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Heusler compounds [XYZ for half-Heusler (HH) and XY2Z for full-Heusler (FH)] with semiconducting
behaviors have been long suggested as promising high-performance thermoelectric (TE) materials. Recently,
some off-stoichiometry Heusler compounds (such as the mixture of HH and FH compounds) were predicted as
semiconductors as well, which disobey the traditional valence electron count rule and are named Slater-Pauling
(S-P) semiconductors. However, the bonding behaviors in these S-P semiconductors and the relationship between
the geometry and TE properties are still unclear. Therefore, focusing on the Ti-Fe-Sb and M-Co-Sn (M = Ti,
Zr, Hf) Heusler systems, we theoretically predict several thermodynamically stable off-stoichiometry Heusler
compounds (TiFe1.5Sb and MCo1.33Sn) and clarify the bonding behaviors of those S-P semiconductors. From the
geometry analysis of these compounds, in addition to the HH and FH local geometries, the disorder occupation of
Y atoms (Fe or Co) in the lattice also induces the defective-HH and defective-FH substructures, and the stacking
style forms second- and third-order Rubik’s-cube-like structures. This unique stacking arrangement (or the Y
occupations) not only plays an essential role in the electron redistribution in the lattice to form the band gap
but also lowers the acoustic Debye temperature and strengthens the anharmonic to suppress the lattice thermal
conductivity. Owing to the high power factor and low thermal conductivity, the calculated zT value of p-type
ZrCo1.33Sn can reach 0.54 at 1000 K. This value could be further optimized using defect engineering. Thus, we
not only elucidate the underlying mechanism behind the emergence of S-P semiconductors in Heusler systems
but also offer valuable insight into experimental exploration and discovery of S-P semiconductors exhibiting
superior TE performance.

DOI: 10.1103/PhysRevB.108.195203

I. INTRODUCTION

Since the discovery of Heusler alloys [1], research on
Heusler compounds has focused on two stoichiometries of
half-Heusler (HH: XYZ) and full-Heusler (FH: XY2Z) com-
pounds. The family of Heusler alloys is very attractive due
to rich electronic structures within similar crystal structures
[2–5]. HH and FH both have face-centered cubic sublattices.
In the HH template, X, Y, and Z are located at the Wyckoff po-
sitions of 4a (0,0,0), 4c ( 1

4 , 1
4 , 1

4 ) and 4b ( 1
2 , 1

2 , 1
2 ), respectively.

If the 4d ( 3
4 , 3

4 , 3
4 ) position is also occupied by the Y atom,

the FH compound with the XY2Z composition can be formed.
Research on Heusler compounds has focused on stoichiome-
tries of HH (XYZ), FH (XY2Z), inverse Heusler (X2YZ) [6],
and quaternary Heusler (XYY′Z) [7] compounds. Due to their
excellent thermal stability and mechanical properties, Heusler
alloys are suggested as thermoelectric (TE) materials in the
high-temperature range [5]. The efficiency of a TE material is
quantified by the TE figure of merit zT = S2σT/(κe + κl ),
where S, σ , T , κe, and κl are the Seebeck coefficient,
electrical conductivity, absolute temperature, electronic ther-
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mal conductivity, and lattice thermal conductivity, respec-
tively. Optimizing the zT value requires maximizing the
power factor (PF = S2σ ) and minimizing the thermal conduc-
tivity κ [8].

Traditionally, Heusler compounds with semiconducting
behaviors have been promising TE materials. Such behaviors
of HH and FH systems are associated with their electronic
structures, such as the valence electron counts (VECs) [9].
The well-known 18-electron (18e) rule in the HH (XYZ) com-
pounds is: If the valence electrons of all elements in the HH
system are added up to 18 (e.g., NbFeSb = 5[Nb(s2 d3)] +
8[Fe (3d6 4s2)] + 5[Sb(s2 p3)]), the system shows stable
semiconductor behavior. In the system of FH (XY2Z), it is
the 24-electron (24e) rule for a semiconductor. For HH al-
loys, MNiSn, MCoSb (M = Ti, Zr, Hf) and RFeSb (R = V,
Nb, Ta) are the most investigated TE compounds [10]. They
usually exhibit a high Seebeck coefficient, high electrical
conductivity, and a high PF. However, a common obstacle
to achieving high TE efficiency in HH is their relatively
high thermal conductivity (>15 W/mK at 300 K) [11–14].
Thus, authors of several studies have demonstrated that in-
troducing grain boundaries in polycrystalline samples [15,16]
and isoelectronic sublattice alloying [17,18] can drastically
reduce the lattice thermal conductivity without detriment to
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electrical conductivity. With these efforts, the peak zT val-
ues obtained from n-type MNiSn [19,20] and p-type MCoSb
[21,22] and RFeSb [23,24] HH compounds are above unity.
In contrast to the HH compounds, only a few FH ma-
terials are semiconductors and have thus attracted limited
attention as TE materials [25–27]. The most widely studied
FH semiconductor is VFe2Al, which shows remarkable TE
properties in thin film materials [25]. Garmroudi et al. [28]
achieved a PFmax = 10.3 mW/mK2 by Ta substitution at V
in VFe2Al.

In addition to the 18e XYZ and 24e XY2Z Heusler
compounds, Heusler compounds with the off-stoichiometric
(the mixture of non-18e HH and non-24e FH) can be
found in the Inorganic Crystal Structure Database [29] and
Ref. [9], albeit in small numbers. The TE properties of
some off-stoichiometric or defective Heusler compounds
have been explicitly investigated, such as introducing
X-deficient (e.g., Nb0.8CoSn [30,31], Ti0.75NiSb [32]),
Y-interstitial (TiFe1.5Sb [33,34], MCo1.5Sn (M = Ti, Zr, Hf)
[35], MRu1.5Sb [36–38], MNi1+xSn [39–43]), or substitutes
on the X and Y sites (e.g., double HH [14,44,45]) in
HH alloys. From the heat transport, the introduction of
defects on the X and Y sites in a perfect lattice leads to a
significant reduction in the thermal conductivity (κl ∼ 1.8
W/mK of Nb0.83CoSb at 1123 K and ∼1.7 W/mK of
TiRu1.2Sb at 811 K), which can improve the corresponding
TE properties (zT ∼ 0.9 for Nb0.83CoSb at 1123 K, zT ∼ 0.4
for TiRu1.2Sb at 811 K [31,38]). For the electronic structures,
some off-stoichiometry compounds interestingly show
semiconductor behavior, such as the Y-interstitial Heusler
phases with XY1+nZ (0 < n < 1): TiFe1.5Sb [33,34] and
MRu1.5Sb (M = Ti, Zr, Hf) [36–38]. This semiconductor
behavior cannot be explained by the above 18e/24e
simple rules: TiFe1.5Sb and MRu1.5Sb have VEC of 21
(4 [Ti/Zr/Hf(3d2 4s2)] + 1.5 × 8[Fe (3d6 4s2)/Ru (4d7 5s1)
+ 5 Sb (5s2 5p3)]), neither 18 nor 24.

Researchers related these Heusler systems to the gen-
eral Slater-Pauling (S-P) rule [46–48]. According to the
rule, an average of 6 electrons of each atom in the ternary
Heusler system will lead to semiconductor behavior, which
is a so-called S-P semiconductor [37]. For the HH and
FH systems, they have 3 and 4 atoms in their stoichiome-
tries (XYZ and XY2Z), respectively. Following the S-P rule,
the number of valence electrons of 3 × 6 = 18 and 4 ×
6 = 24 are the semiconductor criteria for HH and FH, re-
spectively, i.e., the well-known 18e and 24e rules. For the
off-stoichiometry TiFe1.5Sb and MRu1.5Sb compounds, their
21 valence electrons can exactly split as 6 + 1.5 × 6 + 6 = 21
using their stoichiometry XY1.5Z, indicating S-P semiconduc-
tors. However, for the TiFe1.33Sb and MCo1.5Sn compounds,
they do not satisfy the S-P rule [the average electrons of
each atom are (4 + 1.33 × 8 + 5)/(1 + 1.33 + 1) = 5.9 and
(4 + 1.5 × 9 + 4)/(1 + 1.5 + 1) = 6.14, respectively, not 6],
exhibiting metallic character [35,49]. The advantage of these
S-P HH semiconductors is using the self-doping to achieve
p- or n-type semiconductors within the same element frame-
work. For example, in the TiFe0.5Ni0.5Sb HH compound
[50], tuning the ratio of Fe and Ni (self-doping not extrin-
sic doping) can lead to both p- and n-types. Although the

S-P rule provides a straightforward relationship between the
Heusler system and semiconductor behavior, it does not pro-
vide a comprehensive analysis of electronic structures, such
as the electron transfer and bonding. In addition, for the off-
stoichiometry Heusler compound (XY1+nZ), which contains
more or fewer Y atoms than HH and FH compounds, respec-
tively, the effect of the Y occupations on the Heusler stability
is still unclear. Therefore, it is crucial to conduct a systematic
investigation of the stable off-stoichiometry Heusler phases,
exploring their electron structures, structure stabilities, and
possible TE properties.

In this paper, for the Ti-Fe-Sb and M-Co-Sn (M = Ti,
Zr, Hf) Heusler systems, we identify the thermodynamically
stable phases of TiFe1.5Sb and MCo1.33Sn, which are S-P
semiconductors. In addition to the well-known HH and FH
local geometries, these structures contain defective-HH (DH)
and defective-FH (DF) substructures due to the partial occu-
pation of Y atoms (Fe or Co) at the 4d Wyckoff position.
Such HH, FH, DH, and DF local geometry stacking forms the
interesting second- and third-order Rubik’s-cube-like struc-
tures in TiFe1.5Sb and MCo1.33Sn, respectively. The stacking
arrangement (or the arrangement of Y atoms) attributes the
electron redistribution within the HH and FH substructures,
leading to the shift of the Fermi energy level within the
band gap. On the other hand, the unique cube significantly
suppresses the acoustic phonon branches, lowers the acous-
tic Debye temperature, and strengthens the anharmonicity.
Consequently, the thermal conductivity of MCo1.33Sn (12.5
W/mK for TiCo1.33Sn, 11.6 W/mK for ZrCo1.33Sn, and 10.8
W/mK for HfCo1.33Sn at 300 K) is much lower than that of
the traditional Heusler compounds [NbFeSb (16 W/mK [24])
and VFe2Al (38 W/mK [51])]. In combining the electrical
properties, we find that the zT value of 0.54 can be achieved
in the ZrCo1.33Sn Heusler compound. Its TE properties can be
further increased using defect engineering. In this paper, we
not only explain the origin of the Heusler S-P semiconductor
gap using the electronic structures but also provide insight into
the experimental discovery of more S-P semiconductors with
superior TE performance.

II. METHODOLOGY

A. Density functional theory

All density functional theory (DFT) [52] calculations are
performed using VASP within the framework of the projector
augmented wave [53]. The generalized gradient approxi-
mation of Pardew, Burke, and Ernzerhof (GGA-PBE) [54]
is used to understand the electronic exchange-correlation
functional. To accurately calculate the ground-state energy,
spin-polarization effects are included in the DFT calculations.
An energy cutoff of 400 eV is used to truncate the plane-wave
function, and the Monkhorst-Pack [55] scheme is used for
integration over the Brillouin zone (BZ) with k-point meshes
of 8 × 8 × 8 for TiFe1.5Sb and 8 × 8 × 3 for MCo1.33Sn. All
structures are relaxed with respect to all the forces and com-
ponents of the tensors <0.01 eV/Å and 0.2 kbar, respectively.
The crystal orbital Hamilton population (COHP) calculations
are performed to analyze the orbital interactions (bonding vs
antibonding) between atoms using the LOBSTER software [56].
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B. Cluster expansion

The cluster expansion (CE) has long been used to predict
the crystal structures of distinct phases [14,44,57–59]. The
formation energy of any configuration φ in a pseudobinary
alloy A1−xBx can be defined as

E f (φ) = E (φ) − xEA − (1 − x)EB

Nmix
, (1)

where E (φ), EA, and EB are the DFT total energies of the
mixed structure and the pure constituents A and B, respec-
tively. Here, x is the composition of A, and Nmix is the number
of mixing atoms. The total energy of any configuration can be
written exactly as a series expansion through discrete interac-
tions [effective cluster interactions (ECIs)] within clusters:

E f (φ) = J0 +
sites∑

i

Jiσi +
pairs∑
i �= j

Ji jσiσ j +
triples∑
i �= j �=k

Ji jkσiσ jσk

+ · · · , (2)

where in a binary alloy (A1−xBx), σi, j,k = 1 or −1 indicate
whether site i in the cluster is occupied by an atom of type
A or B, respectively. The coefficients Ji, j,k are the ECIs for a
cluster (e.g., pairs, triplets, etc). Generally, the expansion of
ECI [Eq. (2)] must be truncated after a finite number of terms,
and the leave-one-out cross-validation (CV) [60] is used to
quantify the accuracy of clusters used in the expansion. After
fitting >90 ordered configurations, the CVs of TiFe1+xSb,
TiCo1+xSn, ZrCo1+xSn, and HfCo1+xSn are <15 meV per
mixing atom, and the ground-state line or the convex hull is
established to make sure that no new low-energy structures
are below the line.

C. Electrical transport properties

The electrical transport properties [the Seebeck coefficient
(S) and electrical conductivity (σ /τ )] are calculated by solving
the Boltzmann transport equations (BTEs), as implemented in
the BOLTZTRAP code [61,62]. To assess the TE conversion
quality, the constant relaxation time approximation (CRTA) is
used, which has been widely used in the electronic transport
calculations of HH [63,64] and FH alloys [65]. For simplicity,
the relaxation time τCRTA is set as 10−14 s, as used in Ref. [61].
To verify the accuracy of the value, we estimate the electronic
relaxation times using momentum relaxation time approxi-
mation (MRTA) [66]. This methodology includes the elastic
scattering mechanism (acoustic deformation potential scat-
tering or ionized impurity scattering) and inelastic scattering
mechanism (polar optical phonon scattering). Our calculation
shows that the electron relaxation time is ∼10−14 s for the ex-
perimentally suggested compounds TiFe1.5Sb and TiCo1.33Sn
(for detail of the calculations, see the Supplemental Material
[67]). Therefore, it is reasonable and convenient to use the
constant τCRTA = 10−14 s to evaluate the electrical properties
of these materials. A high density of k points (100 Å) is
used to obtain the fine electron band structures for accurate
electrical transport properties. According to the rigid band
approximation, the effective mass (m∗

d ) of the density of states

(DOS) is obtained by fitting the DOS near the Fermi level:

DOS(E ) = 1

2π2

(
2m∗

d

h̄2

)3/2

E1/2, (3)

where E is the electronic energy and � is the reduced Planck
constant. The band effective mass (m∗

b) is calculated using the
band structures by fitting m∗

b = 3
√

m∗
x m∗

y m∗
z , where m∗

x , m∗
y , and

m∗
z are the effective masses along the x, y, and z directions at

one specific k point in the band structures, respectively.

D. Lattice thermal conductivity

The phonon dispersions are calculated by using density
functional perturbation theory [68] with the PHONOPY [69]
code. To get the converged thermal properties, 2 × 2 × 2 su-
percells (56 atoms for TiFe1.5Sb and 80 atoms for TiCo1.33Sn
and ZrCo1.33Sn) and a 3 × 3 × 1 supercell (90 atoms for
HfCo1.33Sn) are used. The supercells are constructed based
on the cluster expansion predicted crystal structures. To de-
termine the three-phonon (P3) scattering process, we use
the THIRDORDER.PY [70] code to obtain the third-order inter-
atomic force constants. The phonon BTEs are solved with the
SHENGBTE [71] code, and the BZ integration is performed on
a 12 × 12 × 12 grid.

III. RESULT AND DISCUSSIONS

A. Phase diagrams and crystal structures of TiFe1+xSb and
MCo1+xSn (M = Ti, Zr and Hf)

To access the stable ordered structures in the four kinds
of HH-FH mixtures [TiFe1+xSb and MCo1+xSn (M = Ti, Zr,
Hf)], we use the CE method to construct their pseudobinary
phase diagrams (Fig. 1). In the HH (XYZ) lattice system, the
atomic positions of X, Y, and Z are located at the Wyckoff
sites of 4a (0,0,0), 4c ( 1

4 , 1
4 , 1

4 ) and 4b ( 1
2 , 1

2 , 1
2 ), respectively,

while the 4d site ( 3
4 , 3

4 , 3
4 ) remains vacant. When the Y atom

fully occupies the 4d site, the FH (XY2Z) will be formed.
Therefore, the comparison of atomic occupations between FH
and HH depends on whether the 4d site is occupied or not.
During the CE procedure, the Y atom is partially occupied
at (or taken from) the 4d site in the HH (or FH) lattice. In
other words, partial Y atoms at the 4d site in the FH lattice
will move to the empty 4d site in the HH lattice. In the phase
diagram, the left (x = 0) and right (x = 1) endpoints represent
the 17-electron HH compounds (TiFeSb and MCoSn) and
25/26-electron FH compounds (TiFe2Sb/MCo2Sn), respec-
tively. Relative to HH and FH compounds, the DFT-calculated
formation energies of all mixed configurations are negative,
confirming that all predicted structures are stable compared
with the two endpoints (HH and FH); then the convex hull can
be established (the black dashed line with yellow circles). For
these two kinds of systems (TiFe1+xSb and MCo1+xSn), the
most stable structures are TiFe1.5Sb and MCo1.33Sn. The cor-
rectly predicted ground-state phases depend on the stability of
the endpoint phases. According to the Open Quantum Mate-
rials Database [72], the FH compounds of MCo2Sn (M = Ti,
Zr, Hf) are all stable. However, the three endpoints of TiFeSb,
TiFe2Sb, and TiCoSn are unstable. They thermodynamically
decompose into the corresponding compounds: TiFeSb →( 1

3
TiSb + 1

3 Ti2Fe3Sb2), TiFe2Sb →( 1
2 Fe + 1

2 Ti2Fe3Sb2), and
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FIG. 1. Theoretically predicted phase diagrams of (a) TiFe1+xSb, (b) TiCo1+xSn, (c) ZrCo1+xSn, and (d) HfCo1+xSn. The formation
energies calculated by density functional theory (DFT) are shown as the blue squares. The corresponding cluster expansion predicted energies
are shown as the green diamonds. The black dashed line and red solid line represent the convex hull using the ideal cubic half-Heusler
(HH)/full-Heusler (FH) phase and their corresponding phase separations of the two endpoints, respectively. The yellow and red points represent
the ground states on the corresponding ground-state lines.

TiCoSn →( 1
3 Ti2Co3Sn2 + 1

24 Ti2Sn3 + 1
24 Ti6Sn5). In addi-

tion, the ground states of ZrCoSn and HfCoSn crystalize
in the hexagonal structure (P6̄2m) rather than the Heusler-
like cubic structure (F 4̄3m). Accordingly, we calculate the
energy of the decomposed or stable compounds (TiFeSb,
TiFe2Sb, TiCoSn, ZrCoSn, and HfCoSn), and they are 116.3,
111.3, 169.9, 137.4, and 144.9 meV per mixing atom below
the corresponding Heusler-like cubic structures, respectively.
The new convex hulls thus are rebuilt using these low en-
ergies (the red lines in Fig. 1). We notice that the stable
compounds near the left endpoint (the HH phase) in the
previous convex hull are not stable in the new convex hull.
The theoretically predicted stable compounds are TiFe1.5Sb,
TiCo1.33Sn, TiCo1.67Sn, TiCo1.75Sn, ZrCo1.33Sn, ZrCo1.67Sn,
HfCo1.33Sn, HfCo1.67Sn, and HfCo1.75Sn (Fig. 1). (Since
Ti/Zr/HfCo1.67Sn and Ti/HfCo1.75Sn show metallic prop-
erties, they are not discussed in detail, and their structure
information can be found in Table S2 and Fig. S2 in the
Supplemental Material [67].) The results show that the pre-
dicted TiFe1.5Sb phase remains as the most stable compound
in the Ti-Fe-Sb system, consistent with previous experimental
synthesis [33]. However, regarding the MCo1+xSn (M = Ti,
Zr, Hf) system, MCo1.33Sn is the most stable phase, which
is different from experimentally suggested MCo1.5Sn [35].
The stability discrepancy between the theoretical predictions
and experimental measurements may be due to the finite

temperature effects on the Gibbs energy, including the atomic
vibrations and the possible configurational entropy due to the
Co random occupations.

The crystal structures of theoretically predicted ground
state TiFe1.5Sb and MCo1.33Sn (M = Ti, Zr, Hf) are shown
in Fig. S1 and Table S1 in the Supplemental Material [67] (for
the lattice structures and atom positions). The ground state
TiFe1.5Sb has a space group of R3m (a = b = 4.218 Å, c =
20.498 Å), which agrees with the previous theoretical re-
sults [33]. The MCo1.33Sn has a space group of P3m1 (a =
b = 4.284 Å, c = 10.495 Å). We compute the x-ray powder
diffraction (XRD) for the predicted ordered S-P structures and
the corresponding HH and FH (Fig. S4 in the Supplemental
Material [67]). From the XRD patterns, we notice that the
predicted S-P structures keep the most important XRD peaks
from the HH and FH structures, suggesting that they nearly
maintain the HH/FH lattice. Additionally, some distinct XRD
peaks in the predicted S-P structures indicate the structure
complexity of these compounds, such as the lattice distortions.

To understand the configuration of TiFe1.5Sb and
MCo1.33Sn more intuitively, we perform the symmetry opera-
tions on the ground state structure and transform it into a cubic
structure (the transformation matrix is [3 − 1 − 1,−1 3 −
1,−1 − 1 3] and [4 2 − 1, 2 4 1, 2 − 2 1]). The transformed
unit cell is shown in Figs. 2(a) and 2(b). By observing the
lattices of TiFe1.5Sb and MCo1.33Sn, we find that they are
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FIG. 2. Theoretically predicted TiFe1.5Sb and MCo1.33Sn (M = Ti, Zr, Hf) crystal structures (a) and (b) after transformation, (c) and (d)
the arrangement of substructures, (e) and (f) the atomic arrangement in the half-Heusler (HH), full-Heusler (FH), defective-HH (DH), and
defective-FH (DF) substructures, and the arrangement of Y atoms (Fe or Co) viewed along (g) the z axis and (h) the y axis.

formed by the periodic arrangement of several substructures.
The models of these substructures originate from HH and FH
lattices, as shown in Figs. 2(e) and 2(f). There are ideal HH
and FH lattices and DH and DF lattices. For DH and DF, they
include one Y interstitial and Y vacancy at the 4d ( 3

4 , 3
4 , 3

4 )
Wyckoff site, respectively. The lattice of TiFe1.5Sb is com-
posed of two substructures of DH and DF [Figs. 2(a) and 2(c)],
while MCo1.33Sn consists of three substructures of DH, DF,
and HH [Figs. 2(b) and 2(d)]. The regular stacking of these
substructures gives rise to the intriguing formation of second-
and third-order Rubik’s-cube-like structures in TiFe1.5Sb and
MCo1.33Sn.

From the local geometry structures in the lattice parts
[Figs. 2(e) and 2(f)] of TiFe1.5Sb and MCo1.33Sn, the X (Ti
and M) and Z (Sb and Sn) atoms built the NaCl-type lattice,
and the Y atom (Fe and Co) is coordinated by four X (Ti, Zr,
Hf) and four Z (Sb, Sn) atoms. Since the Y occupations are
different from those in the HH and FH lattices [Figs. 2(e) and
2(f)], we focus on the arrangement rules of Y atoms. In the
crystal structure of TiFe1.5Sb, there are three nonequivalent Fe
sites, denoted as Fe1, Fe2, and Fe3, shown in Fig. 2(g). The
first neighbor of each Fe atom consists of four Ti and four Sb
atoms with the same bond length of ∼2.61 Å. For the second
nearest neighbors, there is a difference: Fe1 is surrounded by
six Fe atoms (three Fe2 and three Fe3), and Fe2 and Fe3
are surrounded by three Fe1 atoms, as shown in Fig. S5 in
the Supplemental Material [67]. The second nearest Fe-Fe
bond lengths are all 3.01 Å. By comparing the neighbors of
Fe atoms with those of Y atoms in HH/FH (Fig. S3 in the
Supplemental Material [67]), we can see that Fe2 and Fe3 are
periodically arranged within the lattice as in the TiFeSb HH
lattice [Fig. 2(g)], occupying the 4c ( 1

4 , 1
4 , 1

4 ) Wykoff site. As
an interstitial atom, Fe1 occupies the site between Fe3 and
Fe2, situated at the half position of 4d ( 3

4 , 3
4 , 3

4 ) Wyckoff site
[Fig. 2(g)]. The neighboring atoms of Fe1 resemble those of Y
atoms in FH, whereby the second nearest neighbors comprise
six Y atoms (Fig. S5 in the Supplemental Material [67]). This
suggests that the bonding behavior of Fe1 is likely to associate
with that of FH. Thus, we conclude that the formation of

the TiFe1.5Sb S-P semiconductor is a result of the migration
of the extra Y (Fe) atoms to occupy half of the Y vacancy
(Wyckoff site 4d) of HH [Fig. 2(g)], which can be written as
TiFe1.5Sb = TiFeSb + 1

2 Fe. In MCo1.33Sn [Fig. 2(b)], there
are four nonequivalent Co atoms [Fig. 2(h)], named Co1, Co2,
Co3, and Co4. Each Co is eight coordinated with four M atoms
and four Sn atoms with a bond length of 2.73 Å. The second
neighbor among Co atoms (except Co1) has a bond length of
3.15 Å (Fig. S6 in the Supplemental Material [67]). From the
distribution of Co atoms [Fig. 2(h)], Co1, Co2, and Co4 atoms
are periodically arranged as in the MCoSn HH crystal struc-
ture, and Co3 as the interstitial atom appears between Co2 and
Co4. The bonding environment around Co3 confirms the FH
environment. Like TiFe1.5Sb, MCo1.33Sn can also be written
as MCo1.33Sn = MCoSn + 1

3 Co, which means MCo1.33Sn
is formed due to the Y atoms (Co) migration to 1

3 of the Y
vacancy of HH [Fig. 2(h)]. The forming of DF and DH or
the unusual atomic occupations leads to the stability of the
structures of off-stoichiometry compounds. The formation of
this new structure is an important guide for expanding the
research scope of Heusler system.

B. Electronic structures

In HH and FH compounds, the electronic structures are
strongly correlated to the VEC [73]. As we know, HH with
18e and FH with 24e are semiconductors; changing the
VEC to a different value mostly causes the compounds to
lose their semiconductor properties and the emergence of
magnetism [74]. For the TiFe1+xSb and MCo1+xSn systems
(Table I), their HH systems (TiFeSb and MCoSn) all have
VEC = 17, and the FH systems (TiFe2Sb and MCo2Sn) have
VEC = 25 and 26, respectively. By calculating the VEC
of the predicted ground state, we find that the VEC of
TiFe1.5Sb and MCo1.33Sn is 21 (4 [Ti (3d2 4s2)] + 1.5 × 8
[Fe (3d6 4s2)] + 5 [Sb (5s2 5p3)]) and 20 (4 [Ti (3d2 4s2)] +
4
3 × 9 [Co (3d7 4s2)] + 4[Sn (5s2 5p2)]), respectively. We can
see that they have an average of 6 electrons per atom
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TABLE I. The VEC of HH/FH compounds and the predicted
compounds.

HH/FH VEC Predict VEC

TiFeSb 17
TiFe1.5Sb 21

TiFe2Sb 25
(Ti/Zr/Hf)CoSn 17

(Ti/Zr/Hf)Co1.33Sn 20
(Ti/Zr/Hf)Co2Sn 26

[21/(1 + 1.5 + 1) = 6 and 20/(1 + 4
3 + 1) = 6], indicating

S-P semiconductors.
We calculate the electron structures and DOS of TiFe1.5Sb

and MCo1.33Sn (Fig. 3). We find that TiFe1.5Sb, TiCo1.33Sn,
ZrCo1.33Sn, and HfCo1.33Sn are all S-P semiconductors, with
band gaps of 0.67, 0.11, 0.13, and 0.002 eV, respectively.
The calculated band gap of TiFe1.5Sb is like the previously
reported value (0.64 eV) [33]. The PBE functional usually

underestimates their band gaps, and HSE06 and GW could
correct them. However, these methodologies are time consum-
ing even for a very simple system. From previous studies on
the electrical properties of TE materials [75,76], HSE06 does
obtain the better band gap than that from PBE calculations.
Fortunately, the HSE calculated band features around the
Fermi level [the band edges of valence band maximum (VBM)
and the conduction band minimum] show no difference to
those using PBE. It is well known that the TE properties
strongly depend on the behavior of charge carriers near the
Fermi level. Therefore, the PBE-calculated band structures are
still reasonable for the HH TE property calculations, like most
theoretical simulations in Heusler compounds [65,77,78].

From the band structures (Fig. 3), we find that the VBM
lies at the � point in both TiFe1.5Sb and MCo1.33Sn, and
there are two flat bands in the conduction band above the
Fermi level. From the projected DOS, we find that the
flat conduction bands are contributed by Fe or Co atoms.

FIG. 3. Atom-resolved electronic band structures and density of states (DOS) for (a) TiFe1.5Sb, (b) TiCo1.33Sn, (c) ZrCo1.33Sn, and
(d) HfCo1.33Sn. The green, blue, and red lines are represented X, Y, and Z atom contributions to the energy band. The projection of an
element on the band is distinguished by color (the RGB value). The black lines represent the EF position.
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Additionally, states below the flat bands are mainly con-
tributed by Fe (Co), and the states above the flat bands are
contributed by Ti/Zr/Hf. The states of Z (Sb or Sn) atoms lie
deep in the valence band and have no contribution near the
Fermi level (Fig. 3). The presence of flat bands above the
Fermi level indicates a large band effective mass, which is
detrimental to the carrier mobility. However, the light band
at the VBM with high band convergence suggests that the
p-type material may have high TE properties [24]. Thus, our
theoretically predicted TiFe1.5Sb and MCo1.33Sn compounds
have the potential to serve as effective p-type TE materials.

C. Orbital analysis

Since those S-P semiconductors (TiFe1.5Sb and
MCo1.33Sn) are derived from HH and FH compounds,
figuring out the bonding rules in HH and FH will help us
analyze their S-P semiconducting behaviors, for a detailed
schematic illustration, see the Supplemental Material [67]
(see also Refs. [79–81] therein). It is well known that HH
with 18e and FH with 24e are semiconductors, and the
difference between these two kinds of compounds is the way
to form the band gaps using orbitals. The band gap of HH
is produced by the hybridization of the d orbitals of X-Y,
and the Fermi energy level is located between the bonding
and antibonding states (Fig. S7(a) in the Supplemental
Material [67]). However, the band gap of FH is formed by the
hybridization of the d orbitals of Y-Y, and the Fermi energy
level is between the antibonded states of t1u and eu (Fig. S7(b)
in the Supplemental Material [67]). Therefore, the band gap
of HH is often much larger than that of FH [74,79,82].

Like HH or FH, the bonding behavior of the TiFe1.5Sb
(VEC = 21) semiconductor can be understood using similar
rules. From the atom-projected DOS of three nonequilibrium
Fe atoms in TiFe1.5Sb [Fig. 4(a)], we find that t2g of Fe1 is only
distributed below the Fermi level, and eg is distributed on both
sides of the Fermi level. The COHP is also given to investigate
the bonding behaviors between atoms [Fig. 4(b)], in which
the negative and positive COHP values indicate bonding and
antibonding interactions, respectively, and the values repre-
sent the strength of the interactions. The COHP result shows
that the antibonding of Fe1 appears not only in the conduction
band above the Fermi level but also in the valence band below
the Fermi level [the black arrow in Fig. 4(b)]. This means the
Fermi level locates between the two antibonding states, which
is also a character of the FH bonding rule, as we discussed
in the Supplemental Material [67]. This bonding behavior
indicates that Fe1 is indeed in the local environment of FH.

Based on the structural analysis described above, TiFe1.5Sb
can be interpreted as [TiFeSb] + 1

2 Fe. Since the unit cell
formula of TiFe1.5Sb is Ti2Fe3Sb2, the formula can be writ-
ten as Ti2Fe3Sb2 = 2[TiFeSb] + Fe, in which Fe [the Fe1
atom in Fig. 2(g)] can be recognized as an interstitial atom
in the TiFeSb matrix to form the local FH [TiFe2Sb] sub-
structure. Thus, Ti2Fe3Sb2 = [TiFeSb] + [TiFeSb] + Fe1 =
[TiFeSb] + [TiFe2Sb]. Therefore, according to the preceding
DOS and COHP analysis, the bonding diagram (electrons
transfer) can be separated into two connected steps [Figs. 4(c)
and 4(d)]: (1) When Fe1 enters the HH [TiFeSb] sub-
structure (VEC = 17), the hybridization forms the bonding

states (the double-degenerate eg and triple-degenerate t2g) and
the antibonding states (the double-degenerate e∗

g and triple-
degenerate t∗

2g). Thus, the FH [TiFe2Sb] substructure (VEC =
25) is formed, and the corresponding Fermi level [the solid
pink line in Fig. 4(c)] is above the antibonding state e∗

g. (2)
Then the [TiFe2Sb] substructure will further interact with the
rest of the [TiFeSb] substructure. An electron in the e∗

g state
of [TiFe2Sb] will fill the hole in the t2g state of [TiFeSb]
[the black dashed arrow in Fig. 4(d)], forming the 18e HH
[TiFeSb]− and 24e FH [TiFe2Sb]+ substructures [Fig. 4(d)].
The Fermi levels of HH and FH experience upward and down-
ward alignments, respectively, resulting in a new position
represented by the pink dotted line [Fig. 4(d)]. The shift leads
to the emergence of a band gap in the TiFe1.5Sb compound,
which exhibits semiconductor behavior. Therefore, the semi-
conductor behavior of TiFe1.5Sb is due to the redistribution of
electrons between the two HH and FH substructures.

For MCo1.33Sn, taking ZrCo1.33Sn as an example, combin-
ing the results of its DOS and COHP [Figs. 4(e) and 4(f)],
it can be seen that t2g states of Co3 are distributed below
the Fermi level, and bonding and antibonding states of eg

are distributed on both sides of the Fermi level. The Fermi
level appears within the two antibonding states [the black
arrow in Fig. 4(f)], which illustrates that the interstitial Co3
in the HH structure locates in the local FH bonding environ-
ment. From the structure and DOS analysis, Co3 also exists
as an interstitial atom [Fig. 2(h)] to donate electrons. The
unit cell formula of MCo1.33Sn is M3Co4Sn3, which can be
understood as a combination of M3Co4Sn3 = 3[MCoSn] +
Co3 = 2[MCoSn]− + [MCo2Sn]2+, and the bonding diagram
is shown in Figs. 4(g) and 4(h): Filling Co3 in the HH [Zr-
CoSn] substructure (VEC = 17) induces the formation of the
FH [ZrCo2Sn] substructure (VEC = 26) [Fig. 4(g)]. Then the
two electrons in 26e [ZrCo2Sn] transfer to the neighboring
two 17e [ZrCoSn] [the black dashed arrows in Fig. 4(h)],
forming two 18e [ZrCoSn]− and one 24e [ZrCo2Sn]2+ sub-
structures. After the electron transfer, the Fermi level aligns to
a new position [the pink dotted line in Fig. 4(h)] and the band
gap appears. Our electronic structures provide the perspective
of bonding and electron transfer in the system. We can find
that the partial distribution of interstitial Y atoms (Fe or Co)
causes the electrons in the system to be redistributed between
the HH and FH substructures, resulting in the shift of the
Fermi level and opening of the band gap. Such a distribution
leads to the stable mixture structures using HH and FH.

D. TE properties

1. Thermal properties

The intrinsic high thermal conductivity of HH and FH is
the main obstacle for them to achieve the high TE figure of
merit. In general, the tunable vacancy concentration in the off-
stoichiometry compounds (Nb0.8CoSb, Ti0.75NiSb [83]) can
facilitate the thermal conductivity decrease through phonon
scattering and lattice softening mechanisms [26]. Since low
thermal conductivity is a crucial factor in identifying high-
performing TE materials, it is necessary to investigate the
thermal properties of our predicted S-P semiconductors. From
the phonon calculations, the phonon dispersions of TiFe1.5Sb
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FIG. 4. Atom-resolved density of states (DOS) and crystal orbital Hamiltonian population (COHP) of (a) and (b) TiFe1.5Sb and (e) and (f)
ZrCo1.33Sn. Schematic illustration of molecular orbital (MO) diagram in forming (c) and (d) TiFe1.5Sb and (g) and (h) ZrCo1.33Sn. The black
dashed arrows in MO [(d) and (h)] represent the electron transfer process from full-Heusler (FH) to half-Heusler (HH) substructure.

and MCo1.33Sn (Fig. 5) do not show imaginary phonon fre-
quencies, indicating the thermodynamical stability of these
structures. For TiFe1.5Sb, the heavy atom Sb mainly con-
tributes to the low-frequency region <6 THz, while the
high-frequency region is dominated by the light Ti and Fe

atoms [Fig. 5(a)]. For MCo1.33Sn [Figs. 5(b)–5(d)], as the
M site is changed from Ti to Zr to Hf, the atomic mass is
increasing. We notice that the atom contributions to the
phonons are significantly changed: The contribution of
M atoms to the optical modes gradually shifts from the
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FIG. 5. Phonon dispersions and phonon density of states (PDOS)
of (a) TiFe1.5Sb, (b) TiCo1.33Sn, (c) ZrCo1.33Sn, and (d) HfCo1.33Sn
along the high-symmetry pathways in their corresponding Brillouin
zones. Optical branches are shown in blue and acoustic in red. The
contributions of X, Y, and Z atoms in PDOS are shown in green, blue,
and yellow.

high-frequency region of M = Ti to the low-frequency region
of M = Hf. Thus, as the acoustic modes are predominantly
contributed by the heaviest atom in the compound [84], the
highest frequencies of acoustic branches of M = Ti, Zr, and
Hf decrease to 3.26, 3.08, and 2.71 THz, respectively. Thus,
the weak acoustic branches by shifting from Ti to Hf in
MCo1.33Sn will lead to a great impact on κl .

Based on the phonon dispersions, we can extract the Debye
temperatures, phonon velocities, and Grüneisen parameters
[85], as shown in Table II. From the table, we can see that

TABLE II. The average transverse acoustic (TA/TA′) and longi-
tudinal acoustic (LA) Debye temperature (�TA/TA′/LA) (K), phonon
velocities (vTA/TA′/LA) (m/s), and Grüneisen parameters of TiFe1.5Sb
and MCo1.33Sn (M = Ti, Zr, Hf).

Candidates �TA �TA′ �LA vTA vTA′ vLA γ

TiFe1.5Sb 158.37 168.81 178.15 3352.9 3652.1 6139.4 1.02
TiCo1.33Sn 128.42 139.43 156.79 2838.2 3103.0 5682.2 1.07
ZrCo1.33Sn 123.39 137.11 147.89 2826.7 3050.4 5452.8 1.09
HfCo1.33Sn 108.43 121.73 130.44 2577.9 2757.6 5006.7 1.13

the Debye temperatures and acoustic phonon velocities grad-
ually decrease from TiFe1.5Sb to HfCo1.33Sn. This is due to
the strong couplings between acoustic and optical modes in
MCo1.33Sn pushing the acoustic branches lower. Correspond-
ingly, the Grüneisen parameters (γ ) show the opposite trend,
in which HfCo1.33Sn has the largest γ (1.13). In these S-P
compounds, in addition to the increased atomic mass of the X
atom in MCo1.33Sn, the disorder occupations of Y atoms in the
geometry (Fig. 2) induce the complicated geometry structures
and weak interatomic interactions (or the longer interatomic
distances), which leads to the low Debye temperature, phonon
group velocity, and relatively large Grüneisen parameters. In
principle, the low Debye temperature and large γ value would
suggest low lattice thermal conductivity [8,86].

The lattice thermal conductivity calculations can be calcu-
lated by solving the phonon BTEs (Fig. 6). In principle, the
lattice thermal conductivity depends on the P3 and higher-
order scatterings, such as the four-phonon (P4) scatterings.
However, authors of many studies have demonstrated that the
P4 interactions have a very weak influence on the systems
without acoustic-optical band gaps [87–90]. From our phonon
calculations of those predicted S-P compounds, they do not
show such an acoustic-optical band gap, which suggests weak
P4 interactions. Nevertheless, since the weighted P3 and P4
phase spaces can be used to discuss the importance of P3 and
P4 effects [88,91], we perform such calculations of TiFe1.5Sb
(see Fig. S9 in the Supplemental Material [67]). It turns out

FIG. 6. The lattice thermal conductivities of TiFe1.5Sb and
MCo1.33Sn (M = Ti, Zr, and Hf). The experimental data are extracted
from Refs. [36–38,49].
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FIG. 7. (a) Temperature-dependent Seebeck coefficients, (b) electrical conductivities, (c) power factors, and (d) zT of p-type TiFe1.5Sb and
MCo1.33Sn.

that the P4 phase space is significantly smaller than that of P3
phase space within the low-frequency region. Since the low
frequency plays an important role in the thermal conduction,
it is the P3 and not the P4 interactions that dominate the
lattice thermal conductivity. It is consistent with the previous
HH studies [45,92,93]. Therefore, we can safely ignore the
effects of time-consuming P4 scattering effects in the S-P
Heusler systems. As a consequence, the thermal conductivi-
ties of MCo1.33Sn (12.5 W/mK for TiCo1.33Sn, 11.6 W/mK
for ZrCo1.33Sn, and 10.8 W/mK for HfCo1.33Sn at 300 K) are
much lower than that of the TiFe1.5Sb compound (25.2 W/mK
at 300 K) (Fig. 6). However, our calculated lattice thermal
conductivities are higher than those from the experimental
measurements: <4 W/mK at 300 K for TiFe1.33Sb [49] and
MRu1+xSb [36–38] (the points in Fig. 6). This is due to
possible defects and impurities in the experimentally synthe-
sized compounds. These defects will strongly scatter phonons
and decrease the lattice thermal conductivities. Nevertheless,
compared with the traditional HH and FH alloys, such as
the thermal conductivities of NbFeSb (16 W/mK [24]) and
VFe2Al (38 W/mK [51]), we can find that S-P semiconductors
do have low thermal conductivity.

2. Electrical transport properties

Using electronic band structures of TiFe1.5Sb and
MCo1.33Sn S-P semiconductors, we can calculate their elec-
trical transport properties (Fig. 7) by solving the BTEs using
the rigid band approximation and the CRTA (τCRTA = 10 fs).
From the PFs with the chemical potential (μ) (see Fig. S10

in the Supplemental Material [67]), we can see the PFs of
p-type TiFe1.5Sb and MCo1.33Sn are much higher than those
of n-type, which agrees with the results from band struc-
ture discussions. To understand the high PF, we concentrate
on the electrical properties (S and σ ) at the optimal carrier
concentration (n ≈ 1021 cm3) (for detail of the properties,
see Table S3 in the Supplemental Material [67]). To achieve
this optimal carrier concentration, it is suggested that the Y
self-dopant should introduce 0.1 electron per cell in TiFe1.5Sb
and MCo1.33Sn.

Figures 7(a) and 7(b) show the Seebeck coefficient S and
electrical conductivity σ for TiFe1.5Sb and MCo1.33Sn at the
optimal carrier concentration. The Seebeck coefficient mainly
depends on the DOS effective mass and carrier concentration,
as is illustrated in the Mott equation [94]:

S = 8π2k2
B

3eh2
m∗

d T
( π

3n

)2/3
, (4)

where kB is the Boltzmann constant, h is the Plank constant,
and m∗

d is the DOS effective mass. The Seebeck coeffi-
cient of TiFe1.5Sb increases significantly with increasing
temperature, from 55 to 161 µV/K [Fig. 7(a)], while for
MCo1.33Sn, as the mass of M atoms increases, the trend S of
them is ZrCo1.33Sn > TiCo1.33Sn > HfCo1.33Sn. According
to Eq. (4), the high m∗

d leads to a large Seebeck coefficient
at the same charge carrier concentration. We notice that, for
the three compounds, their optimal concentrations are similar.
Since ZrCo1.33Sn has a larger DOS effective mass m∗

d p (m∗
d p =

3.22 me) than TiCo1.33Sn (m∗
d p = 3.04 me) and HfCo1.33Sn
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(m∗
d p = 2.79 me), ZrCo1.33Sn shows the highest Seebeck

coefficient.
Good electrical properties also require high electrical con-

ductivity. The electrical conductivity is proportional to the
carrier concentration (n) and carrier mobility (μ): σ = neμ,
where μ is inversely proportional to the conductivity effec-
tive mass of band (μ ∝ τCRTA/m∗

b). Therefore, HfCo1.33Sn
has the largest electrical conductivity [Fig. 7(b)] due to the
smallest band effective mass (m∗

bn = 1.09 me) and large carrier
concentration (3.18 × 1021 cm−3). As a result, ZrCo1.33Sn
demonstrates superior PFs [Fig. 7(c)] throughout a wide tem-
perature range due to its reasonable Seebeck coefficient and
electrical conductivity, reaching a maximum PF value of
39 µW/cm K2. On the other hand, TiFe1.5Sb exhibits an even
higher PF at high temperature (43 µW/cm K2 at 1000 K),
primarily due to its elevated Seebeck coefficient at high tem-
perature.

3. TE performance

Traditional 18e HH systems [typical systems of MNiSn
(M = Ti, Zr, Hf) and RFeSb (R = V, Nb, Ta)] are consid-
ered TE materials [10] with zT values above unity in recent
years. However, for the FH system, only VFe2Al is used as
a TE material with an extremely small peak zT value of 0.13
[51]. With the electrical properties and thermal conductivities,
we can evaluate the zT values [Fig. 7(d)] of our predicted
S-P semiconductors (TiFe1.5Sb, TiCo1.33Sn, ZrCo1.33Sn, and
HfCo1.33Sn). Over the temperature range of 300–1000 K,
the zT value gradually increases with increasing tempera-
ture. The zT values of TiFe1.5Sb, TiCo1.33Sn, ZrCo1.33Sn,
and HfCo1.33Sn reach maximum values of 0.43, 0.42, 0.54,
and 0.35, respectively. Although HfCo1.33Sn possesses the
lowest lattice thermal conductivity, its zT value is not the
highest among these S-P semiconductors. For ZrCo1.33Sn, the
combination of the highest PF and relatively low thermal con-
ductivity leads to the largest zT value (0.54). Although its zT
value is not comparable with those of well-known HH com-
pounds (such NbFeSb, zT = 1.6 [23]), it is even higher than
those of recently developed S-P Heusler compounds (zT ∼
0.4 in MRu1.5Sb, M = Ti, Zr, Hf). Considering that there is
still a space for further reduction in κl by introuducing the
self-dopants to scatter phonons in ZrCo1.33Sn, the further im-
provement of zT in the compound can be achieved in future.

Even though the lattice thermal conductivities of these S-P
semiconductors are already lower than those in the HH or FH
compounds, they are still quite larger than those of compounds
with intrinsic low lattice thermal conductivities (such as SnSe,
0.4 W/mK at 923 K [95]). On the other hand, the experimen-
tal measurements suggest the possibly lower lattice thermal
conductivity with introducing various defects (Refs. [36–38]).
The high zT values of S-P semiconductors indicate that it

is possible to achieve high p-type TE properties in Heusler
systems. The higher zT of our predicted S-P semiconductors
not only expands the usage of FH compounds in TE materials
but also provides a distinct way to improve the TE properties
of Heusler compounds.

IV. CONCLUSIONS

In summary, we focus on the Ti-Fe-Sb and M-Co-Sn
(M = Ti, Zr, Hf) Heusler systems, identifying the thermo-
dynamically stable phases of TiFe1.5Sb and MCo1.33Sn. The
off-stoichiometry Heusler compounds exhibit VECs of 21
and 20, classifying as S-P semiconductors. From the lattice
structure analysis, we find, in addition to the well-known HH
and FH local geometries, DH and DF substructures are also
located in the lattices. These substructures arise due to the
partial occupation of Y atoms (Fe or Co) at the 4d Wyck-
off site. The regular stacking of these substructures gives
rise to the intriguing formation of second- and third-order
Rubik’s-cube-like structure in TiFe1.5Sb and MCo1.33Sn. By
analyzing DOS and COHP, we have clarified the bonding
behaviors of these predicted off-stoichiometry S-P HH semi-
conductors. The band gap originates from the redistribution
of electrons between the HH and FH substructures, resulting
in the alignment of the Fermi level within the band gap. The
unique configuration (or the arrangement of Y atoms) plays
an important role in stabilizing the lattices of these systems
and suppress the lattice thermal conductivity to 12.5 W/mK
for TiCo1.33Sn, 11.6 W/mK for ZrCo1.33Sn, and 10.8 W/mK
for HfCo1.33Sn at 300 K, which are lower than those of tra-
ditional HH and FH compounds. In combining the electrical
properties, p-type ZrCo1.33Sn exhibits a zT value of 0.54 at
1000 K, which is attributed to its high PF and low thermal
conductivity. In addition to discovering HH candidates, in
this paper, we extensively discuss the physical mechanisms
of bonding behavior of these S-P Heusler systems, aiming to
comprehend their semiconductor behavior and possible TE
optimization method. This provides theoretical guidance for
the exploration of more S-P semiconductors with superior TE
performance.
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