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Kondo temperature evaluated from linear conductance in magnetic fields
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We theoretically and experimentally study the universal scaling property of the spin- 1
2 Kondo state in the

magnetic field dependence of bias-voltage linear conductance through a quantum dot at low temperatures.
We discuss an efficient and reliable procedure to evaluate the Kondo temperature defined at the ground state
from experimental or numerical data sets of the magnetic field dependence of the linear conductance or the
magnetization of the quantum dot. This procedure is helpful for quantitative comparison of the theory and the
experiment, and useful in Kondo-correlated systems where temperature control over a wide range is difficult,
such as for cold atoms. We demonstrate its application to experimentally measure electric current through a
carbon nanotube quantum dot.

DOI: 10.1103/PhysRevB.108.205147

I. INTRODUCTION

The Kondo effect is a typical many-body phenomenon
of electrons in metals and has been thoroughly studied for
over 60 years [1,2]. It is a phenomenon in which a localized
magnetic moment of a magnetic impurity, or quantum dots,
is screened by conduction electrons to form a many-body
singlet ground state. Simultaneously, the Kondo resonance
state emerges in the impurity or the quantum dot at the
Fermi level of the conduction electrons. In quantum dots, the
tunneling through the resonance state enhances the electric
current between two leads at low temperatures. The Kondo
effect in quantum dots has been experimentally observed as
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an increase of bias-voltage linear conductance with lower-
ing the temperature in dilution refrigerators [3–5]. Recently,
the Kondo effect has been intensively investigated in vari-
ous physical systems, such as dilute magnetic alloys, heavy
fermions [1], quantum dots [3–5], cold atoms [6–9], and quark
matter [10,11].

A prominent feature of the Kondo effect is the scaling
universality in the temperature dependence of physical quan-
tities and their response to external fields at lower energies
than a scaling energy. The scaling energy is called the Kondo
temperature. At much lower temperatures than the Kondo
temperature, the local Fermi liquid describes the properties of
the Kondo effect, which is an extension of Landau’s Fermi
liquid to impurity or quantum dot systems [12,13]. In the
local Fermi liquid theory, only one parameter given by the
Kondo temperature describes the low-energy state. Namely,
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the Kondo temperature is the essential quantity to understand
the low-energy properties of the Kondo effect.

The Kondo temperature can be deduced from low-energy
properties, such as the ground-state value of magnetic sus-
ceptibility, the coefficient of the T -linear specific heat, or the
width of the Kondo resonance. In experiments, the Kondo
temperature is usually determined by the energy scale of the
crossover transition between low and high energies. However,
it is challenging to specify the crossover transition point,
such that it is quantitatively consistent with the theoretically
defined Kondo temperature. Evaluation of the Kondo temper-
ature that is quantitatively consistent with theory is the key
to exploring the frontier of the local Fermi liquid nature of
the many-body state, such as nonlinear current and current
due to the Kondo correlation [14–21]. It is also demanded to
investigate systems in which the Kondo effect competes with
other correlation effects, such as superconductivity and spin-
orbit interaction [22–26]. This paper aims to show an efficient
and reliable procedure to evaluate the Kondo temperature that
is quantitatively consistent with local Fermi liquid theory from
a data set of magnetic field dependence of linear conduc-
tance through a quantum dot. Our procedure is extendable to
magnetic field dependence of other quantities in a variety of
Kondo correlated systems.

In 1998, Goldhabar-Gordon et al. devised an empirical
formula for the temperature dependence of the linear conduc-
tance of electric current through a quantum dot connecting to
two electric leads [3,4,16,17]. They assume a simple analytic
function,

Gemp(T ) = G0

⎡⎣1 +
(

T

T̃ emp
K

)2
⎤⎦−s

, (1)

as the temperature dependence of the linear conductance.
Here, G0 = 2e2

h
4�L�R

(�L+�R )2 , and the Kondo temperature is em-

pirically determined by T̃ emp
K = T emp

K /
√

21/s − 1 so that
Gemp(T emp

K ) = G0/2. �L(�R) is the linewidth due to the elec-
tron tunneling between the left (right) lead and the dot, as
defined in the next section. The curve fitting to a set of data
calculated by the numerical renormalization group (NRG)
approach for the spin- 1

2 Anderson impurity model determines
the fitting parameter as s = 0.22. Mesoscopic physicists have
frequently applied the curve fitting to experimental data to
evaluate the Kondo temperature, taking Eq. (1) as the model
function and T emp

K as the fitting parameter. Kretinin et al.
showed that this empirical Kondo temperature relates to the
Kondo temperature defined in the local Fermi liquid theory
TK given in Eq. (8) as

T emp
K = η(U ) TK, (2)

with η(U ) that depends on the Coulomb interaction U at
the dot site [16]. Namely, the empirically evaluated Kondo
temperature demands an extra factor to be consistent with the
Kondo temperature defined in the local Fermi liquid theory.

In this paper, we theoretically investigate the scaling
universality in magnetic field dependence of the linear
conductance of a quantum dot, using the numerical renormal-
ization group approach and the Bethe ansatz exact solution.
Strong magnetic fields suppress the Kondo effect, as it has

also been observed in transport experiments of quantum dots
[3–5,27–29]. Exploiting the universal curve of the magnetic-
field scaling at T = 0, we develop a simple procedure to
evaluate the Kondo temperature of the local Fermi liquid
theory from magnetic field dependence of the linear conduc-
tance, while Goldhabar-Gordon’s approach given by Eq. (1)
uses the excited state. Then, we examine our procedure for
experimental data on electric current measured in a carbon
nanotube quantum dot.

There have already been a lot of preceding works on mag-
netotransport and magnetic properties in the Kondo impurity
and the Kondo dot [28–41]. We here develop a way to eval-
uate the Kondo temperature with the use of the universal
curve of the bias-voltage-linear magnetoconductance. In our
previous work, we evaluated the Kondo temperature using
the universal curve of the bias-voltage bias-voltage-nonlinear
magnetoconductance [20]. This curve fitting of the linear
conductance still has the following advantages. The linear
conductance is a monotonous function of the applied magnetic
field, as seen in this paper, while the nonlinear one is non-
monotonous. Naively, the measurement and evaluation of the
Kondo temperature for the linear conductance is simpler and
easier than that for the nonlinear one in experiments. In par-
ticular, the Kondo temperature evaluated from the magnetic
field dependence in our approach is quantitatively consistent
with the one defined by the linewidth of the quasiparticle in
the local Fermi liquid theory. In semiconductor nanodevice
experiments, manipulation of the magnetic field is more stable
and easy than temperature control. Indeed, it is technically
demanding to systematically address the temperature between
1 K and 4 K in dilution refrigerators. In addition, changing
temperature could be more challenging in other systems, such
as cold atoms. Therefore, our method using magnetic fields
is promising for extending the research field of the Kondo
physics.

This paper is organized as follows. In Sec. II, we introduce
our model of a quantum dot system and explain the calculation
of the linear conductance. In Sec. III, we discuss the universal
behavior of the Kondo state on the magnetic field dependence
of the linear conductance through a quantum dot and our way
to estimate the Kondo temperature from the magnetic field
dependence. Then, in Sec. III, we demonstrate its application
to experimental data measured in a carbon nanotube quantum
dot. Finally, in Sec. IV, we summarize the paper.

II. MODEL AND CALCULATION

We introduce the model to describe a quantum dot, where
the Kondo state enhances the electric current. We also define
the Kondo temperature in the local Fermi liquid theory. Then
we show an analytical result of the linear conductance under
applied magnetic fields, using the Bethe ansatz exact solution.

A. Model

Let us consider a quantum dot connected to two electric
leads, which is described by the spin- 1

2 Anderson impurity
model

HA = Hd + Hc + HT (3)
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with

Hd =
∑

σ

εdndσ − μBB md + Und↑nd↓, (4)

Hc =
∑
γ σ

∫ D

−D
dε εc†

εγ σ cεγ σ , (5)

HT =
∑
γ σ

(vγ d†
σ ψγσ + v∗

γ ψ†
γ σ dσ ). (6)

Hd represents that electrons interact with each other by the
Coulomb interaction U at the energy level of the quantum
dot εd under the applied magnetic field B. ndσ (:=d†

σ dσ ) is
the operator of the electron occupation at the dot site and
md(:=nd↑ − nd↓) is the magnetization, where the operator dσ

annihilates an electron with energy εd and spin σ =↑,↓ at
the dot site. μB is the Bohr magneton and we set the g factor
as g = 2. Hc represents the conduction electrons in the left
lead γ = L and the right lead γ = R with half width of the
conduction band D. The operator cεγ σ annihilates an electron
with energy ε and spin σ in the lead γ , and satisfies with the
anticommutation relation {c†

εγ σ , cε′γ ′σ ′ } = δ(ε − ε′) δγ γ ′ δσσ ′ .
HT represents electron tunneling between the dot and the
leads via the tunneling matrix vγ and ψγσ := √

ρc

∫ D
−D dε cεγ σ

with ρc the density of states of the conduction electrons. The
linewidth of the dot level due to the electron tunneling is

� := 1
2 (�L + �R), �γ := 2πρcv

2
γ . (7)

We measure εd and ε from the chemical potential of the leads
at equilibrium μL = μR = 0. We use h̄ = kB = 1 throughout
this paper.

In this paper, we define the Kondo temperature by �̃ the
renormalized linewidth of the quasiparticle of the local Fermi
liquid in the form

TK := π�̃

4
. (8)

The linewidth of the quasiparticle is given by the wave func-
tion renormalization factor z as �̃ = z� in the microscopic
theory. The renormalization factor

z =
[

1 − ∂�r
dσ (ω)

∂ω

∣∣∣∣
ω=0

]−1

(9)

is given by �r
dσ (ω) the self-energy of the retarded Green’s

function for the electrons in the dot at absolute zero. We note
that the Kondo temperature is also determined by the spin sus-
ceptibility χs = μB∂〈md〉/∂B|B=0,T =0 or the T -linear specific
heat coefficient γd = limT →0 C(T )/T . Here, md = nd↑ − nd↓
is the magnetization at the dot, and C(T ) is the specific heat.
This definition is consistent with Eq. (8) in the Kondo regime:
χs/μB

2 = (6/π2)γd = T −1
K in the Kondo limit.

B. Linear conductance

The linear conductance of the electric current through the
quantum dot with applied bias voltages between leads L and
R at absolute zero in the magnetic fields is given in the form

G = G0

2

∑
σ

sin2 δσ . (10)

The conductance is given only by the phase shift δσ that
describes the Kondo ground state. Friedel’s sum rule relates
the phase shift δσ to the number of the electrons at the dot
as δσ = π〈ndσ 〉. At the half-filling point εd = −U/2, the con-
ductance is given by the magnetization at the dot 〈md〉 in a
simple form [37],

G = G0 cos2

(
π

2
〈md〉

)
, (11)

because the particle-hole symmetry fixes the total number of
the electrons at the dot site as 〈nd〉 = 1 with nd = nd↑ + nd↓.
We use the numerical renormalization group approach and the
Bethe ansatz exact solution (BAES) to calculate the electron
occupation and the magnetization at the dot.

Next, we consider extending the applicability of Eq. (11)
to the Kondo regime where � 
 −εd and � 
 U + εd. The
first inequality means that either one or two electrons occupy
the dot, while the second inequality excludes two-electron
occupation. The charge fluctuation is drastically suppressed
as χc/χs 
 1, with χc = − ∂〈nd〉

∂εd
the charge susceptibility.

This results in the total number of electrons at the dot site
being locked at 〈nd〉 � 1.0 in the Kondo regime. Therefore,
the conductance in the Kondo regime is given in the form
G � G0 cos2( π

2 〈md〉) with Eq. (11).
In the Kondo regime we have the exact solution for the

Kondo model (see Appendix A) [42]. The magnetic field
dependence of the magnetization is given in simple series and
integral as

〈md〉 =
∞∑

n=0

(−1)n

n!

(
π

4

)n

(2n + 1)n− 1
2

(
μBB

TK

)2n+1

(12)

for μBB � √
2/(eπ ) TK, and

〈md〉 = 1−π− 3
2

∫ ∞

0
dx sin(πx)

�
(
x + 1

2

)
xx+1

(
2

π

)x(
μBB

TK

)−2x

(13)

for μBB >
√

2/(eπ ) TK. Here, we note that
√

2/(eπ ) =
0.4839 . . . .

Using this exact result, we also derive the asymptotic form
of the conductance for small and large magnetic fields. For
small magnetic fields μBB 
 TK, the linear conductance is
given up to the leading B-dependent term in the form [33,36]

G(B) = G0

[
1 − π2

4

(
χs

μB

B

)2
]

+ O
[ (

χs

μB

B

)4
]

= G0

[
1 − π2

4

(
μBB

TK

)2
]

+ O
[ (

μBB

TK

)4
]
. (14)

For large fields μBB  TK, the conductance up to the leading
B dependence is given in the form

G(B) ∼ G0
π2

16

[
ln

(
μBB√

2/(eπ )TK

)]−2

. (15)

III. RESULTS AND DISCUSSION

We theoretically discuss the universal scaling property of
the linear magnetoconductance. Then, using the universal
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FIG. 1. Magnetization 〈md〉 at particle-hole symmetric point (εd = −U/2) as a function of magnetic field B at absolute zero for (a) small
U/(π�)(�1) and (b) large U/(π�)(�1.5). The resulting linear conductance G for (c) small U/(π�)(�1) and (d) large U/(π�)(�1.5). The
broken lines and the data points are calculated by the NRG approach. The thin (blue) solid lines are the conductance at absolute zero for the
noninteracting limit U = 0, which are calculated by the exact solution (ES). The thick solid (black) lines are the conductance for the Kondo
limit (U  �), which are calculated by the Bethe ansatz exact solution. In this figure, we use the Kondo temperature TK of the local Fermi
liquid theory, given by Eq. (8) at B = 0. The arrow in (b) and (d) indicates the magnetic field at which the conductance and the magnetization
takes half of the zero field value.

scaling property, we devise a procedure to evaluate the
Kondo temperature. We finally demonstrate its application
to experimental data of conductance of a carbon nanotube
quantum dot.

A. Universal scaling of conductance under magnetic field

We show the magnetization and the linear conductance as
a function of the applied magnetic field B at the half-filling
point εd = −U/2 and T = 0 in Fig. 1. We used the numerical
renormalization group approach for finite U ’s, the exact result
for the noninteracting limit U = 0, and the Bethe ansatz exact
solution for the Kondo model U  � to calculate the quan-
tities. The magnetic field is scaled by the Kondo temperature
determined by Eq. (8) at the zero field B = 0 for each strength
of interaction U , to investigate the universal scaling properties
of the Kondo effect.

For a small Coulomb interaction U/(π�) � 1, the curve
of the magnetic field dependence of the magnetization and the
conductance continuously transits between the noninteracting
limit and the Kondo limit, as seen in Figs. 1(a) and 1(c). The
data points of the magnetic field dependence of the magne-
tization and the conductance for a large Coulomb interaction
U/(π�) � 1.5 collapse to a single curve that is given by the

Kondo model for μBB < TK as seen in Figs. 1(b) and 1(d),
because of the Kondo universal scaling property. However, for
large magnetic fields μBB > TK, the spin fluctuation becomes
less pronounced, and the data points consequently deviate
from the curve of the Kondo model to the curve for the
noninteracting limit U/(π�) = 0.

Let us consider a procedure to evaluate the Kondo temper-
ature from a measurement of the magnetic field dependence
of the linear conductance. As seen in Figs. 1(b) and 1(d), the
magnetic field B̄ at which the conductance takes the half value
of the zero-field value G(B̄) = G(0)/2 stays on the universal
μBB/TK scaling curve. Therefore, at this point, the universal
function gives the following relationship between the mag-
netic field B̄ and the Kondo temperature:

1
2 gμBB̄ = cB TK. (16)

Here, we reinserted the g factor. We numerically calculate the
coefficient cB using the exact solution for the Kondo model
given by Eq. (13) with three significant figures as

cB = 0.774. (17)

Our idea is to exploit the relation given by Eq. (16) to
efficiently and reliably evaluate the Kondo temperature from
a data set of magnetic field dependence of the measured
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conductance in the Kondo regime. We apply Eq. (16) to an
experimental data set in Sec. III C and demonstrate evaluation
of the Kondo temperature. We note that the magnetization at
B = B̄ also takes half of the value at the fully polarized limit
〈md〉|B→∞ = 1 as

〈md〉|B=B̄ = 1
2 (18)

for large U as seen in Fig. 1(b). This relation of the magneti-
zation is useful to evaluate the Kondo temperature of systems
in which conductance is challenging to be observed, for ex-
ample, the Kondo effect in cold atoms [6,7,9].

B. Empirical formula for magnetic field dependent conductance

We also present an empirical formula for the magnetic field
dependence of the linear conductance similar to the temper-
ature dependence given in Eq. (1). We introduce a formula
of magnetic-field dependence of the linear conductance that
takes a similar form to the temperature dependence given in
Eq. (1), as

GB
emp(B) = G0

[
1 +

(
B

B̃emp

)2
]−t

. (19)

Because we set that the empirical formula takes half of the
zero field value at B = B̄ as GB

emp(B̄) = G0/2, the Kondo

temperature relates to B̃emp = B̄/
√

21/t − 1 via Eq. (16). We
numerically determine the value of the fitting parameter t as

t = 0.498, (20)

using the least squares fitting to the universal part (μBB < TK)
of the conductance curve of the spin- 1

2 Kondo model: We here
prepared 2000 data samples of the conductance for equally
spaced magnetic fields from μBB = 0 to TK, using the exact
solution of the spin- 1

2 Kondo model. We note that the parame-
ter t is independent of the gate voltage as long as the system is
in the Kondo regime or the Kondo plateau in which the charge
fluctuation is suppressed 〈nd〉 � 1.0.

We compare the obtained empirical conductance with the
exact solution of the Kondo model in Fig. 2. Indeed, the em-
pirical equation and the exact solution agree well at magnetic
fields below the Kondo temperature μBB < TK while two
curves gradually deviate from each other at the higher fields
μBB � 2TK.

The empirical formula asymptotically behaves at low fields
μBB 
 TK as

GB
emp(B) = G0

[
1 − t (21/t − 1)

c2
B

(
μBB

TK

)2
]

+ O
[ (

μBB

TK

)4
]

= G0

[
1 − 2.51 ×

(
μBB

TK

)2
]

+ O
[ (

μBB

TK

)4
]
.

(21)

This asymptotic form of the empirical formula agrees rea-
sonably with the exact one given in Eq. (14) since π2/4 =
2.467 . . . . At high magnetic fields μBB  TK, the empirical

FIG. 2. The linear conductance calculated by the empirical for-
mula for the magnetic field dependence, given in Eq. (19) (the solid
line), and comparison with that of the exact solution of the Kondo
model (dashed line for μBB < TK and dotted line for μBB > TK ). The
parameter t of the empirical formula is determined to fit the universal
part (μBB < TK) given by the exact solution. The dashed-dotted line
and the dashed double-dotted line are asymptotes given by Eq. (14)
for μBB 
 TK and Eq. (15) for μBB  TK, respectively.

formula asymptotically behaves as

GB
emp(B) ∼ G0

(
21/t − 1

c2
B

)−t(
μBB

TK

)−2t

= 0.447 × G0

(
μBB

TK

)−1.02

. (22)

This is not consistent with the exact asymptotic form given in
Eq. (15). This tendency is clearly seen in Fig. 2 at magnetic
fields of μBB ∼ 10TK, where the deviation of the empirical
formula from the exact one gradually develops. Nevertheless,
the empirical formula has a practical merit as it is a simple
function and agrees reasonably well at μBB � 2TK with the
exact result for which some extra calculations are needed to
obtain the conductance from Eqs. (11)–(13).

We exploit the magnetic field dependence of the ground
state to estimate the Kondo temperature while Goldhaber-
Gordon uses the temperature dependence of the excited states.
In the next section, we apply our method given in Eq. (16)
and Goldhaber-Gordon’s empirical formula to experimental
data to evaluate the Kondo temperatures. Then, we compare
the results obtained by the two different procedures. In our
experiments, we estimate the interaction strength to be 2 �
U
π�

� 3 from observation of the Coulomb diamonds. Corre-
spondingly, we adopt η(U ) = 1.1 following the one estimated
in the experiment by Kretinin et al. [16]. Then, the Kondo
temperatures estimated by the two methods are consistent in
our experiments.

C. Application to experimental data

We demonstrate an application of Eq. (16) to experimental
data of conductance measured in a carbon nanotube quantum
dot connected to two aluminum leads in a dilution refrigerator
[18–20,25] to evaluate the Kondo temperature of the dot. We
show the linear conductance as a function of the gate voltage
corresponding to the dot level with varying applied magnetic
field from 0.08 T to 4.08 T at 16 mK in Fig. 3(a), and for
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Ridge A

Ridge A

Ridge B

Ridge B

0.08 T

4.08T

16 mK

780 mK

FIG. 3. Experimentally measured linear conductance G as a function of gate voltage Vg (a) at 16 mK with magnetic fields from 0.08 T
to 4.08 T in 0.25 T steps, and (b) at 0.08 T and for several temperatures (16, 80, 180, 280, 380, 480, 580, 630, 680, 730, and 780 mK).
The left conductance ridge around Vg ∼ 21.1 V and right one around Vg ∼ 22.6 V are labeled as Ridges A and B, respectively. (c and d)
Evaluated Kondo temperature TK for Ridges A and B, respectively. The Kondo temperature is evaluated by using Eq. (16) for the magnetic
field dependence of the conductance (•) and the empirical formula given in Eq. (1) (�) with η(U ) = 1.1 for the temperature dependence of
the conductance. The solid and dashed lines are the fitting curves given by Eq. (B1).

temperatures from 16 mK to 780 mK at 0.08 T in Fig. 3(b). A
small finite magnetic field remains even at the minimum mag-
netic field to kill the superconductivity in the aluminum leads.
There are two regions in which the spin Kondo effect enhances
the conductance around Vg ∼ 21.1 V and Vg ∼ 22.6 V in
Figs. 3(a) and 3(b). We refer to these regions as Ridge A
and Ridge B for the convenience of discussion. The value of
the gate voltage for each ridge corresponds to the dot level
through εd = α U (Vg − V0) with the α factor that presents the
lever arm to tune the dot level.

As seen in Fig. 3(a), an increase in the magnetic field
suppresses the Kondo effect and it results in decreases in the
conductance in both Ridges A and B. Because of the shapes
of Ridges A and B, it is found that the Kondo effect fully

grows the conductance at the lowest magnetic field in the
experiment. Thus, the Kondo effect in both ridges developed
enough even at a nonzero small field B = 0.08 T, and we
consider that the conductance reaches the value of the low-
temperature limit G0. The height of the ridges also turns out
that the lead-dot connection is almost symmetric �L � �R in
Ridge B while it is asymmetric �L �= �R in Ridge A.

Here, let us evaluate the Kondo temperature of the two
ridges to the experimental data of the magnetic field de-
pendence of the linear conductance shown in Fig. 3(a).
Specifically, we estimated B̄ by applying linear interpolation
to the two magnetic-field B points that give the conductance
G(B) � G(B0 = 0.08 T)/2 to determine the Kondo tempera-
ture through Eq. (16). We also carried out this procedure for

205147-6



KONDO TEMPERATURE EVALUATED FROM LINEAR … PHYSICAL REVIEW B 108, 205147 (2023)

FIG. 4. The linear conductance as a function of the applied magnetic field scaled by the Kondo temperature for several choices of gate
voltage Vg corresponding to the Kondo regime. (a) Ridge A with an asymmetric lead-dot connection and (b) Ridge B with a symmetric
lead-dot connection. The magnetic field is scaled by the Kondo temperature given in Fig. 3. The solid line is the conductance calculated by the
Bethe ansatz exact solution for the Kondo model, which is normalized by the value at zero fields B = 0, G(0) = G0. The data points are the
experimentally observed conductance (a) for Vg from 20.98 V to 21.18 V in 0.02 V steps in Ridge A and (b) for Vg from 22.48 V to 22.68 V
in 0.02 V steps in Ridge B. The experimental conductance is normalized by its value at the lowest field, 0.08T, instead of its zero field value.
The values of the Kondo temperature, determined by the magnetic field dependence for each gate voltage, are used. The dashed lines are the
formula for the low fields, given by Eq. (14).

several gate voltages in the Kondo regime, for both Ridges A
and B shown in Fig. 3(a). We take the g factor of our carbon
nanotube quantum dot as g = 2 similarly to this theoretical
analysis so far [43]. We plot the obtained values of the Kondo
temperature TK as functions of the gate voltage Vg in Ridges
A and B in Figs. 3(c) and 3(d), respectively. For comparison,
we also evaluate the Kondo temperature from the temperature
dependence of the conductance shown in Fig. 3(b) by using
the empirical formula given in Eq. (1). The results are also
plotted in Figs. 3(c) and 3(d). We here use Eq. (2) and take
η(U ) = 1.1 in both Ridges A and B to compare the empirical
Kondo temperature T emp

K to the Kondo temperature evaluated
from the ground state TK, similarly to Kretinin et al. [16]. As
seen in Figs. 3(c) and 3(d), the Kondo temperatures that are
evaluated in the two different ways agree very well in both
ridges.

Finally, we also examine the universal scaling property in
magnetic field dependence of the linear conductance to test
the validity of the evaluation of the Kondo temperature in
our procedure. The linear conductance as a function of the
magnetic field scaled by the Kondo temperature in Ridges A
and B are plotted in Figs. 4(a) and 4(b), respectively. In the
figure, we scale the magnetic field by the Kondo temperature
evaluated by Eq. (16) for each Vg. We find that, for smaller
magnetic fields than the Kondo temperature μBB � TK, the
universal scaling property works very well in both ridges. This
universal scaling is observed not only at the center of the ridge
but also on a broader range of Vg from 20.98 V to 21.18 V for
Ridge A, and from 22.48 V to 22.68 V for Ridge B, where the
charge fluctuation is suppressed as 〈nd〉 � 1.0 and χc/χs 
 1.
We here conclude that our procedure to evaluate the Kondo
temperature from the magnetic field dependence works very
well. We note that outside of the gate voltage range shown in
Figs. 4(a) and 4(b), the charge fluctuation becomes larger and
the scaling universality is gradually broken. We also reported
that the universal T/TK scaling of the conductance works very

well in the Kondo plateau of Ridge B, in the supplemental
information of Ref. [18].

We examined universal scaling on magnetic field depen-
dence of the nonlinear conductance in Ridge B with the
symmetric lead-dot connection �L = �R in our previous paper
[20]. The universal scaling curve of the nonlinear conductance
is given in an intricate form of the lead-dot connections �α

[44]. However, the linear conductance depends on the asym-
metry of the lead-dot connections only through the allover
coefficient G0 that the zero field value determines as G0 =
G(0). This enables one to eliminate the asymmetry of the
lead-dot connections from the universal curve of the linear
conductance, as seen in the discussion so far. Thus, the uni-
versal curve of the linear conductance is less demanding, and
our procedure is suited to evaluating the Kondo temperature.

IV. SUMMARY

We have investigated a universal scaling property of the
bias-voltage linear response to the applied magnetic field in
a quantum dot, using the exact solution for the spin- 1

2 Kondo
model and the numerical renormalization group approach for
the spin- 1

2 Anderson impurity model. Then, we showed a
procedure to estimate the Kondo temperature for experimental
data sets using the universal curve of the magnetic field depen-
dence of the linear conductance derived by the Bethe ansatz
exact solution of the spin- 1

2 Kondo model. We also demon-
strate the application of our procedure to experimental data
of linear conductance through a carbon nanotube quantum dot
connected to two aluminum leads.

An advantage of our procedure to evaluate the Kondo
temperature is that it is applicable to systems in which the
temperature is difficult to control, such as ultracold atoms.
Although conductance is challenging to observe in cold atom
systems, the universal magnetic field dependence of the mag-
netization can be used to estimate the Kondo temperature as in
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the linear conductance. Furthermore, the magnetic field can be
varied on a broader energy range with keeping the system sta-
ble compared with the system temperature in semiconductor
systems. Temperature can also be tuned in a broader energy
range in principle, but the thermal cycle with a large tem-
perature range usually gives rise to some changes in system
parameters. As seen in our experiment, the applied magnetic
field is often varied with a broader energy range than the
temperature.

In the paper, the g factor has been fixed at g = 2. However,
in some actual systems, the g factor is unknown. The g factor
can be determined by estimating the Kondo temperature in
addition to the magnetic field dependence in other ways. For
example, we can estimate B̄ from magnetic field dependence
of conductance and the Kondo temperature from temperature
dependence. Then, we can estimate the g factor by using
Eq. (16).

We can also extend this method to determine the Kondo
temperature of systems with orbital degeneracy. However, we
need to carefully introduce the arrangement of orbitals into the
model, because the response of orbitals to applied magnetic
fields depends much on materials.
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APPENDIX A: KONDO MODEL

We decompose the conduction electrons in left and right
leads in the Anderson impurity model (3) to the connected
and disconnected electrons to the dot as

cεσ = vL

v
cεLσ + vR

v
cεRσ , (A1)

c̄εσ = − v∗
R

v
cεLσ + v∗

L

v
cεRσ , (A2)

with v = √|vL|2 + |vR|2. This unitary transformation rewrites
the electron tunneling and conduction electron parts of the

Hamiltonian as

Hc =
∑

σ

∫ D

−D
dε ε(c†

εσ cεσ + c̄†
εσ c̄εσ ), (A3)

HT =
∑

σ

v(d†
σψσ + ψ†

σ dσ ) (A4)

with ψσ = ∫ D
−D dε

√
ρccεσ . Thus, the disconnected state does

not contribute to the dot state and is ignored. By applying
the Schriefer-Wolf transformation to the Anderson impurity
model with U  � and 〈nd〉 ∼ 1 [45], we get the Kondo
model

HK =
∑

σ

∫ D

−D
dε ε c†

εσ cεσ

+ JK

∑
σσ ′

1

2
ψ†

σσσσ ′ψσ ′ · Sd − 1

2
gμBBSz

d (A5)

with an antiferromagnetic exchange interaction

JK = −2v2 U

εd(εd + U )
> 0. (A6)

Here, σσσ ′ is the Pauli spin matrix, Sd is the spin operator at
the dot site, and Sz

d is the z component of Sd.
We calculate the magnetization at the dot site 〈md〉 using

the Bethe ansatz exact solution of this Kondo model in this
paper.

APPENDIX B: FITTING FUNCTION
OF FIGS. 3(c) AND 3(d)

We use an exponential function with a quadratic as the
exponent,

Ffitting(Vg) = exp
[
c2V

2
g + c1Vg + c0

]
, (B1)

as the fitting curve for the gate-voltage dependence of the
Kondo temperature. Here, c0, c1, and c2 are the fitting pa-
rameters. This function is chosen to be consistent with the
asymptotic form of the gate-voltage dependence of the Kondo
temperature derived by the scaling analysis [46]. As seen
in Figs. 3(c) and 3(d), the curve given by Eq. (B1) fits the
evaluated Kondo temperatures very well. Therefore, the gate
voltage dependence of the evaluated Kondo temperature via
Eq. (16) agrees with the asymptotic behavior that is theoret-
ically expected. We note that, in principle, U and � can be
deduced from the fitting parameters for systems with large
Coulomb interaction U

π�
� 3. However, the error of the fitting

parameters becomes large because the Kondo temperature
is given in the exponential form and deduced interaction is
small, 2 � U

π�
� 3.
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