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We study magnon-polaron hybrid states, mediated by Dzyaloshinskii-Moriya and magnetoelastic interactions,
in a two-dimensional ferromagnetic insulator. The magnetic system consists of both in-plane and flexural
acoustic and optical phonon bands, as well as acoustic and optical magnon bands. Through manipulation
of the ground-state magnetization direction using a magnetic field, we demonstrate the tunability of Chern
numbers and (spin) Berry curvatures of magnon-polaron hybrid bands. This adjustment subsequently modifies
two intrinsic anomalous Hall responses of the system, namely, the intrinsic thermal Hall and intrinsic spin Nernst
signals. Notably, we find that by changing the magnetic field direction in particular directions, it is possible to
completely suppress the thermal Hall signal while maintaining a finite spin Nernst signal. Our finding reveals the
intricate interplay between topology and magnetic ordering, offering compelling avenues for on-demand control
over emergent nontrivial topological states and quantum transport phenomena in condensed matter systems by
potential applications in both classical and quantum information technology.
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I. INTRODUCTION

Magnon-polarons are emergent quasiparticles arising from
hybrid states between magnons, the quanta of collective spin
excitations, and phonons, the quanta of lattice vibrations
[1-5]. The coherent coupling between magnons and phonons
modifies the thermoelectric responses of the material. By
studying magnon-polaron quasiparticles, we may gain insight
into the interaction strength and nature of the spin-phonon
coupling, which in turn can reveal information about the
ground state of the system. On the other hand, these emerging
hybrid modes, with typical subnanometer wavelengths, may
exhibit coherent spin angular momentum transport over long
distances [6,7] and can also manifest nontrivial topological
properties [2,8]. These features make magnon-polaron hy-
brid modes promising for the realization of functional hybrid
quantum systems [9] with potential applications in low-power
and high-speed spintronic nanodevices, compact topological
devices, hybrid quantum systems, and quantum information
technology. Therefore the tunability of coherent coupling be-
tween magnons and phonons is an essential prerequisite for
their application in modern quantum technology [2].

Recently discovered two-dimensional (2D) ferromagnetic
(FM) and antiferromagnetic (AFM) materials [10-14] are
ideal platforms and test beds for investigation of these emerg-
ing quasiparticles. Theoretical and experimental studies in 2D
FM [8,15-26] and AFM [2,27-38] systems have shown that
the coherent interaction between magnons and phonons may
generate nontrivial topological bands from trivial magnon and
phonon bands, or strengthen the already existing topological
bands, and consequently lead to various anomalous Hall ef-
fects, mediated by emerging magnon-polaron quasiparticles.
These phenomena originate from finite Berry curvatures, gen-
erated in level repulsion hot spots where magnon and phonon
branches intersect in the presence of coherent interactions [8].
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There are various mechanisms for coherent magnon-
phonon (m-ph) coupling in collinear and noncollinear mag-
netic insulators, such as dipolar interactions [8], spin-orbit
interactions, including Dzyaloshinskii-Moriya (DM) interac-
tions and magnetoelastic couplings [1,19,39-41], Heisenberg
exchange interactions [29], and a magnetic field gradient [42].

The fingerprint of nontrivial topology and finite Berry cur-
vatures in the ground state and/or excitation properties of
a system can be intercepted in Hall-type quantum transport
phenomena, such as anomalous thermal Hall and spin Nernst
effects. The tuning of Chern numbers, Berry curvatures, and
quantum transport is highly demanded for applications in
emerging quantum technology [2].

Recently, it was shown theoretically that an effective mag-
netic field or magnetic anisotropy can tune Chern numbers
and the thermal Hall effect of magnon-polarons, generated
via magnetoelastic interactions, in FM systems by changing
the number of band-crossing lines [20,25]. In Ref. [43], the
authors studied how varying the direction of a magnetic field
may change the topological structure and thermal Hall re-
sponse of magnon-acoustic phonon hybrid modes in a simple
square lattice with the Kittel-type magnetoelastic hybridiza-
tion mechanism [39,44].

In this paper, we demonstrate the influence of tuning the
direction of an external magnetic field on the topological prop-
erties of magnon-polaron hybrid bands in a FM system with
and without broken spatial inversion symmetry. We examine
the intricate hybridization of magnons with both in-plane
(IP) and out-of-plane (OOP) or flexural modes of acoustic
and optical phonons in the presence of two types of spin-
orbit-mediated hybridization mechanisms: generalized DM
interactions and the Kittel-type magnetoelastic interactions.
We explore the fingerprint of these topological properties
through their influence on thermal Hall and spin Nernst
effects.
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Focusing only on the magnon-polaron contribution, we
show that by tuning the ground-state magnetization direction,
we can turn off the thermal Hall signal while the spin Nernst
signal remains finite. This behavior of magnon-polaron hybrid
modes in our FM system resembles pure magnonic counter-
part effects in collinear AFM honeycomb lattices. In such
systems, the thermal Hall effect is forbidden by symmetry,
whereas the spin Nernst Hall effect remains finite [45,46].

The rest of the paper is organized as follows. We first in-
troduce our effective model Hamiltonian with different m-ph
coupling mechanisms in Sec. II. In Sec. III, we present the
band structure of magnon-polaron modes in the presence of
various m-ph coupling mechanisms. Chern numbers of differ-
ent magnon-polaron hybrid bands are computed in Sec. IV.
Thermal Hall and spin Nernst conductivities are computed in
Sec. V. We then summarize our findings in Sec. VI and discuss
their implications.

II. MODEL

We consider an FM spin Hamiltonian H = Hp, + Hpn +
Hm-ph, consisting of the Hamiltonian of localized spins Hy,
phonons Hp,, and the m-ph interaction Hp_pr. Without loss of
generality, we consider a honeycomb lattice structure.

A. Spin Hamiltonian

The spin Hamiltonian reads [47]

M= = I Y058, A S S K Y8
(&) (@) i
—Y "Dy [Si xS;1= > Si k. (1
ij i

where §; is the vector spin operator at the site i with amplitude
IS/ =S, J >0 and A > 0 parametrize the isotropic bilin-
ear FM Heisenberg and biquadratic exchange interactions,
respectively, between nearest-neighbor (nn) sites, K, >0
parametrizes the single-ion easy-axis magnetic anisotropy, D;;
denotes the DM vector between both nn and next-nearest-
neighbor (nnn) sites, and h = gupB is the Zeeman field, with
g being the Land€ g-factor, up being the Bohr magneton, and
B being the external magnetic field. In general, we define the
following generalized nn and nnn DM vectors [19,48]:

D?;m = UijD?nnﬁ — UUD;;IHRU, (23)
D} = D"z + D}y x Ri)), (2b)
where v;; = —vj; = £1 depending on the hopping orientation

from site 7 to nnn site j, n;; = +1 (—1) for bonds between
A (B) sublattices (see Fig. 1), and I?,g,- represents the unit
vector connecting the lattice sites i and j. In a freestanding 2D
honeycomb lattice, only the OOP nnn DM vector can be finite
[49], while the other DM vectors might be finite when the
spatial inversion and/or mirror symmetries are broken [50].
Realistic materials can exhibit the breaking of these symme-
tries through growth on different substrates or by applying

FIG. 1. Schematic representation of a honeycomb lattice. Red
and blue vertices represent A and B sublattices, respectively. v;; = +
(=) for clockwise (counterclockwise) nnn hopping, while 7;; = +
(=) for nnn hopping between A (B) sublattices. D" = Dy x R; i)
is the IP nn DM vector, R; ; is the nn vector, and a is the lat-
tice constant. ¥ —y — Z is the laboratory coordinate frame, while
e, — &, — ez is the rotated coordinate frame. §0 is the magnetic
ground-state direction.

a gate voltage. Using the Holstein-Primakoff transformation
[51], the noninteracting magnon Hamiltonian in the second
quantized representation, for an arbitrary direction of the
ground-state magnetization (see Appendix A), reads

Hm = ZEqda-qI-'gaq,a’ (3)

q.0

where ag o (a;a) is the bosonic annihilation (creation) op-
erator for acoustic, 0 = —, and optical, o = +, magnon
modes with eigenenergy E, [52]. The dispersion of a
freestanding FM honeycomb lattice, in the presence of
an OOP magnetic field, is reduced to Ey = S(ZJ +
oV IDI@)P + 2| f(@)|)+(h4(2S—1)K), where f(q) =
Zileiq"sf is the lattice structure factor, §; is the ith nn
vector, Z = 3 is the coordinate number of honeycomb lat-
tices, J =J +2AS? is the effective exchange interaction,
and D" (q) = —2D!™ 212:1 sin(q - t;), with 7| = aR, 1, =
a(—% +/39)/2, and 13 = —a(® + /39)/2, where a is the
lattice constant.

Figure 2 shows this dispersion relation. There is a topolog-
ical Dirac-like gap between the acoustic and optical magnon
bands at K and K’ points in the system with an OOP magnetic
ground state due to a finite D™ [53,54]. A similar topological
gap has recently been reported in the magnon dispersion of
Crl; [55,56]. The band gap in the acoustic branch of the
magnon dispersion at the I" point is due to the OOP magnetic
anisotropy and the applied OOP magnetic fields.

We should emphasize that our linear spin-wave calculation
within the harmonic approximation is valid at low tempera-
ture, where magnon-magnon interactions are small. At higher
temperatures, the number of thermal magnons is increased,
and thus nonlinear magnon interactions may play an important
role in topological properties of the system [57].
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FIG. 2. Noninteracting acoustic-like E_ and optical-like E,
magnon bands in an FM honeycomb lattice, in the presence of an
OOP magnetic field with amplitude |k| = 4.5 meV. We use the fol-
lowing parameters for Crl; [47,52]: J/ = 2.0l meV, A = 0.21 meV,
K. =0.109meV, D™ = 0.31 meV, and § = 3/2.

B. Phonon Hamiltonian

The phonon Hamiltonian reads [58,59]

Mo = % > Mg, + % D Uiy PR gy, (4)
1,0, 10 Lo, 1
J.B.v
where i (j) labels the unit cells, a (8) labels the ions inside a
unit cell, ;o (v) denotes spatial coordinates, M,, is the mass of
the «rth ion in the unit cell, u;, (¢) represents the displacement
of the ion at time ¢, and Qzlﬁ is the force coefficient between
the ixeth ion in the wth direction due to a displacement of the
jPBthion in the vth direction.
The second quantized form of the phonon Hamiltonian
in the diagonalized basis within the harmonic approximation
reads

1
Hpn = ZE‘I)\ <C;,Acq,?» + 5) &)

q.h

where ¢ 5, (c; ,)is the bosonic annihilation (creation) operator
for the A phonon mode with the eigenenergy E,,. Figure 3
shows the phonon dispersion relations of a honeycomb lat-
tice. This dispersion is consistent with recent theoretical and
experimental findings, indicating that graphene sheets con-
tain four distinct types of topological phononic Dirac points
and a single phononic nodal ring in their phonon spectrum
[60,61]. There are three acoustic modes: IP longitudinal (LA),
IP transverse (TA), and OOP (ZA). Although the two IP
acoustic modes have linear dispersions around the I" point, the
OOP or flexural acoustic mode in 2D systems has a quadratic
low-energy dispersion in the presence of rotation symmetry
[11,62,63]. In addition, there are three optical modes: IP lon-
gitudinal (LO), IP transverse (TO), and OOP (ZO).

C. Magnon-phonon interactions

The m-ph interactions in our model can in general arise
from bilinear and biquadratic exchange interactions, DM

0
M T K K' T

FIG. 3. Noninteracting phonon bands in a honeycomb lattice. We
use graphene parameters obtained in Refs. [52,58,59].

interactions, and crystalline magnetic anisotropy. We seek
coherent hybridization between magnons and phonons that
leads to level repulsion between two bosonic modes at degen-
erate points, rather than scattering phenomena between them.
Therefore we focus solely on the identification of linear-order
m-ph interactions. The magnetic ground state is collinear in
our model; therefore, up to the lowest order in m-ph coupling
amplitude, only IP components of the DM interactions and
crystalline magnetic anisotropy may lead to m-ph hybridiza-
tion. Note that the OOP components of DM interactions may
also lead to the m-ph hybridization but their contribution is
higher order than the in-plane components (see Appendix B),
and thus we ignore them in this paper. Therefore the total
m-ph Hamiltonian for an arbitrary direction of the magnetic
ground state consists of three terms: Hpy pn = Hpm + Hpm +
Hme, where Hpe is the magnetoelastic energy Hamiltonian.
Look at Appendix B for more details.

It is worth mentioning that, as is shown in the following,
the different coherent m-ph interaction mechanisms cou-
ple spins to the displacement fields, effectively acting as
a spin-orbit interaction in the effective Hamiltonian of the
magnon-polaron quasiparticles.

(1) The IP nnn-DM interaction, Eq. (2a), leads to an effec-
tive m-ph coupling as

Mo = 3 3~ wp ) EL S xS (6
((i,j)) m.v

with the following coupling matrix for arbitrary spin direction
(see Appendix B 1) [52]:

) ni 'D/rvmn o
' =g 2B - RR)R. O
1

§

The rotation matrix R is defined in such a way that spins can
be expressed in terms of new frame coordinates {é, &, 3},
where €3 aligns with the magnetic ground state, dictated by the
magnetic field direction; that is, (S; x S;), = [R(S; x S})]U
(see Appendix A). This interaction term can be finite for both
in-plane (i = x, y) and out-of-plane (i = z) phonon modes.

224424-3



KLAGETVEDT AND QAIUMZADEH

PHYSICAL REVIEW B 108, 224424 (2023)

phonon

magnon

(1)  DM=02meV (b)  D2"=03meV (c) Ky =1 meV (d) (D2, D2 ky) = (0.2,0.3,1) meV
20 = & =
4 So=4x
N
10
S0
© 30
£ yA % }
53
20
So=y
N N
10
0
30
1
20 > ~ <)
A A A > X A
AN AN AA\SILE
10 8 (i
0 ;
M T K K I M T K K M T K K I M T K K T

FIG. 4. Magnon-polaron bands in an FM insulator with honeycomb lattice structure. Plots in each row illustrate the band dispersion with
a magnetic ground state 8, along the £, §, and 2 directions, controlled by an external magnetic field. In each column, we explore different
scenarios with a specific nonzero m-ph coupling parameter: (a) Dy = 0.2meV, (b) Di7" = 0.3 meV, and (¢) k, = 1 meV. Additionally, we
consider a combined scenario, as depicted in (d), where all the mentioned parameters are present, simultaneously.

(ii)) The IP nn-DM interaction, Eq. (2b), results in the
following m-ph coupling:

Dnn = Z Z(u”" MJM)TMV(S: X S/j)v? (8)
(i,j) msv

with the nn coupling matrix for arbitrary spin direction being
given by [52]

uv_ )

Z evyé wy —

where €, is the Levi-Civita tensor. See Appendix B2 for
details. This interaction term can only be finite for in-plane
(u = x,y) phonon modes.

(iii) The magnetoelastic interaction, the interaction be-
tween the spin and the elastic displacement, arising from the
crystalline anisotropy is described by a Kittel-type magnetoe-
lastic energy density at site i as f™ = (b;/S?) Y u eWS,-ZM +
(b2/52)2;¢¢u €uvSiuSiv, where ey, = (9,,u, + 0,,u,)/2 is
the strain tensor component and b; and b, are magnetoelastic
constants related to the normal strains and shear deformations,
respectively [39,44]. The effective m-ph coupling Hamilto-
nian in the linear order of magnon amplitude reads [20,39,43]

Z Z(”m ”m)KWSz/w

(i,j) wv

l_/ zj)Ré’ €))

Hie = (10)

where K;; is the coupling matrix between the i and j sites.
For an arbitrary magnetization direction, this matrix is lengthy

and is presented in Appendix B3. Here, we only con-
sider a magnetization along the x, y, and z directions, and
thus only the shear deformation contributes to the coupling
matrix [52],

K R;JF;} R;JFJ%}
2 1 2
ij = |R|2 fj Xy Rfjrx} ) (11)
1 x 71 Y 11 X 12 Y 172
Rz/sz+Riijz Rz/sz+Riijz

where I') , = (R"R3 +R3R“ )/2 and k, = 2bya’/S.

III. MAGNON-POLARON BANDS

We proceed with the diagonalization of the total Hamil-
tonian, with various m-ph interactions, to determine the
eigenstates and eigenenergies associated with the emerg-
ing magnon-polaron hybrid modes. In our model, there are
Ny = 8 magnon-polaron bands with eigenenergies & ,,, where
n=1,...,Ny. In order to explore the impact of different m-
ph coupling mechanisms and the orientation of the magnetic
ground state on magnon-polaron hybrid bands, we present the
band dispersions in Fig. 4. This figure shows the cases where
D;;‘, D;;‘“, or K, is nonzero, as well as the scenario where all
three m-ph mechanisms are present.

We should emphasize that our model Hamiltonian can, in
principle, describe a broad range of 2D FM systems. However,
in our numerical calculations, we use the DM parameters
approximately in the same order as was calculated for Crls,
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FIG. 5. Zoom of the regions around four interaction-induced an-
ticrossing hot spots, represented as hot spots 1-4; see the bottom
panel in Fig. 4(d). The two upper panels show the avoiding crossing
between magnon and phonon bands, while the two bottom panels
show the avoiding crossing between two phonon bands in the pres-
ence of coherent m-ph interactions.

which is a prototype of 2D FM insulators [47,48]. In the
absence of a reported value for the magnetoelastic coupling
parameter, x, in Crlz, and to achieve a response with an
amplitude comparable to DM-induced responses, we find
that we should assume «, to be even larger than the DM
parameters.

Although a finite DY) does not result in coupling between
magnons and OOP phonons for any magnetization direction,
hybridization between magnons and OOP phonons may occur
when there is a finite IP component of magnetization via D"
On the other hand, both Dif and D" induce hybridization
between magnons and IP phonons regardless of the magneti-
zation direction.

For a finite magnetoelastic coupling x5, the most profound
hybridization occurs with the TA phonon branch when the
magnetization lies in the plane, while the coupling to OOP
phonon modes is weak in all examined magnetization direc-
tions. Furthermore, it is evident that this coupling exhibits
stronger hybridization with IP phonon modes near the I" point
compared with the DM interactions.

Apart from the avoided level crossings between the
magnon and phonon branches, we also observe a tiny gap
opening at the intersection between the LO-LA and ZO-ZA
phonon branches at the K and K’ points in the presence of
m-ph interactions; see Fig. 5. This gap opens as a conse-
quence of an effective inversion symmetry breaking, 180°
rotation around the z axis, induced by the effective m-ph
interactions. However, these gaps are too small to be visually
distinguishable in the presented figures. The presence of such
gaps in the phonon spectrum may indicate the existence of
chiral phonons, i.e., phonons with circular polarization that
have opposite chirality in different valleys (K and K') [64].
Chiral phonons can possess a finite angular momentum and
may exhibit a valley phonon Hall effect. Exploring chiral
phonons is beyond the scope of the present study, and we defer
this aspect to future investigations. Similar gap openings have
recently been reported in an AFM system [31].

IV. BERRY CURVATURE AND CHERN NUMBERS

The Berry curvature is closely related to the topolog-
ical properties of the energy bands and plays a crucial
role in determining the anomalous transport properties of
bosonic systems. Controlling the Berry curvature is important
for exploring novel functionalities and potential applica-
tions in bosonic topological materials. The Berry curvature
of the nth band is given by ,(k) = i((9,n(k)|d,n(k)) —
(0, n(k)|0k,n(k))). It is more convenient to compute Berry
curvatures by transforming the total interacting Hamiltonian
into a bosonic Bogoliubov—de Gennes (BdG) form [37,52].
The bosonic BAG Hamiltonian has two copies of the same
eigenstates. In analogy to fermionic systems, we can denote
the two sets as particlelike and holelike states where the states
n=1,..., N, represent particlelike bands and the states n =
Ng+1,...,2Ny are holelike bands. The BdG system is di-
agonalized with a paraunitary transformation 7,/ Hy Ty = & =
diag(& 1, - - .+ €_k.N,), where the matrix T
satisfies Y}foﬂ}( =03 and 03 = 0, ® Iy, xn, [65]. 07 is the z
component of the Pauli matrices, and Iy, «y, is the unit matrix
of dimension N;. The eigenenergies and eigenstates are found
numerically using Colpa’s method [66]. A gauge-independent
representation of the Berry curvature reads [67]

&Ny Ekls -

2Ny
: (rge| v [ mge) (mge | vy | )
Q, (k) =2 h2 nn mm = S - s 12
(k) =2i m§=1(og) (O FTT S S (1)
m##n

where v = i 9 H is the velocity operator, & , = (035 ) >
and |ng) denotes the eigenstates corresponding to the columns
Ty, in the paraunitary matrix. Based on this expression, we
deduce that the Berry curvature in the nth band arises from
virtual transitions to other bands, m # n, and the interband
coupling is associated with the velocity operator [68].

The first Chern number characterizes the topology of the
nth bands and is given by

1
Ci=5= | d*kQ,k), 13)

2 BZ
where BZ is the Brillouin zone. In the absence of m-ph inter-
actions, phonon bands are topologically trivial in our model.
However, it is well known that a finite DI™ opens a gap at
K points of FM honeycomb lattices and hence topological
magnons emerge in two magnon bands by Chern numbers
C = +£1, provided that the magnetization has a nonzero out-
of-plane component [53,54,67,69,70]. In contrast, finite DY}
and/or Dii" do not open any topological magnon gap in the
system, within the linear spin-wave approximation [71]. How-
ever, upon considering the lowest-order m-ph interactions,
the magnon-polaron hybrid states emerge with the possibility
of exhibiting nontrivial topological properties. The effective
Hamiltonian of magnon-polaron states may break combined
time-reversal and spin-rotation symmetry around an in-plane
axis. Topological gaps emerge at anticrossing points of hy-
brid magnon-polaron bands, or in magnonlike (phononlike)
regions of hybrid bands. Consequently, the magnon-polaron
bands may exhibit a finite Berry curvature, localized around
these topological hot spot gaps. These sources of Berry cur-
vature can influence the Chern numbers associated with the

2044245



KLAGETVEDT AND QAIUMZADEH

PHYSICAL REVIEW B 108, 224424 (2023)

TABLE I. Chern number, C,, of magnon and phonon bands in the presence of various m-ph coupling mechanisms. The bands are labeled
n=[ZA, TA,LA, E_,7Z0,LO, TO, E.]. The letter “x” denotes the absence of m-ph coupling. In certain cases, the Berry curvature of the band

is zero, ©,,(k) = 0.

m-ph coupling mechanism So=%

So=p So=z

No m-ph coupling [0,0,0,0,0,0,0,0]

OOP phonons

DY X

D" [0, x, x, 0, 0, x, X, 0]
K Q,=0

D+ DM + ko [0, x, x, 0, 0, x, x, 0]
IP phonons

Dy 2,=0

D;f{f“ [x,0,—1,1,x,3,-2,—1]
/cz' Q,=0

DY + D" + k2 [x,0,1,0,x, =2,2, —1]

[0,0,0,0,0,0,0,0] [0,0,0,1,0,0,0, —1]
X X
[0,x,x,0,0,x,Xx,0] X

Qn =0 [O, X, X, —2, 3, X, X, —1]

[0, %, x, 0,0, x, x, 0] [0, x, x, =2, 3, x, x, —1]

Q, = 0 [X» O, O, -1, x, 3, _37 1]
[x,0,0,0,x,0,0,0] [x,0,3,-4,%x,2,-2,1]
Q,=0 X

[x,0,0,0,x%,0,0,0] [x,0,0,-1,%,0,0,1]

bands, contributing to the rich topological aspects of the
system.

Table I presents a comprehensive summary of the Chern
numbers associated with distinct bands arising from various
m-ph interaction mechanisms and several magnetic ground-
state orientations. This table demonstrates that magnon-
polaron bands can be either topologically nontrivial (C, # 0)
or trivial (C,, = 0) based on the m-ph coupling mechanism and
magnetization direction.

V. INTRINSIC ANOMALOUS HALL RESPONSES

Nontrivial Berry curvature of the energy bands may lead to
the emergence of various Hall effects by inducing an anoma-
lous velocity in the corresponding wave packet dynamics.
Measuring various anomalous Hall conductivities in FM sys-
tems provides essential information on the underlying state of
the system, as well as the nature of emerging quasiparticles
in the system [69,72]. Direct detection of the (spin) Berry
curvature and the Chern number is experimentally challeng-
ing in bosonic systems. However, the fingerprint of these
quantities may be reflected in the anomalous Hall responses
to a temperature gradient throughout the system. In general,
the total anomalous Hall responses of a magnetic insula-
tor have three, intrinsic and/or extrinsic, contributions from
free magnon quasiparticles, free phonon quasiparticles, and
magnon-polaron quasiparticles. Each of these quasiparticles
may carry heat and spin angular momentum, manifested in
thermal Hall and spin Nernst effects, respectively.

In our 2D honeycomb lattice model, the noninteracting
phonon spectrum (see Fig. 3) hosts four types of gapless
Dirac-like points [60,61]. These crossing points are sources
of large Berry curvatures, but since they are degenerate points
thanks to the time-reversal symmetry, they do not contribute to
the intrinsic thermal Hall and spin Nernst effects [17]. On the
other hand, in our magnetic model, the noninteracting magnon
spectrum (see Fig. 2) hosts topological gaps with nonzero
Chern numbers at the K points, as long as there is a finite
projection of the ground-state magnetization vector onto the
OOP nnn DM vector, that do contribute to the total intrinsic
thermal Hall and spin Nernst effects.

Therefore, in this paper, we only focus on the intrinsic
contribution to the anomalous thermal Hall and spin Nernst
effects, emerging from the magnon-polaron quasiparticles.

A. Anomalous thermal Hall effect

The 2D anomalous thermal Hall conductivity «,, is a quan-
tity that relates the transverse heat current to the applied
temperature gradient, J¢ = —k,,V, 7. Within the linear re-
sponse theory, the anomalous thermal Hall conductivity is
related to the Berry curvature as [69,73-75]

3T
_ B
Ky =—71 ;cz<gk,n>szn(k), (14)

where kp is the Boltzmann constant, 7 is the tempera-

ture, A is the area of the system, g, = (e /T — !
is the equilibrium Bose-Einstein distribution, and c;(x) =
(1 4+ x)(In %)2 — (Inx)? — 2Li5(—x), where Liy(x) is the
polylogarithm function of second order.

As we mentioned earlier, in the absence of m-ph couplings,
the only source of thermal Hall conductivity in our model
is a finite D]"". This noninteracting conductivity has a pure
magnonic origin and is finite only if the magnetization has
a finite projection along the OOP nnn DM vector, i.e., the
z direction. However, we have shown that m-ph interactions
may generate a finite Berry curvature in different phonon-
like and magnonlike bands of the magnon-polaron hybrid
states. Therefore we expect a finite thermal Hall conductiv-
ity response, mediated by magnon-polaron quasiparticles, in
addition.

Figure 6 presents the thermal Hall conductivity arising
from the m-ph coupling via D", as a function of tempera-
ture for several magnetization directions. This figure shows
that the thermal Hall conductivity is tunable by applying a
magnetic field along different directions. The thermal Hall
conductivity exhibits a varying sign for both x and z direc-
tions. In the low-temperature regime, the interaction between
the LA phonon band and the lower magnon band E_ takes
precedence. However, with increasing temperature, additional
bands are thermally activated, resulting in a significant alter-
ation in their signatures.
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FIG. 6. The anomalous thermal Hall conductivity of magnon-
polaron quasiparticles, generated by a finite IP nnn DM, D" =
0.3meV, as a function of temperature for different ground-state
magnetization directions. The parameters are the same as in Fig. 4(b).

In contrast, the anomalous thermal Hall conductivity van-
ishes with magnetization along the y direction. This arises
from the complete balance in the distribution of the Berry
curvature, resulting in topologically trivial bands. Specifi-
cally, for each band gap that contributes to the conductivity,
there exists a corresponding band gap elsewhere in the Bril-
louin zone, where the bands exhibit opposite Berry curvature,
leading to a negative contribution. Consequently, the net con-
ductivity should be zero. This finding strengthens the idea that
nonzero thermal Hall conductivity can serve as an indicator
of a nontrivial topology in FM systems. It is worth mention-
ing that using magnetic point group analysis, we can also
explain the absence of a thermal Hall response in this case.
It has been demonstrated that the magnetization vector and
the components of the transverse heat conductivity transform
in a similar manner under magnetic point group symmetry
operations [76,77]. If the magnetization is oriented along the y
direction in our model, the magnetic point group is reduced to
2/m, including a twofold rotation axis (2) and a mirror plane
(/m). The combined time-reversal and spin-rotation symmetry
is maintained, resulting in the Berry curvature in the momen-
tum space being antisymmetric under this symmetry. As a
consequence, both the Chern number and the thermal Hall
effect are zero in this case [76]. In general, considering ¢ as
the azimuthal angle of the magnetization direction in the lab-
oratory coordinate frame (see Fig. 1), it follows that ky,(¢) =
k(2 /3 — @) and k(@) = —kxy (¢ + 7 /3). Therefore we
getkyy(p = 2k — 1) /6) =0, withk = 1,2, 3, ..., in agree-
ment with 2/m symmetry.

In Fig. 7, we compare the thermal Hall conductivities of
magnon-polaron states arising from different m-ph coupling
mechanisms. Unlike the DM-induced m-ph coupling, the
anisotropy contribution exhibits nonzero values even at very
low temperatures. One possible explanation for this disparity
is the emergence of a slightly negative Berry curvature in the
ZA phonon branch around the I'" points in the presence of
finite k,, leading to a positive conductivity. Interestingly, this

x1073
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FIG. 7. The anomalous thermal Hall conductivity of magnon-
polaron quasiparticles as a function of temperature for different
m-ph coupling mechanisms. The scenario considers an OOP ground-
state magnetization. We set k; = 1.04meV, DY} = 0.173meV, and
DM = 0.3 meV. '

effect diminishes when the quadratic low-energy dispersion
of the ZA phonon mode is replaced by a linear dispersion, as
commonly found in 3D materials or 2D honeycomb lattices
with broken sublattice (rotation) symmetry. In such cases, for
m-ph coupling arising from «,, a vanishing conductivity is
found at low temperatures.

B. Spin Nernst effect

The spin Nernst coefficient oy, relates the spin current
density to the applied temperature gradient, J; = —o,V,T.
Within the linear response theory, the spin Nernst coeffi-
cient is related to the spin Berry curvature and is given by
[25,37,65]

2kp Ny )
== 2 2 algn k), (15)
k n=1
where the spin Berry curvature is
2Nd .5
: (i) 3 lmue ) (my vy g )
Q) = 201 ) (03)un(03)mm—2——3 . (16)
mX:; (gk,n - Ek,m)z
m#n

with ¢ (x)=(1+x)In(1 +x)—xIn(x), and j’'=
i{v, 038} is the spin current operator. Moreover, S is the spin
excitation operator and can explicitly be written in the form
S = diag(Si, ..., Sn,) ® 2, where S, is the expectation
value of the spin angular momentum in the noninteracting
band n [25,65].

In Fig. 8, we compare the spin Nernst coefficient for var-
ious magnetization directions as a function of temperature
when the m-ph coupling mechanism is through D". The
magnitude of the coefficient is of the same order in all cases,
but the sign varies. A positive coefficient is observed when
the magnetization is oriented along the y direction, while
negative contributions are observed for the x and z directions.
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FIG. 8. The spin Nernst coefficient of magnon-polaron quasi-
particles as a function of temperature for different ground-state
magnetization directions with D" = 0.3 meV.

In contrast to the thermal Hall conductivity, shown in Fig. 6,
the spin Nernst coefficient does not change sign when increas-
ing the temperature. This difference can be attributed to the
distinct distribution of the Berry curvature and the spin Berry
curvature.

Notably, even in the case where the bands are topologically
trivial and the anomalous thermal Hall effect vanishes, i.e., the
ground-state magnetization is along the y direction, we still
find a nonzero spin Nernst coefficient. The nonvanishing spin
current arises from the spin Berry curvature, which, unlike the
Berry curvature, is not directly linked to the Chern number.
Hence the FM system exhibits a spin Nernst current, while
the thermal Hall current is absent. Having a finite transverse
spin-polarized current with a polarization along the z direc-
tion is also in agreement with the 2/m magnetic point group
analysis for spin conductivity tensors [78]. This means that,
in this case, we only have a transverse net spin current and no
heat current.

In Fig. 9, we compare the spin Nernst conductivity of
magnon-polaron states arising from different types of m-
ph couplings. This figure illustrates that distinct sign and
temperature-dependent behavior of the spin Nernst signal can
be used to distinguish between different m-ph coupling mech-
anisms in experiments.

VI. SUMMARY AND CONCLUDING REMARKS

We examine the effects of an external magnetic field
and various m-ph coupling mechanisms on emerging

J
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FIG. 9. The spin Nernst coefficient of magnon-polaron quasi-
particles as a function of temperature for different m-ph coupling
mechanisms. The ground-state magnetization is OOP. We set k, =
1.04meV, D} = 0.173meV, and D;;‘" =0.3meV.

magnon-polaron hybrid states. We have shown that the (spin)
Berry curvature and the topology of the hybrid bands can
be tuned by the direction of the applied magnetic field. We
also explored the impact of the (spin) Berry curvature on
thermal Hall and spin Nernst effects. We showed that the
thermal Hall response of magnon-polaron hybrid states can
be eliminated, while the spin Nernst effect remains finite in
the system. Our study suggests that measuring the magnetic
field dependence of anomalous Hall effects can be used as
a probe of the underlying m-ph coupling and the topology of
the system. Furthermore, we suggest that, in order to discrimi-
nate between quantum transport contributions associated with
magnon-polaron and free magnon quasiparticles, an angular-
dependent analysis of the magnetic field is essential in the
experimental setup.
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APPENDIX A: ROTATION MATRIX

To find the magnon dispersion for an arbitrary direction of the spins, it is convenient to change the frame of reference from
the laboratory reference to {€;, é,, &3}, where &; is the unit vector. The new frame of reference is defined such that é; is aligned
with the magnetic field, and we assume a strong magnetic field such that the ground-state spin direction also aligns along é3.
This frame of reference is related to the laboratory frame via a rotation in the form [56]

é; = Rx,

e =Ry,

é3 =Rz, (A1)
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where R = R, (¢)R,(6)R, () is the rotation matrix and

cos(¢p) —sin(¢p) O cos(d) O sin(h) 1 0 0
R.(¢p) = | sin(¢) cos(p) Of, R,(0)= 0 1 0 , R(@®)=10 cos(®) —sin(®)|. (A2)
0 0 1 —sin(@) 0 cos(0) 0 sin(¥) cos()

Denoting S; as the spins in the new frame of reference, they are related to the ones in the laboratory frame by S} = RS, where

R R?2 R} cos(0)cos(¢p)  sin(8) cos(¢) sin(¥) — sin(¢) cos(?)  sin(6) cos(¢h) cos(P) + sin(¢) sin(I)
R=|R, R} Rj|=|cos@)sin(¢) sin(d)sin(¢)sin(¥)+ cos(¢)cos() sin(6)sin(¢)cos(?) — cos(®)sin()
R! R R} —sin(6) cos(0) sin() cos(0) cos()
(A3)

The rotation matrix is an orthogonal matrix satisfying R7R = I. For the spins in the new frame of reference, the Holstein-
Primakoff transformation for the large-spin limit can then be written as

I o i I S i / +
ar M@t a), Sy ™ =i S —a), Sz =S —aiai, (A4)

and similarly for the spins at sublattice B.

APPENDIX B: MAGNON-PHONON INTERACTIONS

In this Appendix, we derive the effective m-ph interaction Hamiltonian for various m-ph coupling mechanisms.

1. Contribution from the nnn DM interaction
The nnn DM vector is expressed in the following form:
D™ (ri;) = —ni;Dyy" (rij)fij + viz D™ (rij)Z. B1)

We defined r;; = r; — rj, where r; denotes the instantaneous position vector at lattice site 7, defined as r; = R; + u; with R; as
the equilibrium position and u; as the displacement. By Taylor-expanding the interaction strengths D" (r;;), D2"(r;;) and the
unit vector #;; around the equilibrium position R;; = R; — R;,

D (rij) ~ D" (Rij) + Vi, D" (rij)l,; - wij,

rij ™~ xy
D™ (rij) ~ DI™(Rij) + VD™ (rij)|r,; - wij,
R, +u;; R, +u;; R;:+u;; R:: -u;:
Fij ~ RU L= R A UR J <1 - llje - ), (B2)
IRij + ujl \/Rl‘2j+2Rij'uij+ul‘2j Ri ;| IR
the nnn DM vector can be expressed as a first-order approximation in terms of the ionic displacement as
nnn( l])
Xy 2 A A R
D™ (r;j) ~ D" (R;;) — ,/'T(uij — (Rij -uij)R;;) — Tlij(Vr,,D;;n(”i_,‘)}Ru uij)Ri; + vy (VrijD?nn(rij)’R[/ ‘uij)2
ij
nnn( U) . R
~ D" (R;j) — ,/'T(uij — (Rij - uij)R;j), (B3)
ij

where we also defined u;; = u; — u;. In the last line, we only keep the lowest-order term and ignored the gradient terms. This
term makes a contribution to the m-ph interacting Hamiltonian,

HD“"“ = Z Z(um M;M)Uu |R |( v RZRIUJ)(S X S )V’ (B4)
(i)

with D;;‘" D;;}“ (R;j). In terms of the new frame of reference, (S; x S;), = (R(S; X S}))U, the Hamiltonian can be expressed

in a concise form as follows:

Hoge = ) D“m uju)F (8] % S, (B5)
(i) m

where u € {x, y, x}, v € {1, 2, 3}, and the coupling matrix is defined by

/tv_ Z 7]1/|R

E=x,y,z

pit pE
" Sue — RIERS)RY. (B6)
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Writing out the summation, the coupling to IP (1 = x, y) and OOP (1 = z) phonon modes can be separated as

nnn

(M = .X,y): F;ju =Nijip |le| [(8 - URTJ)R + ( RZR:])RU)]
— ) w _ o X v

2. Contribution from the nn DM interaction

The nn DM vector is in the form
Dnn(rij)—Dnn(rtj)(zXrt])+D (rlj)z (BS)

By performing a Taylor expansion, the DM vector’s lowest-order contributions are

Dnn(rij)%Dnn(Rij)_i_ IR |(ZX (uu (Rl] ulj)le))+( r,,Dnn(ru)|R ul])(Zle])+(v D (rlj)|R ul])z
ij

l’lﬂ

~D™Rij) + =2 (2 x (w;; — (Rij - wij)R;))), (B9)

IR; ,I

with DI = DYJ(R;;), and we again ignore the terms containing derivatives in the last line. Therefore the m-ph interaction reads

How =Y Y (i — uj )T () x Sy, (B10)
(i,j) m.v

for u € {x,y,x} and v € {1, 2, 3}, and the nearest-neighbor coupling matrix is defined by

Dnn
=— Z szyg RERV)RY, (B11)
e{x Y, z}
where ¢,,¢ is the Levi-Civita tensor. The lowest-order contribution does not result in coupling with OOP phonon modes.
However, the coupling with IP phonon modes takes the following form:
nn

Dy
(m=xy: T} =- |R;| [(8 = RERS)RY — (8 — RER))RY). (B12)

3. Contribution from magnetocrystalline anisotropy

The magnetoelastic energy caused by crystalline anisotropy occurs because the movement of atoms results in a local alteration
of crystal axes, which in turn affects the crystalline anisotropy and becomes linked to spins. As crystalline anisotropy is a
feature of all solids, this form of magnetoelastic coupling should also exist. The derivation of the contribution to the interacting
Hamiltonian takes its starting point in the anisotropy energy density in an untrained cubic crystal. Expanding the energy density
in terms of the strains, the magnetoelastic energy density is in the form [20,41,44]

I = by (Miex + ey + ilez) + 2by(Mdiyesy + yihey. + e, (B13)
where ¢, = (8 u, + 0,u,) are the strains and d,u, = ?;:” The magnetoelastic coupling constants are denoted by b; and

b,, while the d1rect10na1 cosines of the magnetization are represented by (i, iy, #1;), with i, = S;,,/S. Additionally, in the
continuum limit, u(r) signifies the displacement. Since we look at a two-dimensional system, we can neglect the derivative of
the OOP displacements [20]. By rotating the Cartesian magnetization components to the new frame of reference and neglecting
higher-order contributions, we obtain

I & 2by [ Oy (T Lty + Tosity) + dyuy (D ity + T ih)] + 202 [ Byt + Oiay ) (T8t} + Tyt
+ 8Xu7(rl + Fz mZ) + 8 MZ(F,Vlz + F)z’z )]’ (B14)

where I') , = (RZ’Ri, + RfLR;,) /2 and we utilized 72} ~ 1. In order to use this expression in a discrete lattice, we approximate
the strain tensor with the discrete strain tensor,

5 1
€uy = zm[(Rw - ij)(uiu - ujp.) + (Riu - Rj,u)(uiv - ujv)]y (BlS)
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which is proportional to the strain tensor in the long-wavelength limit. By using /7, = S}, /S and summing over the entire lattice
as well as the nearest neighbors [20],

Fre =) f™d’, (B16)
i
we obtain the magnetoelastic energy. Thus the contribution to the Hamiltonian can be written as

l N )
Hime = Z [ (R} (T, Sy + TShp) + Ry (T, 87 +T5,.80))

.2 ijrij\" yyRil
i il
2 , 2 S 2
+ KZ((R}V]‘“Z‘ + Rfj“{/)(riy b+ TSh) + Rjju3; (TLSH +ToSh) + R?jufj(ryz 0+ ThSh)]
= Z(”iu — Uju )Kilj'vsz{w (B17)
(i,j) mv

for i € {x,y,z} and v € {1, 2}. The interaction strengths k1 = 2b,a>/S and k» = 2b,a*/S have been defined, each expressed in
units of energy. The coupling matrix is defined as follows:

kKiR*TL + 1R T« R.T2 + koR).T2

ijt xx ijt xy ijo xx ijt xy
Yy 1 x 1 Yy 2 x 2
Kij = W KR Ty, + kR kR + iR T . (B18)
ij 1 'l 2 ) 2
K2 (Rfjrxz + Rl}'j Fyz) K2 (R?jrxz + R?j ryz)
When the magnetization is OOP, the expression simplifies to
. . K2 A
(magnetization L plane): Hpe = Z ZITU'I(uiZ —uj)(R;; - S;). (B19)

(i.J)
In contrast to the DM interactions, which interact solely with IP phonon modes when the magnetization is OOP, the anisotropy

induces a coupling that is limited to OOP phonon modes for the same magnetization direction. Similarly, a magnetization aligned
with the & direction generates the following interacting Hamiltonian:

N on. _ K2 X BY v B B
(magnetization || £): Hme = Y TR (R + ) ,RS,)Siy + ;RS S;2). (B20)
iy 7Y
It is worth noting that for k| to have an impact on the magnon-polaron dispersion, the orientation of the magnetization must not
be parallel to any of the Cartesian axes in the coordinate system. This is connected to the fact that the derivation begins with the

anisotropy energy density specific to a cubic lattice.

4. The effective m-ph Hamiltonian
The total m-ph Hamiltonian that leads to a coherent coupling of magnons and phonons reads
Hog Hpggn Hine

Hunph = D Y (i — wip)TE(S; xSy Y (i — wip)FE(S) x S+ Y Y (i — uj)KE'S), . (B21)
(

(i,4) v (i,J)) mv (i.j) wv

Note that by neglecting the terms that contain gradients of DM vectors, only the IP components of DM interactions, Dyy and

D", are responsible for coherent m-ph hybridization.
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