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Controllable single-spin evolution at subharmonics of electric dipole spin resonance enhanced
by four-level Landau-Zener-Stückelberg-Majorana interference
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Subharmonics of electric dipole spin resonance (EDSR) mediated by Landau-Zener-Stückelberg-Majorana
tunneling transitions are studied numerically and analytically in a Zeeman-split four-level system with strong
spin-orbit coupling that can be realized, for example, in a GaAs-based double quantum dot in a single-hole
regime. The spin qubit is formed in one of the dots and the second dot is used as an auxiliary element to enhance
functionality of the spin qubit. In particular, it is found that the spin rotation rate can be essentially enhanced
due to the tunnel coupling with the auxiliary dot on both the main EDSR frequency and at its high subharmonics
allowing the coherent spin π rotations on a 10-ns timescale. Spin manipulation on high subharmonics is
promising for new time-efficient schemes of the spin control and readout in qubit devices operating at high
magnetic fields where the main harmonic is inaccessible due to hardware limitations.
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I. INTRODUCTION

It is known that the effects stemming from the Landau-
Zener-Stückelberg-Majorana (LZSM) interference during the
close passage of energy levels [1–6] and the associated mul-
tiphoton effects [7,8] can be revealed in a number of systems
including the single or double semiconductor quantum dots
(QDs). Here the charge [9–13], spin [14–33], and valley
[34–37] degrees of freedom can be involved in the LZSM
interference. The undoubted advantage of the LZSM interfer-
ometry is a flexible setup of the system state by tuning the
external field parameters allowing at the same time the LZSM
spectroscopy of both charge and spin dynamics. Compared
to the well-understood two-level case [1–3] the multilevel
systems demonstrate much more complicated behavior under
periodic driving for solid state structures [38–52], interact-
ing Josephson qubits [53–56], atomic systems [3,57–62],
and systems where the effects of the dissipation are signif-
icant [2,63,64]. The effective coupling between charge and
spin states induced by the spin-orbit interaction (SOI) has
been manifested in the electron systems [65,66] including
the three-level model of a hybrid qubit [67], in hole spin
devices [28–31,44], and in narrow band-gap semiconductors
[18,19,21,22,25] including the observation of a variety of
complex LZSM patterns. In particular, the generation of both
integer higher and fractional (sub)harmonics in quantum dots,
including their manifestation in the electric dipole spin res-
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onance (EDSR), has been reported [22–24,34,68–70]. It is
known that the sequence of frequencies,

ω = nω0, (1)

where n is an integer and ω0 is the primary frequency, is called
harmonics of ω0, and the sequence of fractional multiples,
ω = ω0/k, satisfying

kω = ω0, (2)

where k is an integer, is called subharmonics or undertones of
ω0 [71].

In our present work we will focus on spin dynamics at
subharmonics of the EDSR at chosen driving frequency ω

satisfying (2) where the fundamental frequency ω0 equals the
Zeeman level splitting �Z and is scaled linearly with the ap-
plied magnetic field. The condition (2) here reads as kω = �Z

where k is an integer (we choose h̄ = 1 here and below). The
high subharmonic numbers k in (2) will correspond to a grow-
ing magnetic field at fixed driving frequency ω. The condition
(2) can be also interpreted as the multiphoton process when
the integer quanta k of photons with frequency ω matches the
desired splitting ω0 [7,8]. In our system, however, the LZSM
effects stemming from the dynamical level intersection dur-
ing the periodic driving modify the classical k-photon power
law for transition probability making it strongly interference-
dependent and comparably high on many subharmonics.

Originally, the spin rotations due to a periodical spa-
tial displacement in the presence of SOI were reported in
Refs. [14–20]. Here we continue our research [72,73] of the
spin state evolution both within the Floquet stroboscopic tech-
nique and in the continuous time. In this paper we focus on
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the enhanced spin-flip rotations at high EDSR subharmonics
stemming from the interplay between spin rotations in one dot
and the spin-flip LZSM-like transitions to spin states formed
in the other dot due to the strong SOI. The goal of this work
is to investigate new regimes of hole electric dipole spin res-
onance (EDSR) enhanced by the LZSM tunneling transitions,
in particular, to theoretically describe both analytically and
numerically the electric-field-driven spin evolution in new,
specially chosen parameters of the quantum system at the
subharmonic frequency regimes that can be compared to the
standard EDSR methods [16–20,65–67]. The main achieve-
ment of the present work is the analytical and numerical
demonstrations of the high-subharmonics (2) EDSR that may
be useful for achieving high Zeeman energy regimes, for ex-
ample, in high magnetic fields that would require the terahertz
frequency radiation.

The parameters of our modeling are close to experimental
conditions [28,44] which include a relatively weak tunnel
coupling of the order of 1 . . . 4 µeV. We consider the spin-
dependent tunneling and single-spin rotations in a periodically
driven system of four spin levels with SOI. The EDSR sub-
harmonics for k > 1 may have important experimental and
technological applications since they provide an ability to
obtain the desired spin manipulations at higher magnetic
fields than for k = 1, or, equivalently, for higher effective fre-
quencies. For example, manipulating the spin on the driving
frequency of 10 GHz at subharmonic k = 10 is equivalent
to the spin manipulation at the basic subharmonic k = 1 but
for much higher frequency of 100 GHz, which may be not
accessible due to hardware limitations. Our modeling shows
that the spin dynamics at the EDSR subharmonics is very
sensitive to tunneling for the case of strong SOI even for weak
tunneling coupling between the dots. We also demonstrate the
ability of controllable rotations of the spin state on the Bloch
sphere around the x and y axes.

This paper is organized as follows. In Sec. II we briefly
summarize the principal properties of the Hamiltonian and the
observables described in more detail in Ref. [72]. In Sec. III
we discuss the primary regimes of tunneling and spin flip in
terms of the associated resonance conditions and focus on
the observation conditions for the EDSR subharmonics. For
the overall validity check we also present a simple analytical
approximation of spin evolution within the rotating-wave ap-
proximation (RWA) applied to a simplified four-level scheme.
In Sec. IV we describe the modeling with the numerical pa-
rameters and describe the EDSR subharmonics on the maps
of averaged spin-dependent tunneling probability, comparing
them with the analytical results obtained in the RWA. In
Sec. V we calculate the maximally achievable spin-flip ampli-
tudes and spin-flip rates on EDSR subharmonics and present
the spin evolution examples for the regimes of “pure” and
“hybrid” EDSR. Finally, in Sec. VI we summarize the results.

II. FOUR-LEVEL MODEL FOR TWO
ZEEMAN-SPLIT STATES

The model we use has been largely derived in our preced-
ing paper [72] and is based on the solution of the nonstationary
Schrödinger equation with the Hamiltonian for the 1D double
quantum dot with SOI and subject to constant magnetic and

periodic electric fields:

H = H2QD + HZ + HSO + V (x, t ). (3)

The Hamiltonian (3) is written for quantum states in 1D
space containing two minima of neighboring QDs and the
tunneling barrier between them which corresponds to the lay-
out of the experiments [44] where such structure was formed
in a two-dimensional hole gas by the electrostatic gates and
the tunneling took place in one dimension across the bar-
rier between the dots. The Hamiltonian (3) is written in a
single-particle approximation, although the models with two
electrons or holes have also been developed [74,75]. In Eq. (3)
H2QD = k2

x /2m + U0(x) with U0(x) = U0((x/d )4 − 2(x/d )2)
is the hole Hamiltonian with the effective mass m in the
lowest subband of size quantization (hereafter we use units
with h̄ = 1). The double well potential U0(x) with height
U0 is characterized by the interdot center distance 2d . The
Hamiltonian includes the Zeeman splitting term

HZ = 1
2 gμBBzσz (4)

generated by the constant magnetic field along which the Oz
axis is chosen and g is the effective hole g factor. This term
determines the Zeeman splitting

�Z = gμBBz. (5)

The term HSO in Eq. (3) corresponds to the contribution
from bulk Dresselhaus SOI linear in the wave vector which is
the leading term for GaAs-based low-dimensional structures
[15]

HSO = βDσxkx; (6)

here βD is the strength of SOI. The nonstationary term V (x, t )
in Eq. (3) contains both the static detuning and the periodic
driving by the electric field. According to the experiments [44]
for t < 0 only the static detuning is present,

V (x, t < 0) = Ud fd (x). (7)

In (7) the function fd = (x/d1)3 − 3
2 (x/d1)2 models the

smooth connection between the detuning and the double well
potential with d1 = 1.5d . This function produces a bottom-
down shift linear in Ud for the right QD at Ud < 0 and the
the bottom-up shift at Ud > 0, giving a convenient model of
detuning. The sum of the double well potential H2QD and the
detuning (7) creates the profile with the lowest subspace of
two pairs of Zeeman-split levels in each of the two quantum
dots as shown in Fig. 1. We diagonalize the time-independent
part of the Hamiltonian (3) and obtain the energy levels En

and the eigenfunctions φn(x), the latter being two-component
spinors.

From the moment of time t = 0 the periodic driving is
turned on corresponding to the time-dependent potential

V (x, t � 0) = [Ud + Vd sin ωt] fd (x). (8)

The time-dependent Schrödinger equation is solved in a
standard fashion with the solution expressed as a sum of
the eigenfunctions of the stationary part with time-dependent
coefficients:

ψ (x, t ) =
∑

n

Cn(t )e−iEntφn(x). (9)

205404-2



CONTROLLABLE SINGLE-SPIN EVOLUTION … PHYSICAL REVIEW B 108, 205404 (2023)

FIG. 1. Principal subspace of a double QD: a four-level system
with the Zeeman doublet split by �Z in left and right QDs whose
bottoms are shifted by the detuning Ud . The initial state (black arrow)
is the spin-down state in the right QD and the final state in the right
QD is marked by the red arrow. The principal transitions triggered
by the driving field (double vertical arrow) are labeled by angled
arrows and include (a) spin-conserving tunneling during the LZSM
level passage with rate γ ; (b) spin-flip tunneling during the same
passage with rate α; (c) EDSR in a single QD without tunneling with
the rate β.

In the present work we follow the approximation from
Ref. [72] and perform our modeling in the subspace of the four
lowest levels E1, E2, E3, E4 shown in Fig. 1 since higher levels
have less than 10 percent contribution. The small observed
impact of higher levels is due to their distant location (about
2 meV and higher) from the ground manifold which makes
them weakly involved in the dynamics for the driving ampli-
tude Vd = 30 . . . 75 µeV considered in our modeling. So, the
primary regimes of the evolution observed in the experiments
[44,45] can be described in a four-level approximation. In
each QD a ground pair of spin-resolved levels E1, E2 and
E3, E4 is taken, with opposite z projections of spin in the
presence of the Zeeman term (4) which is marked by the
vertical arrows near the levels in Fig. 1. This manifold of four
levels represents the minimal model of the double dot system
with the charge and spin degrees of freedom. The system of
the differential equations for the coefficients Cn(t ) is accom-
panied by the initial condition Cn(0) describing the spin-down
wave packet injected into the ground level of the right QD
which resembles the experimental conditions [44]. We solve
the equations for Cn(t ) both within the continuous time and
in the Floquet stroboscopic representation. In the latter case
the results are shown at the time moments t = NT where
T = 2π/ω is the driving field period. Our observables are cal-
culated using the reconstructed wave function (9) across the
whole double QD at the stroboscopic time moments, t = NT .
We begin with the time-dependent probability PL(t ) to find
the particle in the left QD which corresponds to the tunneling
efficiency,

PL(t ) =
∫ 0

−∞
|ψ (x, t )|2dx. (10)

According to the experiments [44] the electrical current
through the double QD is proportional to the PL averaged over
the whole observation time so we calculate the time average

of (10):

PL = 1

NT

∫ NT

0
PL(t )dt . (11)

The next observable is the spin z projection which enters as
another degree of freedom measured in the left or right QD,
respectively:

σ L
z (t ) =

∫ 0

−∞
〈ψ |σz|ψ〉dx, (12)

σ R
z (t ) =

∫ ∞

0
〈ψ |σz|ψ〉dx. (13)

Because of the presence of the SOI term (6) the evolution
of the spin demonstrates that it may be no longer conserved
and the contributions (12), (13) may be not coupled via the
normalization condition. In the present paper we focus mainly
on the spin dynamics in a particular (right) dot working as a
spin qubit and the left dot is used as an additional auxiliary
element to improve performance of the right-dot spin qubit
and realize new functionalities, the subharmonics EDSR oper-
ations. In our simulations the right dot spin qubit is initialized
in the spin-down state, which can be realized experimentally
as well [30]. As in (11) we calculate the time-averaged spin z
projection in the left and right QDs as follows:

σ L,R
z = 1

NT

∫ NT

0
σ (L,R)

z (t )dt . (14)

Our modeling shows that a typical steady map of aver-
aged observables (11), (14) is formed on a scale of N =
100 . . . 500 periods of the driving field, T , which is the ob-
servation interval in our model.

III. REGIMES OF DYNAMICS AND ANALYTICAL
APPROXIMATION

A. Regimes of dynamics

Various transitions can be triggered by the periodic elec-
tric field with the potential V (x, t ) in a four-level system as
depicted in Fig. 1 by arrows connecting different states both
in a single QD and in the neighboring QDs. The resonance
effects of periodic driving on tunneling can be described with
participation of a certain number of photon quanta kω, the
phenomenon referred as photon-assisted tunneling (PAT), or
the multiphoton absorption regime [1,2,7,8]. The regime of
evolution can be described by the adiabaticity parameter [1–3]

δ = �2

4v
, (15)

where � is the level coupling being basically described by
the tunneling strength and v = d (E2 − E1)/dt is the rate of
distance change between the interacting levels in energy space
which can be estimated for periodic driving as v = ωVd .
For our model typical values are � ∼ 1 µeV, ω ∼ 10 µeV,
Vd ∼ 100 µeV so the adiabaticity parameter δ ∼ 10−3 . . . 10−4

which corresponds to the fast passage of levels. In such case
the two-level occupation probability patterns in the parameter
space can be well described by analytical approximations
[1,2] that match well the numerical results for our model [72].
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In the present paper we will focus on the EDSR subharmon-
ics affected by tunneling which require the approximations
based on a four-level model where only limited analytical
approximations are available, which are considered in the next
subsection.

The following regimes of driven evolution can be identi-
fied in Fig. 1 where the initial and final states assigned to
the spin-up or spin-down level in the corresponding QD are
labeled by the black and red arrow, respectively, indicating
the spin projection. The arrows connecting the states (1, 3) or
(4, 2) in Fig. 1 depict the spin-conserving tunneling with the
rate γ when a number of photon quanta equals the detuning
amplitude |Ud | that corresponds to the PAT:

|Ud | = k1ω. (16)

Another regime is the spin-flip tunneling shown by the
arrows connecting the states (1, 4) or (3, 2) in Fig. 1. Here a
number of photon quanta equals the detuning amplitude plus
or minus the Zeeman splitting providing the hole to tunnel to
the level with another spin projection with the rate α:

|Ud | ± �Z = k2ω. (17)

In our modeling we consider the spin-down initial state
in the right QD being the ground state 1 in Fig. 1 for the
negative detuning which closely resembles the situation in
recent experiments [44]. For such initial spin state the spin-flip
tunneling connecting the states (1,4) in Fig. 1 and described by
the plus sign in (17) will dominate in the dynamics.

There is also a “pure” or single-dot EDSR without efficient
tunneling between the states (1, 2) or (3, 4) in Fig. 1. It is
described by the rate β and takes place when the EDSR
condition is satisfied:

�Z = k3ω. (18)

The value k3 = 1 in Eq. (18) corresponds to the main
EDSR frequency when the driving frequency itself matches
the Zeeman splitting (5) calculated in the presence of SOI. The
values (k3 = 2, 3, . . .) in Eq. (18) describe the subharmonics
of the EDSR which will be in the focus of the present paper.
The maximum number k3m of the EDSR subharmonics which
can be observed for a given driving frequency is obviously
limited by the condition

k3m � �Z/ω, (19)

although the higher subharmonics satisfying (19) may have
low intensity which will be discussed below. Another lim-
itation of the maximal subharmonic number which can be
derived from the level structure in Fig. 1 is associated with
driving amplitude strength,

|Ud | + �Z � Vd , (20)

which means that one needs strong enough driving Vd to make
the levels with opposite spin in neighboring dots feel each
other during the periodic driving. This is a usual limiting
factor in observing the LZSM patterns in the (driving, detun-
ing) plane [1,2,44]. Condition (20) limits the Zeeman splitting
from above and thus, together with (19), limits the number of
EDSR subharmonics that can be observed at a fixed set of
parameters.

A principal feature of the regimes with resonances (16)–
(18) is that they involve basically a pair of two levels in the
dynamics with the specific rate γ , α, or β introduced above.
As to the EDSR (18), we call this regime the “pure” EDSR
when this only resonance condition (18) is satisfied. Our
previous modeling [72] has shown that the spin flip is still af-
fected by the tunneling in this nonresonant case, although the
tunneling itself is not effective. The results in Ref. [72] have
shown that a combination of all three resonance conditions
(16)–(18) is possible when the indices satisfy the relation k2 =
k1 + k3. The system in such regime is essentially a four-level
one and cannot be described by simple two-level schemes.
From the practical point of view it is important that the hybrid
resonance points can always be found in the map of (driving
frequency, magnetic field) parameters which will be consid-
ered in the following section. The EDSR which takes place
under such condition of the merging of the three resonances is
characterized by significant involvement of tunneling between
all four levels. We thus call it the “hybrid” EDSR and will
compare the characteristics of its subharmonics with the ones
for “pure” EDSR in the following sections.

B. Analytical approximation

We perform an analytical estimate of the spin evolution
regimes in our system using the minimal four-level model for
the Zeeman split states 1 and 2 in the right QD and 3 and 4 in
the left QD:

H =

⎡
⎢⎢⎣

−�Z
2 + V (t ) β γ α

�Z
2 + V (t ) α γ

H.c. −�Z
2 β

�Z
2

⎤
⎥⎥⎦, (21)

where V (t ) = Ud + Vd sin ωt takes into account both detuning
and driving applied to the states 1 and 2 in the right dot and
H.c. labels the Hermitian conjugation. The Hamiltonian (21)
is written in the subspace of the eigenstates of two isolated
QDs with the lowest pair of spin-resolved levels in each of
the dots at the absence of tunnel coupling, magnetic field,
spin-orbit coupling (SOC), and driving. The parameters γ

and α represent the coupling between the dots and define
the spin-conserving and the spin-flip tunneling rates, respec-
tively. The parameter β determines the spin-flip rate in the
isolated dot. The nonstationary Schrödinger equation with
Hamiltonian (21) in such representation is written for the
vector (C1(t ),C2(t ),C3(t ),C4(t )) giving the level occupations
|Ck (t )|2 for the corresponding state. The initial condition for
the typical negative detuning when the ground state is the
spin-down state in the right dot reads as (1,0,0,0). The oc-
cupancy (10) of the left dot is given as PL(t ) = |C3(t )|2 +
|C4(t )|2 and the z projection (13) of the spin in the right dot is
given as σ R

z (t ) = |C2(t )|2 − |C1(t )|2.
We are interested in the EDSR regime (18) and its subhar-

monics so it is natural to introduce a small frequency detuning
parameter

δω = �Z − k3ω, (22)

which approaches zero on the EDSR and its subharmonics.
After performing the RWA approximation for the Schrödinger
equation with Hamiltonian (21) [1,2,53–55] in the limit
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δω → 0 and away from the other resonances (16) and (17)
we obtain the analytical expressions for the level occupancies
|Ck (t )|2 and for the z projection of the spin. Its time average
for the given initial condition ψ (0) = (1, 0, 0, 0) reads as
following:

〈
σ R

z

〉 = −1 +
∑

k3

γ 2
k3

γ 2
k3

+ (
�

(k3 )
z − �Z

)2 . (23)

In (23) we introduce

�(k3 )
z = k3ω − 2β2

k3ω
+ α2

∞∑
k=−∞

J2
k+k3

(Vd
ω

) − J2
k−k3

(Vd
ω

)
Ud + kω

(24)

and

γk3 = 2αγ

∞∑
k=−∞

Jk

(
Vd

ω

)
Jk+k3

(Vd
ω

) + Jk−k3

(Vd
ω

)
Ud + kω

, (25)

where Jk (z) is the k-order Bessel function. From (23)–(25) one
may expect that the intensity of higher subharmonics will de-
crease with increasing driving strength Vd and/or decreasing
driving frequency ω. Indeed, high numbers of subharmonics
require the strong driving according to (19) and (20) for these
subharmonics to be visible. Using the asymptotic representa-
tion of the Bessel functions Jk (x) ∼ √

2/πx cos(x − πk/2 −
π/4) with x = Vd/ω one can conclude that for growing Vd

or decreasing ω a slow power-law decrease in subharmonic
intensity following this asymptotic behavior is expected. We
will use the approximation (23) in the next section for com-
parison with the full-scale computational simulation of the
dynamics and the time-averaged values of the observables.

IV. NUMERICAL PARAMETERS AND TUNNELING
PROBABILITY MAPS

We will obtain the numerical results for the hole GaAs
double quantum dot structure with the parameters similar to
those in [44,72]: the hole effective mass mh = 0.11m0, the
interdot minima distance 2d = 116 nm, the barrier height
U0 = 4 meV, the g factor g = 1.35, and the SOI Dresselhaus
constant βD = 3 meV nm. Under these conditions and using
the potential V (x, t ) described is Sec. II the calculated spin-
conserving tunneling rate is about 2.2 µeV and the spin-flip
tunneling rate is about 1.0 µeV, which is close to the ex-
perimental conditions in Ref. [44]. The initial state is the
spin-down wave packet with width ∼d centered in the right
QD representing the hole injected from the right lead to the
ground state of the right QD in accordance with the exper-
imental settings. In our study we employ two-dimensional
(2D) maps of averaged spin-dependent tunneling probability
(14) in the plane of specifically chosen sets of parameters
where the different regimes described in the previous sec-
tion are identified and explored.

A. Spin-flip map and EDSR subharmonics in the plane
of magnetic field and driving frequency

A comprehensive picture of spin-dependent tunneling can
be constructed by viewing the time-averaged observable (14)
in the (Bz, f ) plane. In Fig. 2 we show the maps of σ R

z in
the (Bz, f ) plane at fixed detuning Ud = −25 µeV and fixed

FIG. 2. Maps of σ R
z shown in (Bz, f ) plane at fixed detuning

Ud = −25 µeV and fixed driving amplitude Vd = 75 µeV calculated
(a) numerically and (b) analytically within the RWA approximation
(23). The steep angled lines on panel (a) labeled by red numbers
are the EDSR subharmonics. Spin evolution on the EDSR subhar-
monics for the case of pure EDSR without effective tunneling (line
A) at f = 2.5 GHz and for the case of hybrid EDSR subharmonics
where the spin flip is combined with strong tunneling (line B) at
f = 2.05 GHz will be considered in the next section in time domain.

driving amplitude Vd = 75 µeV calculated (a) numerically and
(b) analytically within the RWA approximation (see
Sec. III B). The spin-conserving tunneling (16) is shown by
the horizontal lines and the spin-flip tunneling (17) is shown
by the first family of thick angled lines. The second family of
the thin steepest angled lines labeled by red numbers repre-
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sents the EDSR subharmonics (18). The EDSR subharmonics
on line (A) for f = 2.5 GHz represent an example of isolated
or “pure” EDSR and their spin dynamics will be considered in
the next section in the time domain. It can be seen in Fig. 2 that
at certain points in the (Bz, f ) plane the σ R

z maxima lines from
all three families of lines merge with each other reflecting the
condition k2 = k1 + k3. We call the associated EDSR at such
points the “hybrid” EDSR since the spin flip here is strongly
mixed with tunneling into the neighboring dot. One can see
that the points of the “hybrid” EDSR are the hot spots in
terms of the high average σ R

z amplitude so we may expect
an effective spin flip in such regime. The spin evolution on the
EDSR subharmonics for this case (line B) at f = 2.05 GHz
will also be studied in the next section in the time domain.

Panel (b) in Fig. 2 shows the results from Eq. (23) for the
the time-averaged z projection of the spin in the right QD
obtained by the analytical approach within the RWA approxi-
mation described in Sec. III B. One can see that the results of
numerical [Fig. 2(a)] and analytical [Fig. 2(b)] approaches are
in good agreement with each other on the EDSR subharmon-
ics (18) and even on the tunneling resonance lines (16) and
(17) which, strictly speaking, fall beyond the approximation
(23). Such good agreement supports the role of dominant
spin-flip mechanisms introduced in our model.

B. Spin-flip map and EDSR subharmonics in the plane
of magnetic field and tunneling rate

To underline the role of tunneling in manifestation of the
EDSR subharmonics, in Fig. 3 we show the spin-flip map
for σ R

z in the plane of (Bz, γ ) parameters representing the
magnetic field and the tunneling rate. Panel (a) is for the
driving frequency f = 2.5 GHz corresponding to line (A) in
Fig. 2(a) where the EDSR condition (18) is isolated from
the PAT conditions (16) and (17) so the tunneling is not
effective although an increase in the tunneling rate speeds
up the spin flip in the right QD. The EDSR subharmonics
can be seen as vertical lines labeled by numbers below. The
spin-flip PAT lines (17) are also present between the EDSR
lines as can be seen also along line (A) in Fig. 2(a). Panel
(b) is for line (B) in Fig. 2(a) at f = 2.05 GHz where the
EDSR is accompanied by effective tunneling since the con-
ditions (16)–(18) are satisfied together and all three lines
merge together on EDSR subharmonics, as can be seen along
line (B) in Fig. 2(a), creating the “hybrid” EDSR [72]. The
inset in Fig. 3(b) shows the level alignment for broadened
subharmonic No. 3 marked by yellow arrow when �Z = |Ud |
and the spin-flip is strongly tunneling-dependent. The other
parameters are Ud = −25 µeV and Vd = 30 µeV. The hor-
izontal red lines in Fig. 3 are for (γ1) basic tunneling rate
γ1 = 2.18 µeV and (γ2) γ2 = 2γ1 which are considered for
the evolution examples below in the text. The other fixed
parameters are Ud = −25 µeV and Vd = 30 µeV. The tunnel-
ing rate γ is varied between 0 and 6 µeV corresponding to
most of the structures used in the experiments [44,45]. One
can see that the intensity of the EDSR subharmonics (vertical
lines) grows with increasing γ which underlines the positive
influence of tunneling to the neighboring on the spin flip at
the dot where the spin has been initialized. The sidebands
visible as curved lines near each EDSR subharmonic are the

FIG. 3. Map for σ R
z in (Bz, γ ) coordinates for the driving fre-

quency (a) f = 2.5 GHz for line (A) in Fig. 2(a) where the tunneling
is not effective at the condition corresponding to the EDSR subhar-
monics (numbered vertical lines) and (b) for f = 2.05 GHz on line
(B) in Fig. 2(a) where the EDSR is accompanied by effective tunnel-
ing between the dots due to PAT transitions. The other parameters are
Ud = −25 µeV and Vd = 75 µeV. The horizontal red lines (γ1) and
(γ2) are indicated positions for basic tunneling rate γ1 = 2.2 µeV
and γ2 = 2γ1 which are considered for the evolution examples in the
text. The intensity of the EDSR subharmonics grows with increasing
γ which indicates the importance of tunneling for the spin evolution
processes. The sidebands visible as curved lines near each EDSR
subharmonic are the spin-flip tunneling lines corresponding to the
condition (17). The inset in panel (b) shows the level alignment
for broadened subharmonic No. 3 marked by yellow arrow when
�Z = |Ud | and the spin flip is strongly tunneling-dependent.
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spin-flip tunneling lines corresponding to the condition (17).
The distance between these sidebands and the vertical EDSR
subharmonics grows with increasing tunneling rate γ leading
to a complicated anticrossing-like behavior of the sideband
curves at the top of the map.

V. EVOLUTION OF THE SPIN ON EDSR SUBHARMONICS
AND SPIN-FLIP EFFICIENCY

Here we turn our attention to the stroboscopic evolution
of the observables focusing on the spin projection (13) in the
right dot where the spin-down state has been initialized and
where the main spin dynamics takes place. It is of practical
interest to achieve controllable spin rotations both on the main
and higher resonance subharmonics which are considered
in several papers [22–24,34]. Working with materials with
large effective g factor, large Zeeman splitting may not be
accessible under the resonance condition (18) on the main
subharmonic k3 = 1 due to the microwave hardware limita-
tions but it might be accessible for some higher subharmonic
k3 > 1. Here we consider the spin evolution for the EDSR
subharmonics visible on line (A) in Fig. 2 for “pure” EDSR
where the tunneling is not effective and on line (B) for “hy-
brid” EDSR where the tunneling is very effective.

A. Stroboscopic spin evolution on Bloch sphere

The spin evolution in the EDSR regime on both main and
higher subharmonics can be visualized by the stroboscopic
evolution of the spin vector in the right QD [72],

SR(tn) = (
σ R

x (tn), σ R
y (tn), σ R

z (tn)
)
, (26)

where tn = nT is the stroboscopic time measured in the driv-
ing period T ; the spin projection σ R

z (t ) is calculated by (13)
and similarly for the other projections in the right dot. For
the qubit proposals it is important to have the controlled spin
flip between the spin-down and spin-up states parallel to the
direction of the magnetic field Bz plus a possibility of π/2
rotations of the spin evolution plane around the Bz axis. Such
rotation for the sin(ωt ) driving field can be achieved at the kth
subharmonic by applying a specific phase shift to the field,
sin(ωt + φk ), where

φk = π

2k
. (27)

The application of phase shift (27) is necessary since the
Larmor precession frequency is increased linearly with the
subharmonic number k.

Naturally a question arises whether the Rashba contribu-
tion to SOC can produce any different or sizable effect on spin
dynamics if one considers a nanostructure without the inver-
sion symmetry of the quantum well potential. It is of interest
to view the impact of pure Rashba SOC or its combination
with the Dresselhaus term on the spin rotations on the Bloch
sphere. The structures with pure Rashba SOC can be found
among Ge or Si quantum dots [35,68] where the inversion
symmetry of the crystal structure prevents the Dresselhaus
term from arising, but the asymmetry of the macroscopic
heterostructure potential leads to a nonzero Rashba term. In
Figs. 4(a) and 4(b) we plot the evolution of the spin vector
(26) on the Bloch sphere on the main EDSR harmonic for

FIG. 4. Stroboscopic spin evolution for the right QD on the
Bloch sphere shown for 200 driving periods corresponding to the
EDSR main harmonic No. 1 and its kth subharmonic on line (A) in
Fig. 2(a) for “pure” EDSR at f = 2.50 GHz for (left) sin(ωt ) driving
field and (right) sin(ωt + φk ) driving field where the π/2 rotation of
the spin evolution plane is achieved by the phase shift of the driving
field φk = π/(2k): (a), (b) main harmonic k = 1 where blue curve
(D only) is for pure Dresselhaus SOC (6), green curve (R only) is
for pure Rashba SOC (28) with the same amplitude, and red curve
(D+R) is for combined presence of Dresselhaus and Rashba SOC;
(c), (d) subharmonic k = 2; (e), (f) subharmonic k = 9, both plotted
for pure Dresselhaus SOC. Arbitrary spin rotations around the x and y
axes can be achieved for both main harmonic and the subharmonics.

three cases: pure Dresselhaus SOC (6) shown in blue color
which is the basic case in our model; pure Rashba SOC

HR = αRkxσy (28)

instead of (6) with αR = 3 meV nm shown in green color
where all the other parameters are the same as for the
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Dresselhaus SOC; and combined Dresselhaus SOC (6) +
Rashba SOC (28) shown by red color.

It is a very challenging task to predict exact evolution
of a four-level system encountering spin-orbit interactions;
therefore, precise numerical simulations are helpful in order
to understand physics of the four-level system under the study.
The main difference between Dresselhaus and Rashba SOC
in our effectively 1D model is that the Rashba term induces
an effective magnetic field oriented approximately along the
Oy direction while the Dresselhaus term creates such field
along the Ox direction judging from the type of Pauli matrices.
As a result, the spin rotation for the pure Rashba term in
the ideal case would be expected to be around the Oy axis
while for the pure Dresselhaus term it it would be around the
Ox axis. It should be mentioned, however, that in our double
dot model the situation is more complex and involves peri-
odic tunneling events between the four levels. In particular,
in qualitative terms the hole moves periodically inside one
dot or between the dots thus alternating the direction of the
effective kx-dependent magnetic field when kx is interchanged
with −kx. Besides, in a four-level system the dynamic pat-
terns are defined by several SOC-induced matrix elements
compared to a single element for a two-level system, making
the evolution more complex and less predictable analytically.
Another complicating circumstance is that the evolution in
Figs. 4 and 5 is shown in the stroboscopic fashion for the
moments of time being multiples of the driving field period
matching the Larmor rotation period around the Oz axis which
is parallel to the magnetic field. As a result, in continuous time
we have the spin precession around at least two orthogonal
directions oriented along the constant magnetic field and the
kx-dependent effective SOC magnetic field. This makes the
final effect of SOC on the spin vector trajectory (26) less
obvious compared to the basic case of the two-dimensional
case with a simple SOC term. Namely, we may obtain the
complex phase evolution for the spin rotations or even the
modified radius of rotation on the Bloch sphere, especially
for high subharmonics of the EDSR. This issue should be
also addressed in the EDSR experiments where the precise
match of the hardware stroboscopic window and the Larmor
precession period can face various fluctuations which may
lead to slow drift of the SOC-induced slow spin rotation plane.

The initial state is a spin-down state marked by the “start”
label. We track the spin evolution for 200 driving periods
on the main EDSR harmonic in panel (a) and we look on
the effect of the π/2-phase shift of the driving field (27) in
panel (b). We see that the Rashba term alone with the same
amplitude as the Dresselhaus term considered throughout the
text makes similar π rotation of the spin but around a different
axis and with the smaller amplitude, spanning the smaller
circle than the big circle of the sphere. The effect of the
π/2-phase shift on panel (b) is the same as for the Dresselhaus
term; i.e., the spin-circling plane is rotated by π/2 around
the direction of the magnetic field Bz. We conclude that the
Rashba term alone makes a very similar effect on the spin
rotation in our model but with somewhat weaker amplitude
in the considered situation. Then, let us include both Rashba
and Dresselhaus terms with equal amplitudes αR = βD =
3 meV nm. The results of the spin evolution for the main
EDSR harmonic are shown in Figs. 4(a) and 4(b) by the red

FIG. 5. Stroboscopic spin evolution on 200 driving periods for
“hybrid” EDSR corresponding to the line (B) at f = 2.05 GHz in
Fig. 2(a) for (a) main harmonic k = 1 and the subharmonics (b) k =
2, (c) k = 3, and (d) k = 10. The tunneling is very effective and the
Zeeman doublets in both QDs are equally involved in the dynamics,
making the spin evolution patterns more complicated.

curves. One can see that the effects on the spin trajectory of
the combined presence of the Rashba and Dresselhaus terms
are very similar to the effects of the sole Dresselhaus term
presented by the blue curves including the π/2 rotation of the
circling plane in panel (b). The reason is that the main effects
of these SOC terms in 1D systems with localized states are in
the nonzero matrix elements coupling the states with opposite
spin by the scalar potential of the electrostatic field. Both
the Rashba and Dresselhaus terms produce similar effects for
these matrix elements which actually enter the matrix evolu-
tion problem in the Hilbert space of the four localized states
considered in our model. However, their time-dependent in-
fluence is modulated by the alternating direction of the hole
movement inside one dot and between the dots and thus can
be rather complex. We thus can conclude that the presence of
the sole Dresselhaus term in the main part of our paper can be
justified from the point of view that the addition of the Rashba
term does not produce qualitatively new physics for the EDSR
spin evolution on the Bloch sphere.

In Figs. 4(c)–4(e) we show the stroboscopic evolution on
200 driving periods for the subharmonics k = 2 and k = 9,
including the π/2-phase shift of the spin rotation plane on the
right-hand panels. It can be seen from Fig. 4 that in the stro-
boscopic picture the down-up rotation of the spin is achieved
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FIG. 6. (a), (b) Spin-flip efficiency σ R
Zmax and (c), (d) inverse spin-flip time T/τ f vs EDSR subharmonic number Nh extracted from

the evolution data. Panels (a), (c) are for the “pure” EDSR with f = 2.5 GHz corresponding to line A in Fig. 2 and panels (b), (d) are for
the “hybrid” EDSR with f = 2.05 GHz corresponding to line B in Fig. 2. The circles connected by solid lines which serve as a guide to the
eye are for basic tunnel coupling γ1 = 2.18 µeV and the diamonds connected by the dashed lines are for the enhanced coupling γ = 2γ1. The
spin-flip amplitude is on average higher for the “hybrid” regime but the spin-flip rate is enhanced most significantly with growing γ for the
first two subharmonics in “pure” regime labeled by vertical lines (1) and (2) in panel (c). For these subharmonics the inset in panel (c) shows
the ln τ f /T vs the nondimensional tunneling rate x = γ /γ0 with γ0 = 2.18 µeV for x = 1, 2, 3 demonstrating the close-to-linear dependence.

both on the main harmonic and on the subharmonics within a
single plane allowing the controlled spin operation for qubit
proposals together with the π/2 rotation of the spin evolution
plane. The stroboscopic nature of the evolution in the EDSR
regime (18) means that we move effectively to the rotating
frame where the rotation frequency matches the Zeeman level
splitting. It is known that the spin vector demonstrates an
in-plane spin precession with such frequency. Such precession
is not visible in the stroboscopic picture shown in Fig. 4 but it
can be useful for controlled in-plane spin rotations in possible
qubit applications.

The spin evolution for the “hybrid” EDSR corresponding
to the line (B) at f = 2.05 GHz in Fig. 2(a) is shown in Fig. 5
for (a) the main EDSR harmonic k = 1 and for subharmonics
(b) k = 2, (c) k = 3, and (d) k = 10. Since in this regime
the tunneling is very effective and the Zeeman doublets in
both QDs are equally involved in the dynamics [72], the spin
evolution in Fig. 5 obviously looks more complicated. Still,
the large-scale spin rotation can be achieved in this case also
for the majority of the subharmonics.

B. Spin-flip efficiency on EDSR subharmonics
at different tunnel coupling

It is of interest to find out how fast the spin flip can
be achieved on both the main and higher subharmonics of
“pure” or “hybrid” EDSR at different values of the interdot
tunnel coupling. We will focus on the associated characteris-
tics of the spin evolution in this subsection. One may expect
the significant effects of increased coupling on the spin-flip

efficiency which is of interest to explore on different EDSR
subharmonics. The spin evolution shown for EDSR harmonics
of the “hybrid” EDSR in Fig. 5 demonstrates sometimes rather
complicated shape and one should seek for an accessible and
useful characteristic for it. It is important to know how deep
the spin can be flipped from the initial spin-down state and
how fast this can happen. To do this, we look at the maximum
achieved σ R

Zmax directly from the raw evolution data and label
the stroboscopic time τ f at which σ R

Zmax is achieved. The ratio
T/τ f can serve as a spin-flip rate measured in units of inverse
driving period 1/T . We register the values of σ R

Zmax and T/τ f

for the majority of the subharmonics visible on lines (A) and
(B) in Fig. 2. The results for σ R

Zmax and T/τ f are shown in
Fig. 6. Panels (a) and (b) show the spin-flip efficiency σ R

Zmax
vs subharmonic number Nh, and panels (c) and (d) show the
inverse spin-flip time T/τ f vs subharmonic number Nh, all
being extracted from the raw evolution data. Panels (a) and
(c) are for the “pure” EDSR with f = 2.5 GHz corresponding
to line A in Fig. 2, and panels (b) and (d) are for the “hybrid”
EDSR with f = 2.05 GHz corresponding to line B in Fig. 2.
The circles connected by solid lines which serve as a guide
to the eye are for basic tunnel coupling γ1 = 2.18 µeV and
the diamonds connected by dashed lines are for the enhanced
coupling γ = 2γ1.

By analyzing the results on Fig. 6 one can see that the
spin-flip amplitude is on average higher for the “hybrid”
regime, and the spin-flip rate is enhanced most significantly
with growing γ in the pure EDSR regime where its relative
change is most significant. The spin-flip inverse time T/τs f

on panels (c) and (d) demonstrates on average higher flip
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rates on higher subharmonics for the “hybrid” regime indi-
cating a competitive advantage of the hybrid regime. Such
advantage is, however, accompanied by a more complicated
stroboscopic patterns of the spin dynamics shown in Fig. 5.
Such complicated spin trajectories on/inside the Bloch sphere
are typical for SOI-induced spin rotations especially when
triggered by the driving pulses which have a shape differ-
ent from a simple monochromatic driving [32,42]. One may
observe in Fig. 6 that the spin-flip efficiency and rate are
both nonmonotonic functions of the subharmonic number Nh.
The spin flip can be comparably fast on basic and higher
subharmonics whose effective number manifested at the given
driving frequency and strength for the specific Zeeman split-
ting is limited by conditions (19) and (20). However, at certain
combinations of parameters one can fall into the “dark” area
on a certain EDSR subharmonic line visible in Fig. 2 which
can be illustrated by the oscillating character of the Bessel
functions in the analytical approximation (23) as a function
of the driving strength Vd and frequency ω. Such example
can be visible in Fig. 2(a) for subharmonic No. 6 when it
crosses the lines at the selected frequencies f = 2.5 GHz [line
(A) in Fig. 2(a)] and f = 2.05 GHz [line (B) in Fig. 2(a)].
As a result, we observe a reduced spin-flip efficiency and
rate for subharmonic No. 6 in Fig. 6. One can conclude
that the spin rotation efficiency can be optimized by mov-
ing along the EDSR subharmonics lines. The inset in panel
(c) shows the ln τ f /T vs the nondimensional tunneling rate
x = γ /γ0 with γ0 = 2.18 µeV for x = 1, 2, 3 for the the first
two subharmonics in panel (c) labeled by vertical lines (1)
and (2) and demonstrating the most striking enhancement
of the spin-flip rate. In this inset we may observe the close
to linear (in semilogarithmic scale) dependence for ln τ f /T .
This is an indication of a strong, exponential-like depen-
dence of the spin-flip rate τ f /T on the tunneling coupling
which points to the tunneling enhancement as one of the

effective methods to control and optimize the spin manipu-
lation rates.

VI. CONCLUSIONS

We have studied both computationally and analytically the
spin evolution of a four-level spin-resolved system formed
in a double quantum dot in the presence of a strong spin-
orbit interaction. We considered a spin qubit formed in
the right quantum dot which behavior is strongly affected
by the tunneling coupling with the Zeeman-split levels in
the neighboring (left) dot enhanced by the Landau-Zener-
Stückelberg-Majorana interference. We have shown that an
arbitrary rotation of a spin-qubit formed in the right dot can be
effectively performed at subharmonics of the electric dipole
spin resonance around the x and y axes in the rotating Lar-
mor precession frame. It was found that the spin-flip rate
in the primary dot is enhanced by tunnel coupling with the
auxiliary dot at the main EDSR frequency and also at its
high subharmonics allowing coherent spin π rotations on a
10-ns timescale. The proposals of spin manipulation on high
subharmonics considered in our paper are promising for new
time-efficient schemes of the spin control protocols in qubit
devices with large Zeeman splitting, e.g., in high magnetic
fields, where the main harmonic frequency may be impractical
due to hardware limitations.
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