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Quantifying the intrinsic mechanical flexibility of crystalline materials
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The flexibility of a solid reflects its ability to accommodate reversible changes in size or shape. While the
term is commonly used in describing physical and biological systems, a quantitative measure and hence the
fundamental understanding of flexibility are presently lacking. Drawing on the phenomenology of flow in
liquids, we introduce here a measure of intrinsic flexibility of crystalline materials as the fractional release
of elastic stress or strain energy through symmetry-constrained internal structural rearrangements. This metric
distinguishes robustly the concept of flexibility from that of compliance. Using first-principles density functional
theory calculations, we determine the flexibility of four key systems spanning a range of elastic stiffness and
underlying chemistries. We find flexibility arises not only from large structural rearrangements associated with
soft phonons, but also from hard phonons that couple strongly to strain fields. Our flexibility measure enables
high-throughput screening of materials databases to identify next-generation ultraflexible material.
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I. INTRODUCTION

Flexibility is a term used widely, if loosely, to describe
the ability of a system to maintain structural integrity whilst
accommodating changes in shape, size, or its form in response
to external perturbations. On a macroscopic scale, a given
material may be made more or less flexible by the way it is
processed; such is the basis of many thin film technologies
for flexible displays and wearable devices. Flexible materi-
als may be easily bent, stretched, or twisted; this extrinsic
flexibility can be quantified in purely geometric terms [1].
However, the concept makes intuitive sense at the atomic
scale, too. Flexibility of proteins, for example, represents their
tendency to sample different conformational states without
varying their chemical connectivity [2,3], or exhibit deforma-
bility at each of the residues [4]. Likewise, the so-called
“flexibility window” of zeolites refers to the surprisingly large
range of densities that can be accommodated in a single
material through collective rotations of tetrahedral building
units [5,6]. In structural engineering, flexibility is considered
complementary to stiffness, a property that resists deforma-
tion or deflection of an object to applied loads [7]. A related
quantity is the modulus of resilience [§]—a crucial design
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parameter for springs—computed as the ratio of yield strength
and square of the elastic modulus.

There have been many techniques to quantify the flexibility
and rigidity of materials—Lagrange’s introduction of con-
straints and Maxwell’s counting degrees of freedom [9,10],
mathematical rigidity theory, graph theoretic approaches [11],
and pebble counting [12]—Ilargely involving bond networks
that consist of distance constraints between atoms in the
structure. While these approaches are applicable to generic
structures that have no special symmetries or geometric sin-
gularities, there is no generally accepted measure of intrinsic
flexibility for crystalline solids. A particular complication is
that crystal symmetry introduces degeneracies that cannot be
accounted for in a straightforward manner [13]. The vernac-
ular use of flexibility complicates matters further—in that
the term means different things to different authors. The fa-
mous metal-organic framework (MOF) known as MOF-5, for
instance, has been described at once as both “exceptionally
rigid” [14] and possessing “a high degree of flexibility” [15].
Indeed, in the MOF field—where flexibility is of particular
importance—the vagueness of what is meant by the term is of
enduring concern [16-18].

One approach to understanding structural flexibility is
through an intuitively analogous physical property of the
liquid state—namely flowability [19,20]. It arises from the
large number of internal degrees of freedom that allow a
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liquid to rearrange easily when subjected to external strains,
maintaining at once both local atomic coordination and global
symmetry. A crystalline solid, by contrast, possesses a well-
defined translational periodicity and space-group symmetry
that together constrain the degrees of freedom of its con-
stituent atoms. This results in a finite rigidity, reflected in
the nonvanishing slope of the transverse acoustic phonon
branches [21] and the emergence of a restoring force against
external mechanical perturbations. The nonzero elastic moduli
of crystals mean that they accumulate large structural stresses
in response to mechanical strains, eventually leading to plastic
deformation (as in ductile metals) or rupture (as in brittle
solids). An alternative mechanism of elastic softening, that
circumvents structural failure and phase transformation, is
through the activation of certain normal modes, that is, in-
ternal structural rearrangements reminiscent of those involved
in liquid flow. It is this component that, we will come to
argue, captures the essence of intrinsic flexibility of crystals
[Fig. 1(a)].

In this study, we address the straightforward question of
how to quantify flexibility in crystalline materials, and the
obvious corollary of how then to tune it. Our approach pro-
ceeds as follows. First we present our quantitative measure
of intrinsic flexibility in crystals as the fractional release of
strain energy or elastic stress through symmetry-preserving
atomic displacements of the homogeneously deformed crystal
C. Considering hydrostatic and shear strains as prototypic
perturbations of reference crystal C,., we determine the flex-
ibility of four key solids spanning a range of chemistries:
wurtzitic ZnO, the negative thermal expansion (NTE) mate-
rial ZrW,0g [22], MOF-5 [15], and another canonical MOF
known as ZIF-8 [23] (refer to the Supplemental Material [24]
for their structural details). By decomposing this flexibility
metric into its contributions from different normal modes of
C, we show that it is maximized in systems where there
is a cooperative effect involving both low- and high-energy
modes. The former are the soft phonons often invoked in con-
ventional descriptions of mechanical flexibility, but the latter
are also crucial because they couple strongly to strain and so
absorb the stresses generated during crystal deformation. This
normal-mode analysis allows us to express flexibility as an
interplay of elastic stiffness, on the one hand, and degree of
strain-phonon coupling on the other hand. Extending the anal-
ysis to symmetry-breaking structural changes, we formally
derive the nonlinear flexibility due to a lattice mode at any
generic wave vector.

II. THE CONCEPT OF LINEAR FLEXIBILITY

As flagged above, we associate mechanical flexibility of

a crystalline solid with its ability to accommodate homo-
geneous deformation without a phase transition or loss of
structural integrity. Analysis of linear flexibility, applicable
to small deformations, becomes physically transparent and
simple if a given mode of deformation is decoupled from
the rest at the lowest order. To this end, we consider €,,, the
u' eigenvector that diagonalizes the 6 x 6 matrix of sym-
metrlc elastic modulus tensor, represented in Voigt notation:
[€xx €yy €27 2€,; 26, 2€,], with €;; and €;; (i # j) as the normal
and shear components, respectively. For example, hydrostatic
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FIG. 1. Flexibility and its determination in crystalline materials.
(a) The flowability of a liquid arises from the large number of internal
rearrangements possible whilst preserving its global symmetry. The
breaking of its continuous symmetry associated with the transition
to the crystalline state results in elastic stiffness; whether or not
continuous symmetry-preserving distortions persist depends on the
particular crystal symmetry. Here the green structure has one such
distortion mode, but the red structure has none. (b) To quantify
the flexibility of crystals, we determine the energy in three states:
minimum-energy ground state with e=0 (left), strained without inter-
nal relaxation (center), and after relaxation (right). The flexibility f is
given by the fraction of strain energy that is released on subsequent
relaxation. Here, one has f = 0 for the inflexible system (top) and
0 < f < 1 for the flexible system (bottom). Note that the relaxation
step in the latter case involves both correlated rotations of the square
units and bond stretches.

strain € in cubic crystals is €, = €[1 1 1 0 0 0], and &, =
2y[000 11 1] gives a the rhombohedral strain y. To quantify
flexibility, we define a dimensionless parameter f € [0, 1] as
follows:

E*(&,) — MJin{E(e:L, )

F€) = (1)

E*(€,)—E0,0)
where E*(€,) and E(€,) [Fig. 1(b)] are the energies of
crystal C under uniform strain mode €, determined, re-
spectively, without relaxation (clamped structure) and on
energy-minimization through relaxation of atomic positions:
E*(€,) = E(€,,0). On minimization of energy of a crystal C
strained with €, atomic positions {7;} in the Cy, undergo dis-
placements {d), resulting in a structure with atomic positions
{ﬁi}. All three states—unstrained, strained, and subsequently
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FIG. 2. Flexibility of four key materials determined using DFT. (a) Variation of f;, with applied hydrostatic strain ¢, for each of the four
systems discussed in the text. (b) Ashby plot of material flexibility (diagonal lines) in terms of its contributions from bare bulk modulus
B* and difference in bare and conventional bulk moduli B*-B. Note that the most compliant systems are not necessarily the most flexible.
(c) Flexibilities determined under rhombohedral shear strain (subscript “r”).

relaxed—share the same symmetry. This is valid at low tem-
peratures as long as the thermal vibrations do not disrupt the
space-group symmetry of the crystal.

The set of N 3D vectors, {c?i} can be represented as a
(BNx1) vector AS = d,, where dj, = Riy-rio, "o, and
R, being the reduced (crystal) position coordinates of the
1" atom in the a direction of relaxed and unrelaxed struc-
tures, respectively. f is thus the fractional release of strain
energy of affinely deformed crystal C due to internal struc-
tural rearrangement that minimizes E w.r.t. displacements
{c_i,-}, maintaining its space-group symmetry G. The projec-
tions {u} of As, onto its normal modes {é,—0} are nonzero
only for the set of modes {é,} that preserve the symmetry
of the crystal C with strain ¢,. For any crystal with no
symmetry-preserving internal degrees of freedom (e.g., NaCl
or body-centered cubic metals), the energies before and after
relaxation are identical and f = 0. These are crystals with
no intrinsic linear flexibility. The other extremum (f ~ 1)
describes systems in which a large fraction of energy cost
associated with homogeneous strain € is released or recovered
through symmetry-preserving internal reorganization. These
crystals are soft and have a high degree of intrinsic flexibility.

In the harmonic approximation, the elastic strain energy
E(€,, c?i), in terms of the homogeneous strain component €,
and projections of internal displacements {u,}, is

‘ 1
E(€, {u,}) = Vc;;ei +> (gweuuv + 51@5), 2)
v=1

where V is volume of the equilibrium crystal. The sum is taken
over the modes v that preserve the symmetry of the deformed
crystal along €, with spring constant K, (obtained from the
eigenspectrum of the force-constant matrix), and first-order
strain-phonon coupling strength g,,,,. C;; is the u™ eigenvalue
of bare elastic modulus tensor of the reference crystal Ci,
with corresponding eigenvector €,. C; is the modulus that
quantifies stiffness or resistance to affine deformation [25]
along €, with no internal structural relaxation.

Minimization of E(e,) in Eq. (2) with respect to u, gives
p(min) — Z8uéu 1 (gw)’

v K,

, and hence, f,, = VERC This allows us to

describe the flexibility parameter f in terms of scaled internal

displacements du, /¢, along normal modes v:

du, \
wa=—zc*<azﬂ>. 3)

This indicates that the variations in K, and (du,/ aeu)2
amongst different modes are important, and their cooperative
effects on the competition with C}; dictate f),, up to first order.

III. FLEXIBILITY: RESULTS AND DISCUSSION

To illustrate the concepts presented in Eq. (1), we deter-
mined the value of f for the four crystalline solids ZnO,
ZrW,0g, MOF-5, and ZIF-8 using density functional the-
ory (DFT) calculations (refer to Ref. [24] and the references
therein, for computational details). Focusing initially on hy-
drostatic strains (€;; or €j), our results are shown in Fig. 2(a)
for a range of small strains —0.02 < € < 0.02. The dense
nonporous material ZnO has a nonzero intrinsic flexibility,
albeit with a very small value; this is entirely consistent
with intuition. But our metric f;, now quantitatively ranks
the flexibility of the three open-framework materials ZrW,Os,
MOF-5, and ZIF-8. Of these, ZrW,0g and MOF-5 show in-
termediate flexibilities, with the inorganic framework slightly
less flexible than the MOF. But, perhaps surprisingly, the
difference in f, between these two frameworks is less than
that between MOF-5 and ZIF-8; indeed, we find the latter is
remarkably close to the f = 1 limit. Note that, for a given
system, fj, is essentially independent of €, in the linear regime.
The small asymmetric response of ZrW,Og is an artifact of its
nonlinear elastic behavior (i.e., strain derivatives of the elastic
modulus) and anharmonic contributions to its strain energy
E (€, {u,}) (see Ref. [24] for details).

We now understand why these different crystals have dif-
ferent intrinsic flexibilities under hydrostatic strains, and what
makes one more flexible than the other. To answer this, we
reformulate Eq. (1) in terms of relaxed and unrelaxed bulk
moduli:

B*—B
=%

This signifies that flexibility emerges as a competition be-
tween the role of internal displacements in the elastic response

“
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TABLE I. Bulk moduli, flexibilities, and numbers of symmetry-
preserving normal modes (n) of the crystals considered in this study.
Earlier reported values for B and the corresponding references are
given in parentheses.

B (GPa) B*(GPa) f n
Zn0O 126.6 (129.7 [30]) 1283 0.01 1
ZrW, 04 94.9 (104.3 [31]) 154.8 0.39 11
MOF-5 15.8 (17.0 [32]) 38.2 0.59 9
ZIF-8 9.5 (7.8 [33]) 83.8 0.89 18

(B*-B) and the underlying stiffness of the material (B*) in the
absence of such displacements. We note here that B is related
to elastic modulus as B = (1/3)(Cy; + 2C)»), the eigenvalue
corresponding to €. Experimentally, B* can be measured us-
ing Brillouin scattering, while B represents the static elastic
modulus and is typically obtained from the equation of state
in variable-pressure diffraction measurements [26].

In Table I, we report the values of B and B* determined
from our DFT calculations for each of the four systems we
study here. ZnO is essentially inflexible since B* is large
and (B*-B) is very small. ZrW,Og is more flexible—despite
a larger B*—because its structure exhibits significant elas-
tic softening in response to homogeneous strains. Although
MOF-5 is about six times more compliant than ZrW,Og
(lower B*), it is only slightly more flexible because struc-
tural relaxation plays a similar relative role in accommodating
strains in the two materials. Finally, ZIF-8 emerges as the
most flexible material not because its B* value is the small-
est (it’s not), but because B* and B are so very different
[Fig. 2(b)]. Note the distinction that emerges between com-
pliance (inverse of stiffness) and flexibility: a material can be
stiff yet flexible (e.g., ZrW,0Og), or compliant yet inflexible
(e.g., body-centered cubic Csy), B~ 2 GPa [27], f =0).
Nevertheless, the general relationship B = (1 — f)B* reflects
the collective intuition [28,29] that increased flexibility is
generally linked with softer elastic moduli (B in the present
case).

Since the crystal symmetry is maintained with hydrostatic
strains €j, the number of symmetry-preserving modes » re-
mains the same as in C,y, shown in Table 1. Because the
individual f,, terms for each mode are necessarily positive,
one might naively expect fj, to scale with n. This turns out
to be mostly true, but not always so: the counterexample
being that MOF-5 has fewer symmetry-preserving modes than
ZrW,0g yet is the more flexible (Table I). Hence, we must
determine the contributions of individual modes to identify
the key microscopic mechanisms crucial for intrinsic flex-
ibility f;,. The various values of f3,, K, and du,/de;, for
the symmetry-preserving modes of each material system are
enumerated in Tables S2-S4 of Ref. [24] and represented
schematically in Fig. 3(a). As anticipated, we find that the rel-
ative magnitudes of f,,, vary enormously from mode to mode,
such that for each material fj, is in fact dominated by just one
or two modes—quite unexpectedly with relatively large spring
constants—that nonetheless couple strongly to hydrostatic
strain €,. By contrast, the atomic displacements associated
with flexibility arise from a low-energy mode for which fj,
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FIG. 3. Key flexibility modes in ZIF-8, MOF-5, ZrW,0s, and
ZnO. (a) Flexibility due to dominant modes in each of the four
materials considered in our study. In each panel, the blocks are
arranged by increasing K, values, and colored according to the mode
displacement (dark = large displacement); the height f;, / f, of each
block corresponds to the fractional contribution of a mode v to
flexibility f, of the material. For the various systems, the mode(s)
that contribute most strongly to f, and/or correspond to the largest
displacements are assigned a number label. (b) Representations of
the six labeled modes identified in (a).

need not be particularly large. In the case of ZIF-8, there
is a clear distinction between these two contributions: the
lowest-energy symmetry-preserving mode dominates internal
atomic displacements, while the corresponding elastic strain
energy is absorbed essentially by higher-energy modes. MOF-
5 and ZrW,0Og are rather different in that the softest modes
(lowest K,) do not permit large structural rearrangements with
strain (low du, /d€;). The atomic displacements correspond
to somewhat higher-energy modes and so have smaller abso-
lute magnitudes. ZnO possesses a single symmetry-preserving
mode that couples very weakly to strain, which is why its
value of f;, is so low. A key result of our analysis is that
structural flexibility embodies contributions from both hard
and soft symmetry-preserving vibrations—in contrast to the
widely held view that flexibility has its origin solely in low-
frequency modes [23,34].

The collection of modes that dominate structural rearrange-
ments, on the one hand, and strain-energy absorption, on
the other hand, are illustrated for each of our four materi-
als in Fig. 3(b). In the case of ZIF-8, the key displacement
mode (w ~ 1.4 THz) involves the concerted rotations of
methyl-imidazolate linkers that open up the sodalite four-
ring windows; this is the “swing mode” implicated in the
unusual adsorption and high-pressure response [35] of this
framework. At the same time, strain energy is absorbed by
a high-energy mode that involves bond stretching in the
building units of the crystal [36]. Both effects are associ-
ated with the same mode in MOF-5: a collective deformation
of the whole SBU-linker-SBU struts that includes squeezing
of the central benzene ring. In ZrW,0Og, displacements are
dominated by coupled translations of the WO, tetrahedron
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pairs along the cell diagonal; this mode has been identified
elsewhere as key to the pressure-induced amorphization [37],
negative thermal expansion (NTE), and negative hydration
expansion (NHE) [38] of the material. Again, as expected,
higher-energy bond stretches absorb most of the strain energy.
The single symmetry-preserving mode (@ ~ 13.2 THz) in
ZnO describes the free parameter between the interpenetrating
hcep sublattices along the ¢ direction.

We now extend our discussion on flexibility of crystals
in response to a generic strain eigenvector €,. While for the
hydrostatic strain, the symmetry of C is the same as that of
C, the nonhydrostatic strains manifest as a deformed crystal
C = DC,, typically with a lower symmetry (see Ref. [24]
for details). Here, D is the deformation-gradient tensor corre-
sponding to the relevant eigenvector. Transformation of Cie¢
in accordance with the irreducible representation matrix (or
symmetry label) isomorphic to D maps it onto the deformed
crystal C. The lower the symmetry of C, the larger the set
of symmetry-preserving modes in C. Hence, one expects in-
creased flexibility under nonhydrostatic strains, a point borne
out by our calculations: we show in Fig. 2(c) the off-diagonal
values f; for each of the four materials under rhombohedral
strain €, = 2[00 0 1 1 1]. Now, ZnO becomes moderately
flexible, while the increase in flexibility observed for MOF-5
under shear is quite spectacular. This arises from (i) Cj, lower
than B*, (29.7 vs 38.2 GPa; see Table S5), and (ii) the vast
increase in the number of symmetry-preserving degrees of
freedom in shear-deformed crystals C (89 for MOF-5 in R3m
vs 9 in Fm3m). The modes responsible for this increased
flexibility are again a combination of high-energy rigid-unit
distortions and large-amplitude soft modes, as highlighted
in Fig. S3 of Ref. [24]. That symmetry-lowering increases
flexibility has long been recognized in an heuristic sense [39],
but our analysis now allows this dependency finally to be
quantified. Interestingly, the converse of this finding, that is,
rendering a structure more symmetric makes it less flexible,
has been highlighted recently in a MOF crystal wherein struc-
tural transition from triclinic to monoclinic results in a fully
locked rigid structure through minimization of its flexibility
[40].

IV. GENERALIZATION: NONLINEAR FLEXIBILITY

Foregoing analysis of the linear mechanical flexibility of
materials applies to small deformations and release of elastic
strain energy while maintaining the space-group symmetry
of deformed crystal. Nonetheless, some flexible frameworks
undergo internal structural deformations while deviating from
their parent symmetry as a function of pressure or temperature
[41], involving reversible changes in the structure modulated
over several periodic unit cells. In such cases, the lattice mode
v at a generic wave vector g (¢ # 0) contributes to the
corresponding internal displacements d;. The strain energy E
in terms of their projection, u, on a mode {&, 420} is

o 4
—u*,
4

where, the first term is elastic strain energy of the relaxed
structure, as determined from Eq. (2), and other terms repre-
sent the origin of release of additional strain energy possible

1 2 , v 1,5
E(EM’uU)ZECMVE/A—gGM?—i_Eku + (5)

due to symmetry-breaking internal strains u. k' and o are
harmonic and quartic spring constants of the mode é,, and
g > 0is its second-order coupling with strain €,,. Note that g’
is related to the Gruneisen parameter. We note that the linear
coupling between €, and u is zero due to symmetry constraint.
For ge, < u', our analysis of linear flexibility applies. For
g€, > k', minimization of Eq. (5) with respect to u gives

P (ge’“”—_k) ©)

o

Substituting umi, in Eq. (5), we obtain

1 2 5 1 k/2
E(e)==(CV -2+ —(gke,——. (7
(€n) 2<M 20[)“ 2O[(g)u 1o )
At the critical strain €, = ’?, E = %CNV(/;—:)z, the strain
energy corresponds to the limit of symmetry-preserving struc-
tural change.
Beyond the critical strain, the structure destabilizes. For
€4 > %, the slope of strain energy with respect to €, is

g’ gk

oE
—E ¥ = CMV—Z eﬂ—}—Z:CMVeM. (8)
[y

I

Thus, the strain energy E and its first derivative are con-
tinuous at the critical strain, €, = k—f, similar to a second-order
phase transition in crystals. Nonlinear mechanical flexibility
thus involves reversible phase changes. For strains, €, < 0
with ¢ < 0, the same analysis follows. Combining Eqs. (4)
and (8), it is evident that the elastic modulus decreases by

% due to symmetry-breaking structural changes. The overall
flexibility for € > €. is

LV 1
Ju= (glf( + i) : ©

20 V(,C;

which shows that linear (first term) and nonlinear (second
term) contributions to flexibility arise from linear and second-
order coupling of phonons with elastic strain.

Temperature dependence of the flexibility parameter, as in-
troduced here, emerges from anharmonic interactions among
phonons, which are also responsible for thermal expansion
and lattice thermal conductivity. Typically, thermal expansion
of a crystal results in small changes in its cell volume, and its
impact on bare elastic moduli (through nonlinear elasticity) is
expected to be weak. On the other hand, contributions of opti-
cal phonons (atomic relaxation) to relaxed elastic moduli are
expected to exhibit temperature dependence originating from
temperature induced softening of their frequencies. These
phonon frequencies approach small values as the crystal ap-
proaches its melting temperature. This further results in larger
internal displacements in crystals at elevated temperatures,
hence an increase in flexibility due to lattice anharmonicity
and thermal fluctuations. This correlates with softening of the
lattice as the elastic moduli decrease with temperature. We
note that the linear dependence of flexibility on temperature is
an approximation and is expected to saturate to values less
than one. Second, if there is a structural phase transition,
an anomaly in flexibility or nonmonotonous dependence on
temeperature is expected near the transition temperature.
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V. CONCLUSIONS

We have proposed a quantitative measure of mechanical
flexibility, and uncovered its origin in crystalline materi-
als. While mechanical rigidity of a crystal originates from
spontaneously broken continuous translational and rotational
symmetries of the liquid state, the concept of flexibility is
physically quite profound in a way that it counters this rigidity
through continuous internal symmetry-preserving degrees of
freedom. Our generalization to nonlinear flexibility shows
that reversible, symmetry-lowering deformations that break
the periodicity of the crystal involves physical mechanisms
akin to second-order phase transitions. The idea of flexibil-
ity is thus extendible to any long-range ordered state arising
from broken-continuous symmetry, including electronic po-
larization or magnetization, with electric or magnetic field as
the external perturbation. A key advantage of our approach
to quantifying flexibility is that there is now a clear and
straightforward mechanism by which one can identify the

most interesting systems using materials databases: all the
necessary information is contained within the elastic tensor
C—usually already available—and its constrained analog C*
related to affine deformation, which is straightforward to cal-
culate.
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