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Equilibrium quantum impurity problems via matrix product state encoding of the retarded action
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In the 0 + 1 -dimensional imaginary-time path integral formulation of quantum impurity problems, the re-
tarded action encodes the hybridization of the impurity with the bath. In this article, we explore the computational
power of representing the retarded action as matrix product state (RAMPS). We focus on the challenging Kondo
regime of the single-impurity Anderson model, where nonperturbative strong-correlation effects arise at very
low energy scales. We demonstrate that the RAMPS approach reliably reaches the Kondo regime for a range
of interaction strengths U , with a numerical error scaling as a weak power law with inverse temperature. We
investigate the convergence behavior of the method with respect to bond dimension and time discretization by
analyzing the error of local observables in the full interacting problem and find polynomial scaling in both
parameters. Our results suggest that the RAMPS approach offers an alternative avenue for exploring quantum
impurity problems, thereby setting the stage for future advancements in the method’s capability to address more
complex quantum impurity scenarios. Overall, our study contributes to the development of efficient and accurate
non-wave-function-based tensor-network methods for quantum impurity problems.
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I. INTRODUCTION

An accurate theoretical description of a general quantum
impurity coupled to a bath of itinerant fermions across a
wide range of energy scales remains a major challenge to
date, even in thermal equilibrium [1,2]. At the same time,
such quantum impurity models (QIMs) play a central role in
modern condensed matter physics: They are interesting per
se for the study of emergent strong-correlation phenomena,
such as the Kondo effect [2,3], and form the foundation of
powerful quantum embedding techniques, such as dynamical-
mean-field theory (DMFT) [4–6]. This makes them a crucial
topic of study for a broad range of applications.

As the exponential number of parameters of the full
many-body problem prevents an exact treatment, sophis-
ticated numerical techniques are required to solve QIMs.
In past decades, a wide range of different algorithms for
QIMs has arisen, including approaches based on exact di-
agonalization [7–9], matrix product states (MPS) [10–15],
configuration interaction expansions [15,16], Markov-chain
Monte Carlo [17], continuous-time Quantum Monte Carlo
(CT-QMC) [18–29], and the numerical renormalization group
(NRG) [3,30–32]. The latter two classes of algorithms have
gained special importance for state-of-the-art implementa-
tions of QIM solvers in thermal equilibrium [27,32].
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In NRG, a sequence of effective Hamiltonians, each of
which describes the low-energy physics of the system at suc-
cessively smaller energy scales, is iteratively diagonalized.
This iterative diagonalization process excels at accurately
capturing low-energy phenomena, particularly enabling the
precise observation of Kondo physics. While in early im-
plementations, NRG’s accuracy tended to decrease at higher
energy scales, recent advancements, such as the utilization of
non-Abelian symmetries [33,34] and the “interleaved NRG”
[35], have been instrumental in mitigating some of its limita-
tions, especially in dealing with multiorbital problems.

In contrast, CT-QMC does not rely on an explicit Hamilto-
nian representation of the bath. Instead, it is based on Monte
Carlo sampling of the imaginary-time Green’s function or the
partition sum using a perturbative expansion in the hybridiza-
tion function between impurity and bath. While CT-QMC is,
in principle, numerically exact, it typically suffers from the
fermionic sign problem for impurity–bath couplings that are
not diagonal in spin space.

Tensor network state methods have traditionally relied on
a Hamiltonian formulation of the problem, requiring a bath
discretization and time evolution of the complete system’s
wave function. Together with limited accessible time scales
on the real time axis due to entanglement growth, their ac-
curacy at low frequencies is limited. Tensor network state
methods can also be applied to compute Green’s functions
on the imaginary-time axis, where the entanglement growth
is lessened but still challenging for realistic models [36–38].
Against this background, the development of new approaches
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to accurately and efficiently solving QIMs remains an
important endeavor.

Recently, several non-wave-function-based tensor network
approaches have emerged. This includes the exact evaluation
of a perturbative expansion to very high orders aided by
tensor network state compression [39,40] as well as expres-
sion of the hybridization between impurity and bath via the
Feynman-Vernon influence functional encoded as a MPS in
the temporal domain [41–43]. We note that techniques closely
related to the latter have been developed first for bosonic baths
or interacting spin chains [44–48] and have only recently been
generalized to fermionic particles.

In this article, we explore such a nonperturbative tensor-
network approach to equilibrium QIMs defined by the
retarded action (RA) and the local impurity Hamiltonian.
By constructing an efficient encoding of the RA as MPS
(RAMPS), we can accurately compute arbitrary local impurity
observables by means of efficient tensor network contrac-
tions. While some of the authors have previously applied a
similar approach to nonequilibrium QIMs [41,42], where it
has demonstrated competitiveness in accuracy and efficiency
compared to state-of-the-art methods, here we extend it to
equilibrium QIMs.

Here, we focus on technical aspects and proof-of-principle
calculations. We use the single-impurity Anderson model
(SIAM) to assess the accuracy of the algorithm in the Kondo
regime as a function of numerical and physical parameters.
To this end, we provide benchmarks against analytical and
numerically exact (CT-QMC) results in the noninteracting and
interacting case, respectively.

Our findings indicate that this approach is a promising
technique for accurately and efficiently solving QIMs in equi-
librium down to temperatures below the Kondo temperature
TK , with the numerical error of the RAMPS scaling as a weak
power law of inverse temperature, ∼β2.

While for the SIAM considered here, well-established
methods such as CT-QMC or NRG yield highly accurate
results, RAMPS offers an appealing perspective due to its con-
ceptually straightforward extension to impurity interactions
that typically pose a significant sign problem in QMC tech-
niques. Additionally, RAMPS provides a seamless treatment
of both real and imaginary time contours, placing them on
equal footing. Computing equilibrium correlation functions
on the real-frequency axis is thus feasible, although not con-
sidered in this work. These aspects present promising avenues
for future research exploration.

II. METHOD

A. Model

In this article, all presented results have been computed for
the symmetric SIAM at half-filling which is described by the
Hamiltonian

Ĥ =
∑

σ=↑,↓

∑
k

[(tk d̂†
σ ĉk,σ + H.c.) + εk ĉ†

k,σ
ĉk,σ ] + Ĥimp,

Ĥimp =
(

εd + U

2

) ∑
σ=↑,↓

d̂†
σ d̂σ + U

(
n̂↑ − 1

2

)(
n̂↓ − 1

2

)
.

(1)

Here, tk are hopping amplitudes between the impurity and
the kth bath mode, εk are quasiparticle energies of the bath
fermions, ĉ†

k,σ
(ĉk,σ ) are creation (annihilation) operators for

fermions at bath-mode k with spin σ. Moreover, d̂†
σ (d̂σ )

creates (annihilates) a spin-σ fermion on the impurity and
n̂σ = d̂†

σ d̂σ measures the corresponding occupation number.
Lastly, εd and U are the impurity on-site potential and the
local impurity Hubbard repulsion, respectively. The model is
at half-filling for εd = −U

2 . The partition sum is given by Z =
Tr[exp(−βĤ )], where β = 1/T is the inverse temperature in
natural units.

B. Impurity observables as overlap
of “temporal wave functions”

We wish to evaluate imaginary-time correlation functions
of impurity observables, given by

〈Ô2(τ )Ô1(0)〉β = 1

Z
Tr
(
e−(β−τ )Ĥ Ô2 e−τ Ĥ Ô1

)
. (2)

Our method rests on the separation of the impurity and bath
contributions in the path integral representation of Eq. (2).
This allows us to represent the right-hand side as an overlap
of “temporal wave functions,” which can be evaluated by
constructing and contracting an efficient MPS representation
of these wave functions.

The path integral is obtained by first defining a discrete-
time grid with points τm = m · δτ and m ∈ [0, M]. The
parameters β and M determine the time step δτ = β/M. Then,
the discrete-imaginary-time evolution operator Û is defined
as a second-order Trotter decomposition of e−δτ Ĥ into a local
“impurity part” and a “hybridization part”:

Û ≡ e−δτ/2Ĥimp e−δτ (Ĥ−Ĥimp )e−δτ/2Ĥimp . (3)

For τ = τn, we can thus approximate Eq. (2) as

〈Ô2(τ )Ô1(0)〉β = 〈Ô2(τn)Ô1(0)〉discr
β + O[(δτ )2], (4)

where

〈Ô2(τn)Ô1(0)〉discr
β ≡ 1

Z̃
Tr(Û M−n Ô2 Û n Ô1), (5)

and Z̃ ≡ Tr(Û M ). Dropping the Trotter error of order (δτ )2 in
Eq. (4) is the only analytical approximation in the method.

To transform Eq. (5) into a more tractable form, we elimi-
nate the bath degrees of freedom using its exact path integral
representation in terms of Grassmann variables. By perform-
ing the Gaussian integral over all the bath variables and
making appropriate variable substitutions [42], the expecta-
tion value in Eq. (5) can be rewritten as

1

Z̃

∫
d (η̄, η) I[{η↓}]e−η̄↓η↓DÔ1,Ô2

n [η̄↓, η↑]e−η̄↑η↑I[{η̄↑}], (6)

where η̄σ , ησ are vectors of impurity Grassmann variables on
the discrete-imaginary-time grid (see Appendix A for details).

The kernel DÔ1,Ô2
n encodes the local impurity dynamics de-

fined by Ĥimp, as well as the observables Ô1, Ô2. The kernel I
is the fermionic Gaussian RA-functional defined in Eq. (A2).
It encodes the hybridization of impurity and bath and is fully
defined by the continuous hybridization function �(τ ) which,
in turn, is defined as the Fourier transform of Eq. (C1). In
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Eq. (6), we exploited that the two spin species σ =↑,↓ do not
mix in the environment: We split the RA functional into two
identical expressions, one for each species respectively, which
makes the final MPS representation more efficient.

Although the RA functional is represented on a discrete-
time grid, it accounts for the full continuum of temporal
correlations which has been fully integrated out except for
the grid points τm. For trivial impurity evolution Ĥimp = 0, the
evolution operator Û from Eq. (3) contains no Trotter error
and consequently Eq. (6) coincides with the exact continuous-
time result in Eq. (2), at all grid points τn for any choice of δτ.

We note that Eq. (6) can formally be viewed as overlap of
wave functions,

〈Ô2(τn)Ô1(0)〉β = 1

Z̃
〈I| D̂Ô1,Ô2

n |I〉 , (7)

where we introduced the temporal operator- and wave-
function representation of the Grassmann kernels from
Eq. (6). Importantly, D̂Ô1,Ô2

n is a product operator since
the local impurity evolution operator Ûimp ≡ exp(−δτ Ĥimp)
couples only neighboring points on the time grid. All time-
non-local effects in the impurity dynamics are induced by the
bath and are therefore fully included in the RA-wave function
|I〉. Crucially, as the latter is Gaussian, time-non-locality can
efficiently be handled at an analytical level and then translated
into the many-body RA-wave function |I〉. with established
techniques.

Equation (7) is pictorially represented in Fig. 1(a). The
grey boxes represent the RA functionals for σ =↑ and σ =↓,

respectively. The local impurity evolution operator Ûimp is
represented by red rectangles and the observables Ô1, Ô2 are
shown as yellow ovals. By representing a trace as in Eq. (2) us-
ing Grassmann variables, aABCs are generically introduced.
The ABC are imposed in the contraction of the last impurity
gate at τ = β with the ingoing RA-functional variables at
τ = 0, as indicated by dashed lines.

C. Evaluating the overlap as tensor contraction

Since the many-body Hilbert space, in which the wave
function |I〉 is defined, is exponentially large with the number
of time-grid points M, the overlap in Eq. (7) cannot generally
be evaluated exactly in practice. However, if the entanglement
of the temporal wave function |I〉 is moderate, one can seek an
efficient representation of |I〉 as matrix-product state (MPS).
In Sec. III, we investigate the bond dimensions χ needed for
an accurate MPS representation of |I〉 in different physical
regimes and present a study of the resulting numerical error.

The MPS representation can be obtained as follows: Since
the RA-wave function represents a Gaussian Grassmann ker-
nel, it is formally of the Bardeen-Cooper-Schrieffer form,

|I〉 ∼
M−1/2∏

i, j=0,1/2,...

(1 + Gi j ĉ
†
i ĉ†

j )|∅〉, (8)

where indices i, j ∈ {0, 1/2, . . . , M − 1/2} run in half-steps,
such that i = m and i = (2m + 1)/2 refer to the ingoing and
outgoing variable at time step m, respectively. From Eq. (8) it
is clear that |I〉 can be obtained by applying a succession of
parity-conserving rotations on the vacuum state. We exploit
this property and represent these rotations as quantum gates

(b)(a)

FIG. 1. Schematic representation of 〈Ô2(τn)Ô1(0)〉β as (a) effec-
tive path integral, Eq. (6): Grey boxes represent the RA functional
for σ =↑ and σ =↓, respectively. The local impurity evolution
operator exp ( − δτ

2 Ĥimp) is represented by red rectangles (“gates”)
and the observables Ô1, Ô2 are shown as yellow ovals. Antiperiodic
boundary conditions (ABC) are imposed in the contraction of the
last impurity gate at τ = β with the ingoing RA-functional variables
at τ = 0, as indicated by dashed lines. (b) MPS-MPO contraction:
The RAMPS with bond dimension χ (grey) is constructed via the
Fishman-White algorithm, the local impurity gates (red, possibly in-
cluding given observables) are obtained via analytical manipulations
and represent two half time steps (i.e., a full time step) here. The
physical indices of the RAMPS are labeled in half-steps with indices
i ∈ {0, 1/2, . . . , M − 1/2}, where i = m and i = (2m + 1)/2 refer
to the ingoing and outgoing leg at step m, respectively. The ingoing
RAMPS-leg i = 0 (dashed line) is brought to the last position to form
a MPS-MPO contraction. ABC are implemented in the last impurity
gate, T̂ B

Ô1
.

in a circuit which, applied to the many-body vacuum and
contracted, yields the MPS representation of |I〉.

In practice, it is favorable to use only nearest-neighbor
Givens and Bogoliubov rotations in the circuit construction.
We determine such a set of rotations through the Fishman-
White algorithm [41,49] which exploits the decay of temporal
bath correlations as seen by the impurity. This allows to rep-
resent |I〉 by a fairly shallow circuit consisting of O(M · l )
gates, where l is the localization length of the RA-wave func-
tion’s “natural orbitals” in imaginary time. The action of this
circuit on the vacuum can be computed at a computational
cost of O(χ3Ml ), and the resulting MPS can be stored with
O(χ2M ) memory. Note that this requires a lossy compression
of the RA-wave function into an MPS if χ < 2l , which usu-
ally is performed via a singular value decomposition (SVD),
keeping at most the largest χ singular vectors. Furthermore,
we generally require the single-particle “natural orbitals” to
be localized within a support l 
 L only up to some precision
εfw. These numerical parameters determine the error incurred
in the conversion of the discretized RA into an MPS. When
it is necessary to distinguish the latter from the Trotter er-
ror, Eq. (4), we will refer to the it as RAMPS error in the
following.

Moreover, the product operator D̂Ô1,Ô2
n is naturally rep-

resented as a matrix product operator (MPO) with bond
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dimension χ = 1. Hence, once the MPS representation of |I〉
has been obtained, Eq. (7) can be evaluated as a tensor con-
traction between the two RAMPS and the impurity-MPO at a
computational cost O(χ3M ). This contraction is diagrammat-
ically represented in the right panel of Fig. 1, where the local
impurity gates are analytically derived for given observables;
antiperiodic boundary conditions are implemented in the last
gate. In practice, it is numerically favorable to perform the
MPS-MPO contraction separately for each summand of the
trace from Eq. (2). In Fig. 1(b), this corresponds to a separate
evaluation for each term in the contraction of the dashed legs.
Note also that G(τn) can be evaluated at all τn with a total cost
of O(χ3M ) instead of the naive O(χ3M2) through the use of
cached partial overlaps.

III. RESULTS

To assess the performance of the method, we compute the
spin-degenerate Green’s function,

G(τ ) = 〈d̂σ (τ )d̂†
σ (0)〉discr

β , (9)

cf. Eq. (5). [To simplify the notation in Eq. (9) and in the
following, we remove the discrete time index n from the
variable τn. Instead, we will represent imaginary-time argu-
ments using the continuous variable τ .] All results presented
in this article have been obtained for a metallic bath with a flat
density of states with half-bandwidth D, characterized by the
hybridization function

�(iωn) = 


2

∫ D

−D
dε

1

iωn − ε
. (10)

In particular, we choose D = 100 
, which puts us close to
the wide-band limit, and specify all energy and time scales in
units of 
. Within the Fishman-White algorithm for convert-
ing the single-particle bath correlation matrix to a many-body
MPS, the localization length l of the bath natural orbitals in
imaginary time is chosen such that the mode’s population
is εfw-close to 0 or 1, with εfw = 10−12, with a hard upper
limit of l = 14. For singular-value decompositions performed
after each application of a two-site rotation, we keep the
largest χ singular values unless they are exactly 0. We veri-
fied numerically that the result is not strongly dependent on
the exact choice of these parameters. Since we consider a
particle-number conserving baths and impurity, we exploit
this symmetry at the level of the MPS tensors. The method
was implemented using the ITENSOR library [50,51], building
on an implementation of the Fishman-White algorithm from
Ref. [52].

In Fig. 2, we report G(τ ) for τ ∈ [0, β[ for 
β = 40 and
U = 4
 using a time step of 
δτ = 1/16. On the scale of
Fig. 2, the systematic Trotter error due to the finite time
step is not visible in comparison to the numerically exact,
discretization-error free CT-QMC result. For the smallest
bond dimension considered, χ = 28 = 256, the violation of
particle-hole symmetry is evident as a result of aggressive
truncation in the circuit application. However, as the bond
dimension χ is increased, particle-hole symmetry is restored
well before convergence of the curve G(τ ) with bond dimen-
sion is achieved. Convergence in χ is reached for χ ≈ 212 =
4096 for quantitative agreement on the scale of Fig. 2.

0 5 10 15 20 25 30 35 40

τ

−0.10

−0.08

−0.06

−0.04

−0.02

0.00

G
(τ

)

χ = 28

χ = 29

χ = 210

χ = 211

χ = 212

QMC

FIG. 2. G(τ ) for U = 4
 and 
β = 40 at half filling. Dashed
blue lines indicate results with a time step of δτ = 1/(16 
) for
various bond dimension (the larger the darker the shade). The solid
red line shows exact CT-QMC result, with an error bar smaller than
the linewidth.

To simplify the analysis, we will concentrate on G(β/2)
in the following. This is both numerically and physically
motivated. First, the propagator can generally be expected to
be least accurate around β/2 and, judging from Fig. 2, the
error at G(β/2) is indeed a good proxy to the error over the
full range of τ ∈ [0, β]. Second, −
βG(β/2) approaches the
spectral function at zero frequency, A(ω = 0), in the limit of
low temperature and is thus a physically meaningful quantity.
Since G(β/2) vanishes as 1/β, we will consider the absolute
deviation as an error measure in the following unless other-
wise stated.

In Fig. 3, we report 
βG(β/2) at a time step of 
δτ =
1/16 for various bond dimension and interaction strengths
U/
 ∈ {0, 2, 4} together with the exact result, obtained either
analytically for U = 0 or numerically from CT-QMC [27]
for finite U . For U = 0, where Trotter errors are absent, we
find that the largest bond dimensions that we considered are
required to obtain reasonably converged results for the lower
end of the temperatures studied. These observations carry over
to finite interaction strength U, up to the introduction of a
systematic Trotter error, which is most visible for U = 4 


in the lower panel of Fig. 3. The convergence of the re-
sult with respect to bond dimension is qualitatively similar
for all interaction strengths. In the following, we will thus
consider the convergence with respect to bond dimension in
more detail for the noninteracting case, where the RAMPS
error is the only source of error, before briefly discussing the
Trotter error. Note that the Kondo temperature TK obtained
from a Bethe-Ansatz solution in the wide-band limit [53,54]
is indicated in Fig. 3, illustrating that we are able to obtain
quantitatively accurate results slightly below TK for the values
of U considered here.

The scaling of the RAMPS error as a function of β is shown
in Fig. 4. For a fixed bond dimension and time step, the error
appears to grow as β2 in the limit of large β, although the
scaling is steeper at lower β. Increasing the bond dimension
for a fixed time step suppresses the error while decreasing the
time step for a fixed bond dimension increases it.

To understand these two behaviors better, we consider the
RAMPS error as a function of the bond dimension and the
time step, for a single temperature 
β = 8 in Fig. 5. For a
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G
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/
2
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U/Γ = 0.0

χ = 210

χ = 211

χ = 212

exact / CT-QMC
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−0.60

−0.55

Γ
β

G
(β

/
2
)

U/Γ = 2.0

TK

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

1/Γβ

−0.65

−0.60

−0.55

−0.50

Γ
β

G
(β

/
2
)

U/Γ = 4.0

TK

FIG. 3. 
βG(β/2) for different values of U = 0, 2
, 4
 (upper,
middle, and lower panel, respectively) as a function of the dimen-
sionless temperature 1/
β at half filling. For finite U , the wide-band

limit Kondo temperature [53,54] TK =
√


U
4 exp(− πU

4

) is indicated

by the grey dotted vertical line. The zero-temperature value from the
Friedel sum rule [55], − limβ→∞ 
βG(β/2) = A(ω = 0) = 2/π, is
indicated by a grey star on the left y-axis. Different bond dimen-
sions are shown in different shades of blue, from χ = 210 = 1024
(light blue) to χ = 212 = 4096 (dark blue), using a time step of
δτ = 1/(16 
). The exact result (for the noninteracting case) or
numerically exact result from CT-QMC is shown as a solid red line
(QMC error bars are smaller than the linewidth).

fixed time step, the error is best described as a power law χ−α

with α ≈ 3. Note that this is a rough estimate of the functional
form, and should not be taken as a quantitative claim given the
variation present in the data. Taken together with the scaling
of the error with β of β2, χ should scale as β

2
3 for a fixed

error at a fixed time step. This implies that the computational
resources for a fixed error scale as β3, where a factor of β2

comes from the χ3 scaling of the individual tensor network
contractions and an additional power of β appears due to the
linear discretization in imaginary time. On the other hand, the
error for a fixed bond dimension decreases with growing time
step. A reasonable fit to the error as a function of the time step
is obtained with c1 exp(−c2δτ ) with positive constants c1 and
c2, which implies a linearly decreasing error in the time step
for small time steps and a finite error in the continuum limit
for a fixed bond dimension.

The Trotter error is expected to scale as (δτ )2 as we em-
ploy the second-order Trotter scheme introduced in Eq. (3).
Indeed, we find that the deviation to the exact CT-QMC data
is O[(δτ )2] in Fig. 6 as long as we consider results which are
converged in the bond dimension. In this particular problem,
the sign of the Trotter error and the finite bond dimension error

5 10 20 40

Γβ

10−6

10−5

10−4

10−3

10−2

10−1

Δ
G

(β
/
2
)

χ = 210, Γδτ = 1/16

χ = 211, Γδτ = 1/16

χ = 212, Γδτ = 1/16

∼ β2

5 10 20 40

Γβ

χ = 211, Γδτ = 1/8

χ = 211, Γδτ = 1/16

χ = 211, Γδτ = 1/32

∼ β2

FIG. 4. Absolute deviation of G(β/2) with respect to the exact
noninteracting solution (U = 0) as a function of β on log-log scale.
Left panel: Different shades of blue indicate bond dimensions, from
χ = 210 = 1024 (lightest) to χ = 212 = 4096 (darkest) for a time
step of δτ = 1/(16 
). Right panel: Different shades of red indicate
different time steps, from largest, δτ = 1/(8 
) (lightest) to smallest
δτ = 1/(32 
) (darkest) for a bond dimension of χ = 2048. The
black dashed-dotted line is intended to serve as a guide to the eye
approximating the power-law-like growth of the error with β for
larger β.

are opposite, such that the two may cancel partially and give
the impression of a lower error for smaller bond dimensions.
Note that we present data for an alternative time discretization
scheme with “simultaneous” evolution of bath and impurity
in Appendix D. The latter may allow for a reduced Trotter
error by making a discrete-time approximation that avoids
a Trotter decomposition but is instead based on taking the
continuous-time limit of the full effective action only in its
noninteracting part.

8 9 10 11

log2χ
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10−3
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Δ
G

(β
/
2
)

Γδτ = 1/4
Γδτ = 1/8
Γδτ = 1/16
Γδτ = 1/32
Γδτ = 1/64

∼ χ−3

0.0 0.1 0.2 0.3

Γδτ

χ = 28

χ = 29

χ = 210

χ = 211

∼ exp(−cδτ)

FIG. 5. Behavior of the absolute deviation of G(β/2) for U = 0
from the exact result with respect to numerical parameters. The left
panel shows the error as a function of χ for fixed β 
 = 8 and several
δτ . In the right panel, the error is reported as a function of δτ for
fixed β 
 = 8 and several χ . The dashed black lines are intended as
guides to the eye and are obtained by approximating the functional
dependence of the error.
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FIG. 6. Absolute deviation of G(β/2) for U = 4
 and 
β = 8
from the exact result as a function of 
δτ for various bond dimen-
sions. The dashed black line is intended as a guide to the eye of
the expected discretization error in a second-order Trotter splitting,
O[(δτ )2].

IV. DISCUSSION AND CONCLUSION

In this article, we present a detailed numerical analysis of
the RAMPS approach in imaginary time for a metallic bath.
The approach is based on a matrix product state representation
of the retarded action which is naturally formulated in terms
of the bath hybridization function.

We used the RAMPS approach to compute the imaginary-
time Green’s function G(τ ) of an interacting impurity in the
wide-band limit, and demonstrated that we can retain compu-
tational accuracy down to the Kondo regime for all parameter
sets investigated.

Moreover, we explored the dependence of the error on
finite bond dimension χ and Trotter step δτ. Our results are
consistent with a polynomial complexity, which we tentatively
estimate as O(β3), of the method in imaginary time for a
metallic bath, i.e., critical bath correlations. This is in line with
expectations from prior studies on the real-time axis [41,42],
as well as the intuition that critical correlations lead to vio-
lation of the area-law of entanglement entropy, both in space
and in (Euclidean) time.

We observed signs of convergence in the time step δτ for
fixed bond dimension χ, suggesting that this limit is well-
defined and attainable in principle. By separately examining
the numerical errors of RAMPS and the Trotter approxi-
mation, we establish that there exists a temperature range
where both errors are controlled. Given reasonable numeri-
cal resources, this temperature range extends into the Kondo
regime for the moderate interaction strengths considered. We
find that reducing the time step amplifies the RAMPS error.
At the same time, decreasing δτ mitigates the Trotter error.
Consequently, selecting an appropriate δτ becomes crucial
for achieving a balance between these errors and accurately
computing observables at low temperatures.

Based on these results, we conclude that the RAMPS
approach is well suited to compute impurity properties, in-
cluding higher-order correlators, to a good accuracy with
numerical resources that scale polynomially in the inverse
temperature and target accuracy. An extension to multior-
bital QIMs is formally straightforward. One way to achieve
this is to partition the baths associated with different orbitals

between left and right RAMPS, with an impurity MPO that
is adjusted accordingly. In the case of diagonal impurity-
bath couplings, this orbital separation is exact, while for
nondiagonal couplings, it introduces an additional Trotter er-
ror of O[(δτ )2]. Whether multiorbital QIMs are numerically
tractable then depends crucially on whether the bond dimen-
sion χ̃ of the multiorbital RAMPS saturates the theoretical
upper bound of χn for an n-orbital impurity. While we do
not expect the bound to be saturated in physically realistic
scenarios, this question should be addressed in future work.

In light of the excellent performance of this method for
real-time QIMs following a quench [41,42], an exciting av-
enue emerges by combining the tools from both the real-time
and imaginary-time domains. This integration could offer an
opportunity to efficiently compute nonequilibrium quantum
impurity problems on the full L-shaped Keldysh contour. This
remains a challenging task, as there are limited methods avail-
able that can achieve both efficiency and accuracy [56].

In particular, one promising application is to the formula-
tion of nonequilibrium DMFT which involves the hybridiza-
tion function on the L-shaped contour. As the RAMPS and
its influence-functional counterpart in real-time are directly
defined by the hybridization function, the combined approach
is naturally suited to tackle such nonequilibrium scenarios.
Extending our method to this domain may overcome exist-
ing limitations and provide a powerful tool for studying the
dynamics and transport properties of QIMs under nonequilib-
rium conditions.
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APPENDIX A: OVERLAP OF TEMPORAL
WAVEFUNCTIONS

The exact path integral representation of Eq. (5) is ob-
tained in the standard way: We decompose all exponentials
into infinitesimal time steps and insert identity resolutions
of Grassmann coherent states, 1 = ∫ d (η̄, η) e−η̄η|η〉〈η̄|, be-
tween all operator multiplications. Since the environment
evolution is Gaussian, all bath variables can be integrated out.
After making appropriate variable substitutions, this yields
Eqs. (6) and (7), here restated for convenience:

〈Ô2(τn) Ô1(0)〉

= 1

Z̃

∫
d (η̄, η)I[{η↓}]e−η̄↓η↓DÔ1,Ô2

n [η̄↓, η↑]e−η̄↑η↑I[{η̄↑}]

= 〈I↓| D̂Ô1,Ô2
n |I↑〉 .
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Here,

ησ ≡ (ησ,0, ησ,1/2, . . . , ησ,M−1/2), η̄σ ≡ (η̄σ,M, η̄σ,1/2, . . . , η̄σ,M−1/2),

d (η̄, η) ≡
∏
σ

d η̄σ,Mdησ,0 d η̄σ,1/2 dησ,1/2

M−1∏
m=1

d η̄σ,m dησ,md η̄σ,m+1/2 dησ,m+1/2.

The kernel encoding the local impurity evolution reads:

DÔ1,Ô2
n [η̄↓, η↑] =

M−1∏
m=1
m �=n

exp[−(η↑,mη↑,m−1/2 + η̄↓,mη̄↓,m−1/2 + δτHimp[{−η↑,m, η↑,m−1/2, η̄↓,m,−η̄↓,m−1/2}])]

× Õ2[−η↑,n, η↑,n−1/2, η̄↓,n,−η̄↓,n−1/2] Õ1[η↑,M, η↑,M−1/2,−η̄↓,M ,−η̄↓,M−1/2], (A1)

where Õ1,2 are the combined kernels of the operator Ô1,2 and
the evolution gate at the corresponding time, respectively.

Moreover, we have defined the imaginary-time RA
functional:

I[{η}] ≡ exp

⎡
⎣ M−1∑

m,n=0

ηm+1/2(−(δτ )2�m,n + δm,n)ηn

⎤
⎦.

(A2)

As stated in Eq. (7), the manipulated path integral can
be directly read off as a sandwich between states and oper-
ators in the time domain. Indeed, note that the “barred” and
“nonbarred” variables have been suitably renamed to make
this sandwich expression manifest. Our goal is to compactly
represent such states and operator as MPSs and a MPO, re-
spectively, and hence to compute the sandwich via a standard
tensor contraction. Notice that the normalization of |I〉 cancels
out when dividing by Z̃ , so we can tacitly assume the state to
be normalized by

√
Z̃ and drop the denominator.

APPENDIX B: OPERATOR REPRESENTATION
OF THE PATH INTEGRAL IN EQ. (6)

The RA vector is uniquely determined by Eq. (A2), and can
be abstractly written in the form I[{η}] = exp (ηTGη) where
G is an antisymmetric matrix. The mapping from Grassman
function to many-fermion wave function works by straightfor-
ward replacement of Grassmann variables with corresponding
creation operators on the vacuum. Thus, a Gaussian Grass-
mann function I[{η}] = exp (ηTGη) can be straightforwardly
associated with a Gaussian, BCS-type many-body wave
function

|I〉 = exp((ĉ†)TGĉ†) |∅〉 ,

ĉ† = (ĉ†
0, ĉ†

1/2, ĉ†
1, . . . , ĉ†

M−1/2

)
. (B1)

Such a many-body wave function is entirely determined by
its correlation matrix, which is the input to the Fishman-White
algorithm that we use to determine the MPS representation of
|I↑〉. Note that because of our choice of conventions above,
〈I↓| is represented by the transposed vector (no complex con-
jugation), and hence is literally the same MPS.

The final ingredient is the operator D̂Ô1,Ô2
n which corre-

sponds to the Grassmann kernel DÔ1,Ô2
n in Eq. (A1) and acts

on the many-body Fock space in the temporal domain. Since
the impurity action in Eq. (A1) is local in time, the operator
D̂Ô1,Ô2

n is a product operator:

D̂Ô1,Ô2
n = T̂ ⊗ . . . ⊗ T̂︸ ︷︷ ︸

(n−1) times

⊗T̂Ô2
⊗ T̂ ⊗ . . . ⊗ T̂︸ ︷︷ ︸

(M−n−1) times

⊗T̂ B
Ô1

. (B2)

With reference to Fig. 1, here each T̂ is the “temporal-domain-
version” of the impurity evolution operator exp(−δτ Ĥimp),
acting between a “↑” two-fermion space (originally corre-
sponding to the tensor product of input and output Hilbert
spaces of the “↑” impurity fermion) and a “↓” two-fermion
space (originally corresponding to the tensor product of input
and output Hilbert spaces of the “↓” impurity fermion). T̂Ô2

is the “temporal-domain-version” of the impurity evolution
operator including the observable operator Ô2. Finally, T̂ B

Ô1
is

the same for the observable Ô1 up to a slight modification to
take into account the antiperiodic boundary conditions.

APPENDIX C: EVALUATING THE RA FUNCTIONAL

In this section, we sketch how to construct the RA func-
tional, Eq. (A2), for a given hybridization function �(iωn),
which we obtain either explicitly from a given spectral density
or as the output of a previous DMFT cycle. In the former case,
it is given by

�(iωn) =
∫

dε

2π

(ε)

1

iωn − ε + μ
, (C1)

where 
(ε) = 2π
∑

k tkt∗
k δ(ε − εk ) is the spectral density, tk

are hopping amplitudes between the impurity and the kth bath
mode, εk are bath energies and μ is the chemical potential
of the bath. The noninteracting impurity Green’s function is
defined by the Matsubara sum:

G0(τ ) = 1

β

∑
n

e−iωnτ G0(iωn), (C2)

where

G0(iωn) = 1

iωn − εd − �(iωn)
.

Note that Eq. (C2) is given in the convention where the impu-
rity on-site potential εd is included in the RA functional — if
one chooses to define it as part of the impurity, εd has to be set
to zero here. In this case, for εd �= 0, Eq. (7) would contain a
Trotter error even for U = 0.
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The Grassmann kernel of the RA functional has the form:

I[{η}] ≡ exp

⎡
⎣ M−1∑

m,n=0

ηm+1/2 Gm,n ηn

⎤
⎦. (C3)

The components {Gm,0} can be written as multipoint correlation functions in the noninteracting continuous-time problem:

Gm,0 =
∫

d
(
η̄τ , ητ

)
exp

[
−
∫ β

0
dτ η̄τ ∂τ ητ −

∫ β

0
dτ

∫ β

0
dτ ′ η̄τ�(τ − τ ′) ητ ′

]
ητM η̄τM−(m+1)

M−1∏
l=1

l �=M−(m+1)

ητl η̄τl . (C4)

Here, �(τ ) is the conventional hybridization function defined
by its spectral representation. Using Wick’s theorem, one can
rewrite Gm,0 as the determinant of a matrix containing the
noninteracting Green’s function at the time points τn. For this,
we define the matrix:

G0 ≡

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

G0(0) G0(δτ ) . . . G0(β )

G0(−δτ ) G0(0) . . . G0(β − δτ )

G0(−2δτ ) G0(−δτ ) . . . G0(β − 2δτ )
...

...
. . .

G0(−β ) G0(−β + δτ ) . . . G0(0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(C5)

The components Gm,0 for m < M are then given by

Gm,0

Z = det
[
G0|[0,1,...,��m+1,...,M−1],[m+1,1,...,��m+1,...,M−1]

]
. (C6)

For m = M, we have

GM,0

Z = − det
[
G0|[0,1,...,M−1],[M,1,...,M−1]

]
. (C7)

Here, we introduced a (sign-adjusted) partition sum,

Z = −1/ det
[
G0|[0,...,M−1],[0,...,M−1]

]
,

where we defined the minus sign to cancel the minus sign
included in the definition of G0. Since G0(τ ) = −G0(τ + β ),
we can always evaluate the Green’s function with a time argu-
ment in the range τ ∈ [0, β]. Furthermore, note that because
of Gm,n = −Gn+M,m, Eq. (C3) is fully determined by the M
different values {Gm,0}.

APPENDIX D: SIMULTANEOUS EVOLUTION OF
IMPURITY AND ENVIRONMENT

Here, we explain an alternative second-order discrete time
approximation which avoids successive evolution of bath and
impurity, thereby avoiding systematic shifts in observables as
a result of the time-discretization error. We refer to it as the
“simultaneous evolution” scheme in contrast to the “succes-
sive evolution” scheme introduced in the main text, Eq. (3).
Again, we start by defining a discrete-time grid with time step
δτ, analogously to Sec. II B. Rather than making a Trotter
decomposition as in Eq. (3), we define the evolution operator
as Û = exp ( − δτ Ĥ ), where Ĥ is the full Hamiltonian of
bath and impurity, Eq. (1).

The approximation can formally be written in the form of
Eq. (4), with the thermal expectation value given by

〈Ô2(τn)Ô1(0)〉β
= 1

Z

∫
d (η↑, η↓) eShyb[η↓]DÔ1,Ô2

n [η↓, η↑]eShyb[η↑], (D1)

with

DÔ1,Ô2
n [η↓, η↑] =

M−1∏
m=1

m �=n+1

exp[−(η↑,mη↑,m−1/2 + η↓,mη↓,m−1/2 + δτHimp[{−η↑,m, η↑,m−1/2, η↓,m,−η↓,m−1/2}])]

× Õ2[−η↑,n+1, η↑,n+1/2, η↓,n+1,−η↓,n+1/2] Õ1[η↑,M, η↑,M−1/2,−η↓,M ,−η↓,M−1/2] (D2)

Shyb[ησ ] =(δτ )2

[
M−1∑
m=1

M∑
n=1

ησ,m�m,nησ,n−1/2 −
M∑

n=1

ησ,M�M,nησ,n−1/2 +
M−1∑
m=1

ησ,mησ,m+1/2

]
+ ησ,Mησ,1/2, (D3)

and

ησ ≡ (ησ,1/2, . . . , ησ,M ), d (η↑, η↓) ≡
∏
σ

dησ,M dησ,1/2

M−1∏
m=1

dησ,m dησ,m+1/2, Z = Tr[exp(−βĤ )].

Here, Õ1,2 are the combined kernels of the operator Ô1,2 and the evolution gate at the corresponding time, respectively. We made
manipulations to the path integral in such a way that the sign convention in the impurity kernel D in Eq. (D2) is unchanged with
respect to Eq. (A1). Eq. (D1) is schematically shown in Fig. 7(a). The elements of the hybridization function �m,n in Eq. (D3)
are related to the matrix elements Gm,n from Eq. (C3) by Gm,n = −(δτ )2 �m,n + δm,n.
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(b)(a)

FIG. 7. Schematic representation of 〈Ô2(τn)Ô1(0)〉β for “simul-
taneous” evolution as a) path integral, Eq. (D5): Grey boxes represent
the RA-functionals for σ =↑ and σ =↓, respectively. The local
impurity evolution operator e−δτ Ĥimp is represented by red rectangles
and the observables Ô1, Ô2 are shown as yellow ovals. As opposed
to the Trotter scheme from Eq. (3) used for results in the main
text, the output variables of the impurity at τ = β are connected to
the output variables of the RA functional at τ = β with antiperi-
odic boundary conditions; and as (b) MPS-MPO contraction: The
RAMPS with bond dimension χ (grey) is obtained via the Fishman-
White algorithm, the local impurity gates are analytically derived for
given observables and boundary conditions are included in the last
gate. The physical indices of the RAMPS are labeled in half-steps
with indices i ∈ {1/2, . . . , M − 1/2, M}, where i = (2m + 1)/2 and
i = m + 1 refer to the ingoing and outgoing leg at step m, respec-
tively. No reordering of legs is necessary here. Antiperiodic boundary
conditions are absorbed in the last impurity gate, T̂ B

Ô1
.

Note that Eq. (D1) does not have the form of an overlap.
To obtain an equation that can interpreted as overlap, we
introduce a more convenient notation and rewrite Shyb as

Shyb[ησ ] = 1

2

M∑
m,n=1

(
ησ,m−1/2

ησ,m

)T

Am,n

(
ησ,n−1/2

ησ,n

)
, (D4)

where the matrix A has the following subblocks:

Am,n =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+(δτ )2 �m,n +
(

0 −δm,n+1

δm+1,n 0

)
(a)

−(δτ )2 �M,n +
(

0 −δM−1,n

0 0

)
(b)

−(δτ )2 �m,M +
(

0 0
δM−1,m 0

)
(c)

−(δτ )2 �M,M (d )

−(δτ )2 �1,M +
(

0 −1
0 0

)
(e)

−(δτ )2 �M,1 +
(

0 0
1 0

)
( f ).

Here, we distinguish the cases:

(a) 1 � m, n < M,

(b) m = M, 1 < n < M,

(c) 1 < m < M, n = M,

(d ) m = n = M,

(e) m = 1, n = M,

( f ) m = M, n = 1,

and we have defined

�m,n ≡
(

0 −�n,m

�m,n 0

)
.

Introducing a new set of impurity variables ζσ (and thus
doubling the degrees of freedom), we can rewrite

eShyb[ησ ] = 1

p f (A−1)

∫
dζσ exp

[
−ζT

σ ησ + 1

2
ζT

σ A−1ζσ

]

= 1

p f (A−1)

∫
dζσ exp

[
−ηT

σ ζσ + 1

2
ζT

σ A−1ζσ

]
,

where the second line is obtained from the first line by
substituting

(
ζσ,m−1/2

ζσ,m

)
→
(−ζσ,m−1/2

−ζσ,m

)
,

which flips the sign in the first term of the exponential and
introduces a trivial prefactor (−1)2M = 1. By inserting this
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FIG. 8. βG(β/2) as a function of 1/β, obtained using the simul-
taneous (sim., green dashed lines) and successive (suc., blue dashed
lines) time-discretization scheme with a time step of δτ = 1/(8 
)
for both. Different shades indicate different bond dimensions, and
the upper (lower) panel shows results for U = 2 (U = 4). The nu-
merically exact result from CT-QMC is shown in red.
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FIG. 9. Behavior of the absolute deviation of βG(β/2) for U = 0
from the exact result with respect to numerical parameters for the
simultaneous evolution. The left panel shows the error as a function
of χ for fixed β 
 = 8 and several δτ . In the right panel, the error
is reported as a function of δτ for fixed β 
 = 8 and several χ .
The dashed black lines are intended as guides to the eye extracting
the approximate functional dependence of the error in terms of the
numerical parameters.

into Eq. (D1), we obtain the expectation value in overlap form:

〈Ô2(τn)Ô1(0)〉β
∝
∫

d (η↑, η↓)
∫

d (ζ↑, ζ↓)

× Ĩ[ζ↓] e−ηT
↓ ζ↓ DÔ1,Ô2

n [η↓, η↑] e−ζT
↑η↑ Ĩ[ζ↑], (D5)

with

Ĩ[ζσ ] = exp
[

1
2 ζT

σ A−1ζσ

]
. (D6)

At this point, Eq. (D5) has the same form as Eq. (7) and we
can therefore evaluate the overlap as usual, see Fig. 7.

For the chosen time step δτ = 1/(16 
) as shown in Fig. 3,
both discretization schemes produce highly comparable out-
comes. However, when examining a larger time step of δτ =
1/(8 
) in Fig. 8, a notable contrast emerges between the
two schemes. At U = 2
, the Trotter scheme, as discussed in
the main text, demonstrates superiority, whereas the “simul-
taneous scheme” exhibits significantly improved accuracy for
U = 4
, particularly at lower temperatures.

Examining the RAMPS error in Fig. 9 at U = 0, we find
similar orders of magnitude and qualitative convergence be-
havior to that of the second-order Trotter scheme (“successive
evolution”) that is depicted in Fig. 5. Thus, the observed dis-
crepancy in accuracy illustrated in Fig. 8 can be attributed to
the analytically distinct discrete-time approximation schemes,
rather than to the numerical error of the RAMPS.

While the conventional Trotter approximation benefits
from a transparent (δτ )2 scaling of the time-discretization
error, we currently lack a rigorous error theory for the “si-
multaneous scheme.” However, solely based on numerical
results, no clear preference exists for either scheme at present.
It would be intriguing to develop a better understanding of
the error behavior in the “simultaneous scheme” which may
enable calculations in the strong coupling regime (large U )
using larger time steps δτ than the ones that are required in
the second-order Trotter scheme. Such an advancement could
potentially yield substantial reductions in required numerical
resources. Nonetheless, our current findings provide inconclu-
sive evidence in this regard.
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