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Interacting two-level systems as a source of 1/f charge noise in quantum dot qubits
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Charge noise in semiconducting quantum dots has been observed to have a 1/ f spectrum. We propose a model
in which a pair of quantum dots are coupled to a 2D bath of fluctuating two level systems (TLS) that have electric
dipole moments and that interact with each other, i.e., with the other fluctuators. These interactions are primarily
via the elastic strain field. We use a 2D nearest-neighbor Ising spin glass to represent these elastic interactions and
to simulate the dynamics of the bath of electric dipole fluctuators in the presence of a ground plane representing
metal gates above the oxide layer containing the fluctuators. The interactions between the TLS cause the energy
splitting of individual fluctuators to change with time. We calculate the resulting fluctuations in the electric
potential at the two quantum dots that lie below the oxide layer. We find that 1/f electric potential noise spectra
at the quantum dots and cross correlation in the noise between the two quantum dots are in qualitative agreement
with experiment. Our simulations find that the cross correlations decrease exponentially with increasing quantum

dot separation.

DOLI: 10.1103/PhysRevB.108.195307

I. INTRODUCTION

Electron spins in Si/SiGe quantum dots (QDs) show
promise as quantum bits, but are plagued by charge noise
that goes as 1/f“ over more than 13 decades in frequency
[1,2], where f is the frequency and « is the noise exponent.
1/f noise is typically attributed to a bath of charged two-
level fluctuators with a broad distribution of switching rates.
If each fluctuator is associated with a double well potential,
then thermal activation over a uniform distribution of barrier
heights produces 1/f noise [3,4]. With such a bath of two
level systems (TLS), one would expect the charge noise to
increase linearly with increasing temperature [5]. However,
the measured temperature dependence deviates from linearity
[6-9]. In one case, the deviation from linearity increases with
increasing thickness of the gate oxide layer [6,7] and, in an-
other study, the temperature dependence of the charge noise
was found to be quadratic [8].

The small size of a QD and the lack of temperature depen-
dence between 0.45 K and 1.2 K in the decoherence time 7,*
[5] have led some to argue that each QD is only coupled to
a few fluctuators [5,10-12]. This view was supported by the
lack of correlation in the charge noise of neighboring QDs
[6,7], though subsequent measurements on spin qubit QDs
have found correlations between the charge noise in neigh-
boring QDs that are about 100 nm apart [13] and next-nearest
neighbor QDs that are about 200 nm apart [14]. With only
a few two-level fluctuators, a Lorentzian power spectra is
expected instead of the observed 1/f noise.

A number of theoretical papers have considered the effect
on semiconducting qubits of fluctuators that produce charge
noise without going into the detailed microscopics of the fluc-
tuators [15-22], though one group used the measured charge
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noise spectra to deduce the range of fluctuator rates [23].
Those models that did consider specific types of fluctuators,
e.g., charge fluctuators [14,24], electron hopping [24-27], and
fluctuators coupled to phonons [25], had independent, nonin-
teracting fluctuators.

It has been suggested that a few two-level fluctuators
can produce 1/f noise if they are coupled to a microscopic
subsection of the larger thermal bath [10,11]. Temperature
fluctuations in a subsection of the 2D electron gas (2DEG)
are proposed to cause 1/f noise over several decades of
frequency, but this model requires that the temperature fluc-
tuations be extremely slow, i.e., the sub-bath would need to
remain at a single temperature for unphysically long periods
of time to explain the low frequency noise [12].

In this paper, we propose that the charge noise arises from
a bath of TLS with fluctuating electric dipole moments that
reside outside the 2DEG, e.g., in the oxide layer [28]. These
TLS interact with one another via elastic and electric dipole
moments, though the elastic interactions dominate. (As we
show below, elastic dipole-dipole interactions are about an
order of magnitude larger than electric dipole-dipole inter-
actions [29].) The TLS energy-level splittings change with
time due to interactions with their fluctuating TLS neighbors.
This bath of fluctuating electric dipole moments, together with
their image charges in the ground plane lying below the metal
gates, produces 1/f noise in the electric potential seen by the
QDs, consistent with the observed 1/f charge noise [2]. We
find that the correlation of the noise on the QDs decreases
exponentially with increasing separation between the QDs.
When the QDs are about 100 nm apart, the noise is mildly
correlated in agreement with experiment [13]. The question
of whether the noise in QDs is correlated is important because
error-correcting codes assume that the errors in qubits are
independent and uncorrelated [30].

In the next section, we describe our model of two QDs
in a quantum well located below an oxide layer containing
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a 2D bath of TLS that have both elastic and electric dipole
moments. A Monte Carlo simulation of a 2D nearest-neighbor
Ising spin glass is used to represent the TLS interacting via the
elastic strain field. When an Ising spin flips, this represents a
flip of the elastic dipole moment and the associated electric
dipole moment follows along by also flipping. The metallic
gates that cover the surface of the device are treated as a
ground plane with image charges corresponding to the images
of the TLS electric dipole moments. The fluctuating dipole
moments and their images produce a fluctuating electric po-
tential at the QDs that results in 1/f charge noise. We go on
to calculate the correlations in the noise at the two quantum
dots. These results are presented in Sec. III and discussed in
Sec. IV.

II. MODEL

In this section, we describe our model that reflects the
experimental setup of a pair of QDs that are a distance d apart
in a quantum well coupled to a bath of TLS with both elastic
and electric dipole moments residing in the oxide layer about
30 nm above the quantum well. A set of metal gates lies on
top of the oxide layer and are represented by a metal ground
plane. The TLS electric dipole moments have image charges
in the ground plane; both the electric dipole moments and the
image charges contribute to the fluctuating electric potential
at the QDs. The QDs are passive, i.e., they have no internal
dynamics; we merely use them to mark the locations where we
want to record the charge noise. To determine the dependence
of the correlation of the noise on the separation d between the
QD, we set d = 30, 50, 70, and 100 nm.

TLS have long been used to describe the thermal and
acoustic properties of amorphous materials at low tem-
peratures [31,32]. The standard TLS model postulates the
existence of independent entities that tunnel between the two
minima of a double well potential with a flat distribution of
tunnel barrier heights and energy asymmetries [33,34]. Using
a right-well left-well basis, the Hamiltonian representing a
given TLS is

Hrs = 3(Ao; + Ay0y), (H

where o, and o, are Pauli matrices, A is the TLS asymmetry
energy, i.e., the energy difference between the right and left
wells, and A, is the tunneling matrix element. The values
of these parameters are assumed to vary from TLS to TLS
according to the probability distribution:

P
P(A,A,) = ™ 2
with 0 < A < Apax and Ag min < Ay < Ag max- P is the con-
stant density of states of tunneling entities. The energy
eigenvalues of a given TLS are

1
1
+1E =i§,/A2+Ag. A3)

Thus, the energy splitting between the two levels is E.

A TLS with an electric dipole moment j interacts with
an electric field E. The elastic dipole moment of the TLS
interacts with the strain field. Technically, the elastic dipole
moment and the elastic strain field are tensors. However,

we can use a simplified Hamiltonian to describe these
interactions,

Hi = p- Eo, + yeso, 4

where s corresponds to half the difference in the elastic dipole
moment between the two wells of the double well potential
[35], and y is the magnitude of the interaction between the
TLS and the scalar elastic strain field €.

Experimental and theoretical work indicate that TLS inter-
act with each other via the elastic strain field [36-38]. If the
TLS have electric dipole moments, then they can also interact
with one another via electric fields. However, for reasonable
values of the electric dipole moments, the electric dipole-
dipole interaction is about an order of magnitude smaller
than the elastic dipole-dipole interactions [29]. To demon-
strate this, let us estimate the couplings for electric and elastic
dipole-dipole interactions. By coupling, we are referring to
the prefactor of the 1/r® dipole term in the Hamiltonian.
As we describe below, the effective interaction between two
TLS exchanging phonons goes as g/r’, where the coupling
g~ y?/pv?, where p is the density of the material, v is the
speed of sound, and r is the separation between the two TLS
[36,39]. A typical order of magnitude value for y in glasses is
1 eV [40,41]. Using the values from SiO, for p = 2.2 g/cm?
and v =4.2 x 105 cm/s, we find g~ 5 x 10* K—A> [36].
(The value for v is a weighted average: 3v™> = v[z +20,7°
where v, is the longitudinal speed of sound and v, is the
transverse speed of sound.) For an electric dipole-dipole inter-
action, the coupling is p?/(4me,), where €, is the permittivity
of the vacuum. In Suprasil W, a particularly pure form of
fused silica, the intrinsic dipole moment of TLS is 0.6 D
[42], while the electric dipole moment of OH™ impurities in
Suprasil I have p = 3.7 D [42]. If we take p ~ 1 D, then the
electric dipole-dipole coupling is 7 x 10°> K—A3. Another ex-
ample is (KBr);_,(KCN), where the elastic coupling between
two CN~ ions is approximately 8 x 10> K A3 compared to
p*/(4me,) ~ 7 x 10> K A3, where the CN~ dipole moment
is p ~ 0.3 D [29]. Thus, we see that the elastic interaction
between TLS is typically about an order of magnitude larger
than the electric dipole-dipole interaction.

As mentioned above, by integrating out the strain field, one
can write the interacting Hamiltonian as [35,39]

1 in oz

H=> > oinijor. Q)
i#]
Here A;; is given (in simplified form) by
2
14 88

Aiji=|—|—=, 6
! <pv2> ry ©

where 7;; is the distance between TLS i and j (see Ref. [39]
for the full expressions). We can rewrite the Hamiltonian in
terms of local fields produced by the neighboring TLS,

1 .
H=> Z hio?, )
where the local field operators k; are given by
h,’ = Z A,’jO‘;. (8)
JF#
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Fluctuations in the neighboring TLS produce fluctuations in
the local field, and hence in the energy splitting of the ith TLS.
This leads to relaxation times that vary in time since the TLS
relaxation rate is given by [31,32]

2r371 E} a7 E
= %[E} Py [F] coth <'37>, ©)]

where 8 = 1/kgT is the inverse temperature. As a result, a
large number of fluctators with a broad distribution of relax-
ation times can produce 1/f noise [43-45]. However, a QD
will not be equally affected by a large number of fluctuators.
Rather, the TLS nearest to the QD will have the greatest
influence on its charge noise spectrum. So, we will explore
a different mechanism to explain 1/ f charge noise.

Furthermore, it is the electric dipole moments, not the
elastic dipole moments, that couple to QDs and give rise to
charge noise. We assume that when a TLS tunnels from one
well to the other, both its elastic and electric dipole moments
flip. This results in fluctuations in the electric potential V (¢)
seen by the QDs. Since there is a metal ground plane, both
the electric dipole moments j and their image charges will
contribute to V (¢), which is given by

V;m—ZZ””’“) Fuig, (10)

n=1 i=1 nt(

where ¢ = 1,2 denotes the QD, and the sum over i corre-
sponds to summing over TLS in the oxide layer (denoted
by n = 1) and their images (denoted by n = 2). R, ; ; is the
distance between the electric dipole p, ; and the ¢th QD, and
1?,,, i, 1s a unit vector that points from the dipole to the ¢th QD.

We represent the TLS electric dipoles by a 2D square
lattice of dipoles that are randomly oriented. We set the mag-
nitudes of each dipole moment to unity. The mirror images
of these electric dipoles in the ground plane form a second
2D square lattice. The dynamics of the TLS is governed by
their elastic interactions, which we model very simply with a
2D nearest-neighbor Ising spin glass on a square lattice. Each
Ising spin represents a TLS elastic dipole. When the Ising
spin (elastic dipole) flips, its corresponding electric dipole
moment, as well as its image electric dipole moment, flips
180°. In some sense, the Ising spin is an avatar or proxy for
the electric dipole moment.

To understand why the elastic and electric dipole moments
of a given TLS flip together, consider the following simple
picture. Suppose the TLS consists of a charged atom that hops
between the two minima of a double well potential. When the
atom hops, its elastic dipole flips. Since the atom is charged,
when it hops, its electric dipole moment also flips. In fact, a
TLS flip could involve a more complicated rearrangement of
a collection of atoms and charges. The key point is that the
atoms can be associated with charges. If the atoms rearrange,
then the charges rearrange. So the elastic and electric dipoles
flip together.

The orientations of the electric dipole and elastic dipole are
likely correlated but there is no reason to favor any particular
correlation. (Technically, an elastic dipole moment is a ten-
sor while an electric dipole moment is a vector, so it is not
clear how to compare their orientations.) If we think again of
our single atom hopping between two positions, the electric

dipole moment could lie along the line connecting those two
positions. But a more complicated rearrangement of several
atoms could have an electric dipole moment that reorients in
some arbitrary direction. In any event, reorientation of the
elastic dipole moments lead to flips of electric dipoles and
their images, which will change the electric potential V;(z)
seen by the ith QD as given by Eq. (10). The time series of
Vi(t) is Fourier transformed to produce the charge noise power
spectrum.

For the purposes of our simulation, it does not matter
whether the transitions between the two states of a TLS oc-
cur via tunneling or thermal activation because we assume
there is no coherence between successive transitions. Thus we
represent a TLS elastic dipole by an Ising spin. Since TLS
occur at random locations, their interactions are random. So
we will use a nearest-neighbor Ising spin glass to model the
interacting TLS bath.

A. Simulation details

We performed Monte Carlo simulations of a 2D Ising spin
glass on a square 16 x 16 lattice with periodic boundary
conditions. Each Ising spin corresponds to a TLS with an
elastic dipole moment. The Hamiltonian is given by

H==>"J;SS;. a1
(i.J)

where §; and §; are Ising spins with values 41 on nearest
neighbor sites i and j, respectively. J;; is the nearest-neighbor
coupling. It represents the elastic coupling between TLS. We
use a spin-glass distribution of exchange couplings chosen
from a normal distribution centered at J;; = 0 with a standard
deviation o; = 1. The temperature is in units of 0. A positive

value for J;; indicates a ferromagnetic interaction.
We can rewrite the Hamiltonian in terms of local fields #;,

1
H= —EZhiSi, (12)

where the local field of S; is produced by the neighboring
spins:

h; = Z]iij. (13)
J

The Ising spins are initialized at a high temperature with
randomly oriented spins. A spin is allowed to reorient itself
according to the Metropolis algorithm [46]. In this algorithm,
a trial move consists of first choosing a spin on the lattice at
random. For a given temperature 7', the initial energy E; =
h;S; of this site is calculated using Eq. (13) from the local
field produced by its nearest neighbors. The orientation of
the spin is reversed in a trial move, and the final energy E
of this site with the new spin orientation is calculated. If the
final energy is less than the initial energy, then the spin flip is
accepted. However, if the final energy is greater than the initial
energy, then the Boltzmann factor exp[—(E; — E;)/(kgT )] is
calculated. If a random number generated from a uniform
distribution between 0 and 1 is less than this Boltzmann factor,
then the new orientation is accepted. This process continues
for the remaining sites within the lattice until all the spins in
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the lattice have been given an opportunity to flip. The time
it takes for one sweep through the lattice is one Monte Carlo
step (MCS).

The Ising spin glass is cooled from its initial infinite tem-
perature spin configuration at 7 = 10 to 7 = 0.6. At each
temperature, after an initial equilibration time of 10° MCS,
we check to see if the system is equilibrated using the method
of Bhatt and Young [47]. Details of the equilibration are given
in Appendix B.

Each TLS has an electric dipole moment. These electric
dipoles are initialized with random orientations. Since the
electric dipole-dipole interaction is an order of magnitude
smaller than the elastic dipole-dipole interaction, it is the
elastic interactions between TLS that governs their dynamics.
We represent these dynamics by the Ising spin glass described
above. Thus, each electric dipole has a corresponding Ising
spin. If the Ising spin flips, then the corresponding electric
dipole and its image dipole flip 180°. We consider two cases
of electric dipole orientations. In both cases, the magnitude
of the dipole moment is unity. In the first case, the dipoles
are randomly oriented with random x, y, and z components.
To better understand the contribution of each component, we
also consider a second case where the dipoles all lie parallel to
one another along the x, y, or z axis, though they are randomly
oriented in the positive or negative direction.

Let us take a moment to describe the device geometry that
we have in mind. TLS that have both an electric and elastic
dipole moment are located on every site of a 16 x 16 square
lattice. We envision these TLS to reside in the oxide layer of
a Si/Si-Ge heterostructure with a quantum well. Since TLS
are typically about 10 nm apart (see Appendix A), we take
the lattice spacing to be 10 nm; this sets the length scale. A
second 16 x 16 square lattice is located half a lattice spacing
above the first lattice and is populated by the image dipoles
that result from the ground plane formed by metal gates. We
consider two QDs about 100 nm apart located in a quantum
well about 30-50 nm below the oxide layer. So, in our simu-
lation two QDs are separated by ten lattice spacings in a plane
located three lattice spacings below the first electric dipole
lattice. This is illustrated in Fig. 1. To see how the correlations
of the charge noise depend on the distance between QDs, we
also considered cases where the QDs were separated by three,
five, and seven lattice spacings in the plane representing the
quantum well. In all three cases, the y coordinate of the QDs is
the same as in Fig. 1 and the QDs were placed symmetrically
on either side of the center of the lattice.

B. Noise power, exponents, and correlation functions

The fluctuating electric dipole moments produce a time-
dependent electric potential V;(¢) at the ith QD given by
Eq. (10). After equilibration of the Ising spin glass, the po-
tential is recorded at every MCS for £, time steps, resulting
in a time series V;(¢) that can be used to obtain the noise power
spectrum. The deviation from the average is §V;(t) = V;(¢) —
Vi(t). A useful method for computing the power spectrum is
the periodogram estimate [48],

1

Si(f) = —I18Vi(H)I, (14)

total
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FIG. 1. 16 x 16 lattice with an electric dipole occupying every
site. The circled 1 and 2 represent quantum dots that are ten lattice
spacings apart in a plane that is three lattice spacings beneath the
main lattice.

where §V;(f), the Fourier transform of V;(¢), is given by
8Vi(f) =Y, exp(i27 ft [t )8Vi(t) where ¢ and f are in-
tegers. The Fourier transform is computed using the C
subroutine library FFTW [49]. At a given temperature, the
time series V;(¢) is split into ten segments of equal length. The
power spectrum is found for each segment and is averaged
over these segments to give a smoother power spectrum. The
power spectrum is normalized so

Simax

> Sif) =0y, (15)
total =0

Pi total —

where Py is the total noise power and cr‘%i is the variance in
the electric potential of the ith QD. To determine the noise ex-
ponent «, the function A%/ f¢ is fit to power spectra (averaged
over ten segments) in the vicinity of a fixed frequency because
experiments typically determine noise exponents at 1 Hz.

To calculate the correlation between the fluctuating dipole
potentials Vi (¢) and V,(¢), we use the Pearson correlation
coefficient that is given by

P (8V1()8V2(1)): ’ (16)
OVi(t)TVa (1)

where 8V (t) and 8V,(¢) are the fluctuations in the potentials
about their average. oy, ;) and oy, ;) are the standard deviations
of the potentials. To calculate the correlations, the time series
Vi(t) and V,(¢) are divided into ten blocks of equal size.
The correlation is calculated for each of the ten blocks using
Eq. (16), and the standard deviation is calculated from the ten
correlations. The correlations and standard deviations are then
averaged over 200 independent runs.
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FIG. 2. Plots of the electric dipole potential noise power at QD
1 vs frequency for 1.5 < T < 3 averaged over 200 runs. The noise
is produced by fluctuating electric dipoles with random orientations.
The QDs are ten lattice spacings apart.

We also calculate the noise correlation between the two
QDs as a function of frequency as in Ref. [13]. We use

(8‘71 (f)SVZ* (f))blocks,runs
<SV1 (f)>blocks,runs (SVZ (f)>blocks,runs

where 8V ( f) and 8V ( f) are the Fourier transforms of the
fluctuations in the potentials about their average. Sy, (f) and
Sy, (f) are the noise power of the dipole potentials at QDs
1 and 2. To calculate the numerator of Eq. (17), the time
series Vi(t) and V,(¢) are divided into 100 blocks of equal
size. For each block, the Fourier transforms of the fluctuations
are calculated. The product 8V (f)8V;'(f) is averaged over
the 100 blocks and 200 runs to give (8V;(f)SV5*(f))blocks.runs-
To calculate the denominator of Eq. (17), the power spectra
S1(f) and S, (f) are calculated for each block. Then S;(f) and
S>(f) are each averaged over the 100 blocks and 200 runs to
give <SV1 (f))blocks,runs and <SV2 (f)>b10cks,runs- The denominator
of the correlation is then calculated and used in Eq. (17). Since
the frequency-dependent correlation function in Eq. (17) is
a complex number, we plot its magnitude and phase as a
function of frequency.

v wmo () = \/ , A7

III. RESULTS

Figure 2 shows the noise power at QD 1 at various temper-
atures for randomly oriented dipoles averaged over 200 runs.
To determine the amplitude A%(7) and the noise exponent
a(T), the function A%(T')/ f*T) is fit to the region of the power
spectra that is linear on a log-log plot. The noise exponent
a(T) as a function of temperature is shown in Fig. 3. Exper-
imentally, in the temperature range from 50 mK to 1 K, the
noise exponents within one standard deviation of the mean at
1 Hz ranged from about 0.65 to 1.3 [6,50]. In our simulations,
the noise exponents increase from zero at high temperatures
to approximately 1.15 at low temperatures which is roughly
consistent with experiment.

The noise amplitude A?(T') shown in the inset of Fig. 3
goes as T>*. For an ensemble of fluctuators with thermally
activated switching rates and a flat distribution of activation

2.5
) 10° 2 2.4
8 ] AT
212 ="
% 107
-5
15 10 0.6 1.8 3
' Temperature
3 T
1 ____________________
0.5
Ground +— Image dipoles T ~
plane S
- 1 o
x and y-axis dipoles  z-axis dipoles
0

0 0.5 1 1.5 2 2.5 3
Temperature

FIG. 3. Plot of the temperature dependence of the noise expo-
nent, «(7), of the electric potential noise power spectra at QD 1
resulting from fluctuating electric dipoles with random orientations
for 0.6 < T < 3. The solid line in the middle is the noise exponent
averaged over 200 runs. The top and bottom dashed lines are one
standard deviation above and below the mean. Upper inset: Log-log
plot of the temperature dependence of the electric potential noise
power amplitude, A%(T'), at QD 1 resulting from fluctuating electric
dipoles with random orientations for 0.6 < 7 < 3. The central solid
line is the amplitude averaged over 200 runs. The top and bottom
dashed lines of the shaded region are one standard deviation above
and below the mean amplitude. The lack of shading at low temper-
atures is due to the standard deviation being greater than the mean
which cannot be shown on a logarithmic scale. The QDs are ten
lattice spacings apart in the main plot and in the upper inset. Lower
inset: Orientation of dipoles and their dipole images.

energies, one would expect the noise amplitude to increase lin-
early with temperature [5]. However, as we mentioned in the
Introduction, experiments find the temperature dependence
of the noise at 1 Hz deviates from linearity [6-9]. In one
study, the temperature dependence increasingly deviates from
linearity with increasing thickness of the gate oxide layer [6,7]
and, in another study, was found to be quadratic [8]. So the
lack of a linear temperature dependence in our simulation
results is qualitatively consistent with experiment, implying
that the distribution of barrier heights is not uniform but the
reason why is not clear. We will consider this further in the
discussion section.

If one considers the contributions of the different com-
ponents of the dipoles to the charge noise, one realizes that
the z component dominates because the z component of the
image dipole in the ground plane (that lies perpendicular to
the z axis) points in the same direction as the z component
of the original dipole (see lower inset in Fig. 3). However,
the x and y components of the image dipole point in the
opposite direction of the x and y components, respectively,
of the original dipole (see lower inset in Fig. 3). To confirm
this, we have performed simulations for dipoles that lie along
either the x, y, or z axis (see Appendix C for details of the
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FIG. 4. (a) Plot of electric potential noise correlations between
QDs 1 and 2 vs temperature for 0.8 < 7 < 3 resulting from fluctu-
ating electric dipoles with random orientations. QD separations of
three, five, seven, and ten lattice spacings are shown. (b) Lin-log
plot of the charge noise correlations between QDs as a function of
QD separation at 7 = 1 and T = 2. The noise correlations decrease
exponentially with increasing QD separation d. The error bars shown
in (a) and (b) correspond to the standard deviation that is calculated
as described in the text.

simulations). The results are shown in Figs. 10 and 11 in
Appendix C. One can see that the noise produced by the
dipoles along the z axis is about two orders of magnitude
larger than that associated with dipoles along the x or y axes.
Comparing the plots in Fig. 10 with the corresponding plots
(Figs. 2—4) for randomly oriented dipoles, we see the marked
similarity between the results for the dipoles along the z axis
and the randomly oriented dipoles. However, the noise power
and noise amplitudes resulting from electric dipoles aligned
along the z axis are three times larger than that of the randomly
oriented dipoles because the z-axis dipoles have unit length,
while the z components of the randomly-oriented dipoles have
a typical length of 1/+/3.

Using Eq. (16), we calculated the correlation in the noise
for various separations between QD 1 and QD 2 as shown

=
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FIG. 5. Plots of the (a) magnitude and (b) phase of electric po-
tential noise correlations between QDs 1 and 2 vs frequency at 7 = 1
for QD separations of three, five, seven, and ten lattice spacings. The
noise correlations decrease with increasing distance. The noise arises
from fluctuating electric dipoles with random orientations.

in Fig. 4. The correlation decreases exponentially with in-
creasing distance between the QDs. At a separation of ten
lattice spacings corresponding to about 100 nm, we can see
from Fig. 4 that there is some correlation between QDs 1
and 2 which is consistent with experiments. As we mentioned
earlier, recent measurements find that there are correlations in
the charge noise between QDs that are about 100 nm apart
[13] and 200 nm apart [14]. Furthermore, Ref. [14] found that
charge noise correlations decayed exponentially up to a few
hundred nm and then decayed as a power law ~d~¢ where d
is the QD separation and the exponent a varied between 4 and
5.

In Fig. 4(a), the error bars get larger as the temperature
decreases because the spins (TLS) fluctuate more slowly at
lower temperatures, leading to bigger variations between time
slices in the time series data and hence, to bigger error bars.
These are the same slow fluctuations that produce low fre-
quency noise.

We used Eq. (17) to calculate the frequency dependence of
the magnitude and phase of correlations in the noise produced
by randomly oriented fluctuating electric dipoles. These re-
sults are shown in Fig. 5 for QDs separated by distances of
three, five, seven, and ten lattice spacings.

To better understand these correlations in the noise, we
considered the more realistic case of two QDs separated by ten
lattice spacings. We used Eq. (17) to calculate the frequency
dependence of the magnitude and phase produced by ran-
domly oriented fluctuating electric dipoles as well as dipoles
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FIG. 6. Plots of the (a) magnitude and (b) phase of electric po-
tential noise correlations between QDs 1 and 2 that are ten lattice
spacings apart as a function of frequency for fluctuating electric
dipoles with fixed (x, y, and z) and random orientations at 7 = 1.
Plots are the result of averaging over 200 runs.

aligned along various axes (see Fig. 6). Figure 6(a) shows
that there is correlation in the noise between the two dots,
as we saw in the Pearson correlation. These correlations are
due largely to the geometry of the location of the dipoles with
respect to the QDs. There is no noticeable frequency depen-
dence in either the magnitude or the phase of the correlations
because unlike the experimental case [13], our QDs have no
dynamics.

The magnitude of the noise correlation is larger for the
x-axis and z-axis dipoles compared to the y-axis dipoles,
and comparable to that for randomly oriented dipoles [see
Figs. 10(f) and 6(a)]. Even though the numerator of Eq. (17) is
about two orders of magnitude larger for dipoles aligned along
the z axis compared to those aligned along the x axis, the nor-
malization by the noise amplitude in the denominator makes
the noise correlation of the x and z axis dipoles comparable.
The sizable contribution of the x-axis dipoles, especially those
located at or near the same y coordinate as the QDs, is due to
the large value of (p,) ;(¢) - 1?,]), the numerator of Eq. (10), cou-
pled with the small value of the denominator Rfu-. (Dy,i(1) - Ién)

is large when p, ;(¢) is collinear with Rn. On the other hand,
the y-axis dipoles have small values of (p,,;(¢) - R,,) when the
y coordinate of their location is comparable to that of the QDs
because the y-axis dipole is almost perpendicular to the unit
vector 1:’,7 pointing from the dipole to the QD. Again z-axis

dipoles give large contributions because their image charges
lie in the same direction as the z-axis dipoles themselves.
Figure 6(b) shows that the correlations produced by the x-
axis dipoles are 180° out of phase. This is due to the fact that
since the QDs lie along the x axis, flips in the x-axis dipoles
located between the QDs will have the opposite effect on each
dot due to the factor [p, ;(¢) - Ién] in the numerator of Eq. (10).

IV. DISCUSSION

We have proposed a model in which the 1/f charge noise
in QDs is due to a bath of electric dipole fluctuators that
interact with each other primarily via the elastic strain field.
We use a 2D nearest-neighbor Ising spin glass to represent
these elastic interactions and to simulate the dynamics of the
bath of electric dipole fluctuators in the presence of a ground
plane representing metal gates above the oxide layer contain-
ing the fluctuators. We find 1/ f noise spectra with a nonlinear
temperature dependent amplitude, a feature that has also been
seen experimentally. Likewise, the noise correlations between
QDs are in qualitative agreement with experiment, with the
correlations decreasing exponentially with increasing QD sep-
aration.

Unlike previous theoretical models which focused on the
effects on qubits of charge noise produced by independent
charge fluctuators, we focused on interacting TLS with only
placeholders for qubits. Interactions between TLS cause the
dynamics and energy splitting of individual TLS to change
with time, leading to noise spectra that have a range of noise
exponents as has been observed experimentally.

We simulated an Ising spin glass on a 16 x 16 lattice.
One might wonder whether our results would change if we
had used a larger lattice. We believe that 1/f noise will still
occur for different size lattices as well as for randomly placed
TLS. Going to larger lattice sizes could potentially affect our
results in two ways. First, a larger number of TLS could affect
the QD. This number would grow roughly as R?, where R is
the QD-TLS separation, while their influence on the dipolar
potential energy noise spectra would decrease as R, leading
to an overall effect that decreases as R~2. Thus, we would
expect that the effect of going to larger lattice sizes would
quickly saturate. We have confirmed this lack of size depen-
dence with Ising spin glass simulations in which a QD was
located in the center of L x L lattices where L = 16, 24, and
32 for temperatures 7 between 1 and 10. We found negligible
changes in the noise spectra for different lattice sizes.

The second way in which going to larger lattice sizes can
affect the noise spectra is the frequency range over which 1/f
noise is observed in our simulations at low temperatures. To
understand this, note that a QD is so small that it is strongly
influenced only by a few nearby TLS. However, over time,
other TLS flip and produce a variety of relaxation times in
those TLS that strongly influence the QD. The inverse of the
longest relaxation time in the system corresponds to the low-
frequency knee of the 1/ f potential energy noise spectra. [The
knee is where there is a crossover, as the frequency decreases,
from 1/f noise to a flat noise spectrum (white noise) at low
frequencies.] The longest relaxation time depends on the cor-
relation length of the interacting fluctuators. (One can think of
the correlation length as being the size of the biggest cluster
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of spins that can flip. The bigger the cluster is, the longer it
takes to flip, and hence the longer the relaxation time.) At high
temperatures (outside the critical region) where the correlation
length is shorter than the lattice size, going to larger lattices
will not lead to any significant change in the noise spectrum
[51]. However, this is not the case at low temperatures in the
critical region, where the temperature is close to the phase
transition temperature 7, of the spin glass (or dipolar glass)
[51]. For reference, T, = 0 for a 2D Ising spin glass [47] and
for a 3D dipolar glass [52-54]. At low temperatures in the
critical regime, the correlation length exceeds the size of the
lattice used in simulations. In this case, going to larger lattice
sizes would lead to longer relaxation times [51] and to lower
knee frequencies, i.e., to a larger frequency range over which
there is 1/ f noise [55].

We found that the noise amplitude A*(T) goes as T2*,
as shown in the inset of Fig. 3. This implies a nonuniform
distribution of barrier heights [6,7]. We cannot deduce the dis-
tribution of barrier heights from our simulations. Ising spins
do not have activation barriers per se; they simply flip based
on the energy difference between the initial and final states.
The distribution of local fields P(k) is analogous to the distri-
bution of TLS asymmetry energies, but it does not capture the
barrier heights of the energy landscape. In our simulations, the
low-frequency behavior of charge noise involves multiple spin
flips and dynamics that explore the TLS energy landscape at
long time scales.

As we mentioned earlier, the other mechanism by which
TLS produce slow fluctuations is via tunneling through a
barrier, leading to long relaxation times as given in Eq. (9).
A broad distribution of relaxation rates associated with non-
interacting tunneling TLS produces 1/f charge noise that
increases linearly with temperature, i.e., S(f) ~ T/ f [43-45].
However, a QD is not equally coupled to a large number of
fluctuators, i.e., it does not equally weight the broad distri-
bution of relaxation times. Rather, the TLS (and their images)
closest to a QD have the greatest influence on its charge noise.
The more distant TLS affect the QD less, though the number
of these distant TLS grows as the square of the distance, as-
suming a constant density in the 2D oxide layer. Furthermore,
as we mentioned in the Introduction, the experimentally mea-
sured temperature dependence deviates from linearity [6-9].
In one case, the temperature dependence increasingly deviates
from linearity with increasing thickness of the gate oxide layer
[6,7] and, in another study, was found to be quadratic [8]. In
our simulations, the interactions between the TLS cause their
energy splittings and flipping rates to change, leading to 1/f
noise with an amplitude that increases as A% ~ T2,

In summary, our paper highlights the importance of two-
level fluctuators and their mutual interactions in producing
1/ f charge noise in semiconducting qubits.
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APPENDIX A: ESTIMATE OF SEPARATION BETWEEN
TWO LEVEL SYSTEMS

We stated in the main text that the typical separation be-
tween TLS is 10 nm. In this Appendix, we give the steps
leading to this estimate. The basic strategy is to estimate the
density of TLS by integrating the TLS density of states n,, de-
rived from specific heat measurements up to 10 K. We choose
10 K, as opposed to, say, 50 K, because TLS with energy split-
tings much greater than typical experimental temperatures (~
100 mK) will be frozen out in their ground state and will
not flip on experimental timescales. For SiO,, n, = 0.842 x
1033/erg-cm3 =1.16 x 10‘4/(K—nm3) [41]. Since the TLS
density of states is flat (independent of energy) [33,34], we can
multiply n, by 10 K to obtain an estimate of the TLS density:
P1Ls ~ Ny X (10 K) ~ 1.16 x 1073 /nm?. So, the distance be-
tween neighboring TLS is approximately

1/3

drLs ~ (prLs)” /7 ~ 10 nm. (A1)

This is comparable to the rule of thumb that the density of
TLS is roughly 100 ppm.

We should point out that there are two TLS density of
states: n, and P. n, is obtained from the coefficient of the
temperature in the linear term in the specific heat. (Recall that
the specific heat of amorphous insulating materials is linear in
temperature below 1 K.) n, essentially includes all the TLS,
assuming that all the TLS contribute to the specific heat. P is
the subset of TLS that flip fast enough to scatter phonons and
affect thermal conductivity and ultrasonic attenuation. (Heat
transport in amorphous insulators is due to phonons [56].)
Typically 7, is about an order of magnitude larger than P. An
approximate relation between 7, and P is given by integrating
P(A, A,)in Eq. (2) over A, from A, pmin t0 Ay max [31]:

e

Ao,min
n,, is larger than P because the specific heat increases logarith-
mically with time due to slowly relaxing TLS that have large
tunneling barriers [57,58].

We note that some papers [19,24] that attribute charge
noise at the QD to a 2D layer of noninteracting TLS use
a TLS density p ~ 10''/cm? which corresponds to a TLS
separation of about 30 nm, while other papers [26,27] use
o ~ 10'°/cm?, corresponding to a TLS separation of 100 nm.
These estimates are based on P obtained from thermal re-
laxation measurements of vitreous silica at low temperatures
(~ 200 mK) [58]. The TLS involved in those experiments
tunnel on the timescale (~10% s) of the measurements. We
have used n, because we are interested in TLS interacting with
one another over a wide range of time scales.

(A2)

APPENDIX B: EQUILIBRATION
A. Equilibration and recording times

The Ising spin glass systems are equilibrated for 10° MCS
at T = 10. As the system is cooled, the equilibration and
recording times are increased if the system is not in equilib-
rium. These times as a function of temperature are shown in
Table I.
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TABLEI. Equilibration and recording times for the 2D (16 x 16)
Ising spin glass with random electric dipole orientations for 0.6 <
T < 10.

Equilibration and

Temperature recording times (MCS)
1<T<10 10°

0.8<T <095 3 x 10°

T =0.75 108

0.65< 7T <0.7 3 x 10°

T =0.6 107

B. Spin glass susceptibility

The test for equilibration follows Bhatt and Young’s pro-
cedure for the equilibration of Ising spin glasses [47]. Two
independent replicas of each system with the same exchange
couplings are created and run in parallel. The initial spin
configurations for the two replicas are different and random.
For the set of spins {s;} with N lattice sites, the spin autocor-
relation function for the replica n, after an equilibration time
o, 18

N
Q(n)([) — 11\/ Z sf”)(to) . Sl(n)(to +1), (B1)

i=1
where the summation is over all lattice sites. The spin glass
susceptibility for replica n is calculated as the second moment
of this overlap and then averaged over 200 different realiza-
tions of bonds. This disorder average is denoted by [. . .]ay:

N 2
1
(n) (n) (n)
XSG(I)Z N (Zsi (fo) - s; (t0+t))

i=1

(B2)

The equilibration time fy, is chosen from the sequence
1,3, 10, 30, 100, 300, . . ., etc. The idea is to compare s\ (9)
to sf")(to +t) ast — oo to see whether SE”)(IO + t) has lost its
“memory” of SE”)(IO). In practice, the comparison is done as
t — to. The spin glass susceptibility in Eq. (B2) is averaged
over a length of time #;:

1 2tp—1 N 2
Xsa = Nio > (Z s (1) - sﬁ”)(to+t)> . (B3)

1=ty \i=I
0 av

The summation over ¢ starts at #, so the distribution of
Q"(t) is Gaussian. The correlation of the spins at shorter
times makes the distribution deviate from a Gaussian.

For small values of 7y and when the system is at low
temperatures, there are few spin fluctuations, so Q™(t) ~ 1

and Xs(’g (t) ~ N. This is in agreement with simulations.

We can also calculate Xs(’g in the high-temperature limit.
We start with two Ising spins s; and s, that represent SE")(IO)
and sl(”)(to + t), respectively, in Eq. (B3). The average square
of the dot product is calculated as

((s1 - 52) ) 1sing = ((E5152)%)

= (sis3) = L. (B4)

2
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FIG. 7. Two times and replica susceptibility for the 2D (16 x 16)
Ising spin glass for T = 2 averaged over 200 runs. For sufficiently
long equilibration times, the two susceptibilities agree, and the sys-
tem is in equilibrium.

Combining Eq. (B4) with Eq. (B3), for high temperatures,
we get Xér(l;) = 1 which is seen in simulations.

We then define the average of the two single replica sus-
ceptibilities

Xso = 3(Xso + x56) (BS)

as the two times spin-glass susceptibility.

The spin-glass susceptibility may also be calculated from
the spin overlap of the two different replicas. The mutual
overlap between the spins s and s of the two replicas is

1 N
0@t) = v ;sf.”(zo +1)- 5Pt +1). (B6)

The spin-glass susceptibility is calculated from the spin
overlap:

2-1 / N 2
1
M @
XSG = N E (E s; (tg +1) - s (t0+t)) . (B7)

t=ty i=1 av

For all temperatures, as the equilibration time is ap-
proached, the spin-glass susceptibilities converge; the two
times susceptibility Xsg [Eq. (B5)] approaches the true sus-
ceptibility from above and the replica susceptibility xsg
[Eq. (B7)] from below. This is shown in Fig. 7 for the Ising
spin glass at T = 2.

After sufficiently long equilibration times, xsg and Xgg
agree. We define the system to be equilibrated if

[XsG — AsGl
Axsg =

= B8
%(XSG + Xsc) 9

is less than 5% for three consecutive times in the fy sequence;
then we declare it equilibrated the fourth time. For example,
if the last three equilibration times are ; = 3 x 103, 1, = 10%,
3 = 3 x 10%, then the equilibration time is #4 = 10°. At each
temperature, the initial equilibration time is 10° MCS and is
increased if the system is not equilibrated.
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FIG. 8. Block-averaged specific heat versus energy time series
block length for the 2D (16 x 16) Ising spin glass at 7 = 2 averaged
over 200 runs. For longer time series, the specific heat approaches a
constant value.

C. Specific heat and susceptibility

As a check of this equilibration method, we calculate the
block-averaged specific heat and magnetic susceptibility in a
similar method to Yu and Carruzzo [59]. We use the form of
specific heat

1

_ AN 2
Cv = () = (E))
stites
= ol (€®) — (e)), (B9)

where kg = 1, T is temperature, E is the total energy of the
lattice, Njes 18 the total number of sites, and e is the total
energy of the lattice divided by the number of sites. In a
similar form, we have the magnetic susceptibility

_ 1 2\ 2
X = —kBT((M ) — (M)7)
_ ‘]vsites 2y 2
= %l ((m~) — (m)*), (B10)

where kg = 1, T is temperature, M is the total magnetization
of the lattice, N5 iS the total number of sites, and m is the
total magnetization of the lattice divided by the number of
sites.

To calculate the block-averaged specific heat, the energy
time series of the system is divided into equally sized blocks.
The specific heat is calculated for each block using Eq. (B9),
and then the blocks are averaged together. For larger block
sizes, the specific heat increases and eventually levels off. The
block-averaged specific heat is shown in Fig. 8.

To calculate the block-averaged magnetic susceptibility,
we follow a similar procedure, but we use Eq. (B10) with
the magnetization time series. The block-averaged magnetic
susceptibility is shown in Fig. 9.

We can see qualitatively that the results of Figs. 8 and
9 are consistent with the spin glass equilibration results of
Fig. 7. They indicate that the system is in equilibrium after
~ 10° MCS.

130
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Magnetization Time Series
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90

FIG. 9. Block-averaged magnetic susceptibility versus magneti-
zation time series block length for the 2D (16 x 16) Ising spin glass
at T = 2 averaged over 200 runs. For longer time series, the magnetic
susceptibility approaches a constant value.

APPENDIX C: DIPOLES ALIGNED ALONG
THE X, Y, OR Z AXES

We perform another 200-run set of Monte Carlo simula-
tions of 2D (16 x 16) Ising spins. In this case, the electric
dipoles lie along the x, y, or z axis. The equilibration times are
shown in Table II.

The noise power as a function of frequency is shown in
Fig. 10 for electric dipoles aligned along the (a) x axis, (b) y
axis, and (c) z axis.

A2(T)/ %M is fit to the region of the power spectra that
is linear on a log-log plot. The noise amplitudes [A%(T)]
and exponents [« (T)] are shown in Figs. 11(a) and 11(b),
respectively. The dipole correlations are calculated for each
axis using Eq. (16) and are shown in Fig. 11(c).

The frequency-dependent correlations and phase for the
fixed-axis dipoles are calculated using Eq. (17). The corre-
lations and phase are shown in Fig. 6. For y-axis dipoles,
the factor p, ;(t) - Ié,, from Eq. (10) is small for fluctuators
close to the line connecting the two QDs. p, ;(t) - I?,] = 0 for
y-axis dipoles along this line. From this, we would expect the
correlation strength to be smallest for y-axis dipoles, and this
is seen in Fig. 6(a). As seen in Fig. 6(b), the dipole potentials
at QDs 1 and 2 for x-axis dipoles are 7 radians out of phase.
Since the quantum dots lie along the x axis, any fluctuations
in x-axis dipoles between the quantum dots will have the
opposite effect on each dot.

TABLE II. Equilibration and recording times for the 2D (16 x
16) Ising spin glass with dipoles that lie along the x, y, or z axis for
0.6 < T < 10.

Equilibration and

Temperature recording times (MCS)
1.05<T<10 10°
085<T <1 3 x 10
07<T <08 108

0.6 <T <0.65 107
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FIG. 10. Log-log plots of the electric potential noise power ver-
sus frequency at QD 1 for fluctuating dipoles that lie along the (a) x
axis, (b) y axis, and (c) z axis. All plots are the result of averaging
over 200 runs with a QD separation of 10 lattice spacings.

The image dipoles are aligned for the component along the
z axis and antialigned for the components along the x and y
axes (see Fig. 3), so we expect the dipole potential calculated
from the z-axis component to be the most significant. For the
electric dipoles with random orientations, the results should
be similar to the case of dipoles aligned along the z axis.
This is certainly true for the dipole correlations and noise
exponents. However, the noise power and noise amplitudes re-
sulting from electric dipoles aligned along the z axis are three
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FIG. 11. (a) Log-log plot of temperature dependence of the noise
amplitude, A*(T'), obtained from fits to the noise power. (b) Plot of
the temperature dependence of the noise exponent, «(7"), obtained
from fits to the noise power. (c) Plots of noise correlations between
QDs 1 and 2 vs temperature calculated using Eq. (16). The error bars
correspond to the standard deviation that is calculated as described in
the main text. Plots (a)—(c) show results for dipoles lying along the x,
v, and z axes. All plots are the result of averaging over 200 runs with
QD separation of ten lattice spacings.

times larger. This is expected, since the z-axis dipoles have
unit length, but the z components of the randomly oriented
dipoles have a typical length of 1/+/3. This corresponds to a

factor of 1/ «/52 = 1/3 that reduces the noise amplitude.
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