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Stochastic dynamics of resonance electronic energy transfer in bidimensional
overexcited molecular ensembles
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We investigate theoretically the stochastic dynamics of resonance electronic energy transfer (RET) in a
bidimensional overexcited ensemble of donor and acceptor molecules. We find that, after initial optical excitation
of all the donors, the reaction kinetics is well-described by a nonlinear mean-field theory. The latter provides
a solid way to define and compute an effective rate of RET, even for disordered samples. We predict that
this effective rate scales as 〈R〉α , with 〈R〉 the average distance between individual excited donors and their
nearest-neighbor acceptor molecules, and α ∈ [−6,−2] an exponent depending on the spatial distribution of
molecular pairs in the sample. Using a kinetic Monte Carlo approach, we show departures from this macroscopic
mean-field description arising from fluctuations and spatial correlations between several molecules involved in
the RET process. We expect this prediction to be relevant for both molecular science and biology, where the
control and optimization of the RET dynamics is a key issue.
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I. INTRODUCTION

The investigation of how energy dissipates and migrates
from one place to another in complex molecular systems is of
paradigmatic importance, particularly for the understanding
of various physical, chemical, and biological processes [1,2].
In this context, a key role is played by resonance electronic
energy transfer (RET) processes, through which an excita-
tion (labeled with an asterisk) initially stored onto a donor
molecule (D) can be transferred to an acceptor molecule (A),
resulting in the RET reaction D∗ + A → D + A∗. The cor-
responding reaction kinetics is usually described by Förster
resonance energy transfer (FRET) theory [3,4], and it involves
dipole-dipole interactions between two donor and acceptor
molecules. The corresponding rate of FRET is obtained from
quantum mechanics using Fermi’s Golden Rule, and it is given
by kD-A = |VD-A|2JD-A/2π h̄2 [5], with VD-A the matrix-element
corresponding to the dipole-dipole interaction Hamiltonian,
JD-A the overlap integral between the donor emission spectrum
and the acceptor absorption spectrum, and h̄ the Planck con-
stant. This expression can be rewritten in the standard form
kD-A = �D(R0/RD-A)6 [3,6], with �D the rate of spontaneous
photon emission of the donors, RD-A the distance between the
D-A molecules, and R0 the Förster radius that typically falls
in the range of 1–10 nm.

Despite its long history, the mechanism of FRET is
still an object of intense research activities and fruitful de-
bates. For instance, some recent theoretical investigations
in molecules made of multiple chromophores emphasized
the central role of nonequilibrium effects and molecular
vibrations in FRET [5–9]. The latter were shown to be re-
sponsible for a vibration-assisted long-range energy-transfer
mechanism beyond standard Förster theory. Other studies
focused on deriving kD-A rigorously, using a nonrelativistic
quantum-electrodynamics framework to describe the interac-

tion between two molecules, mediated by coupling to virtual
states of the electromagnetic reservoir [10–15]. They pre-
dicted the existence of a crossover from the standard Förster
static-regime at short distances scaling with kD-A ∝ R−6

D-A, to
a long-range retarded radiation regime mediated by the emis-
sion and propagation of real photons scaling with kD-A ∝ R−2

D-A.
In parallel to these fundamental approaches, a whole range
of activities focused on dealing with the question of what
is the effective range of RET processes, as well as inves-
tigating the role of disorder in the related exciton-transport
mechanism [16–19], using for this purpose numerical kinetic
Monte Carlo methods [20–25]. Most of those studies were
motivated by the still open issue of understanding the FRET
processes in biological complexes or molecular aggregates,
which is supposed to play a key role in the mechanism of
photosynthesis [26–30]. A revival of those issues occurred
recently in a different context, for which it was shown that
RET processes could be modified for molecules deposited
close to a mirror [31], or by embedding the donor and acceptor
molecules inside electromagnetic microcavities, leading to a
new kind of long-range resonance energy transfer mechanism,
mediated by vacuum quantum fluctuations of one electromag-
netic cavity mode [32–36].

The questions of understanding collective and nonequi-
librium effects in RET processes occurring in molecular
ensembles or aggregates (beyond the standard description in
terms of single donor and acceptor molecules), as well as the
one of defining and computing quantitatively an effective rate
of RET from a microscopic model, are thus still lively and
open important questions in molecular sciences.

In this paper, we investigate the stochastic dynamics and
collective effects developing in RET reactions. We consider
the case of a bidimensional overexcited molecular system
which is prepared in an initial out-of-equilibrium state in
which all donor molecules are brought into their excited state.
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FIG. 1. Left: Square lattice with a = 2.0R0 the distance be-
tween two nearest-neighbor molecules. Donor (D) and acceptor (A)
molecules are shown as red dots and blue triangles, respectively. The
system contains ND = NA = 50 molecules of type D and A. Right:
Disordered lattice obtained by putting each molecule randomly at the
vertex of a regular square lattice of lattice parameter Rc. Parameters
are 〈R〉 = 2.0R0 and Rc = 0.8R0.

In Sec. II, we introduce a microscopic model of a molec-
ular ensemble made of equal concentrations of donor and
acceptor molecules positioned at the vertex of an arbitrary
bidimensional network. We describe the system relaxation
and the stochastic dynamics of its microstates in terms of
a chemical master-equation. The latter is solved numerically
exactly using a kinetic Monte Carlo algorithm. In Sec. III, we
derive exact kinetic equations describing the coarse-grained
dynamics of the average populations of donor and acceptor
molecules. In Sec. IV, we propose a nonlinear mean-field
approximation that matches the expected macroscopic limit,
and provides a solid approach to define and compute explic-
itly the rate of RET in any disordered molecular ensemble.
We also investigate the role of fluctuations developing out-
of-equilibrium [37–39], and resulting in deviations from this
mean-field approximation. Finally, in Sec. V, we compute
and analyze the complete time-dependent relaxation dynamics
of excited donors and acceptors, both from the numerically
exact kinetic Monte Carlo algorithm and the macroscopic
mean-field approximation. We show a good agreement of the
mean-field approximation with exact results, and we quantify
the role of fluctuations for an accurate description of RET in
mesoscopic samples.

II. MODELING THE STOCHASTIC DYNAMICS OF RET

A. System description

In this section, we introduce a microscopic model of a
molecular system, made of ND donor molecules and NA

acceptor molecules. We consider the case of an equimolar
solution of molecules, characterized by ND = NA ≡ N/2. The
molecules are dispersed in a two-dimensional solid phase. The
molecular positions are labeled by 	rα for the Dα molecules
with α ∈ [|1, ND|], and 	r j for the Aj molecules with j ∈
[|1, NA|]. In the following, we consider two cases. The first
one corresponds to the case of molecules located at the vertex
of a regular square lattice (see Fig. 1, left), with a the distance
between two nearest-neighbor molecules (and 2a the lattice

parameter). The second case corresponds to molecules ran-
domly distributed and forming a random (disordered) lattice
(see Fig. 1, right). This lattice is made by generating a regular
square lattice of lattice parameter Rc, a cutoff length corre-
sponding to the minimum distance between two molecules
(given by the short-range part of the intramolecular interaction
potential). Each molecule is then put randomly at one vertex
of the square lattice, thus realizing a random lattice in which
the average distance between an individual excited donor and
its nearest-neighbor acceptor is 〈R〉 ≈ √

S/πN (proportional
to the inverse square root of the chosen molecular concentra-
tion).

In this ensemble, the donor (acceptor) molecules are sup-
posed to be either in their electronic ground state labeled
D (A) or in their excited state written D∗ (A∗). We suppose
that initially, an external ultrafast pump-laser signal is applied
that brings all the donors to excited state, leaving the accep-
tors in their ground state, so that the initial population for
the molecules in the sample is ND∗ (0) = ND and NA∗ (0) = 0.
We aim to describe how this initial overexcited state that is
strongly out-of-equilibrium will relax, either by fluorescence
(radiative relaxation) or by RET reactions (nonradiative re-
laxation). The possible relaxation pathways in this model are
described by the following elementary processes:

D∗
α → Dα + hν, (1)

A∗
j → Aj + hν, (2)

D∗
α + Aj → Dα + A∗

j , (3)

with Eq. (1) describing the relaxation of the D∗
α molecule by

emission of a spontaneous photon hν with rate �D, and Eq. (2)
the similar process for the A∗

j molecule, with rate �A. The
possibility of transferring energy from a D∗

α molecule to an
Aj molecule is described by the RET process in Eq. (3), with
rate kα j . The latter rate kα j ≡ k(r = ||	rα − 	r j ||) depends on
the relative distance r between the pair of molecules (D∗

α, Aj ),
and it is obtained from FRET theory [3,6] as

k(r) = �D

(
R0

r

)6

. (4)

For simplicity reasons, in Eq. (4), we did not take into ac-
count the full dependence of the rate k(r, θ ) with the relative
orientation (through the angle θ ) of the molecular dipoles
[16]. This dependence and its impact on the RET dynamics
is beyond the scope of the present paper. It was shown to
lead to some corrections of the FRET theory for intermolec-
ular distances larger than 10 nm [16]. We could in principle
add such effects to our model: however, we chose to treat
only one level of complexity, namely the one arising from
the dependence of RET with intermolecular distances and
spatial inhomogeneities of the molecules’ location in space.
This implicitly assumes that an averaging on molecular dipole
orientations has been performed in Eq. (4) that restores the
rotational invariance of the microscopic rate k(r).

B. RET master equation

We introduce the microstates of the molecular ensem-
ble as the list of excitation states for each molecule a ≡
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{{σα}α∈[|1,ND|], {σ j} j∈[|1,NA|]}, in which σα = 1 (0) if the donor
molecule α is in its excited (ground) state D∗

α (Dα ), and
σ j = 1 (0) if the acceptor molecule j is in its excited (ground)
state A∗

j (Aj ). Under the influence of the elementary reac-
tion steps given by Eqs. (1)–(3), the microstates a undergo
a Markov stochastic process that is described by the following
microscopic master equation (ME) [39]:

Ṗa(t ) =
∑

b

{�abPb(t ) − �baPa(t )}, (5)

with Pa(t ) the probability of occupying the microstate a at
time t , and �ba the incoherent rate between the microstates
for the transition a → b. The latter rate is �ba = �D (A) for a
transition involving a spontaneous photon emission event as
described by Eq. (1) [Eq. (2)]. Transitions involving a RET
process are given by Eq. (3), and they contribute with a rate
�ba = kα j . The initial condition at time t = 0 is fixed to be
the microstate ain ≡ {{σα = 1}α∈[|1,ND|], {σ j = 0} j∈[|1,NA|]} in
which all donor molecules are excited and acceptor ones are
in their ground state, so that

Pa(0) = δa,ain . (6)

The conjunction of Eqs. (5) and (6) provides a complete
description (including spatial inhomogeneity) of the RET
stochastic dynamics from the initial (fully excited) mi-
crostate ain to the final (fully relaxed) microstate af ≡ {{σα =
0}α∈[|1,ND|], {σ j = 0} j∈[|1,NA|]}, for which all molecules have
decayed to their ground state. We note the similarity in
our modeling of the RET process, with the approach of
Paillotin et al. [40] developed for analyzing the impact of
exciton-exciton annihilation processes on transient fluores-
cence spectra in photosynthetic systems.

C. Kinetic Monte Carlo approach

In principle, the solution of the ME enables us to find the
average number of excited donor molecules 〈ND∗ (t )〉 at each
time t , as

〈ND∗ (t )〉 =
∑

a

(ND∗ )aPa(t ), (7)

with (ND∗ )a ≡ ∑
α∈[|1,ND|] σα the number of excited donor

molecules in the configuration a. A similar expression is
obtained for the average number of acceptor molecules in
their ground state 〈NA(t )〉 at time t . However, due to the large
number N of molecules, and the resulting exponentially larger
number of possible microstates for the system (scaling with
2N ), it is in practice very hard to solve the ME, despite the
fact that it is a linear equation.

We thus resort to solving numerically the ME using a
kinetic Monte Carlo (MC) [41,42] approach. The main idea
is to discretize the time window into small time steps δt . At
each time step, one either updates randomly the a microstate
of the system to the b one with probability ∝ �baδt , or leaves
the a-state unchanged. The number of excited donors and
acceptors in the ground state is then counted and stored. The
final observable values 〈ND∗ (t )〉 and 〈NA(t )〉 are obtained after
averaging on a large-enough number Ntraj of stochastic trajec-
tories of the system connecting the initial to the final state.
The chosen value of Ntraj = 105 is sufficient to reach a rela-

tive statistical uncertainty of ≈1/
√

Ntraj ≈ 0.3% for the MC
calculation (see Appendix A for a more detailed discussion).

III. KINETIC EQUATIONS

A. Derivation of the kinetic equations

In this section, we derive exact kinetic equations from
Eq. (5) that describe the time dependence of the average
populations of excited donors 〈ND∗ (t )〉 and acceptors in the
ground state 〈NA(t )〉. Those average populations are given by

〈ND∗ (t )〉 =
ND∑
α=1

〈σα (t )〉, (8)

〈NA(t )〉 =
NA∑
j=1

〈σ j (t )〉 (9)

with σ j = 1 − σ j , and

〈σα (t )〉 ≡
∑

σα=0,1

σα	(1)
σα

(t ) (10)

the average excitation state of the donor α. In Eq. (10), we in-
troduced 	(1)

σα
(t ), the “one-molecule” probability distribution

that the donor α is in excitation state σα at time t . A similar
definition is introduced for 〈σ j (t )〉.

From Eqs. (5) and (10), we can derive exact kinetic equa-
tions (KE) for the time-dependent fields 〈σα (t )〉 and 〈σ j (t )〉
involved in the calculation of the average populations,

d

dt
〈σα〉 = −�D〈σα〉 −

NA∑
j=1

kα, j〈σασ j〉, (11)

d

dt
〈σ j〉 = �A〈σ j〉 −

ND∑
α=1

kα, j〈σασ j〉, (12)

with

〈σα (t )σ j (t )〉 ≡
∑

σα=0,1

∑
σ j=0,1

σασ j	
(2)
σα,σ j

(t ) (13)

the correlation function between the states of occupancy of
the donor molecule α and of the acceptor molecule j. The
latter involves the joint probability distribution 	(2)

σα,σ j
(t ) that

the donor molecule α is in state σα and the acceptor molecule
j is in state σ j .

Equations (11) and (12) have a clear physical interpreta-
tion. For instance, in Eq. (11), the first term on the right-hand
side (rhs) stands for the decay channel from the excited state
of the donor α by fluorescence with rate �D [see Fig. 2(a)].
The second term on the rhs is related to the RET reaction with
rate kα, j , that naturally correlates the excited state of the donor
α to the ground state of the acceptor j [see Fig. 2(b)]. The KE
have to be complemented with a set of initial conditions

〈σα (0)〉 = 〈σ j (0)〉 = 1, (14)

〈σα (0)σ j (0)〉 = 1. (15)

As expected, the KE fulfill at each time t the laws of mass
conservation in the chemical process,

〈ND∗ (t )〉 + 〈ND(t )〉 = ND, (16)

〈NA∗ (t )〉 + 〈NA(t )〉 = NA. (17)
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FIG. 2. (a) One-molecule fluorescence processes involving spon-
taneous emission of a photon with rate �D (A) from an excited D∗

α (A∗
j )

molecule located at site α( j). (b) Two-molecule RET process with
rate kα, j between D∗

α and Aj . (c) Three-molecule competition be-
tween two RET processes with rates kα, j and kβ, j involving the
molecules in states D∗

α , D∗
β , and Aj . (d) Three-molecule competition

between two RET processes with rates kα, j and kα,k involving the
molecules in states D∗

α , Ak , and Aj .

B. Evolution of correlation functions

Despite being exact, the KE do not constitute a closed
system of equations. Indeed, one has to complement Eqs. (11)
and (12) with additional equations providing the time evolu-
tion of the still unknown correlation functions 〈σα (t )σ j (t )〉.
As in Sec. III A, we derive the following equations for the
correlation functions:

d

dt
〈σασ j〉 = �A〈σασ j〉 − (�D + kα, j )〈σασ j〉

−
ND∑

β=1,β �=α

kβ, j〈σασβσ j〉 −
NA∑

k=1,k �= j

kα,k〈σασ kσ j〉,

(18)

with 〈σα (t )σ j (t )〉 = 〈σα (t )〉 − 〈σα (t )σ j (t )〉 and the initial
conditions

〈σα (0)σβ (0)σ j (0)〉 = 〈σα (0)σ k (0)σ j (0)〉 = 1. (19)

The interpretation of Eq. (18) is the following. The first three
terms on the rhs come from “one-molecule” fluorescence
processes and a “two-molecule” RET process. The last two
terms on the rhs involve “three-molecule” correlation func-
tions 〈σα (t )σβ (t )σ j (t )〉 and 〈σα (t )σ k (t )σ j (t )〉. We interpret
those two new terms as coming from a competition mecha-
nism in the RET process between two excited donors for the
same acceptor in its ground state [see Fig. 2(c)], or between
one excited donor and two different acceptors in their ground
states [see Fig. 2(d)].

Similarly to the KE, Eq. (18) is not closed. Thus, it has to
be supplemented by another equation describing the dynamics
of the unknown three-molecule correlation functions. This
derivation can be proceeded further by iteration, producing a
hierarchy of differential equations, coupling the dynamics of
the populations to all higher-order correlation functions of the

molecular states, making the complete KE as difficult to solve
as the initial ME.

IV. MEAN-FIELD APPROXIMATION

A. Macroscopic limit

In this section, we aim at simplifying the KE by using a
closure assumption of Eqs. (11) and (12), which reproduces
well the macroscopic limit obtained in the limit of a large
number of molecules N 
 1, or a large sample volume �

(given by the sample surface S in dimension 2).
We make a first assumption (A1) that in the large-N

limit, the two-molecule joint-distribution function 	
(2)
σα,σ j

(t ) in
Eq. (13) factorizes, namely that

	
(2)
σα,σ j

(t ) ≈ 	
(1)
σα

(t )	
(1)
σ j

(t ), (20)

where A means the coarse-grained (spatially averaged) value
associated with any quantity A. Using this approximation
(A1), we can simplify the KE as

d

dt
〈σα〉 = −�D〈σα〉 −

NA∑
j=1

kα, j〈σα〉 〈σ j〉, (21)

d

dt
〈σ j〉 = �A〈σ j〉 −

ND∑
α=1

kα, j〈σα〉 〈σ j〉. (22)

Those macroscopic KEs are closed for the fields {〈σα〉}α and
{〈σ j〉} j , and they constitute a system of nonlinear mean-field
equations that take into account spatial inhomogeneity of the
distribution of molecules in the sample. Such KEs can in
principle be solved with initial conditions given by Eq. (14),
although, due to the large number of unknowns and the non-
linearity of the equations, this remains a heavy and difficult
task.

We now make the last assumption (A2), that after spa-
tial coarse-graining, the molecular system becomes spatially
homogeneous in the large-N limit, namely that translational
invariance is restored for the mean fields,

〈σα (t )〉 ≈ φ
(mf)
D∗ (t ) = 〈ND∗ (t )〉

ND
, (23)

〈σ j (t )〉 ≈ φ
(mf)
A (t ) = 〈NA(t )〉

NA
. (24)

Using Eqs. (23) and (24) inside Eqs. (21) and (22), we derive
simpler KEs for the populations in the macroscopic limit,

d

dt
〈ND∗ (t )〉 = −�D〈ND∗ (t )〉 − k〈ND∗ (t )〉〈NA(t )〉, (25)

d

dt
〈NA(t )〉 = �A〈NA∗ (t )〉 − k〈ND∗ (t )〉〈NA(t )〉, (26)

with the mean-field rate of RET,

k = 1

NDNA

ND∑
α=1

NA∑
j=1

kα, j . (27)

Equations (25) and (26) are the main results of this section.
They could have been guessed directly from the elementary
steps of the RET reaction [see Eqs. (1), (2), and (3)], since they
simply express that the fluorescence process has a kinetics of
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order 1 while the RET process has a kinetics of order 2 in
the reactant concentrations. However, our theory provides a
solid approach to recover this macroscopic limit, to compute
the coarse-grained reaction rate k, as given by Eq. (27), and to
investigate the effects of spatial inhomogeneities and fluctua-
tions in mesoscopic samples beyond a standard macroscopic
KE.

In the case of an equimolar sample of donors and accep-
tors (ND = NA = N/2) with the same fluorescence rate (�D =
�A ≡ �), the previous macroscopic KE for the populations
can be solved exactly, leading to

〈ND∗ (t )〉(mf) = N

2

(t )

{
1 + k̃

∫ t

0
dτ 
(τ )

}−1

, (28)

〈NA(t )〉(mf) = N

2
(1 − e−�t ) + 〈ND∗ (t )〉(mf), (29)

with


(t ) = exp

{
−(� + k̃)t + k̃

�
(1 − e−�t )

}
, (30)

k̃ = lim
N→+∞

N

2
k ≡ lim

N→+∞
2

N

ND∑
α=1

NA∑
j=1

kα, j . (31)

The macroscopic rate of RET k̃ is obtained quantitatively in
Eq. (31). In the large-N limit, k → 0 while k̃ remains finite.

B. Mean-field rate of RET

In this section, we provide explicit expressions of the
macroscopic mean-field rate of RET k̃ for different examples
of bidimensional samples. To this purpose, we first rewrite
Eq. (31) in integral form,

k̃ = 2

N

∫
d2	r

∫
d2 	r′ρDA(	r, 	r′)k(||	r − 	r′||), (32)

with k(||	r − 	r′||) given by Eq. (4). The spatially averaged
density of pairs of donor and acceptor molecules ρDA(	r, 	r′)
is defined as

ρDA(	r, 	r′) = ρD(	r)ρA(	r′), (33)

with ρD(	r) = ∑ND
α=1 δ2(	r − 	rα ) and ρA(	r′) = ∑NA

j=1 δ2(	r′ −
	r j ). The assumption (A2) of translational invariance implies
that ρDA(	r, 	r′) ≡ ρDA(	r − 	r′), so that the mean-field rate be-
comes in polar coordinates

k̃ = 2S

N
�DR6

0

∫ R

Rc

dr
∫ 2π

0
dθ

ρDA(r, θ )

r5
, (34)

with S = πR2 the surface of the sample of radius R, and Rc

the same cutoff length used in Fig. 1, right, defined as the
minimum distance between two molecules. This expression
of k̃ is general and independent of the chosen network of
molecules. It connects the effective rate of RET in our simple
model to the actual spatial distribution of molecular pairs of
donors and acceptors in the macroscopic sample.

1. Disordered square lattice

We suppose here that the donor and acceptor molecules
are randomly distributed forming a random lattice (see Fig. 1,

FIG. 3. Left: Numerical computation of the macroscopic mean-
field rate of RET k̃(rand) in log scale (red points) from Eq. (31) as
a function of the average distance 〈R〉 between individual excited
donors and their nearest-neighbor acceptor molecules. An average
is performed on 1000 configurations of disorder for various random
distributions of molecules on the square network shown in Fig. 1,
right. The error bars represent one standard deviation, illustrating the
uncertainty due to fluctuations in the spatial location of molecules
that varies from sample to sample. The dash-dotted red curve is
obtained from the analytical rate k̃(an,rand) in Eq. (36). The same
calculation for the rate k̃(sq) is shown (blue triangles) for the case
of one perfectly ordered square network of molecules shown in
Fig. 1, left. The dash-dotted blue curve is given by the analytical rate
k̃(an,sq) in Eq. (37). Right: Same plots but in linear scale. Parameters:
ND = NA = N/2 = 50 and Rc = 0.8R0.

right), namely, they form a homogeneous sample of reacting
molecules. The assumptions of factorization of the “two-
molecule” correlation functions [assumption (A1)] and of
translational invariance [assumption (A2)] after spatial coarse-
graining imply that the averaged spatial density of pairs in
Eq. (33) simplifies to

ρDA(	r, 	r′) ≈ ρDρA, (35)

with ρD = ρA ≈ N/2S, the equal concentration of donor and
acceptor molecules. This provides a simpler and explicit ex-
pression of k̃ in Eq. (34), which is valid in the limit of a
large number of molecules N 
 1 or of a large sample surface
S 
 R2

c , R2
0. We obtain

k̃(an,rand) ≈ k0

(
R0

2〈R〉
)2

, (36)

with k0 = �D(R0/Rc)4 and 〈R〉 = √
S/πN the average dis-

tance between an individual excited donor and its nearest-
neighbor acceptor (proportional to the inverse square root of
the molecular concentration). Equation (36) is a scaling-law
k̃ ∝ 〈R〉−2 for the macroscopic mean-field rate of RET in a
disordered sample. This is a surprising result, since one would
have expected a scaling k̃ ∝ 〈R〉−6 by simple inference from
the microscopic rate in Eq. (4).

This interesting effect comes from disorder in the bidi-
mensional sample, namely the average rate of RET from a
given donor molecule results from spatial averaging of the
contribution of acceptor molecules around it, and thus scales
with the molecular concentration.

205419-5



AVRILLER, MARCHÉ, AND JONUSAUSKAS PHYSICAL REVIEW B 108, 205419 (2023)

We show in Fig. 3, left (red points), the dependence of
k̃(rand) in units of �D as a function of 〈R〉/R0 in logarithmic
scale. This curve is obtained from a numerical evaluation
of Eq. (31) for a random lattice containing ND = NA = 50
molecules after averaging on 1000 configurations of disorder.
The same plot is shown in linear scale in Fig. 3, right (red
points). This calculation compares quantitatively very well to
the predicted analytical values of k̃(an,rand) given by Eq. (36)
(see the dash-dotted red curves). For completeness, we show
error bars representing one standard deviation (see also Ap-
pendix B), and illustrating the uncertainty due to fluctuations
in the computed values of k̃(rand) when considering different
disorder configurations of the random network of molecules.

2. Perfectly ordered square lattice

In contrast to the previous example, we consider now
the opposite case of a distribution of donor and acceptor
molecules located at the vertex of a perfectly ordered square
lattice (shown in Fig. 1, left). The unit cell contains four
molecules, with alternating D and A molecules being sepa-
rated by the D-A distance a (the lattice parameter thus being
2a). The macroscopic mean-field rate of RET can be evaluated
analytically from Eq. (31) as

k̃(an,sq) = 2��D

(
R0

2a

)6

, (37)

with � = ∑
(m,n)∈Z2{(n + 1/2)2 + m2}−3 ≈ 130, 45 a pure

number given by an absolutely convergent double series char-
acterizing the bidimensional square lattice.

In contrast to Eq. (36), the effective rate of RET scales
here as k̃ ∝ 〈R〉−6 (since 〈R〉 = a), which matches with the ex-
pected scaling law given by the microscopic theory of FRET
in Eq. (4). This is due to the fact that our square lattice is an
ordered lattice of pairs of D-A molecules repeating regularly,
each D molecule having four nearest-neighbor A molecules.

We show in Fig. 3 (blue triangles) the corresponding rate
k̃(sq) as a function of 〈R〉/R0 in logarithmic and linear scale,
computed numerically from Eq. (31), in the case of a regular
square lattice containing ND = NA = 50 molecules. A very
good agreement is obtained with the analytical result provided
by k̃(an,sq) in Eq. (37) (see the dash-dotted blue curve). Con-
trary to the case of the disordered lattice, we do not show here
any error bars, since there is only one spatial configuration of
the ordered regular lattice (see Fig. 1, left) taken into account
in the calculation of k̃(sq).

C. Fluctuations and collective effects

To understand better the range of validity of the mean-field
approximation with respect to the numerically exact MC cal-
culations, we investigate in this section the role of fluctuations
in the RET dynamics. In the case of an arbitrary lattice, this
is a rather formidable task. We thus restrict ourselves in our
derivation to the case of a homogeneous system, for which
we are able to investigate the role of fluctuations develop-
ing out-of-equilibrium [37,38]. Following the approach of
van Kampen [39], we derive an asymptotic expansion of the
chemical ME in the limit of a large number N of molecules
or equivalently of a large volume � ≡ S of the sample. The

intermediate calculations are analytical but lengthy, and we
thus only provide here the main steps of the derivation and the
final results. For this purpose, we introduce the notation

ND∗ (t ) = NDφ
(mf)
D∗ (t ) + √

NDξD(t ), (38)

NA∗ (t ) = NAφ
(mf)
A∗ (t ) + √

NAηA(t ), (39)

with φ
(mf)
D∗ (t ) and φ

(mf)
A∗ (t ) the unknown (at this stage)

normalized average populations of excited donors and ac-
ceptors, respectively, and ξD(t ) and ηA(t ) the associated
fluctuations with respect to those averages. The chemical
ME can be expanded systematically in the small param-
eter �−1 [39]. At leading order o(�1/2), we recover the
macroscopic mean-field equations provided by Eqs. (25) and
(26), namely that φ

(mf)
D∗ (t ) ≡ 〈ND∗ (t )〉(mf)/ND and φ

(mf)
A∗ (t ) ≡

〈NA∗ (t )〉(mf)/NA. The term of order o(�0) in the expansion
provides a multivariate Fokker-Planck equation describing
Gaussian fluctuations ξD(t ) and ηA(t ) around the mean-field
solutions φ

(mf)
D∗ (t ) and φ

(mf)
A∗ (t ). We derive from it a closed

system of linear, time-dependent equations describing the
evolution of the following correlation functions: 〈ξD(t )ηA(t )〉,
〈ξ 2

D(t )〉, and 〈η2
A(t )〉. We obtain

d

dt
〈ξDηA〉 = −[

�A + �D + k̃
(
φ

(mf)
A + φ

(mf)
D∗

)]〈ξDηA〉

+ k̃
[
φ

(mf)
A

〈
ξ 2

D

〉 + φ
(mf)
D∗

〈
η2

A

〉] − k̃φ
(mf)
A φ

(mf)
D∗ ,

(40)

d

dt

〈
ξ 2

D

〉 = −2
(
�D + k̃φ

(mf)
A

)〈
ξ 2

D

〉
+ 2k̃φ

(mf)
D∗ 〈ξDηA〉 + (

�D + k̃φ
(mf)
A

)
φ

(mf)
D∗ , (41)

d

dt

〈
η2

A

〉 = −2
(
�A + k̃φ

(mf)
D∗

)〈
η2

A

〉
+ 2k̃φ

(mf)
A 〈ξDηA〉 + �Aφ

(mf)
A∗ + k̃φ

(mf)
A φ

(mf)
D∗ , (42)

with φ
(mf)
A (t ) = 1 − φ

(mf)
A∗ (t ) and the initial conditions

〈ξD(0)ηA(0)〉 = 〈ξ 2
D(0)〉 = 〈η2

A(0)〉 = 0.
Those equations are the main results of this section.

Despite their complexity, they have a simple physical in-
terpretation. For instance, in the first term of Eq. (40), the
correlation function 〈ξD(t )ηA(t )〉 decays in time (regression of
fluctuations) due to the decay of each ξD(t ) and ηA(t ) with the
respective rates �D + k̃φ

(mf)
A (t ) and �A + k̃φ

(mf)
D∗ (t ). The latter

rates are explicitly time-dependent due to the nonlinearity of
the RET process. The second term of Eq. (40) corresponds to
an increase of 〈ξD(t )ηA(t )〉 due to the onset of excited donor
and acceptor fluctuations 〈ξ 2

D(t )〉 and 〈η2
A(t )〉. Those terms

could have been derived independently from Eq. (18), doing
an a priori Gaussian ansatz closure hypothesis for the third
moments 〈σα (t )σβ (t )σ j (t )〉 and 〈σα (t )σ k (t )σ j (t )〉. We note,
however, that the large-� asymptotic expansion of van Kam-
pen [39] is more suited to derive this result, since it recovers
as a consequence of the approximation that the fluctuations
are Gaussian in the macroscopic limit, without supposing it
initially, nor truncating arbitrarily the ME. Finally, the last
term of Eq. (40) is the one that dominates at short times,
since d

dt 〈ξD(t )ηA(t )〉 ≈ −k̃φ
(mf)
A (0)φ(mf)

D∗ (0) = −k̃ when t →
0+. This term basically describes an anticorrelation between
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FIG. 4. Left: Time-dependent populations of excited donors
φD∗ (t ) = 〈ND∗ (t )〉/ND (plain red curve) and acceptors φA∗ (t ) =
〈NA∗ (t )〉/NA (plain blue curve) obtained from the MC calculation,
in the case of a regular square lattice. Comparison is shown with the
macroscopic mean-field analytical results φ

(mf )
D∗ (t ) (dashed red curve)

and φ
(mf )
A∗ (t ) (dash-dotted blue curve). Right: Time dependence of

the contribution due to fluctuations φD∗ (t ) − φ
(mf )
D∗ (t ) (red curve) and

φA∗ (t ) − φ
(mf )
A∗ (t ) (blue curve). Parameters: a = 2.0R0, �D = �A ≡

�, and ND = NA = 50. The MC runs are averaged on Ntraj = 105

stochastic trajectories.

the populations of excited donor and acceptor molecules. This
is due to the intrinsic mechanism of RET reaction, for which
each time an excited donor molecule D∗ transfers its energy
to an acceptor in the ground state, the latter gets excited to A∗.
This anticorrelation is beyond the mean-field approximation,
which supposes statistical independence between the donor
and acceptor populations.

V. REACTION KINETICS OF RET

A. Regular square lattice

In this section, we show the outcome of the exact MC
calculation (see Sec. II C). We compute the time-dependent
average population of excited donors 〈ND∗ (t )〉 and acceptors
〈NA∗ (t )〉 during the RET reaction. Comparison is made to
the analytical results provided by the macroscopic mean-field
equations (see Sec. IV A), which are written 〈ND∗ 〉(mf)(t ) and
〈NA∗ 〉(mf)(t ). The donor and acceptor molecules are located on
the sites of the regular bidimensional square lattice of lattice
parameter 2a (intermolecular distance a) shown in Fig. 1, left.

1. Limit a > R0

We present in the left panel of Fig. 4 the outcome of the MC
calculation for φD∗ (t ) ≡ 〈ND∗ (t )〉/ND (plain red curve) and
φA∗ (t ) ≡ 〈NA∗ (t )〉/NA (plain blue curve) in the case a = 2R0.
In this regime, the distance a between two nearest-neighbor
molecules is larger than the Förster radius R0. Thus sponta-
neous emission is much faster than RET (� 
 k), and almost
no energy transfer occurs from the excited donors D∗ to the
ground-state acceptors A. The average curve φD∗ (t ) for the
donors thus decays exponentially in time due to fluorescence,
and the corresponding curve φA∗ (t ) for the acceptors is almost
zero due to the fact that acceptor molecules are almost never
excited. For comparison, we show in the same plot the out-

FIG. 5. Same plot as in Fig. 4, but with a = R0.

put of the analytical macroscopic mean-field results φ
(mf)
D∗ (t )

(dashed red curve) and φ
(mf)
A∗ (t ) (dash-dotted blue curve),

obtained from Eqs. (28) and (29), with k̃ computed using
Eq. (31). The analytical curves have thus no fitted parameter,
and they are in excellent agreement with the outcome of the
MC calculations.

We show in the right panel of Fig. 4 deviations of the
mean-field approximation from the MC calculation due to
fluctuations and contained in the curves φD∗ (t ) − φ

(mf)
D∗ (t ) (red

curve) and φA∗ (t ) − φ
(mf)
A∗ (t ) (blue curve). In both cases, those

deviations are very weak. This is due to the fact that in this
regime of vanishing RET, the mean-field solution becomes
exact for describing relaxation of the populations dominated
by fluorescence.

2. Crossover region a = R0

We show in Fig. 5 (left panel) the same plots as in Fig. 4,
but in the crossover regime where the distance a between two
neighbor D and A molecules equates to the Förster radius R0.
In this regime, the rate of spontaneous emission is of the same
order of magnitude as the rate of RET (� ≡ k), so that there is
competition between both processes, and a significant energy
transfer occurs towards the acceptors.

In contrast to Fig. 4, we see now that, while the curve of
φD∗ (t ) (plain red) is still a monotonic decreasing function of
time, the curve of φA∗ (t ) (plain blue) is no longer zero, and
it reaches a maximum at time t ≈ 1/�. We understand this
evolution of φA∗ (t ) with the following simple argument: at
short times (t � 1/�), the donor molecules D∗, which are
all initially excited, start to decay by fluorescence and a bit
later to undergo energy-transfer processes, thus exciting the
neighboring acceptor molecules and increasing their relative
number φA∗ (t ). Once almost all D∗ molecules have decayed to
their ground state at times t > 1/�, the remaining population
of excited acceptors A∗ (generated by RET) will relax back to
their ground state ( at which point RET is no longer possible),
thus explaining the decrease at long times of φA∗ (t ) towards
zero.

The deviations of the mean-field curves with respect to
the exact MC calculation are shown in the right panel of
Fig. 5. The mean-field approximation is still a very good
one, but contrary to Fig. 4, the deviations due to fluctua-
tions are no longer completely negligible. In particular, at
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FIG. 6. Same plot as in Fig. 4, but with a = 0.8R0.

short times t � 1/k̃, those deviations become weakly neg-
ative, namely φD∗ (t ) − φ

(mf)
D∗ (t ) < 0 (red curve). Indeed, the

initial slope of this curve is proportional to the initial fluc-
tuations d

dt 〈ξD(t )ηA(t )〉 ≈ −k̃ given by Eq. (40). The latter
exhibit a sizable anticorrelation effect due to the anticorrelated
mechanism of disappearance of D∗ and appearance of A∗
molecules in the elementary RET process. At longer times
t > 1/k̃, the onset of excited donor and acceptor fluctuations
〈ξ 2

D(t )〉 and 〈η2
A(t )〉 in Eq. (40) starts to couple to the curve

φD∗ (t ) − φ
(mf)
D∗ (t ) and leads to its increase (with even a small

overshoot above zero). At long times t 
 1/�, the curve
φD∗ (t ) − φ

(mf)
D∗ (t ) goes back to zero due to the regression of

fluctuations in Eq. (40). In summary, the mean-field curves
φ

(mf)
D∗ (t ) and φ

(mf)
A∗ (t ) constitute very good approximations to

the MC calculation in the large-N limit, which thus validates
a posteriori the use of this approximation. Deviations are due
to mesoscopic fluctuations that incorporate information about
the microscopic RET process and related “three-body” com-
petition mechanism between donor and acceptor molecules.

3. Limit a < R0

Finally, we show in Fig. 6, left panel, the same plots
as in Fig. 4, but in the opposite regime where the distance
a between two-neighbor D and A molecules is lower than
the Förster radius R0. In this regime, spontaneous emission
happens with a much lower rate than RET (� � k), so that
spontaneous emission from the excited donors is quenched
at short times when the donors decay faster through en-
ergy transfer towards the acceptors. At short times (t � 1/k̃),
φA∗ (t ) (plain blue curve) thus increases fast to a large value
while φD∗ (t ) (plain red curve) decreases as fast to zero. At
longer times (t � 1/k̃), the excited acceptors decay back to
ground state by spontaneous emission on a timescale given by
1/�.

We show in the right panel of Fig. 6 the related deviations
of the mean-field approximation from the exact MC calcu-
lation. The red curve φD∗ (t ) − φ

(mf)
D∗ (t ) shows a similar time

dependence as in Fig. 5, but with faster evolution and higher
deviations in amplitude. This is due to the value of k̃, which is
larger in this regime than in Fig. 5, thus amplifying the effects
of mesoscopic fluctuations due to the RET process.

FIG. 7. Left: Time-dependent populations of excited donors
φD∗ (t ) = 〈ND∗ (t )〉/ND (plain red curve) and acceptors φA∗ (t ) =
〈NA∗ (t )〉/NA (plain blue curve) obtained from the MC calculation in
the case of a random square lattice. Comparison is shown with the
macroscopic mean-field analytical results φ

(mf )
D∗ (t ) (dashed red curve)

and φ
(mf )
A∗ (t ) (dash-dotted blue curve). Right: Time dependence of the

contribution due to fluctuations of φD∗ (t ) − φ
(mf )
D∗ (t ) (red curve) and

φA∗ (t ) − φ
(mf )
A∗ (t ) (blue curve). Parameters: 〈R〉 = 1.0R0, Rc = 0.8R0,

�D = �A ≡ �, ND = NA = 50 and Ntraj = 105.

B. Disordered square lattice

For completeness, we show in the left panel of Fig. 7
the curves of φD∗ (t ) and φA∗ (t ) in the case of a sample of
molecules dispersed in a disordered square lattice (as in Fig. 1,
right), with 〈R〉 = 1.0R0 and ND = NA = 50. This range of
parameters corresponds roughly to the same crossover regime
as in Fig. 5 regarding the RET dynamics, and it implies that
both plots are qualitatively similar. For the case of Fig. 7, how-
ever, the mean-field approximation (dashed and dash-dotted
curves) shows larger deviations in absolute value with respect
to the exact MC calculation (plain curves). In the right panel
of Fig. 7, the initial negative contribution to φD∗ (t ) − φ

(mf)
D∗ (t )

is still there but very tiny compared to Fig. 5, while the pos-
itive overshoot dominates the fluctuation signal with a larger
amplitude.

This lower accuracy of the mean-field approximation or
the increased role of fluctuations in the case of a disordered
network is due to the fact that one needs a larger number
of molecules to explore several configurations of disorder
and thus reach the macroscopic limit. One way to recover a
good accuracy of the mean-field results in this case would be
to perform an average of the φD∗ (t ) and φA∗ (t ) curves over
many different configurations of disorder (not shown here):
this would mimic the self-averaging of disorder configurations
upon increasing the sample size.

VI. CONCLUSION

In this paper, we have investigated in depth the stochastic
dynamics developing in two-dimensional samples containing
donor and acceptor molecules in the presence of resonance
energy transfer reactions and fluorescence. We have computed
the populations of excited donor and acceptor molecules using
a numerically exact kinetic Monte Carlo approach, and we
compared it to a nonlinear mean-field approximation. We
derived exact kinetic equations describing the RET kinetics,
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and we predicted that, within the mean-field approximation,
the effective rate of RET k̃ in the macroscopic limit depends
in a nontrivial way on the molecular concentration and on the
spatial distribution of pairs of molecules inside the sample.
We showed that the rate k̃ scales with 〈R〉−6 in the case in
which the molecules are put on the apex of an ordered square
lattice, with 〈R〉 the average distance between excited donors
and their neighbor acceptors involved in the RET process. In
contrast to this, we predicted that k̃ scales with 〈R〉−2 in the
case of a disordered sample, due to a different distribution
of neighboring acceptor molecules around each excited donor
molecule. Finally, we investigated the full time dependence
of the population kinetics, and we showed a good agreement
with the mean-field approximation. Deviations of the latter
compared to the exact MC calculations were shown to be due
to fluctuations and correlations developing at the microscopic
level and involving up to three molecules in the elementary
RET process. Those deviations should be important in finite-
size clusters or mesoscopic samples of molecules, as currently
seen in biology.

We note that our predictions for the scaling of the effec-
tive RET dynamics with molecular concentration should be
observable in state-of-the-art transient-fluorescence or pump-
probe experiments. In the former case, additional effects at
ultrashort times (shorter that the exciton-exciton annihilation
time) should be observable that result from the interplay be-
tween the time-dependent drive by the pump followed by
the slower relaxation dynamics due to fluorescence, exciton-
exciton relaxation, and RET. The theoretical description of
such effects in spatially inhomogeneous and anisotropic sam-
ples (position and orientational disorder of the molecular
dipoles) is still an open issue that would necessitate a gen-
eralization of our approach towards the use of a generalized
master equation [43]. We hope that our results will be of inter-
est to drive future theoretical and experimental investigations
of RET in nanoscale systems, the latter physical process still
exhibiting surprising and rich effects in out-of-equilibrium
situations.
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APPENDIX A: UNCERTAINTY IN THE
MC CALCULATIONS

In this Appendix, we estimate the statistical uncertainty
in our MC calculations. Considering, for instance, the time-
dependent average value in the population of excited donor
molecules 〈ND∗ (t )〉, the finite number Ntraj of stochastic
trajectories taken into account in performing the compu-
tation of 〈ND∗ (t )〉 induces a statistical uncertainty that we
estimate to be of order �ND∗ (t )/〈ND∗ (t )〉 ≈ 1/

√
Ntraj, with

�2ND∗ (t ) = 〈[ND∗ (t ) − 〈ND∗ (t )〉]2〉 the variance in the pop-
ulation of excited donor molecules (computed with the MC

FIG. 8. Left: Time dependence of φD∗ (t ) − φ
(mf )
D∗ (t ) (red curve)

and φA∗ (t ) − φ
(mf )
A∗ (t ) (blue curve) for the same parameters as in

Fig. 5. The MC runs are averaged on Ntraj = 105 time trajectories.
We estimate here the statistical error in the MC runs, with error bars
representing two standard deviations.

calculation). The chosen value of Ntraj = 105 enables us to
reach a statistical uncertainty of the MC calculation of order
�ND∗ (t )/〈ND∗ (t )〉 ≈ 0.3%.

We present in Fig. 8, left (and Fig. 8, right, for a zoom)
the computed error bars representing two standard deviations,
in the case of the observables φD∗ (t ) − φ

(mf )
D∗ (t ) (red curve)

and φA∗ (t ) − φ
(mf )
A∗ (t ) (blue curve), with the same parameters

as in Fig. 5 of Sec. V A 2. The error bars are sufficiently
low to resolve correctly the observables φA∗ (t ) − φ

(mf )
A∗ (t ) and

φD∗ (t ) − φ
(mf )
D∗ (t ).

APPENDIX B: UNCERTAINTY IN COMPUTING k̃(rand)

In this Appendix, we add to the discussion about the un-
certainty in the numerical evaluation of the mean-field rate
of RET k̃(rand) performed in Sec. IV B. We show in Fig. 9
the same calculation of k̃(rand) performed in Fig. 3, but with
a larger number of molecules ND = NA = N/2 = 450 and a
shorter cutoff length Rc = 0.3R0. The red error bars are lower
than those of Fig. 3, essentially due to a larger number of
molecules inside the sample, the former thus being closer

FIG. 9. Same as Fig. 3, but with a larger number of molecules
ND = NA = N/2 = 450 and a shorter cutoff length Rc = 0.3R0 to
compute k̃(rand).
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to the large-N limit for which the mean-field scaling law in
Eq. (36) is expected to hold. The scaling law found for k̃(rand)

as a function of 〈R〉 is found to be the same as the one found
in Sec. IV B, thus strengthening our conclusion.
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