direction, but also modifies the atomic displacement,
leading to a much more softened phonon mode in the fully
relativistic case, compared to the scalar-relativistic one. What
we can observe is that without SOC in the first two degenerate
modes, every atom moves along the diagonal of the base of
the unit cell, in the direction where all atoms are aligned.
Spin-orbit coupling by influencing the electronic structure,
charge densities, and force constants, qualitatively changes
this movement pattern because then both Au atoms vibrate
in a direction at an angle approximately 130◦ to the one
of Sc and Al, in a less dense-packed direction. This results
in a lowering of the vibration frequency. The last acoustic
mode at the X points consists only of Au vibrations, and
neither its frequency nor the normal mode eigenvectors are
visibly affected by the SOC. In Ref. [55] animations of the
lowest-frequency phonon modes at X , W , K , L and the middle
of X -� are additionally provided. It is interesting to note that
at the W point Au atoms move in circles, so the investiga-
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FIG. 8. (a) Nesting function of ScAu2Al with separated contributions from bands (see text), labels “b1” and “b2” refer to bands 1 and 2;
(b) zoom near the X point; (c) nesting vectors parallel to �-X ; and (d) FS cut on which nesting vectors, parallel to �-K , are plotted in (e).
Fermi surface is colored with electron-phonon coupling constant calculated using SCDFT (see Sec. III D).

tion of the chirality of phonons [61–63] in ScAu2Al may
be potentially interesting. Furthermore, SOC also causes a
circular trajectory of Au movement in the point in the middle
of X -�, further highlighting that SOC substantially changes

FIG. 9. Acoustic phonon modes at X = (0, 1, 0) in the unit cell
of ScAu2Al. Sc, Au, and Al atoms are colored red, yellow and blue,
respectively.

the vibrational properties of ScAu2Al. Chirlal phonon effects
would be especially interesting if it were possible to break
the time-reversal and inversion symmetries of the structure
by synthesizing a noncentrosymmetric half-Heusler analog
with magnetic dopants. In such a case, an overall phonon
angular momentum, carried by individual chiral modes, does
not vanish, and this could be a possible interesting point for
further studies on related Heusler structures.

C. Electron-phonon coupling

Electron-phonon interaction is described by the hamilto-
nian [64–66]

Ĥ =
∑

k,q,ν,i, j

gν
q(k, i, j)c†i

k+qc j
k

(
b†ν

−q + bν
q

)
. (2)

Operators c refer to electrons and b to phonons, with lower in-
dices describing wave vectors and upper band numbers (q and
ν for phonons and k, i, j, for electrons). The matrix element
gν

q(k, i, j) has a form [66]

gν
q(k, i, j) =

∑
s

(
h̄

2Msωqν

)1/2

〈ψi,k|dVsc f

dûν,s
· ε̂ν |ψ j,k+q〉,

(3)

where index s labels atoms in the unit cell, ψi,k is an electronic
wavefunction, dVsc f

dûν,s
is a self-consistently calculated change

in the electronic potential caused by displacing atom in the
direction ûν,s and ε̂ν is a phonon polarization vector. Then one
can introduce the phonon linewidth [67]

γ ν
q = 2πωqν

∑
i j

∫
d3k

�BZ

∣∣gν
q(k, i, j)

∣∣2

× δ
(
Ei

q − EF
)
δ
(
E j

k+q − EF
)
. (4)
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FIG. 10. Phonon linewidths multiplied by 40 and Eliashberg
functions of ScAu2Al.

It is worth noting that phonon linewidths do not directly
depend on the phonon frequencies, thus they play a role of
electronic contributions to the electron-phonon interaction.
Dirac deltas select only electrons from the Fermi surface to
participate in the electron-phonon interaction, and the matrix
element g is the coupling strength. The phonon linewidth is
inversely proportional to the phonon’s lifetime. Now one can
define the Eliashberg function

α2F (ω) = 1

2πN (EF )

∑
qν

δ(ω − ωqν )
γqν

h̄ωqν

(5)

and the electron-phonon coupling constant

λ = 2
∫ ωmax

0

α2F (ω)

ω
dω. (6)

A more detailed discussion can be found in [64].
Figure 10 shows the phonon linewidths plotted over the

dispersion relations and the Eliashberg function. Typically, γ ν
q

is small for acoustic modes, but here it is pronounced in the
softened branch in the �-X direction. Because the Eliashberg
function is inversely proportional to the phonon frequency,
the contribution of the lowest mode enhances α2F (ω). It is
well seen in Fig. 11 where the Eliashberg function is plotted
together with the phonon density of states F (ω). Furthermore,
since the electron-phonon coupling constant λ is proportional
to α2F (ω)/ω, the contribution of the softened mode will be
the largest. The cumulative frequency distribution of λ(ω),

FIG. 11. Eliashberg functions, normalized phonon density of
states and cumulative electron-phonon coupling constant.

calculated by integrating equation (6) up to the frequency ω,
is shown in Fig. 11. The dominant role of the low-frequency
Au-dominated modes (below 2.33 THz) in contributing to the
electron-phonon coupling in ScAu2Al is very well seen. They
contribute approximately 86% of λ in the scalar-relativistic
case, and the spin-orbit coupling increases this to 89%.

The scalar-relativistic electron-phonon coupling constant
is λ = 0.97 and is remarkably enhanced in about 30%, to
λ = 1.25, when spin-orbit coupling is included. The contribu-
tions λν from the each of the phonon modes ν are collected
in Table II. Analyzing these values, one can conclude that
the relativistic increase of λ is mostly contributed by the two
lowest acoustic phonon modes, as λ1 increases from 0.295 to
0.453 and λ2 from 0.266 to 0.368.

To analyze whether this increase of λ due to SOC is more
related to the increase in the interaction strength (via the
phonon linewidths) or due to decrease of phonon frequencies,
we have calculated values of two integrals

I =
∫ ωmax

0
ω · α2F (ω)dω, (7)

〈ω2〉 =
∫ ωmax

0
ω · α2F (ω)dω

/∫ ωmax

0
α2F (ω)

dω

ω
. (8)

The integral I is a frequency-independent measure of elec-
tronic contribution to λ [41,68], and 〈ω2〉 is defined in such
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TABLE II. Parameters of the electron-phonon interaction in ScAu2Al for the total phonon spectrum and individual phonon modes: the
electron-phonon coupling parameter λ [Eq. (6)], the frequency-independent electronic contribution I [Eq. (7)], and average square frequency
〈ω2〉 [Eq. (8)].

total value for the phonon mode no.

1 2 3 4 5 6 7 8 9 10 11 12
λ

with SOC 1.253 0.453 0.368 0.143 0.059 0.049 0.047 0.026 0.023 0.022 0.018 0.021 0.025
w/o SOC 0.974 0.295 0.266 0.128 0.056 0.048 0.047 0.025 0.023 0.021 0.017 0.021 0.025
I (THz2)
with SOC 3.229 0.118 0.111 0.130 0.087 0.085 0.102 0.346 0.333 0.362 0.396 0.510 0.649
w/o SOC 3.122 0.103 0.106 0.124 0.084 0.084 0.102 0.336 0.326 0.345 0.376 0.498 0.638
〈ω2〉 (THz2)
with SOC 5.153 0.520 0.605 1.815 2.949 3.466 4.287 27.081 29.294 33.060 44.624 48.701 51.781
w/o SOC 6.411 0.701 0.794 1.939 2.989 3.506 4.349 26.431 28.592 32.365 43.397 47.482 50.522

a way that λ = 2I
〈ω2〉 .1 For the whole phonon spectrum, the

values are I = 3.229 THz2, 〈ω2〉 = 5.153 THz2 (with SOC)
and I = 3.122 THz2, 〈ω2〉 = 6.411 THz2 (no SOC), thus the
main reason for the increase in λ due to SOC is the decrease of
the phonon frequencies. Similar integrals computed for each
phonon mode are collected in Table II.

The calculated λ places ScAu2Al in the strong coupling
regime and is the largest among the values reported in Heusler
compounds (YPd2Sn has λ = 0.99 [69]). The superconducting
transition temperature may now be calculated from the Allen-
Dynes formula [49]:

kBTc = f1 f2h̄ωln

1.20
exp

{
− 1.04(1 + λ)

λ − μ∗(1 + 0.62λ)

}
. (9)

As λ is on the order of 1.0, the strong-coupling prefactors f1

and f2 must be used. They are defined as [49]

f1 = [1 + (λ/�1)3/2]1/3, (10)

f2 = 1 + (ω̄2/ωln − 1)λ2

λ2 + �2
2

, ω̄2 =
√

2〈ω2〉, (11)

where

�1 = 2.46(1 + 3.8μ∗) (12)

and

�2 = 1.82(1 + 6.3μ∗)(ω̄2/ωln ). (13)

The logarithmic average phonon frequency is in a form:

ωln = exp

(
2

λ

∫ ωmax

0
α2F (ω) ln ω

dω

ω

)
. (14)

The calculated Tc, λ and ωln are collected in Table III.
Although the phonon modes reach approximately 7.5 THz, a
small ωln = 1.08 THz (51.8 K, with SOC) is obtained. This is
a consequence of the enhancement of the Eliashberg function
in the low-frequency range, especially in the fully relativistic

1In a monoatomic system, the McMillan-Hopfield parameter [40]
is defined as η = 2MI (M is the atomic mass) and then the
electron-phonon coupling constant is calculated using the well-
known formula λ = η

M〈ω2〉 .

case. The scalar-relativistic value of ωln = 1.32 THz is 23%
higher. If the phonon DOS F (ω) function was used to com-
pute ωln value, instead of the Eliashberg function, it would
be about 40% higher, 1.45 THz (69.6 K) in the relativistic
case. Thus enhancement of the Eliashberg function over the
phonon DOS for lower ω is responsible for such a low ωln.
Strong-coupling correcting factors are f1 · f2 = 1.12 (with
SOC) and f1 · f2 = 1.08 (without SOC). Taking the value of
the Coulomb pseudopotential parameter μ∗ = 0.10 we obtain
the critical temperature of Tc = 5.43 K (with SOC), which
is in good agreement with the experimental one, equal to
Tc = 5.12 K. The spin-orbit coupling increases Tc in ScAu2Al,
as the scalar-relativistic value is 4.57 K.

Although the electron-phonon coupling constant λ = 1.25
is record high in the family of Heusler compounds, the critical
temperature of ScAu2Al is not that high. The reason for this
is the remarkably low ωln � 52 K, only 12% increased by
the strong coupling correction factors f1 · f2 = 1.12, when
Tc is calculated. This peculiar electron-phonon spectral func-
tion, with low-frequency enhancement, together with the large
value of λ is responsible for the significant underestimate
of the electron-phonon coupling constant made on the basis
of experimental Tc, Debye temperature (θD = 180 K), and
McMillan formula in Ref. [37]. Due to the highly non-Debye
phonon spectrum and strong coupling, the McMillan formula
is very inaccurate for ScSu2Al, which explains why much
smaller λ = 0.77 was obtained there.

Our calculations also demonstrate that in the Heusler fam-
ily of superconductors we reach the strong-coupling regime

TABLE III. Logarithmic average ωln, electron-phonon coupling
constant λ, superconducting transition temperature Tc from Allen-
Dynes formula (9) with μ∗ = 0.1, and Sommerfeld coefficient γ

renormalized with λ from the electron-phonon calculations, γ =
γband(1 + λ). Experimental value of Tc = 5.12 K.

ωln λ Tc γ

(THz) (K) ( mJ
mol K2 )

with SOC 1.077 1.253 5.43 10.68
w/o SOC 1.324 0.974 4.57 9.51
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with λ > 1 in the compound with the highest Tc, like in the
other intermetallic families of superconductors.

D. Superconductivity from the SCDFT

The motivations for extending our calculations and apply-
ing the density functional theory for superconductors method
(SCDFT) to ScAu2Al were threefold. First, we avoid using
the arbitrary value of the Coulomb pseudopotential μ∗, as
in the SCTK package [47] Coulomb interactions are directly
included in the calculations. This allows us to verify whether
the computed strong electron-phonon coupling indeed leads
to a critical temperature value of the order of 5 K, with
no external parameters. Second, SCDFT calculations allow
us to investigate the superconducting gap structure in the
reciprocal space. This is especially interesting as ScAu2Al
occurred to be a two-band material, with two large Fermi
surface sheets. Therefore it is possible that different strengths
of the electron-phonon interaction on those two sheets will
lead to the formation of two different superconducting gaps,
as is observed, e.g., in Pb [70]. Two-gap superconductivity
was recently suggested in a noncentrosymmetric half-Heusler
compound LuPdBi [71] based on upper critical field and pen-
etration depth measurements.

Third, in the experimental studies [37] a quadratic tem-
perature dependence of resistivity, ρ(T ) = ρ0 + AT 2 was
observed. Such a quadratic temperature dependence may
be induced by the presence of weak ferromagnetic spin
fluctuations (SF), which would additionally compete with
superconductivity. The presence of SF may be taken into
account in SCDFT calculations within SCTK thus we aimed
to verify whether SF have a strong influence on super-
conductivity in ScAu2Al. All calculations reported in this
section include the spin-orbit coupling.

The superconductivity in SCTK is described with the equa-
tion for the superconducting gap function �nk:

�nk = − 1

2

∑
n′k′

Knkn′k′ (ξnk, ξn′k′ )

1 + Znk(ξnk )

× �n′k′√
ξ 2

n′k′ + �2
n′k′

tanh

√
ξ 2

n′k′ + �2
n′k′

2T
, (15)

where ξnk is the Kohn-Sham eigenvalue at EF = 0 in the band
n. Tc is found when the gap vanishes at a given temperature.
The integration kernel K

Knkn′k′ (ξ, ξ ′) ≡ Kep
nkn′k′ (ξ, ξ ′)

+ Kee
nkn′k′ (ξ, ξ ′) + Ks f

nkn′k′ (ξ, ξ ′) (16)

consist of electron-phonon, electron-electron and spin fluctu-
ations terms. The renormalization factor Z:

Znk(ξ ) = Zep
nk (ξ ) + Zs f

nk (ξ ) (17)

has only the electron-phonon and SF terms. The screened
Coulomb interaction is calculated with the random phase ap-
proximation. A more detailed description of the theory can be
found in [47,48].

We first discuss the results of calculations with the spin
fluctuation terms neglected. The main results of the calcu-

TABLE IV. Results of SCDFT calculations in a form of av-
erage parameters for FS sheets corresponding to band 1, band 2,
and the global average, obtained with and without spin fluctuations
(all with spin-orbit coupling): μ-Coulomb repulsion parameter, �-
superconducting gap, λ-electron-phonon coupling constant. Tc is the
superconducting critical temperature.

w/o SF with SF

μb1
0.270 0.297

μb2
0.273 0.298

μ 0.271 0.297
�b1 (meV) 0.909 0.840
�b2 (meV) 0.947 0.878
� (meV) 0.921 0.854
2�b1/kBTc 4.093 4.075
2�b2/kBTc 4.273 4.264
2�/kBTc 4.138 4.119
λb1 1.355 1.355
λb2 1.387 1.387
λ 1.364 1.364
Tc (K) 5.16 4.79

lations are shown in Table IV. The superconducting critical
temperature, calculated from SCDFT based on the gap equa-
tion (15) and the condition of vanishing gap at the transition
point, is Tc = 5.16 K. This value is almost identical to Tc =
5.12 K, reported in the experiment in Ref. [37], and larger than
Tc = 4.4 K previously reported for that system [29,38]. This
confirms that ScAu2Al has intrinsically the highest critical
temperature among the Heusler compounds studied so far, and
the lower value, reported in earlier studies [38], may be due to
disorder in the samples.

Figure 12 presents the k-space distribution of the key
parameters for the superconductivity of ScAu2Al: the value
of the electron-phonon coupling parameter λnk in panel (a),
the screened Coulomb repulsion parameter μnk in panel (b),
and the wave-vector dependence of the superconducting gap
�nk in panel (c), each plotted on the Fermi surface of the
compound. Panels (d)–(f) show those quantities in a form of
histograms.

First of all, superconductivity is fully gaped, there are no
points or lines with nodes. A moderate level of anisotropy
and a quite large spread of the discussed quantities is ob-
served, more pronounced for the Fermi surface associated
with the first band. The electron-phonon coupling parame-
ter λnk takes values between 0.7 and 2.0, and the regions
with stronger coupling also have weaker screened electron
repulsion parameter μnk. This results in a distribution of �nk
with quite a noticeable spread, the ratio of the highest to the
lowest values reaches about 2. Most of the FS regions exhibit
4 < 2�/kBTc < 5, much above the BCS weak-coupling limit
of 3.53. The regions with the strongest electron-phonon cou-
pling, which includes the nested parts of the FS according to
Fig. 8, correspond to the largest �nk. For example, the gap
in the �-K direction, where the acoustic phonon modes are
strongly coupled and the nesting function is enhanced, has
a higher value than in �-L. The gap near the L point has
moderate values, as well as relatively small phonon linewidths

224501-9



KUDEROWICZ AND WIENDLOCHA PHYSICAL REVIEW B 108, 224501 (2023)

FIG. 12. The nk dependent (a) electron-phonon coupling constant, (b) Coulomb potential and (c) superconducting gap function at T = 0 K.
Histograms in (d), (e), and (f) present the distribution of the quantities that were plotted on the Fermi surface. These results were computed
with SOC and w/o SF.

seen in Fig. 10, which shows that the flat band at L does not
affect the superconductivity much.

From the k-dependent values, we calculate the average
superconducting gaps for each band, by weighting �nk by the
k-resolved density of states at EF

�n =
∑

k �nkδ(Ek − EF )∑
k δ(Ek − EF )

. (18)

The δ(Ek − EF ) functions are computed using the Marzari-
Vanderbilt cold smearing method [72,73], more details are
given in Ref. [55]. The average Coulomb repulsion parameters
μn and electron-phonon coupling constants λn were computed
in the same way, and n = {b1, b2} stand for the Fermi sur-
face sheet of band 1 and band 2. The global averages are
also computed by weighting each FS sheet contribution. The
results are collected in Table IV. The average values of the
superconducting gaps confirm the strong-coupling character
of superconductivity in ScAu2Al, as 2�b1/kBTc = 4.09 and
2�b2/kBTc = 4.27, both considerably above the BCS value.
As the first FS sheet contributes about 75% to N (EF ) due to
lower Fermi velocities (see Fig. 2), the global average is closer
to the �b1 , with 2�/kBTc = 4.14. The Fermi surface average
electron-phonon coupling parameters λn are similar for both
FS sheets, and the global average λ = 1.36. This value is 9%
larger than the value computed from the Eliashberg function
in the previous section (λ = 1.25). The difference is the result
of different numerical procedures of calculations of λ for the
two cases, including unshifted vs. shifted q-point meshes or
smearing vs. tetrahedron integration methods. Nevertheless,
the difference is not significant and even stronger electron-
phonon coupling is predicted by the SCDFT calculations.

The screened Coulomb interaction parameter μnk is shown
in Fig. 12(b). It is obtained from the electron-electron part of
the kernel Kee

nkn′k′ [see Eq. (16)] by summing over {n′k′} on the

Fermi surface. By integrating it again, one obtains the average
Coulomb repulsion parameter μ, shown in Table IV, which
is a dimensionless product of the average interaction kernel
times the density of states at EF [48]. Both FS sheets have
similar values, and the overall average is μ = 0.27. Compared
to elemental metals that build our structure, Au with the filled
d shell well below the Fermi energy has a lower μ = 0.14,
metallic Al has a similar μ = 0.25 and Sc with an open 3d
shell has a much higher μ = 0.52 [48].

In the superconducting state, the effect of Coulomb re-
pulsive interactions is weakened by retardation effects due
to different energy scales of electrons and phonons, and this
effect is naturally included in the SCDFT calculations [48]. In
the isotropic Eliashberg theory or in the Allen-Dynes formula,
retardation is approximately described using the μ∗ parameter
[74–78]

μ∗ = μ

1 + μ ln(Eel/ωph )
. (19)

The Eel and ωph are usually taken as the electronic and
phononic cutoff energies, of the order of Fermi energy or
bandwidth for the former and ωmax or θD for the latter (due
to the logarithm in the denominator the slightly different def-
initions do not affect μ∗ much). Based on the calculated μ

we may estimate μ∗. With an electronic bandwidth of 10 eV
and a maximum phonon frequency of 7.5 THz (31 meV) one
obtains μ∗ = 0.105. If the Debye temperature of 180 K is
used, instead of ωmax, a smaller μ∗ = 0.092 is obtained, but
all close to the standard approximation of μ∗ = 0.10.

Now, let us proceed to the analysis of the spin fluctuation
effect. Figure 13(a) shows the k-space distribution of the
repulsion parameter μnk, which now includes both the
Coulomb and spin-fluctuation kernels. In panel (b) the su-
perconducting gap is presented, and panels (c) and (d) show
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FIG. 13. The nk dependent (a) Coulomb potential and (b) su-
perconducting gap function at T = 0 K. Histograms in (c) and
(d) present the distribution of the quantities that were plotted on the
Fermi surface. These results were computed with SOC and SF.

their histograms. SF term does not influence λnk, so it is not
repeated after Fig. 12. The critical temperature drops a little, to
Tc = 4.79 K, now slightly lower than the experimental result
of 5.12 K in Bag et al. [37], yet still larger than 4.4 K in an
earlier report [38]. The repulsion parameter μnk increases, its
k-dependence becomes a bimodal distribution, with peaks in
the histograms shifted between the two bands. Nevertheless
the average values for the two FS sheets become equal (see Ta-
ble IV) and increase in about 10% due to SF to μ = 0.30.2 In
elemental metallic scandium, where strong spin fluctuations
are present, the SF contribution to the repulsion parameter is
much larger, μSF = 0.976 [48], which makes the compound
nonsuperconducting. The small increase in μ in ScAu2Al is
responsible for the small decrease in Tc and in the supercon-
ducting gaps, compared to the no-SF calculations; however,
the ratios 2�n/kBTc remain practically unchanged. From our
calculations, we may conclude that the spin fluctuations are
weak in ScAu2Al.

In the final step of our analysis of the superconducting
properties of ScAu2Al, we have calculated the temperature-
dependent quasiparticle density of states in a superconducting
phase (see Ref. [47] for details) and the temperature evolution
of the superconducting gap. Figure 14 shows the quasiparticle
DOS spectrum for 0.1, 2, and 4 K, computed with and without
spin fluctiations (both include SOC). As one can clearly see, it
deviates from the BCS-like singularity at the energy gap and
it is a consequence of the k dependence and energy spread of
the superconducting gaps, discussed above. The small hump at
its beginning comes from the “tail” seen on �nk histograms in
Figs. 12 and 13. Tunneling conductance measurements should
be performed to verify our calculations and further investigate
the gap anisotropy. Figure 15 presents the temperature depen-
dence of the average value of superconducting gaps for bands

2If we would like to compare the effective μ∗ parameter including
the retardation effects, Eq. (19), the increase of μ∗ due to SF is
about 5%.

FIG. 14. Quasiparticle spectrum as a function of temperature. Its
shape is visibly affected by the anisotropy of the superconducting
gap.

1 and 2, computed with and without SF (both include SOC).
The gaps were fitted to the equation:

�(T ) = �(0)

√
1 −

(
T

Tc

)n

, (20)

where in the BCS model n � 3.0 [79]. Here, the fitting gives a
smaller exponent of n � 2.5 with SF and n � 2.6 without SF.

IV. SUMMARY

To summarize, we have presented calculations of the
electronic structure, phonons, electron-phonon coupling func-
tions, superconducting critical temperature, and supercon-
ducting gap in ScAu2Al. Spin-orbit coupling is found to have
an important effect on the electronic structure near the Fermi
level, because it lifts the degeneracy of the bands, removing

FIG. 15. Temperature dependence of the average values of super-
conducting gaps, calculated without and with spin fluctuations. Lines
are fits to the formula (20).
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the van Hove singularity from the vicinity of the Fermi level.
Sc-d states contribute approximately 50% of the density of
states at the Fermi level, while the Al-p states contribute
30% with Au-d and Au-s constituting the rest. Due to a
large difference of the Au atom mass compared to Sc and
Al, phonons form two groups of modes, separated by a large
gap of approximately 2 THz. Although Sc is heavier than
Al, phonon modes dominated by its vibrations have higher
frequencies due to the stronger bonding of Sc in the structure.
The most important feature of the phonon structure to pro-
vide the strong electron-phonon coupling in this compound
is a low-dispersive acoustic branch in the �-X direction that
has significantly lower frequencies than the rest of the spec-
trum and is dominated by Au vibrations. The SOC further
softens phonons in that branch, resulting in a large value of
the electron-phonon coupling constant λ = 1.25. Therefore
ScAu2Al can be classified as a strong coupling supercon-
ductor. Using the Allen-Dynes formula with strong coupling
correction factors, we obtained Tc = 5.43 K when using a
typical value of μ∗ = 0.10.

These conclusions are then strengthened by the SCDFT
calculations, in which the depairing effects of Coulomb in-
teractions and spin fluctuations are taken into account. The
average electron-phonon coupling parameter, obtained for
SCDFT calculations, confirmed that the coupling is strong,
giving a slightly larger λ = 1.36. If SF are neglected, the

critical temperature of Tc = 5.16 K is obtained, and the in-
clusion of SF slightly decreases the critical temperature to
Tc = 4.79 K. The obtained Tc is close to the experimen-
tal one of 5.12 K, confirming the electron-phonon coupling
mechanism of superconductivity in ScAu2Al and showing
that spin fluctuations are weak. Analysis of the Fermi surface
and superconducting gaps show that ScAu2Al is a two-band
superconductor with nodeless gaps and a moderate level of
gap anisotropy. The values of 2�/kBTc are 4.09 and 4.27
for the two Fermi surface sheets, above the weak coupling
limit of 3.53. The calculated quasiparticle density of states
is strongly affected by the large spread of superconducting
energy gap values and its anisotropy, opening a possibility of
its experimental validation through the tunneling spectroscopy
measurements.
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