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Using models with static quantum many-body scars to generate time-crystalline
behavior under periodic driving
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We propose a scheme that generates period-doubled responses via periodically driving certain Hamiltonians
hosting quantum many-body scars, akin to recent experimental observations in driven Rydberg atom arrays.
Our construction takes advantage of an su(2) spectrum generating algebra associated with the static quantum-
scarred Hamiltonian, which enacts a π rotation within the scar subspace after one period of time evolution
with appropriately chosen driving parameters. This yields period-doubled (subharmonic) responses in local
observables for any choice of initial state residing in the scar subspace. The quasienergy spectrum features
atypical π -paired eigenstates embedded in an otherwise fully thermal spectrum. The protocol requires neither a
large driving frequency nor a large driving amplitude and is thus distinct from the prethermalization physics in
previous investigations of the driven PXP model. We demonstrate our scheme using several spin-1/2 and spin-1
quantum scarred models possessing an exact su(2) spectrum generating algebra, as well as a symmetry-deformed
PXP model, where the su(2) algebra is only approximate. Our results extend the class of models hosting quantum
many-body scars that can be leveraged to yield time-crystalline behaviors under periodic driving.
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I. INTRODUCTION

Quantum many-body scarring (QMBS) has now been
established as a prototypical example of weak ergodicity
breaking in quantum many-body systems [1–3]. In contrast
to quantum integrable or many-body localized systems where
the full eigenspectrum is nonthermal, quantum many-body
scars refer to a small fraction (vanishing in the thermody-
namic limit) of nonthermal eigenstates that are embedded in
an otherwise fully thermal spectrum. In many cases of inter-
est, these scar states form a tower with almost equal energy
spacings that spans the entire many-body spectrum, even at
high energies [4,5]. Therefore, the dynamics starting from
certain initial states at high temperatures exhibit nonthermal
oscillatory behaviors at late times, as was originally observed
on a Rydberg atom quantum simulator [6].

Several attempts towards a unified framework for QMBS
have been proposed [7–12], many of which encode the
scar subspace as an invariant subspace under a higher
symmetry than the Hamiltonian itself. In particular, non-
Abelian symmetries naturally furnish operators satisfying the
spectrum-generating algebra [8,13,14], giving rise to exact
towers of scar states with equidistant energies.

Recent experiments on Rydberg atom and Bose-Hubbard
quantum simulators demonstrate an enhancement of revivals
previously observed in static quantum-scarred systems via pe-
riodic driving [15,16]. Moreover, a period-doubled response
in local observables was observed for a finite window of driv-
ing frequencies, akin to discrete time crystals [17–19]. The
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experimental result is rather surprising. Discrete time crystals
evade heating up to inifinite temperature due to many-body
localization induced by disorder. Since the Rydberg atom
and Bose-Hubbard chains are disorder free, one would ex-
pect that the system thermalizes to infinite temperature under
periodic driving with a driving frequency that is away from
any prethermalization regime (i.e., ω being comparable to the
energy scale of the undriven Hamiltonian). It was further no-
ticed that time-crystalline behaviors in driven Rydberg atom
arrays only show up using the same initial states that give
rise to persistent oscillations in the static case, suggesting an
intimate connection to the existence of scars in the undriven
system. Theoretical studies of the driven PXP model, which
is believed to describe the Rydberg blockade regime, attribute
the period-doubled response therein to the emergence of two
π -paired Floquet eigenstates that are superpositions of the
Néel state and its spatially translated partner [20,21].

Unfortunately, due to the complications of the PXP model,
an analytical treatment of its driven version is only possible in
the case of either a large driving frequency/amplitude [21,22]
or a small deviation from a perfect many-body echo [20],
both giving rise to a prethermalization regime whose relation
to the actual experimental protocol is rather obscure. On the
other hand, the existence of a vast number of quantum-scarred
models with a much cleaner mathematical structure naturally
poses the question of whether it is possible to leverage the scar
states therein to generate period-doubled dynamics.

In this work, we propose a scheme that generates
period-doubled responses via periodically driving certain
quantum-scarred Hamiltonians, thereby extending the quan-
tum scar enabled time-crystalline dynamics to a broader class
of models. Our construction takes advantage of an exact su(2)
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spectrum generating algebra restricted to the scar subspace
(also known as a quasisymmetry [10]). With appropriately
chosen driving parameters, the stroboscopic evolution enacts
a π rotation within the scar subspace, which gives rise to a
subharmonic response in local observables starting from any
initial state residing in this subspace. Further inspection of
the quasienergy spectrum reveals an O(L) number of atypical
π -paired eigenstates embedded in an otherwise fully thermal
spectrum. The exact non-Abelian symmetry within the scar
subspace renders the driving protocol analytically tractable,
without invoking any perturbative treatment, in contrast to the
previously studied PXP model. We demonstrate our scheme
using several spin-1/2 and spin-1 quantum-scarred models
possessing an exact su(2) spectrum generating algebra, as well
as the symmetry-deformed PXP model, where the su(2) alge-
bra is enhanced but still approximate. Interestingly, we find
that this example shares certain similarities with the driven
PXP model, despite the distinct driving protocols.

II. GENERAL SCHEME

We start by outlining the general scheme of our construc-
tion. Our starting point is a class of static quantum-scarred
Hamiltonian that falls into the construction scheme proposed
in Refs. [10,11]. Consider the following class of models host-
ing quantum many-body scars:

H = HA + JQz. (1)

The scar subspace W is annihilated by HA: HA|ψ〉 = 0,

∀ |ψ〉 ∈ W . We require that this degenerate subspace W is
invariant under an on-site non-Abelian symmetry G and yet
the full Hamiltonian HA does not have the G symmetry. In
the second term, Qz is chosen as a (linear superposition of
a) generator in the Cartan subalgebra of G that lifts the de-
generacy of W , with the energy spacing set by J . Hereafter,
we restrict ourselves to the simplest case where G = SU(2).
The SU(2) symmetry naturally furnishes raising and lowering
operators Q± that satisfy a spectrum generating algebra within
the subspace W: [H, Q±]W = ±JQ±W . This immediately
gives rise to an equally spaced tower of exact eigenstates
of Hamiltonian (1) via repeated actions of Q+ starting from
an eigenstate of the Casimir operator and Qz with eigenval-
ues S(S + 1) and −S in W: {|�〉, Q+|�〉, . . . , (Q+)2S|�〉}.
Notice that the construction we adopt here is related to but
differs from that in Ref. [23] where the G-invariant sectors
are Casimir singlets. Many known examples of QMBS belong
to this class, including the bimagnon states in the spin-1 XY
model [24], the η-pairing states in the generalized Hubbard
model [9], the multimagnon states in the spherical tensor
construction [25], etc.

Now, let us consider the following driving protocol:

H (t ) = HA + JQz + λ(t ) Qa, (2)

where λ(t + T ) = λ(t ) with T being the driving period and
Qa denotes any generator of the su(2) algebra that does not
commute with Qz. The Floquet operator after one period
of time evolution is given by UF = T {exp[−i

∫ T
0 H (t )dt]},

where T denotes time ordering. Since HA annihilates any
state within the scar subspace, we have PWHA = HAPW = 0.
Moreover, the subspace is invariant under the SU(2) symmetry

FIG. 1. Illustration of the stroboscopic dynamics within the scar
subspace W . With appropriately chosen driving parameters, the Flo-
quet unitary enacts a π rotation about the axis n̂, giving rise to
period-doubled responses in fidelity and local observables.

generated by Qi(i = x, y, z), which means PWQi = QiPW =
Qi|W ; here Qi|W denotes the operator Qi restricted in the
subspace W . Hence the Floquet operator projected to the
subspace W takes a particularly simple form:

PWUFPW = T exp

{
−i

[
(JT ) Qz +

∫ T

0
dt λ(t ) Qa

]}
≡ exp[−iφ(n̂ · Q)], (3)

where PW denotes projection onto the subspace W . The
Floquet operator effectively generates an SU(2) rotation by
an angle φ within the scar subspace about an axis n̂; both
are determined by the driving parameters. The tower of scar
states of the undriven Hamiltonian (1) recombines to form
eigenstates along the spin axis n̂ · Q, which are eigenstates of
UF with quasienergies kφ (mod 2π ), k = −S,−S + 1, . . . , S.
If we choose driving parameters such that the rotation angle
φ = (2n + 1)π with n integer, the stroboscopic time evolution
effectively enacts a π rotation within the scar subspace, as il-
lustrated in Fig. 1. Moreover, the Floquet eigenstates residing
in the subspace W will form two bands with a quasienergy
difference of π between them. Notice that the simplification
of the Floquet unitary into the form (3) is only true within
the subspace W . For a generic choice of HA, the full Floquet
operator is quantum chaotic, with the majority of the spectrum
featuring an infinite temperature thermal state.

Consider the stroboscopic dynamics starting from an arbi-
trary initial state |ψ0〉 ∈ W , so long as it is not an eigenstate
of n̂ · Q. After time evolution of n periods, the state becomes

|ψ (nT )〉 = U n
F |ψ0〉 =

S∑
k=−S

(−1)nkck |k〉, (4)

where |k〉 denotes the Floquet eigenstates and ck = 〈k|ψ0〉.
Hence the state returns to itself only after an even number
of periods, which leads to an oscillation in the fidelity of this
initial state with twice the period of the drive. Moreover, this
subharmonic response also manifests itself in the dynamics
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of local observables. Consider the expectation value of an
operator Qb that is perpendicular to n̂: n̂ · Qb = 0. Then, the
effective π rotation immediately implies

〈Qb(nT )〉 = (−1)n〈Qb(0)〉, (5)

which also oscillates with twice the period of the drive, start-
ing from a symmetry-breaking initial state.

III. EXACT SCAR UNDER PERIODIC DRIVING

In this section, we demonstrate our general scheme out-
lined above using concrete examples which host exact scar
states.

A. Spin-1/2 chain

Consider the following time-periodic Hamiltonian of a
spin-1/2 chain:

H (t ) = J
∑

i

σ z
i−1σ

z
i+2Pi,i+1 + �

∑
i

σ x
i + λ(t )

∑
i

σ
y
i , (6)

where Pi,i+1 = 1
4 (1 − �σi · �σi+1) is a projector onto the singlet

subspace of two neighboring spins. We choose a three-step
square-pulse driving protocol:

λ(t ) =

⎧⎪⎪⎨
⎪⎪⎩

−λ, 0 � t � T
4 ,

λ, T
4 < t � 3T

4 ,

−λ, 3T
4 < t � T .

(7)

Consider first the undriven Hamiltonian. The undriven Hamil-
tonian (6) with λ = 0 belongs to a class of models originally
considered in Ref. [26]. Since Pi,i+1 projects onto the singlet
subspace, it is then obvious that the S = L

2 multiplet of the
su(2) algebra is annihilated by the first term of Hamiltonian
(6), which we identify as the subspace W . This subspace is
invariant under an SU(2) quasisymmetry generated by local
operators S = 1

2

∑
i σ i. The degeneracy of W is lifted by the

second term of Hamiltonian (6), giving rise to an exact tower
of L + 1 scar states labeled by the eigenvalues of the operator
Sx: {|S = L

2 , Sx = mx〉, mx = − L
2 , . . . , L

2 }.
The four-body interactions in the first term of Hamiltonian

(6) make the system chaotic under periodic driving, which we
verify by computing the mean ratio of adjacent quasienergy
spacings [27]: 〈r〉 = 〈 min(δn,δn+1 )

max(δn,δn+1 ) 〉, δn = φn − φn+1, where the
quasienergies {φn} are rank ordered in descending order, and
we restrict ourselves to the inversion symmetric sector under
open boundary condition. We numerically find 〈r〉 ≈ 0.535, in
agreement with the circular orthogonal ensemble [28]. Hence
dynamics starting from generic initial states will quickly ther-
malize to infinite temperature under the drive. However, the
Floquet operator projected to subspace W is simple:

PWUFPW = e−i
(
�

∑
i σ

x
i −λ

∑
i σ

y
i

)
(T/4)

× e−i
(
�

∑
i σ

x
i +λ

∑
i σ

y
i

)
(T/2)e−i

(
�

∑
i σ

x
i −λ

∑
i σ

y
i

)
(T/4)

.

(8)

The three successive rotations within the scar subspace can
be combined into a single one with an angle φ around some
axis n̂, thereby bringing the Floquet operator to the form of

(a) (b)

(c) (d)

FIG. 2. Numerical results for the driven spin-1/2 model in
Eq. (6). (a) The fidelity F (t ) = |〈ψ0|ψ (t )〉|2 as a function of
time, which exhibits a perfect period-doubled oscillation for an
effective rotation angle φ = π within the scar subspace. The oscil-
lation becomes damped when φ deviates from π . (b) Expectation
value of the total z magnetization at stroboscopic times 〈Sz(nT )〉,
which exhibits perfect and damped period-doubled oscillations sim-
ilarly to the fidelity. (c) Entanglement entropies of the Floquet
eigenstates at φ = π , where states within subspace W are cir-
cled in red. The spectrum features a set of π -paired eigenstates
within W with low entanglement. (d) Overlap between the ini-
tial state |ψ0〉 = | ↓↓ · · · ↓〉 and the Floquet eigenstates. We use
L = 13, �T ≈ 1.8, and λT ≈ 1.5066 for φ = π and �T ≈ 1.8 and
λT ≈ 1.5966 for φ = 0.984π .

Eq. (3). (φ, n̂) parametrizing the effective net rotation is fully
determined by the two phases φ1 ≡ �T , φ2 ≡ λT , which can
be computed analytically:

cos
φ

2
= cos2 ϕ

2
− φ2

1 − φ2
2

φ2
1 + φ2

2

sin2 ϕ

2
, (9)

where ϕ ≡
√

φ2
1 + φ2

2 . Thus one can choose driving parame-
ters such that φ = π in the above equation, which gives rise to
period-doubled responses starting from an initial state within
W .

We verify our analytical predictions numerically, as shown
in Fig. 2. We choose as our initial state a fully polarized
state along the z direction: |ψ0〉 = | ↓↓ · · · ↓〉, which corre-
sponds to the lowest weight state in the S = L

2 multiplet. For
a choice of driving parameters (�T, λT ) such that φ = π ,
we find that the fidelity of the initial state as a function of
time F (t ) = |〈ψ0|ψ (t )〉|2 indeed exhibits perfect revivals with
twice the period of the drive [Fig. 2(a)]. This subharmonic
response also manifests itself in the expectation value of ob-
servables, namely, the total z magnetization at stroboscopic
times, as shown in Fig. 2(b). When φ slightly deviates from π ,
revivals of the fidelity and magnetization are no longer perfect
[Figs. 2(a) and 2(b)]. However, since in this case the dynamics
still corresponds to rotations of a large “spin” in the subspace
W , this damping is not due to a leakage of the quantum state
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outside of W . As we show in Appendix A, at longer times the
fidelity exhibits rather complicated quasiperiodic oscillations
with a slowly varying amplitude modulation on top of the fast
oscillations. When the deviation from π is small, the fidelity
still oscillates at approximately twice the period of the drive
with a gradually decaying amplitude within a moderate time
window. This suggests that one does not have to fine-tune
the value of φ in order to see signatures of period-doubled
responses in finite systems. To relate the observed subhar-
monic responses to properties of the Floquet eigenstates, in
Figs. 2(c) and 2(d) we plot the bipartite entanglement en-
tropies of the Floquet eigenstates under a bipartitioning of
the system in the middle and the overlap of |ψ0〉 with the
eigenstates, respectively. We find (L + 1)/2 pairs (with L odd)
of π -paired eigenstates residing completely within W with
low entanglement. The majority of the Floquet eigenstates
are close to maximally entangled, confirming the quantum
chaotic nature of the full Floquet unitary UF . Thus the model
features a special subset of π -paired eigenstates enabled by
the existence of scars in the undriven Hamiltonian, which
leads to time-crystalline behaviors for certain initial states.

The protocol can be straightforwardly generalized to yield
oscillations in fidelity and local observables with a period
equal to other integer multiples of the driving period nT , by
setting φ = 2π

n in Eq. (9). The same approach also works for
other quantum-scarred models that fall into the category of
Eq. (3) with an su(2) spectrum generating algebra.

B. Spin-1 chain

In this part, we apply the general scheme discussed in
Sec. II to the spin-1 XY model studied in Ref. [24] and
demonstrate that its appropriately driven version can similarly
exhibit period-doubled dynamics. The Hamiltonian without
the drive is given by

HXY = J
∑

i

(
Si

xSx
i+1 + Sy

i Sy
i+1

) + h
∑

i

Sz
i + D

∑
i

(
Sz

i

)2

≡ HA + h
∑

i

Sz
i + D

∑
i

(
Sz

i

)2
. (10)

Here we consider the one-dimensional case. It was shown in
Ref. [24] that this model hosts an exact tower of scar states
created by repeated actions of a ladder operator

J± = 1

2

∑
i

(−1)i
(
S±

i

)2
(11)

on a fully polarized reference state: |Sn〉 = N (n)(J+)n|�〉,
where |�〉 = ⊗

i |mi = −1〉 and N (n) is a normalization fac-
tor. One can check that the scar states are annihilated by HA:
HA|Sn〉 = 0. Furthermore, the scar subspace is invariant under
an su(2) algebra generated by J± and

Jz = 1

2

∑
i

Sz
i , (12)

although the Hamiltonian itself does not have an SU(2) sym-
metry. The term proportional to Jz lifts the degeneracy within
the scar subspace and hence this model also falls into the
general class discussed in the main text.

Now we can define another generator of the su(2) algebra:

Jx = 1

2
(J+ + J−) = 1

2

∑
i

(−1)i
[(

Sx
i

)2 − (
Sy

i

)2]
. (13)

Making use of the relation (Sx
i )2 + (Sy

i )2 + (Sz
i )2 = S2

i =
S(S + 1) with S = 1, we can rewrite the above expression as

Jx = 1

2

∑
i

(−1)i
[
2
(
Sx

i

)2 + (
Sz

i

)2 − S(S + 1)
]
. (14)

Notice that, in the scar subspace, the spin state of each site is
either in state |mi = −1〉 or |mi = +1〉 and hence (Sz

i )2 is a
constant in this subspace. Therefore, it suffices to couple the
drive to the operator

∑
i(−1)i(Sx

i )2.
Consider the time-periodic Hamiltonian:

H (t ) = HXY + λ(t )
∑

i

(−1)i
(
Sx

i

)2
, (15)

with

λ(t ) =

⎧⎪⎪⎨
⎪⎪⎩

λ, 0 � t < T
4 ,

−λ, T
4 � t < 3T

4 ,

λ, 3T
4 � t < T .

(16)

The Hamiltonian projected to the scar subspace W takes the
form

PWH (t )PW = 2hJz + λ(t )Jx. (17)

Here we dropped the constant terms which do not affect the
Floquet evolution in the scar subspace. Notice that, since
(Sz

i )2 = 1 is a constant in the scar subspace, a nonzero value
of D does not affect the physics. The corresponding Floquet
unitary can be obtained similarly:

PWUF PW = e−i(2hJz+λJx )(T/4)

× e−i(2hJz−λJx )(T/2)e−i(2hJz+λJx )(T/4). (18)

From the discussion above, we see that the generators Jz

and Jx can be decomposed to on-site operators: Jz = ∑
i Jz

i ,
Jx = ∑

i Jx
i , and these on-site operators also constitute the

corresponding su(2) algebra on a single site. Hence the ef-
fective rotation angle and rotation axis can also be obtained
analytically using the same approach in Appendix A.

Below, we show numerical results for the driven spin-1
XY model. We find that for appropriately chosen driving pa-
rameters such that φ = π , the fidelity indeed exhibits perfect
revivals at twice the period of the drive, as shown in Fig. 3(a).
This period-doubled dynamics is again due to the emergence
of π -paired Floquet eigenstates with low entanglement, with
which the initial state |�〉 = | − − · · · −〉 overlaps [Figs. 3(b)
and 3(c)].

IV. APPROXIMATE SCAR UNDER PERIODIC DRIVING

Our general scheme outlined in Sec. II can also be used
in models which host approximate scars. We now move on
to a model where the su(2) algebra associated with the scar
subspace is only approximate. The model we shall consider
is based on a particular deformation of the PXP model that
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(a) (b) (c)

FIG. 3. Numerical results for the driven spin-1 model (15). (a) The fidelity F (t ) exhibits perfect revivals at integer multiples of 2T . (b) The
quasienergy spectrum features a set of weakly entangled eigenstates with quasienergy spacing π between them. (c) Overlap of the initial state
|�〉 = | − − · · · −〉 with the Floquet eigenstates. Results are obtained for system size L = 8, hT ≈ 1.8, λT ≈ 3.0132, and D = 0.1.

leads to an improved su(2) algebra within the scar subspace
and enhanced quantum revivals [29]. Consider the following
Hamiltonian:

H (t ) =
∑

i

Pi−1σ
x
i Pi+1

+ δ
∑

i

(
Pi−2Pi−1σ

x
i Pi+1 + Pi−1σ

x
i Pi+1Pi+2

)
+ λ(t )

∑
i

(n2i − n2i−1)

≡ HPXP + Hdeform + Hdrive. (19)

The first term is the usual PXP model, where Pi = |0〉〈0|i is
a projector on the empty state on site i, and we use the spin
and particle descriptions for the basis states interchangeably:
|0〉 = | ↓〉, |1〉 = | ↑〉. This term guarantees that no adjacent
sites can be simultaneously excited to the Rydberg state |1〉
due to the Rydberg blockade. The second term is the deforma-
tion originally found in Ref. [29] that leads to an embedding
of a scar subspace W as a representation of an approximate
su(2) algebra at an optimal value of δ ≈ 0.108. The last term is
a periodic drive of a staggered chemical potential on two sub-
lattices. For simplicity, we consider a two-step square-pulse
driving protocol: λ(t ) = −λ for 0 � t < T

2 and λ(t ) = λ for
T
2 � t < T . Notice that the drive considered above is different
from that used experimentally for the unperturbed PXP model
[15,21]. In that case, the system is driven by a time-dependent
uniform chemical potential, instead of a staggered one. Our
choice of a staggered chemical potential is motivated by an
associated su(2) algebra, which we describe below.

The connection of this model to the general form of Eq. (2)
can be made explicit by using an effective spin-1 descrip-
tion of the PXP model [30,31]. We define the block-spin
basis states by grouping two adjacent sites: |0〉i ≡ | ↓↓〉2i−1,2i,
|−〉i ≡ | ↑↓〉2i−1,2i, and |+〉i ≡ | ↓↑〉2i−1,2i. The block spin
then can be viewed as an effective spin-1 degree of free-
dom, in terms of which the PXP model takes a simple form:
HPXP = √

2
∑

i Sx
i + H ′, where Sx

i is the spin-1 operator on
bond i ≡ (2i − 1, 2i) and H ′ forbids the configuration | + −〉
from being generated under the dynamics. The particular form
of H ′ is not needed for our purpose, but can be worked out
in a straightforward way. It was numerically demonstrated in
Ref. [30] that the spectrum of HPXP + Hdeform contains a tower
of scar states with an equal energy spacing of approximately

√
2. One can thus identify JQz ≡ √

2
∑

i Sx
i , HA ≈ H ′ +

Hdeform, and λ(t )Qa ≡ λ(t )
∑

i(n2i−1 − n2i ) = λ(t )
∑

i Sz
i by

comparing with Eq. (2). Therefore, the model we consider
indeed falls into the category of the general form (2), but with
an approximate su(2) algebra associated with the subspace W .

The spin-1 representation of Hamiltonian (19) also makes
it possible to derive an analytic expression for the effective
SU(2) rotation angle φ within the scar subspace in terms of the
driving parameters, neglecting the effect of su(2) breaking:

cosφ = 2(cosϕ − 1) − cos2θ sin2ϕ

+ (2 sin4θ − 2 sin2θ + 1)(cosϕ − 1)2 + 1, (20)

where ϕ ≡ 1
2

√
2(�T )2 + (λT )2 and tan θ = λ√

2�
. In

Fig. 4(a), we find that, although the su(2) algebra is only
approximate within the subspace W , choosing a driving
parameter that gives φ = π still produces nearly perfect
period-doubled revivals in fidelity, starting from the Néel
initial state |ψ0〉 = | ↓↑↓↑ · · · ↓↑〉. This provides another
evidence that Hamiltonian (19) indeed secretly falls into
the general class of Eq. (3). The oscillation can similarly
be attributed to the emergence of approximately π -paired
Floquet eigenstates residing predominantly in W with low
entanglement, as shown in Figs. 4(b) and 4(c). Figure 4(d)
further plots the entanglement entropy as a function of time,
which oscillates within a window of small value, again indi-
cating that the dynamics is mostly constrained within the scar
subspace. However, since the su(2) algebra is only approxi-
mate in this case, the entanglement entropy exhibits persistent
oscillations around an average value that gradually increases
with time (although very slowly), which reflects the leakage of
the initial state outside the subspace W . At very short times,
the entanglement entropy returns to nearly zero after one
driving period. Interestingly, we find that the state evolves into
the spatially translated partner of the Néel initial state | ↑↓↑↓
· · · ↑↓〉 at that point (with an overlap of 0.999 for L = 18).
That the state oscillates between the two Néel states at strobo-
scopic times is reminiscent of the driven PXP model, although
the driving protocols are rather different in these two cases.

V. CONCLUSION AND DISCUSSION

In this work, we propose a simple protocol that lever-
ages an algebraic structure present in many quantum-scarred
Hamiltonians to generate time-crystalline behaviors. In
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(a) (b)

(c) (d)

FIG. 4. Numerical results for the driven deformed-PXP model in
Eq. (19). (a) The fidelity F (t ) = |〈ψ0|ψ (t )〉|2 as a function of time,
which exhibits period-doubled oscillations for an effective rotation
angle φ = π and φ = 0.98π within the scar subspace. (b) Bipartite
entanglement entropies of the Floquet eigenstates at φ = π , where
the overlaps with the initial state |ψ0〉 = | ↓↑↓↑ · · · ↓↑〉 are color
coded. (c) Overlap between the Néel initial state and the Floquet
eigenstates. (d) Time evolution of the entanglement entropy starting
from |ψ0〉. We use L = 18 and λT ≈ 2.1347 for φ = π and λT ≈
2.1867 for φ = 0.98π .

particular, we consider situations where the scar subspace is
invariant under an SU(2) symmetry, whose generators can
be coupled to a time-periodic drive that enacts a π rotation
(or other integer fractions of 2π ) within the scar subspace.
Dynamics starting from any initial state within the static
scar subspace will exhibit period-doubled oscillations, due
to a spectral pairing of scar states by a quasienergy π . We
demonstrate our protocol using several models with an exact
su(2) spectrum generating algebra, as well as the deformed
PXP model where the su(2) algebra is only approximate. We
remark that our scheme directly takes advantage of static
scars in the undriven system and hence distinct from intrinsic
Floquet scars in the literature [32].

An interesting open question is whether our protocol for
the deformed PXP model can be related to the experimen-
tally observed period-doubled phenomena in the unperturbed
PXP model, although in the latter case the drive couples to a
uniform chemical potential rather than a staggered one. Gen-
eralizations of this protocol to cases where the scar subspace
has a higher rank Lie group symmetry or the scar subspace
does not form an irrep of the su(2) algebra (e.g., the exact
tower of scars in the AKLT model [11]), as well as higher
spin generalizations of the PXP model [33,34], are also out-
standing questions that we leave for future work.

Note added. Recently, we became aware of an independent
work exploring a similar idea in a different setup, which will
appear in the same arXiv posting [35].

ACKNOWLEDGMENTS

Z.-C.Y. is supported by a startup fund at Peking University
and the National Natural Science Foundation of China (Grant

No. 12375027). Numerical simulations were performed on the
High-performance Computing Platform of Peking University.

APPENDIX A: DERIVATION OF THE DRIVING
PARAMETERS FOR THE SPIN-1/2 MODEL

We derive Eq. (9) in the main text relating the rotation
angle φ within the scar subspace to the driving parameters.
To simplify our calculation, we define a new Floquet operator
which is related to the one defined in Eq. (8) by a time
translation t → t + T

4 :

PWŨFPW = e−i
(
�

∑
i σ

x
i +λ

∑
i σ

y
i

)
(T/2)

× e−i
(
�

∑
i σ

x
i −λ

∑
i σ

y
i

)
(T/2)

. (A1)

This amounts to a gauge choice of the initial point t0 in defin-
ing the Floquet unitary, which does not affect the quasienergy
spectrum [36]. Defining dimensionless variables φ1 ≡ �T
and φ2 ≡ λT , the projected Floquet unitary can be written as

PWŨFPW =
∏

k

e−in̂2·σkϕ/2e−in̂1·σkϕ/2 ≡
∏

k

e−in̂·σkφ/2,

(A2)

where the rotation axes n̂1 = (nx,−ny, 0), n̂2 = (nx, ny, 0),

nx = φ1/

√
φ2

1 + φ2
2 , and ny = φ2/

√
φ2

1 + φ2
2 and the rotation

angle within each step ϕ =
√

φ2
1 + φ2

2 . Expanding the above

equation on both sides using the identity e−in̂·σθ = cosθ −
i(n̂ · σ )sinθ , and matching the part proportional to the identity,
we obtain

cos
φ

2
= cos2 ϕ

2
− (

n2
x − n2

y

)
sin2 ϕ

2
, (A3)

which is Eq. (9) in the main text.

APPENDIX B: ADDITIONAL NUMERICAL RESULTS
ON THE SPIN-1/2 MODEL

In this section, we provide additional numerical results on
the spin-1/2 model studied in the main text, which include (1)
oscillations of fidelity and local observables in cases of imper-
fect rotations at longer times and (2) period-tripled dynamics
upon choosing φ = 2π

3 . In Fig. 5, we show the evolution
of the fidelity and magnetization for an imperfect rotation
angle at longer times. We find that the fidelity now exhibits
rather complicated quasiperiodic oscillations with a slowly
varying amplitude modulation on top of the approximately
subharmonic oscillation. This is the generic behavior for an
imperfect rotation angle that is an irrational fraction of 2π .
Consider a small deviation of φ from π : φ = (1 − ε)π . The
stroboscopic dynamics now becomes

|ψ (nT )〉 =
S∑

k=−S

e−i(1−ε)πnkck|k〉 =
S∑

k=−S

(−1)nkeiεnkπ ck|k〉.

(B1)

At short times εnL � 1, the fidelity oscillates at approxi-
mately twice the period of the drive, with a gradually decaying
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(a)

(b)

FIG. 5. Evolution of (a) the fidelity F (t ) and (b) magnetization
〈Sz(nT )〉 for the driven spin-1/2 model at longer times. The choice
of parameters is the same as in Fig. 2 of the main text.

amplitude. At longer times when εnL ≈ 1, the fidelity exhibits
a more complicated structure. In particular, the peaks of F (t )
no longer coincide with stroboscopic times. In fact, one finds
that F (t ) is close to minimum at t = nT � 20 in Fig. 5(a).
This explains why the dynamics of Sz in Fig. 5(b) appears to
be out of synchronization with that of the fidelity.

Secondly, we show in Fig. 6 that our protocol is also
capable of generating period-tripled oscillations upon tuning
the driving parameters such that φ = 2π

3 . We find that the
fidelity of the initial state |ψ〉 = | ↓↓ · · · ↓〉 now oscillates

with a period equal to three times the driving period. Such a
period-tripled dynamics can again be attributed to the spectral
pairing property of the Floquet quasienergies, as shown in
Fig. 6(b). We find that quasienergy spectrum contains a set
of weakly entangled eigenstates embedded in an otherwise
fully thermal spectrum (with bipartite entanglement entropies
being close to the Page value). These special eigenstates are
equally spaced in quasienergy by 2π

3 , as expected. The initial
state again resides completely within the subspace of these
states [Fig. 6(c)].

APPENDIX C: ANALYTIC FORM OF THE ROTATION
ANGLE φ FOR THE DEFORMED PXP MODEL

We derive an analogous expression of Eq. (9) in the main
text for the deformed PXP model that relates the rotation
angle φ within the scar subspace to the driving parameters.
We consider the time-periodic Hamiltonian

H (t ) = � HPXP + Hdeform + λ(t )
∑

i

(n2i−1 − n2i ), (C1)

with

λ(t ) =
{−λ, 0 � t < T

2 ,

λ, T
2 � t < T .

(C2)

We have made explicit an energy scale � associated with
HPXP. Using the spin-1 representation, the Hamiltonian pro-
jected to the scar subspace takes the approximate form

PWH (t )PW ≈
√

2�
∑

i

Sx
i + λ(t )

∑
i

Sz
i (C3)

and the projected Floquet unitary

PWUF PW ≈ e−i(
√

2�
∑

i Sx
i +λ

∑
i Sz

i )(T/2)

× e−i(
√

2�
∑

i Sx
i −λ

∑
i Sz

i )(T/2). (C4)

We require that the above equation equals e−in̂·Sφ for some
rotation axis n̂ and angle φ. Expanding the above equation for
the Floquet unitary using the following identity for the spin-1
operators:

e−in̂·Sθ = 1 + (n̂ · S)2(cosθ − 1) − i sinθ (n̂ · S), (C5)

(a) (b) (c)

FIG. 6. Numerical results for the spin-1/2 model with a different set of driving parameters corresponding to φ = 2π

3 . (a) The fidelity
F (t ) exhibits perfect revivals at integer multiples of 3T . (b) The quasienergy spectrum features a set of weakly entangled eigenstates with
quasienergy spacing 2π

3 between them. (c) Overlap of the initial state |ψ0〉 = | ↓↓ · · · ↓〉 with the Floquet eigenstates. Results are obtained for
system size L = 13, �T ≈ 1.8, and λT ≈ 3.0384, such that φ = 2π

3 .
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FIG. 7. Entanglement entropy evolution of the driven deformed
PXP model at longer times. Choices of parameters and initial states
are the same as Fig. 3 in the main text.

we find

cosφ = 2(cosϕ − 1) − cos2θ sin2ϕ

+ (2 sin4θ − 2 sin2θ + 1)(cosϕ − 1)2 + 1, (C6)

where

ϕ ≡ 1

2

√
2(�T )2 + (λT )2, tanθ = λ√

2�
. (C7)

In Fig. 7, we plot the evolution of the entanglement entropy
under the driven deformed PXP model at longer times, starting
from the Néel initial state. We find that the entanglement
entropy oscillates around a mean value that slowly increases
with time. Moreover, the amplitude of the oscillations does
not decay at later times. This behavior is a consequence of
an enhanced su(2) dynamics with a small leakage outside the
subspace W .
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Z. Papić, Weak ergodicity breaking from quantum many-body
scars, Nat. Phys. 14, 745 (2018).

[5] C. J. Turner, A. A. Michailidis, D. A. Abanin, M. Serbyn, and
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and J. C. Halimeh, Prominent quantum many-body scars in a
truncated Schwinger model, Phys. Rev. B 107, 205112 (2023).

[35] K. Huang and X. Li, Engineering subharmonic responses
beyond prethermalization via Floquet scar states,
arXiv:2305.11802.

[36] M. Bukov, L. D’Alessio, and A. Polkovnikov, Universal
high-frequency behavior of periodically driven systems: From
dynamical stabilization to Floquet engineering, Adv. Phys. 64,
139 (2015).

205129-9

https://doi.org/10.1103/PhysRevLett.122.220603
https://doi.org/10.1103/PhysRevB.82.174411
https://doi.org/10.1103/PhysRevX.4.041048
https://doi.org/10.1103/PhysRevB.101.165139
https://doi.org/10.1103/PhysRevA.107.023318
https://doi.org/10.1103/PhysRevB.108.054412
https://doi.org/10.1103/PhysRevLett.129.133001
https://doi.org/10.1103/PhysRevB.107.L201105
https://doi.org/10.1103/PhysRevB.107.205112
http://arxiv.org/abs/arXiv:2305.11802
https://doi.org/10.1080/00018732.2015.1055918

