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Ordering in the SU(4)-symmetric model of AA bilayer graphene
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We examine possible ordered states of AA-stacked bilayer graphene arising due to electron-electron coupling.
We show that under certain assumptions the Hamiltonian of the system possesses an SU(4) symmetry. The
multicomponent order parameter is described by a 4x4 matrix Q, for which a mean-field self-consistency
equation is derived. This equation allows Hermitian and non-Hermitian solutions. Hermitian solutions can be
grouped into three topologically distinct classes. First class corresponds to the charge density wave. Second
class includes spin density wave, valley density wave, and spin-valley density wave. An ordered state in the third
class is a combination of all the aforementioned density-wave types. For anti-Hermitian  the ordered states
are characterized by spontaneous interlayer loop currents flowing in the bilayer. Depending on the topological
class of the solution these currents can carry charge, spin, valley, and spin-valley quanta. We also discuss the
special case when matrix Q is not Hermitian and not anti-Hermitian. Utility and weak points of the proposed
SU(4)-based classification scheme of the ordered states are analyzed.
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I. INTRODUCTION

Discovery of series of alternating Mott insulating, metal-
lic, and superconducting states in the magic-angle twisted
graphene bilayer [1-3] was the first experimental evidence
of the diversity of possible ordered states in bilayer graphene
systems caused by electron-electron coupling. Recently, a cas-
cade of transitions between different nonsuperconducting and
superconducting states was observed in the well-researched
[4-6] AB- (or Bernal) stacked bilayer graphene (AB-BLG).
This feature is not limited to AB-BLG: the current studies
(theoretical [7,8], numerical [9,10], and experimental [11])
indicate that even quite simple electronic systems may have
several ordered states competing against each other to become
the true ground state. The analysis of the cited above works
shows that different ordered states of a specific model are
close to each other in terms of their (free) energy. As a result,
the true ground state of a system depends crucially on the ex-
perimental conditions (temperature, magnetic field, pressure,
sample doping, substrates, etc.). Even a small change in any
of these factors can induce switching of the ground state. In
such a situation, when a wide class of the materials exhibit
multiple transitions under weak variation of the parameters, a
convenient classification scheme of the possible ground states
is of significant help.

This paper is dedicated to theoretical study of an electronic
liquid of AA bilayer graphene (AA-BLG), a topic that at-
tracted attention in recent years [12-20]. A specific question
we would like to address here is the problem of classifying
low-temperature nonsuperconducting ordered states of AA-
BLG. The investigation of this relatively simple system can
help us to extend the proposed approach to other types of
orders (superconducting, in particular) and other types of sys-
tems, such as twisted and AB-BLG.

The present discussion is built on the approach previously
used in Ref. [21] to study multiple possible order parameters
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in the AB-BLG. Adopting that technique for the AA-BLG
electronic liquid, we will formulate an approximate Hamil-
tonian that possesses an SU(4) symmetry in the spin-valley
index space at zero doping. Following Ref. [21], we as-
sume that the main interaction in the system is a long-range
Coulomb electron-electron coupling and neglect any addi-
tional interactions (e.g., electron-lattice). Mean field (matrix)
self-consistency equation for such an AA-BLG model reveals
several competing nonsuperconducting ordered states charac-
terized by a matrix order parameter.

Studying the self-consistency equation, one finds that its
solutions could be both Hermitian and non-Hermitian ma-
trices. The former case was considered in Ref. [21]. It has
been shown that the signature of the order-parameter ma-
trix can be used for exhaustive classification of the ordered
states. Here we analyze also the non-Hermitian solutions to
the self-consistency equation. These solutions are character-
ized by finite interlayer currents that can carry, not only
electric charge, but also spin-related and/or valley-related
quanta, depending on the specific details. A broad array
of the ordered states compatible with our self-consistency
equation suggests that the true ground state of the AA-
BLG may depend on variety of details, some of which
could be purposefully tailored to stabilize a desired order
parameter.

The paper is organized as follows. In Sec. II we formu-
late an SU(4)-symmetric model of the AA-BLG. In Sec. III
we derive the self-consistency mean field equation for the
multicomponent order parameter described by 4x4 matrix
0. In Sec. IV we describe the solutions of this mean field
equations. Three different cases are considered: Hermitian
0, anti-Hermitian 0, and matrix O that is neither Hermitian
nor anti-Hermitian (non-Hermitian and non-anti-Hermitian
0). Section V is devoted to discussion. Some details of
derivation of the mean field equation are placed in the
Appendix.

©2023 American Physical Society
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II. MODEL

A. Tight-binding kinetic energy for AA-BLG

A sample of the AA-BLG consists of two graphene layers
and every carbon atom of the top layer is directly above one of
the carbon atoms in the bottom layer. Single-electron hopping
Hamiltonian for the AA-BLG can be written as [15]

I'?O = —t Z (dA:,IAadAnlBa + H.c.)

(mn)/o

—10 ) (A} 4y @200 + HoC.). e

nao

Here d LM and c?n,m, are the creation and annihilation op-
erators of an electron with spin projection o in the layer
| = 1, 2 on the sublattice a = A, B at the unit cell n; and (. ..)
denotes a nearest-neighbor pair. The amplitude ¢ = 2.7 eV
(to = 0.35 eV) in Eq. (1) describes the in-plane (interplane)
nearest-neighbor hopping.

To diagonalize the hopping Hamiltonian it is convenient to
switch to momentum representation. For a sample with N, unit
cells in a single graphene layer this is achieved by the Fourier
transformation

~ e~ iagk A
dyias = Ly N 2
ki N Xn: i )

Here the numerical values of the sublattice index a are a = 0
for sublattice A, and a = 1 for sublattice B. The phase factor
in Eq. (2) is exp(igx) = fx/|fx|, the function fx being

3ik, 3k
fi=1+2exp (%) cos (@), 3)

and ay is the in-plane carbon-carbon distance. Quasimomen-
tum vectors are confined to the graphene Brillouin zone,
which has a shape of a regular hexagon with two independent
Dirac points in two corners [22]:

2
3\/§(10

Four more corners of the Brillouin zone can be found by two
60° rotations of K » (see Fig. 1).

In the momentum representation, the hopping Hamiltonian
becomes

K, = (V/3,£1). “4)

ﬂo = Z (I\Jliaf}:[klijko" (5)
ko

where the matrix Hy and the bispinor \TJEU are

0 o tlAl 0

o | o 0 0 1kl
BEag o0 0 |0 ©
0 1kl 1o 0
‘:I)lia = (dlLAa ’ d]](LZAJ ’ le(LlBa ’ dlIZBa ) (7)
Thus, the Hamiltonian (1) can be diagonalized as
Ho = 6" o Pao ®)
kso
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FIG. 1. (a) The single-particle band structure of the AA-BLG.
The spectrum consists of four bands e,(f) [see Egs. (9) and (10)].
(b) The spectrum near the Dirac points can be approximately lin-
earized [see Eqgs. (22) and (23)]. The intersection of the bands s = 2
and 3 occurs exactly at zero energy, which corresponds to the Fermi
level of the undoped system. (c) The first Brillouin zone (hexagon)
of the AA-BLG. The circles around the Dirac points correspond to
Fermi surfaces.

where the band eigenenergies e](:) are

&) =—to—tlfil. € =—t+1lfil, )
o =+o—tlfl. ¢’ =+n+ilfid. (10

This energy spectrum is plotted in Fig. 1(a).
The band operators jx,, are connected to di;,, as follows:

dxiar = 3 Px1o + (=D P20 + (=D Do + (=1 Preso ],
(11)

where [ = 0 for layer 1 and / =1 for layer 2. The latter
relation is easy to invert and we find that

A~ l g 2, l aj
Yklo = 5 IX:dkla(rs Yk2o = 5 ;(_1) dklaa» (12)

1 A 1 A
Prae = 5 (D ditar Pt = 5 Y (=1 dicao.
la la

(13)

Analyzing spectra (9) and (10) one notices that the bands
s =2,3 cross the Fermi level ¢ = 0. The corresponding
Fermi surfaces can be approximated by circles of radius kg =
2ty/(3tag) centered around the Brillouin zone corners (the
Dirac points), as shown in Fig. 1(c). At the same time, the
bands s = 1, 4 do not reach the Fermi level, and have no Fermi
surface.

B. Valley quantum number

For graphene-based systems it is often useful to intro-
duce a binary-valued valley index & = 1, 2: an electronic state
with the quasimomentum k is assumed to be in valley K¢ if
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|k — K:| < qo, where the valley radius go = |K; — K3|/2
equals gop = 27/ 34/3ap. The states whose momenta lie out-
side either valley K; or valley K, are high-energy states.
Such states will be discarded since their contribution to the
low-energy physics is insignificant. Further, we will count
the quasimomentum k relative to the valley centers K; ,. We
expand the function fk, 1k near each Dirac point and in the
linear approximation obtain

3
fiin = =2 “" [ky + (=¥ ik,]. (14)

Since we are interested here only in the low-energy states, we
will use linear approximation (14) within the valleys.

We define new single-electron operators in a specific valley
as

N )’}K1+ks(ra lfs =1
o = , . 15
Visg (=D e Py e, IFE =2 (15)
where the phase factor exp(i¢gx) is equal to
e — _M. (16)
k|

As it follows from Eq. (14), it is connected with the complex
phases near the valley centers K »:

PRI — Ttk piPKytk — ik 17

Using Egs. (11) and (15), one can write dniao in terms of
Pksto - To this purpose, it is convenient to introduce the valley-
specific operator dyjqec = dK, 1kiao»> and write

A gklaéa s
dklaéa = —ix A
e Oklato

ifé =1 (18)
if & =2.

In this definition, the operators §x;.z, are linear combinations
of the band operators

kiase = 3 Pieo + (=D Progo + (— D Pieo
+ (=) o1, (19)

and we adhere to the convention that a bar over a binary-
valued index inverts its value (i.e., if a = A, then a = B, and
vice versa).

There is an obvious disparity between the valleys in defini-
tions (15) and (18). Note that the sublattice index in Eq. (18)
is inverted for £ = 2. In addition, the phase factors in (15) are
not identical in different valleys. The same is true for Eq. (18).
We will see below that such a phase factor choice is needed to
make explicit the SU(4) symmetry of the interaction term.

Inverting relation (2) and using the valley-specific opera-
tors in k space, we can approximate the real-space operators
as follows:

A 1
~ E —iagkx—iK an
dnlaa ~ \/]VL [ KT ( 1) IkiaK o

[kl <go
+e TN g ake le N (20)

This expression disregards all high-energy states that lie out-
side the valleys.

C. SU(4)-symmetric single-electron Hamiltonian

Within the developed formalism the Hamiltonian (8) can
be approximated as

4 (P (s)
HO ~ Z ykaéa ykafa’ (21)
s,[K|<qo o
where al(f) are linear approximations to the exact eigenenergies
61(:) near the Dirac points
1 2
g =—to—vlkl, &’ =—n+vwlkl, (22
e = +1o — vplkl, &Y = 410 + velk|. (23)

The Fermi velocity in these expressions is equal to vg =
3apt/2 (h = 1).

The significance of formula (21) is that it explicitly demon-
strates the valley degeneracy of the single-electron spectrum
of AA-BLG, and, additionally, it reveals the SU(4) symmetry
of the model. To illustrate this important point we introduce
the spin-valley muti-index m = (&, o), which takes four pos-
sible values. This allows us to abbreviate the notation as
follows Pksts = Pksm. Any 4x4 unitary matrix Ue SU®4),
with matrix elements u,,,,, defines a Bogolyubov transform

j}ksm g Z Ummy )’}ksm" (24’)

m’

It is easy to check that this transformation leaves Hamiltonian
(21) unchanged.

D. Interaction term

The most general form of the interaction term for AA-BLG
is

L PRlaD i (25)

int =
€ kil'aa'

Vector k here is the transferred momentum, parameters V;" ,
are the Fourier components of the potential energy Val(i R)
describing the interaction between an electron in layer /, sub-
lattice a and another electron in layer [/, sublattice @'. Finally,
Pxia 1s the Fourier component of a single-site particle-density
operator )Onlu - Za nlaadnlaa

For small transferred momentum k one has py;, = ,?)llfl; +
i)flza, where two chiral density components can be expressed
as

A& ia(e) ¢ ) 51 ]
Pria = Z ¢RI o D qlago (26)

or, equivalently, in terms of the band operators as

AKp —ia(¢y &q)

Pxia = Z e gqlaKlagk+qlaK|a’ 27
qo

AKy —ia(Pxrq—Pq) AT P

Pyia = Ze G a0 Ok +qlaKao (28)
qo

Both ,?)il ., vary smoothly in space for small k. Aside from ,?)il e
there is an oscillating contribution to the density

~EE ia(@K +k+ —PKg+q) 5T
'Okla - Ze o ) dqlaéadk-‘rqlfléff (29)
qo
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The wave vector corresponding to the spatial modulation of

,?)ifa is never small: it is of order of K; — K, even for small k.

Since the density operator has smooth as well as oscillating
contributions, the interaction can be split into the forward
scattering Hy and back scattering H:

Hiy = H; + Hy, (30)
ll' A& Aé
kau’pkla —kl'a"? (31)
Ne kEE!
1'ad’
o 1
4 NEE AEE
Hy, = VK —Ksaa PriaP kia- (32)
2N,
k&l aa

As one can see, Hy describes scattering in which both partici-
pating electrons maintain their valley indices after scattering,
while A, represents large-momentum scattering, when partic-
ipating electrons from different valleys exchange their valley
indices.

We assume here that the electron-electron interaction is
sufficiently long range. In this case Vil .. < W/, since
k| < |K; — K;|. For this reason we neglect below the back
scattering (this issue will be discussed in Sec. V in more
detail). Since the considered interaction is a long-range one,
we can assume that the coupling is approximately independent
of the sublattice indices:

Vi~ (33)

Under these approximations, the interaction (25) reads as

Hip = N %;Vk Pri Pk’ 34

where the smooth density component in layer / is

Pl = Z'blila — Z ia(pg— ¢k+q)gqlamgk+qlllm 35)

qam

In the latter formula we used the multi-index notation m =
(¢, 0). This serves a twofold purpose. For one, it makes the
expression more concise. Additionally, it explicitly reveals the
invariance of pi; under the action of the SU(4) Bogolyubov
transformation (24). At this point one can appreciate the mo-
tivation behind the complexity of formulas (15) and (18). If
multiple phase factors were not absorbed in the definitions
of the valley-specific operators, these phase factors would
emerge in Eq. (35), obscuring the invariance. Finally, we
observe that, since the operator pPx; possesses the SU(4) in-
variance, the same is true for the interaction (34).

E. Effective model

As it was stated above, only two of the four single-
electron bands form the Fermi surface at zero doping
(see Fig. 1). Therefore, the high-energy bands s = 1, 4 can not
modify significantly the low-energy physics of the AA-BLG.
We discarded these bands from the model, which simpli-
fies considerably further analysis. In this approximation the
single-electron Hamiltonian becomes

A = Z(Up|k| - to)()?lfzga?kzsa
kéo

- 7A/1I3sa 7>k3sa)- (36)

The density operator pi; reduces to

1 (g .
Pa % Ze’“(""‘ ‘j"‘“‘)[m;z

qam

+ (=D

X[Pgqwom + (= 1)l+ayq+k3m] (37
Substituting this expression in Eq. (34) one derives

Heff dlr +Heff +Heff (38)

nt

where the direct term is defined as

o D Vel el en))
16N, e

yeff __
Hdir -

x [1+4 el(q&q,_¢q,7k)]()>(j-2mf/q+k2m + )A/(I-?sm)/}q+k3m)

At a N
X(Vq’Zm’ Vq’—k2m’ + yq’3m’ yq/—k3m’)’ (39)
the exchange term is
A 1 )
Heff — V. K)1 — el(¢q—¢q+k)
« = 16N, Xl 1
qq'kmm’
(o —bg )1 T o P IIN
X [1 = e'@a = k)](ququ+k3qu’3m/ Ya—xam
AT A AF A
+ yq3m yq+k2m yq’Zm’ yq’—kSm’ )’ (40)
and the umklapp term is
I_jeff V. k 1 _ ei(¢q—¢q+k)
u T6N, Xl 1
qq'kmm’

X [1— et )5 P +k3m7>(}}2m,)7q_k3m,

AT A PN
+ yq3m yq+k2m yq/Sm’ Vq’—k2m’ ) (4 1 )

In these approximate expressions we introduced layer-
symmetric and layer-antisymmetric interactions Vi(k) =
(V' £ V12). We also used the relation ), (—1)'V!' =0,
which can be trivially checked.

F. Symmetry group of the effective model
Observe that the operators AT, AT, AT and AT, which

ex ?
constitute the effective model Hamiltonian, are 1nd1v1dually
SU(4) invariant. Indeed, each of these operators are explicitly

composed of the bilinears Zg, defined as

Tip = 2 PaForm:

that are invariants of the SU(4) Bogolyubov transformation
(24). Besides, the effective Hamiltonian evidently remains
unchanged upon the substitution

s, r=2,3 (42)

)/}psm — (=1 ],)pxm . 43)

This allows us to change the relative sign between J3,, and
Pp2m» without changing the Hamiltonian.

From the standpoint of the AA-BLG lattice structure, the
substitution (43) corresponds to either switching the layers

(top layer) <> (bottom layer), (44)
or switching the sublattices

(sublattice A) <> (sublattice B), 45)
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as it follows from relation (11). Consequently, the symmetry
(43) can be viewed as a manifestation of the layer equivalence,
or manifestation of the sublattice equivalence (at the level of
our effective model these two equivalences cannot be distin-
guished).

Transformation (43), together with the identity transfor-
mation, constitutes the Z, group. Since the transformations
(24) and (43) commute with each other, we conclude that the
symmetry group of the effective Hamiltonian is

G = SUM4) x Z». (46)

However, the symmetry group of H¢™ and HST is broader than
G: one can check directly that both H™ and AT are com-
posed of the bilinears Z, with 1dentlcal band indices s = r.

Thus, ﬁg‘ff and ﬁgff remain invariant even when a Bogolyubov
rotation for s = 2 band is nonidentical to the rotation for s = 3
band. In other words, when V_ = 0, the model’s symmetry
group expands to

Go = SU4) x SU4). 47

We will see below that the broader symmetry group cor-
responds to broader set of solutions for a self-consistency
equation.

III. MEAN FIELD APPROXIMATION

We apply the mean field approach to the effective Hamil-
tonian
A = A5 + A5 (48)
with the aim of exploring (nonsuperconducting) symmetry-
breaking ordered phases of our model. Implementing the
mean field decoupling for AST, we obtain

AMF = _ i<¢q—¢p>|2
1r
X (Pgame P Piom Psmt + P Fpom Do Pome)
yp3m’yp2m Vq2myq3m’ ypSm’VpZm Vq2myq3m’ ’
(49)
where (. ..) stands for the ground-state average.

It is convenient to introduce the 4 x4 operator-valued ma-
trix ®4 whose elements are

O = Py Vzm- (50)

Assuming that the average (@q) depends only on the absolute
value of the vector q, we write the following compact expres-
sion:

ﬁd“i“rF=—va+Tr< (OO, (5D

Deriving this formula we replace the interaction function
Vi(p — q) by its average value at the Fermi surface. The
constant V, is equal to

2 d
v, = Z/o (14 cos OV (key/2 =2 05 ). (52)

Likewise, the mean ﬁeld form of the umklapp interaction is

AMF = Zv Tr (&

_ 1

V.= _/ E(l—cosx)V,(ka)- (54)
0

2O+ (OhHOh),  (53)

4

As for H.y, it does not contribute to the mean field Hamilto-
nian. Indeed, one can check that nonzero expectation value
()A/Jmf/qm,) in Eq. (40) i.s pqssible .only at zero transferred
momentum k = 0. Contributions with vanishing transferred
momentum in AT vanish due to

1— ei(¢q—¢q+k) =1- ei(d)qf—ll)quk) =0 (55)
atk = 0.
The resultant mean field Hamiltonian reads as
aMt = gt AMF (56)

where the mean field interaction is

AN == "T(0'0, + 6)0). (57)
q

In this expression the 4 x4 matrix Q is the order parameter
A 1 A
0=+ ;m (Op) +

To derive a self-consistency equation, it is convenient to
invert this definition

TOBCY
P

We prove in the Appendix that for our mean field Hamiltonian
HMF the symmetry-breaking average (®,) satisfies

]%Z(é)p) =
p

We consider only the undoped system, where the Fermi level
is near Dirac points and the energy spectrum has a rotational
symmetry in the momentum space. Therefore, it is reasonable
to assume that the average <®p) is independent of the direction
of p. Now, comparing the latter two equations and changing
the summation over momentum by integration over energy,
we derive the self-consistency equation in the form

Vi —=V)HOnQ'0)=V,.0-V_0", (61)
in which the function 4 is defined as
13 v(e)de

h(Q'Q) = 7 C—rr 00 (62)

V_(O))). (58)
= %(V 0-v.0" (59)
B2 e

1 n pn AL
Z—MXk:Q(e§+QTQ) 2, (60)

where v(e) &~ g/(v/37t?) is the graphene density of states
(per spin projection per valley) and integration is performed
up to maximum electron energy in the AA-BLG [22].

Now we briefly discuss certain mathematical points that
must be settled before analysis of the derived equations. Note
a property of Eq. (61): if Qo is a solution of this equation, then
2%Q0Z, where Z is a unitary matrix, is also a solution. Observe
that the radical of the matrix-valued polynomial in Egs. (60)
and (62) is defined completely unambiguously. Indeed, the
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matrix Q0 is Hermitian positive semidefinite (that is, its
eigenvalues are real and non-negative). Such a matrix allows

the following representation:
0'0=VD*W', D=diag(d,...,ds), d; >0 (63)

where V is a unitary matrix, V € U(4). Consequently,
Ar A=) ao =L a
(s +070) 2 =V(sf + D*) 2V (64)
An arbitrary function f of a diagonal matrix is defined accord-

ing to the convention

f(diag[als e an]) = diag[f(al)v R f(an)]s (65)

assuming, of course, that f(a;) are defined for all i’s. Applying
this construction to Eq. (64) we can write
o\ — _1 _1

(812( + D2) = diag[(sﬁ + dlz) S (8]2( + df) ], (66)
where the square-root extraction is performed on real non-
negative quantities only.

The self-consistency equation (61) can be simplified, if we
implement the singular-value decomposition on Q and Q:

O0=0DV', O'=vDOT, (67)

l—

with matrices V and D being introduced in Eq. (63). As for
U € U®4), it diagonalizes the product 007", that is, 00" =
UD?U*. We substitute Egs. (67) in Eq. (61) and derive a
diagonal form of the self-consistency equation

[V — (VI = VHRDHD = V-WDW, (68)

where W = UV € U4).

Let us assume that we solve the diagonalized self-
consistency Eq. (68), that is, we obtain all possible pairs of
the matrices D, and W, satisfying Eq. (68). Then, we define

Qn = Wnlﬁn’ Qyil = Dnvf/n- (69)

Direct substitution of Egs. (69) in Eq. (61) shows that 0,
is its solution. As it was stated above, all other solutions to
the general self-consistency Eq. (61) are unitary equivalent to
matrices 0, defined by Eq. (69).

IV. SOLUTIONS OF THE SELF-CONSISTENCY EQUATION

A. The case of vanishing V_

First, we consider a simplest case when V_ = 0. This
condition is not realistic but allows one to easily obtain an
analytical result. In so doing, Eq. (68) can be rewritten in the

D ’

where vy X 1o/ (v/371?) is the AA-BLG density of states at the
Fermi level (per spin projection, per valley, per single band),
the energy scale is E* = /#)(3t — ty). The solution to this
equation reads as

1= VOV+ In (

D = Aol;, where Ay =2E*exp |:— = :|, (71)

VoV

and I is the 4 x4 identity matrix. At the same time, when V_
vanishes, the matrix W is not limited by the self-consistency

equation. Lack of any restrictions on W is the manifestation of
the extended symmetry group Gy of the model Hamiltonian in
the case V_ = 0. As a result, the order-parameter matrix is
0 = AY, where Y is an arbitrary unitary matrix. Note that
four eigenvalues of Q are equal to Agexp(ia;. .. 4), where ¢;
are arbitrary phases.

.....

B. Hermitian order parameters

In a general case Vi # 0, the equation system (68) be-
comes much more complex. Now W explicitly enters the
self-consistency condition, drastically increasing the number
of unknown variables. In this paper we do not attempt to find
exhaustive solution to the problem. Instead, we will discuss
three specific classes of the solutions of Eq. (68) to illustrate
the richness of the system under study.

It is natural to expect that in the ground state of our model
the single-electron gaps in the four fermionic sectors are iden-
tical to each other. This situation can be represented by the
ansatz

D = Al,. (72)
Substituting this into Eq. (68), one establishes that
W? =aly, where a==l. (73)

Let us consider first a = +1. Then

(Vo +VOh(A?) =1, W?=14. (74)
The solution for A is
1
A =2E*exp [——} (75)
vo(Vy +V_)

A unitary matrix W, whose square is I4, can be expressed as
Ww=_3 23‘*, where S is a unitary matrix, and Yisa diagonal
matrix whose elements are +1. In such a case, the order-
parameter matrix is Hermitian and satisfies

0=0"=

where Z € SU(4). In other words, the order parameter is equal
to A up to a unitary transformation.

To classify all types of O consistent with Eq. (76), we split
all possible solutions into three topologically distinct classes
labeled by « € {I, II, III}. These classes are defined by the
structure of ¥:

AZ37T, (76)

Class I. 3¢ = diag (i, k', &, k), k = 1, (77)
Class I: 3y = diag (1, 1, —1, —1), (78)

Class III: £¥, = diag (k, k, k, —«), k = £1.  (79)

Any Q satisfying condition (76) belongs to one and only one
class among these three.

Class-1 order parameter is a charge-density wave state
(CDW). To demonstrate this let us first observe that )A_Tf can
and the order parameter is independent of Z. Thus, it always
satisfies O = O =k Al, and Q is diagonal in the multi-
index m = (&, o) space. Consequently, when calculating local

occupation numbers n;, = y__( nlaadnlw), only “diagonal”
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symmetry-breaking averages oAl gégy 26, ) are nonzero. Keep-
ing this in mind and using Eqgs. (19) and (20), we derive

Mg =1+ Siam, (80)

m

where the anomalous contributions to n;, are

( 1)a+l

8nlam - ZRG qumqum> (81)

These two relations can be compactly written as

Tr ZRe (Og). (82)
q

Equation (59) allows us to connect Zq(é )y with O, and

finally we obtain

2A
a — 1 _1 a+l?. 83
n +x(=1) Vv (83)

Thus, the electric charge distribution is inhomogeneous within
a single unit cell, the strength of the inhomogeneity is propor-
tional to A. This corresponds to a commensurate CDW state.

The commensurate order parameter does not violate the
translation symmetry of the underlying honeycomb lattice.
However, the symmetry between the sublattices is broken, and
the same is true for the symmetry between the layers. Analyz-
ing Eq. (83) we note that switching layers or sublattices is
equivalent to switching the sign of k. Thus, the inversion of «
is associated with the Z, subgroup of the symmetry group G.

Class II contains six mutually unitary-equivalent diagonal
matrices Q These are iﬁll and

+diag (1, —1,1,—1) and =£diag(l,—1,—-1,1). (84)

Any such matrix can be obtained from ¥j by a suitable
permutation of its diagonal elements.

If the matrix order parameter Q of the class II is diagonal,
then, we derive similar to Eq. (81)

A
8 ml = = = _- 85
|87 1am| A (85)

For fixed [/ and a, two of ény,, are positive, while two are
negative. Thus, unlike the class-I CDW, electronic phases of
class II have a homogeneous charge distribution within a unit
cell since Y, 814, = 0 for any [ and a. Depending on which
dnyqy,’s are positive, and which are negative, three distinct
types of the order can be distinguished: spin-density wave
(SDW), valley-density wave (VDW), and spin-valley-density
wave (SVDW). For example, the choice

Sniags = £0 (= 1) 8145 | (86)

corresponds to the SDW phase in which the expectation value
of the spin operator §;,_ is finite

= 0nas = £(— 1)““ A (87)
Eo “ +V_

When §ny4e6 (—1)%, the system is in the VDW phase, with
finite staggered valley polarization

2A
(Sp.) D Snygee = £(—1)H ————_ 88
) SZﬁ( ) Sniae S e D)

Finally, the SVDW order corresponds to 674z 0C (—Dfo.
This phase has finite staggered spin-valley polarization
Sw Zéa —1) O'(Snluga

Whlle the class-I order parameter is always the same for
any Z, the class-II matrix O changes when Z in Eq. (76) is
changed. For example, a suitably chosen Z connects all three
class-1I phases to each other.

Furthermore, in class II, matrix Q does not have to be
diagonal: for a generic choice of Z, nonzero elements con-
necting different spin projections and different valleys are
possible. Recall that, if an order parameter is nondiagonal in
spin indices, it represents spin polarization deviating from the
z axis. Additionally, O can be nondiagonal in valley indices.
In real space, these intervalley matrix elements correspond to
spatially oscillating contributions, with K; — K, being their
wave vector. When such an intervalley coherence is realized,
the elementary translation vectors are tripled in length.

In class III, the diagonal order parameter O o ):HI repre-
sents a state with finite polarizations with respect to all four
types of density waves (CDW, SDW, VDW, and SVDW).
Unitary matrix 7 affects the SDW, VDW, and SVDW po-
larizations. The sign of the CDW order parameter can be
changed only by the inversion of «. The intervalley coherence
is also possible in this class.

Finally, we would like to note that in the considered case
the order-parameter eigenvalues are always real and equal to
+ A since any Hermitian solution Q discussed above is unitary
equivalent to A¥.

C. Anti-Hermitian order parameters

The order-parameter matrix Q does not always have to be

Hermitian. To illustrate this point, let us choose a = —1 in
Eq. (73). In this case we have
W =iS%37, (89)

where the structures of the matrices § and £ are defined in the
previous subsection. Assuming that D oc I as in Eq. (72), we
substitute this W in Eq. (68) and obtain four identical mutually
decoupled equations. Solving these equations, we derive

P ~ 1
D = Aly, where A =2E*exp [—?} (90)
vo(Vy —V_)
The sign before V_ is the only difference between A and A.
The order-parameter matrix now reads as
0=-0"=-iAZ37", o1

where Z € SU(4). Thus, the matrix Q is anti-Hermitian.

Following the logic of Sec. IV B, let us consider a special
case of & = I, where x = +1. From Eqgs. (59) and (91) we
obtain that

1 A __i Ary ixA
ﬁc;@@— NC?@p)— v
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Since A Z ) is purely imaginary, then §n;,,, = 0. On the
other hand, “1nterlayer current operator

Ilf;l = ZZ nlac n2ua +Hec. (93)

has a finite expectation Value. Let us prove it.
The expectation value (I:iz) can be presented as a sum over
the multi-index m
(o) = > AL, (94)
m
where we assumed that the average ([.}) is independent of n
due to ground-state translation invariance. The partial current

(- is equal to

+ (=D 5]

X [j}kZm - (_ 1 )a?k3m]> .
Combining the latter equation and Eq. (92), one derives

L (= 1)a X(=1)'A
(]L Zlm )/k3myk2m> = ﬁ ©
Consequently,
(o) = x (= 1)“i o0
na! = X V+ /A

We see that such a state is characterized by spontaneously
generated interlayer currents. Factor (—1)“ in the expression
for (I}a) indicates that the flow along the interlayer links on
sublattice A exactly cancels the flow along the interlayer links
on sublattice B. Therefore, the overall interlayer charge flow is
zero, as it must be in an eigenstate. Note also, a detailed distri-
bution of the current flow is impossible to calculate within the
current formalism since we neglect the existence of the bands
1 and 4.

One can adopt the reasoning of Sec. IV B and introduce a
topological classification of the anti-Hermitian order parame-
ters: there are three distinct classes, whose order parameters
are identical, up to multiplication on complex unity i, to the
order parameters in classes I, II, and III discussed above.
Instead of the spontaneous local densities, the ordered states
corresponding to the anti-Hermitian Q are characterized by
spontaneous interlayer currents. Depending on the topological
class, these currents may carry charge, spin, valley, spin-valley
quanta, or combinations of the above.

D. Non-Hermitian non-anti-Hermitian order parameters

In this section we demonstrate that the order parameter O
satisfying the self-consistency equation (61) may be neither
Hermitian nor anti-Hermitian. To prove this point, let us con-
sider the matrix set 90 that contains 4* diagonal matrices of
the following structure:

W = diag (wy, ..., wy), where w,, ==%1,+i. (97)

Any diagonal matrix that satisfies condition (73) unavoid-
ably satisfies Eq. (97). Therefore, all matrices W discussed
in Secs. IVB and IV C belong to the set 9. The inverse
statement is obviously not true.

The matrices that belong to 9t but violate condition (73)
can be described in terms of their diagonal elements (up to a

TABLE I. Classification of non-Hermitian non-anti-Hermitian
order parameters. All matrices OF described by Eq. (100) can be
split into three types according to the number of real eigenvalues.
Each column of the table represents one of these types. We use the
following notations: 1 stands for a real eigenvalue, +i stands for an
imaginary eigenvalue, and the binary indices k = £1 and x = £1
are the same as in Secs. [V B and IV C. Within each type, additional
subtypes can be defined, according to the number of minus signs
in front of real and imaginary eigenvalues (up to a permutation of
eigenvalues). Any diagonal order-parameter matrix set by Eq. (100)
belongs to one and only one subtype defined in this table.

1 real eigenvalue 2 real eigenvalues 3 real eigenvalues

(%1, £i, £i, £0) (%1, £1, £i, £i) (£1, £1, £1, +i)
ke, X, ix,ix) kK, 0, 1X) (K, ke, 6, 0X)
(K, ix, i, —0) (K, K, 0, —0) (€, 1,—1,ix)
(1, =1, ix,ix)
(1, =14, =0
permutation) as follows:
==£1, wy==l1,4, ==+1,+i, ws= =i
(98)

For matrices W of this type the self-consistency condition
splits into four decoupled equations. However, not all of these
equations are identical. It is easy to demonstrate that the
diagonal elements of D satisfy

A, if w, =1
I = {A, if  w, = +i. ©9)
Diagonal order parameter OF equals
O = diag(wd,, . .., wady). (100)

Nondiagonal Q' can be obtained by application of a unitary
transformation. We clearly see that all such order parameters
are neither Hermitian nor anti-Hermitian.

The order parameter (100) represents a state that includes
the features of both the Hermitian and the anti-Hermitian
order-parameter states. If w, is real, the nonvanishing
symmetry-breaking observable for this multi-index m is the
local density (8n;,,) # 0, as in Sec. IV B, otherwise, it is the
interlayer current (/) # 0, as in Sec. IV C. Table I presents
a classification scheme for these ordered phases.

V. DISCUSSION

Due to peculiar features of the honeycomb lattice, the
single-electron dispersion in graphene and graphene-based
systems is characterized by an additional quantum number,
valley index. Although, in many respects, the valley index
differs from the spin projection, it is possible to formulate a
theory that incorporates these two quantum numbers on an
equal footing. Our paper presents such a theory for the specific
case of AA-BLG.

An SU(4)-symmetric [SU(4)S] theory of a graphene-based
system cannot serve as an ultimate model describing elec-
tronic properties in detail. Yet, it is a helpful theoretical
tool. Let us recall that the presence of the valley degener-
acy in graphene-based materials opens new possibilities for
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electron-electron scattering and electron low-temperature or-
dering. In such a situation, an accurate “bookkeeping” of all
scattering and ordering channels may be quite challenging. A
study of an SU(4)S model should be viewed as a physically
motivated approach aiming at developing a concise classifica-
tion scheme of the ordered states in graphene-based materials.

The discussion presented above attests both to difficulties
that one faces when trying to itemize all allowed ordered
phases in AA-BLG, and to usefulness of an SU(4)S model for
such an endeavor. Our main result here is the derivation of the
self-consistency Eq. (68) and the list (possibly, incomplete) of
ordered phases satisfying this equation. One should appreciate
the length of this list, as well as the fact that all these dissimilar
many-body states have been identified within a single unifying
approach, as solutions to Eq. (68).

At the same time, the proposed method suffers from several
limitations that require additional research. One must remem-
ber that a single state with lowest energy inevitably becomes
the true ground state. Trying to use the SU(4)S model to de-
termine which state is the ground state, we discover that quite
dissimilar phases aggregate into broad multiplicities, with all
phases in a multiplicity being degenerate and connected to
each other by suitable SU(4) Bogolyubov transformations.
For example, class II of the Hermitian ordered phases unites
SDW, VDW, and SVDW into a single group of degenerate
states. This “blindness” of the classification is a consequence
of consideration of the spin and valley indices on an equal
footing.

Clearly, a more realistic theory must distinguish the valley
quantum, of purely orbital origin, and spin, a consequence of
the relativistic Dirac-equation physics. In a general situation
one expects that non-SU(4)S terms in the Hamiltonian destroy
the spin-valley symmetry, and lift multiple degeneracies of the
SU(4)S model. In this respect, we already identified the back-
scattering interaction as a non-SU(4)S term. Other possible
non-SU(4)S contributions may emerge when electron-lattice
coupling is taken into account. The short-range interaction
is also incompatible with the SU(4)S. Additionally, external
influences (electric and/or magnetic fields, substrate choice,
deformations, etc.) engineered for a specific purpose (e.g., sta-
bilizing a specific type of order parameter) must be considered
as well.

Under such circumstances, we expect that the true ground
state will be chosen from the list as a result of the interplay
of various nonuniversal and, possibly, sample-specific factors.
Situations of this sort, when multiple states compete against
each other to become the true ground state, are known to
appear in doped Hubbard model [7,9,10], and models with
nesting [8,14,15,23-26]. Unlike these, for our SU(4)S model
such competition occurs already at zero doping. However, the
aspect common for both types of models is the importance
of numerous nonuniversal contributions affecting the final
outcome of the competition [7].

Two additional questions for the future research are (i) the
completeness of the ordered phase list and (ii) the stability of
the phases in that list. In connection to (i) we must say that
within our formalism this problem becomes a purely mathe-
matical task of exhausting all possible solutions to Eq. (68).
Currently, we do not know if ordered states other than those
discussed in Sec. IV can be identified.

As for (ii), we want to emphasize that a stability study
of an ordered state may be very complicated, and any
self-consistency equation is insufficient to establish stability
or metastability of its solutions. For a mean field theory,
like ours, one can compare mean field energies for various
states. For example, it is easy to show that, for positive
V,, the Hermitian order-parameter state has lower energy
than the anti-Hermitian when V_ > 0. For negative V_, the
anti-Hermitian order-parameter states have lower mean field
energy. For any sign of V_, the order parameter (100) has the
energy that is in-between the two.

The latter argumentation, however, ignores the issue of the
non-mean-field fluctuations. They are important for two rea-
sons: the fluctuation-induced contributions to the energy can
potentially lift the degeneracies between different multiplici-
ties [21], and the fluctuations can completely destroy the order
through the Mermin-Wagner-Hohenberg mechanism. These
two problems are the two sides to the same looming question:
the reliability of the mean field theory. While, at present, it is
impossible to address this question in full generality, a good
measure of theoretical understanding is already available. For
AA-BLG and other two-dimensional systems, it is expected
that the mean field theory is valid at zero temperature, at least
qualitatively. Zero-temperature fluctuation corrections to the
mean field energy may be of the same order as the mean
field energy itself [21]. This does present a certain theoretical
difficulty [27]. Fortunately, these corrections often can be in-
terpreted [7,27] as (weak) renormalizations to the interaction
constants, which allows one to preserve the general mean field
structure of the theory.

As for Mermin-Wagner-Hohenberg mechanism, it is well
recognized that any non-Ising order in a two-dimensional
system cannot endure finite temperatures. Yet, the destroyed
order does not disappear completely, but rather survives in
the form of short-range correlations, which gradually vanish
through a crossover. For a specific case of the SDW in AA-
BLG, qualitative theory of this crossover was discussed in
Ref. [15].

As we noted in Sec. I, our analysis of the order-parameter
symmetries in the AA-BLG is an extension of the approach
proposed by Nandkishore and Levitov in Ref. [21] for AB-
BLG. However, the authors of Ref. [21] limited themselves
by the study of Hermitian order parameters only. We guess
that including in the consideration non-Hermitian orders in the
AB-BLG is of interest and can be performed using the present
approach. Of a particular interest is the study of the order
parameters in twisted bilayer graphene. At low-twist angles
(and at magical angles, in particular), this system can be
considered as a periodic arrangement of regions with AA and
AB stacking. Thus, the analysis of the possible symmetries
of the order parameters in “aligned” bilayers (AB-BLG and
AA-BLG) can be considered as a first step for study of the
twisted graphene systems.

Finally, we want to mention that the proposed approach
may be useful for classification of superconducting order pa-
rameters in graphene-based systems. However, in this case the
consideration requires a significant modification. In particular,
we should take into account effects of doping. So, the analysis
of the superconducting orders is beyond the scope of this work
and is the topic of further studies.
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To conclude, we present a SU(4)-invariant model for the
AA-BLG and investigate this model within the mean field
approximation. The derived matrix self-consistency equa-
tion demonstrates rich diversity of solutions, every solution
representing a stationary ordered many-body phase of our
model. This wealth of the ordered states with close energies
indicates that in the AA-BLG several ordered phases compete
against each other to become the true ground state. Symmetry-
based classification of the discussed phases is developed.
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APPENDIX: CALCULATION OF THE
SYMMETRY-BREAKING AVERAGE

To derive the self-consistency relation in the form of
Eq. (60) we need to express NC_' Zq(@)q) in terms of Q.
A convenient approach to address this task is to use the
Hellmann-Feynman formula

0H\ 0K,

A’

where H is a Hamiltonian dependent on some parameter A,
and Ey = Ey(A) is the ground-state energy of H (A).

To adopt the latter formula to our mean field approxima-

tion, we need to look for extrema of EMF = EMF(Q, OT) over

0. Since O is a matrix, it is useful to introduce the differen-
UX) -
axX

(AD)

tlatlon over a matrix. Namely, the derivative s a matrix

A~

Y = ax ! whose elements Vg are equal to
af
Vst = s (Az)
axs’s

where x,y are elements of X. This definition implies that

ad R N
—Tr(AX) =A, A3
% (AX) (A3)
provided that A itself is independent of X. Using these no-
tations and the theorem (A1), we obtain for our mean field
Hamiltonian (56)

. EMF
— Z (©0) = —Z 57 (Ad)
EMF

where EMF is the ground-state energy (per unit cell) for AMF
[see Eq. (57)].

To calculate EMF it is convenient to write HMF [Eq. (56)]
as follows:

=) D, (A6)
q
In this formula the eight-component vector QJII equals
= (W, W), (A7)

where band-specific vectors \IJ:;S (s = 2, 3) are introduced ac-
cording to

_ (ot o o o
\p‘;s - (Vthl’ Yasikp Yastk,» VqsiKz)‘ (A8)
Symbol 7:lq in Eq. (A6) is the 8 x 8 matrix defined as
2 Eq]Lt _QT
where g4 = vr|q| —
The energy EMF then equals
= — Z Z MY (—£M), (A10)

where ¥ (x) is the step function, and 5&”) is the nth eigenvalue
of Hgq. Thus, we need to calculate the eigenvalues of Hgq. It
is more convenient to replace the matrix Hq with its complex
conjugate ¥, which, however, has the same set of 81(1"). The
eigenvalue-eigenvector relation for Hg reads as

Eq _QT o1 o1
L All
(o )@)=s()  an
Excluding ¢, from this equation, we derive
(Ea—ca)pr = 0'0¢1. (A12)
Thus, the eigenenergies of 7:lq are
& =+ /el +d?, (A13)

where d2 i=1,...,4, are the eigenvalues of the positive-
semldeﬁmte 4x4 matnx 0. Since the trace of a matrix is
invariant under unitary transformations, we derive

EMF _1% 3 Te(e2 + 070) . (Al4)
¢ q

The final step is to find the derivatives dEMF/90 and
OEMF /90" . For this goal, we expand Eq. (A14) in powers of
070. Using definition (A2), we can demonstrate that

0'0)" =nQ(Q'0y"". (A15)
We see that the differentiation rule for this monomial is es-
sentially identical to the rule for differentiating a product
of commuting variables. Such a simplification occurs due to
invariance of the trace under cyclic permutation of multipliers
under sign of the trace. This allows us to perform a resumma-
tion of the power series and derive

dEMF 1 _

T M AN

Thus we obtain the self-consistency condition (60). Similarly,
one can derive

OEMF 1 (
30 2N, .

ea+0'0) %Q (A17)

which can be used in Eq. (AS).
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