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In a p-wave Kitaev model, the nearest-neighbor pairing term results in the formation of the BCS pair in the
ground state. In this work, we study the fermionic condensation of real-space pairs in a p-wave Kitaev model
on a square lattice with a uniform phase gradient pairing term along both directions. The exact solution shows
that the ground state can be expressed in a coherent-state-like form, indicating the condensation of a collective
pairing mode, which is the superposition of different configurations of pairs in real space. The amplitudes of
each configuration depend not only on the size but also on the orientation of the pair. We employ three quantities
to characterize the ground state in the thermodynamic limit. (i) A BCS-pair order parameter is introduced to
characterize the phase diagram, consisting of gapful and topological gapless phases. (ii) The particle-particle
correlation length is obtained to reveal the polarity of the pair condensation. (iii) In addition, a pair-pair correlator
is analytically derived to indicate the presence of off-diagonal long-range order. Our work proposes an alternative

method for understanding fermionic condensation.

DOLI: 10.1103/PhysRevB.108.195150

I. INTRODUCTION

The concept of fermionic condensates has received much
attention over a long period of time, from the first discovery
of superconductivity in metal to the first atomic fermionic
condensate created by using 40K atoms [1]. A fermionic con-
densate is a superfluid phase formed by fermionic particles
at low temperatures. It can describe the state of electrons in
a superconductor or the analog for fermionic atoms. For the
exact results on the condensation of fermionic pairs in a real-
istic model Hamiltonian, we can look back for much earlier
investigations of excited n-pairing eigenstates in the Hubbard
model for electrons, which possess off-diagonal long-range
order (ODLRO) [2-4]. Although a fermionic condensate is
closely related to the Bose-Einstein condensate, the fermion
pair has its own intrinsic structure, for instance, the size and
orientation of the two-fermion dimer. In the Hubbard model,
two electrons with opposite spins can form an on-site pair
CI, TCrT, ¢|0), known as a doublon, which acts as a hard-core
boson. In this context, a many-body n-pairing state (n™)"|0)
describes the condensation of #n doublons in a collective mode
nt = Zr(—l)rciq TC; ,» which is a superposition of single-
doublon states at different lattice sites. On the other hand,
an on-site pair is forbidden for a triplet-pairing mechanism
[5,6], where the fundamental building block is the spinless
fermion, and then the real-space pair cannot be regarded as a
point particle. Interesting questions include whether a similar
collective pair mode can exist in a spinless fermionic system
and whether condensation will occur in the ground state.

In this paper, we present some exact results for a p-wave
Kitaev model on a square lattice. As is well known, the
nearest-neighbor pairing term results in the formation of a
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BCS pair in the ground state. In this work, we study the
ground state from the perspective of fermionic condensation
of real-space pairs. We consider the p-wave Kitaev model on
a square lattice with a uniform phase gradient pairing term
along both directions. The phase gradient provides another
dimension in the phase diagram. We employ three quantities
to characterize the ground state in the thermodynamic limit. (i)
A BCS-pair order parameter is introduced to characterize the
phase diagram, consisting of gapful and topological gapless
phases. (ii) The particle-particle correlation length is obtained
to reveal the polarity of the pair condensation. (iii) In addition,
a pair-pair correlator is analytically derived to indicate the ex-
istence of ODLRO. It is a four-operator correlator to measure
the long-range correlation of two pairs, and its magnitude is
determined not only by the density of the pairs but also by the
correlation between two pairs. In this sense, the present work
proposes an alternative method for understanding fermionic
condensation. The underlying mechanism is that the ground
state can be expressed in a coherent-state-like form, which
is a standard formalism for the condensation of a collective
pairing mode. Such a pair mode is the superposition of dif-
ferent configurations of pairs in real space, which can be
regarded as an extension of the n-pairing mode. In contrast to
the uniform amplitude in the n-pairing mode, the amplitudes
of each p-wave pairing configuration depend not only on the
size but also on the orientation of the pair.

There are several realistic proposals to realize effec-
tive spinless superconductivity [7-9], and two recent papers
[10,11] refer to a special class of long-range Kitaev models
(called Kitaev tie models) that can be realized in condensed
matter. In addition, a recent work claimed the realization of
the two-dimensional (2D) Kitaev model in experiments [12].

It is well known that a spinless Kitaev model can become
a spin model via the Jordan-Winger transformation in low
dimension. The newly developed cold-atom technology may
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provide another avenue to realize the Kitaev model in low
dimension. The spin model can be stimulated by cold atoms
in experiments [13—16], which provides another promising
method to realize the Kitaev model.

The organization of this paper is as follows. We begin
Sec. II by discussing the exact solution of the two-dimensional
Kitaev model under periodic boundary conditions, and we
present the phase diagram. In Sec. III the BCS-like order
parameter is introduced to characterize the pairing condition
of the ground state, and we investigate the nonanalytical be-
havior of the parameter. The properties of the ground state and
the form of pairs in coordinate space are discussed in Sec. I'V.
In Sec. V we study particle-particle correlation in the ground
state, which shows that correlation intension is direction de-
pendent in thermodynamic limit. In Sec. VI we derive the
correlator of two pairs, which indicates that ODLRO exists in
the ground state. In Sec. VII, we draw the conclusions. Some
necessary proofs and derivations are given in the Appendix.

II. MODEL AND PHASE DIAGRAM

We consider the Kitaev model on a square lattice, which is
employed to depict 2D p-wave superconductors. The Hamil-
tonian of the tight-binding model on a square N x N lattice
takes the following form:

H=—t Z €i¢CIcr+a -A ZCICI-&-a
r,a r,a
+He +u )y Qe — 1), (1)
r

where r =(x, y) are the coordinates of lattice sites and c,
are the fermion annihilation operators at site r. Vectors a =
(ax, ay) are the lattice vectors in the x and y directions. ¢
is the hopping amplitude between neighboring sites, and the
real number A is the strength of the pair operators. The last
term gives the chemical potential. When the periodic bound-
ary is taken, we define (N + x,y) — (x,y)and (x, N +y) —
(x,y). There are several papers about the 2D square lattice
Kitaev model, but with zero phase ¢; two of them focused on
the gapless phase [17,18], and another two of them focused on
Majorana edge states [19,20]. In addition, there is a paper [21]
considering the spinful fermion. The phase ¢ can be caused
by the supercurrent flowing along the x and y directions; the
supercurrent can lead to a spatial phase gradient of the pairing
potential [22,23], and it can be transformed to hopping terms
by gauge transformation. Therefore, ¢ meets the constraint
N¢ =2mn (n € Z) due to the periodicity of ¢;. The Kitaev
model is known to have a topological gapless phase for zero
¢ [23-27] . In this work, we consider only the influence of
¢ and p on the ground state for the Hamiltonian with a fixed
A > 0.

Imposing periodic boundary conditions in both directions,
the Hamiltonian can be exactly diagonalized. Applying the
Fourier transformation

1 .
o = ]V § :etk-rck,
k

2
kJC7 ky = ﬂs

v meZ 2)

FIG. 1. Schematic diagram of the Brillouin zone in momentum
space. k = (k, k), and k., k, € (—m, 7]; the whole region can be
divided into two parts according to the sign of (sink, — sink,). k in
the red region satisfies sin k, — sink, < 0, which is called region A
in this paper.

The Hamiltonian can be written in the form

H=2 Z |:(c£ c_)hk (Cc:(k ) — 2t cos k4 cos (¢ — k_)i|,

keA -k
3
where the domain of the summation is A = {k, |sink, —
sink, < 0} and is illustrated in Fig. 1. There are multiple
choices for A, which ensures the simplicity of the form of

-1 -0.5 0 0.5 1
¢/

FIG. 2. Phase diagram of the Hamiltonian in Eq. (1) on the
parameter ¢-u/t plane. Different colored regions represent differ-
ent phases that are distinguished by whether an energy gap exists
between two eigenstates with opposite k. The boundaries are de-
termined by the equation | /(2¢)| = | cos ¢|. The green region is a
nontrivial phase, in which the topological number is nonzero and the
derivative of the eigenenergy is discontinuous.
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FIG. 3. (a) Color contour plots of the numerical results of order parameter O, (i, ¢) defined in Eq. (19). (b) Plots of Og(u, ¢) for several
representative values of ¢. (c) Plots of O4(ug, ¢) for several different . The parameters are N = 2000, t = 1, and A = 2. (a) shows that
the order parameter reaches its maximum of 1/2 at the triple critical points (i, ¢) = (0, £ /2). (b) and (c) indicate that O is smooth if the
parameters are in the gapful region but has nonanalytic points in the gapless region.

the ground state. Here, the matrix A can be expressed as

3
hk = ZB,‘G,' = (
i=0

according to the discussion in [28], our model is the p, — p,
superconductivity. We define modified wave vectors ki =
(ke £ ky)/2 for the sake of simplicity, where {o;} are Pauli
matrices in the form

(1 0) (0 1)
%=1 1) =\1 o)
oe(0F) et

Here, the energy basis By = 2¢sin¢ cosk, sink_, and the
components of the auxiliary field B(k) = (B, B, B3) are

B, =0,
By, =2Acosk, sink_,
B; = —2tcos¢coskycosk_. 6)

The Hamiltonian can be diagonalized in the form
1
i
H= ) [2(ex +Bo)(Vka - 5) + Bo] )
keBZ
by introducing the Bogoliubov operator

6 b .
Yk = COS ?kck + sin ?ke_""cik, 8)

which satisfies the commutation relations of the fermion
within region A,

i v} = Skar e va) = {0 7} = 0. ©)

Here, the reduced dispersion relation is

ex = /B2 + B2, (10)

u—2tcosk, cos(¢p+k_)
2iA cosky sink_

—2iA cosky sink_ @
2t coskycos(p —k_)— )’
[
where 6k and ¢ are determined by
2A ky sink_
tan O = lcosk, sink-| (11)
W — 2t cos ¢ cosky cosk_
sin ¢ = sgn(cos k4 sink_). (12)
If A >t > 0, the ground state can be constructed as
G, 9)) = [ | wl0), (13)
k
with the ground state energy
Ey=-) & (14)
k

where |0) is the vacuum state of ¢y, satisfying cx|0) = O for
all k . We note that the gapless ground state appears when &g
has a zero point or band touching point of a single yi-particle
spectrum.

The band degenerate point ko = (ko4, ko—) is determined
by

cosky sink_ =0,

u —2tcos¢gcosky cosk_ =0. (15)

Two phases, gapless and gapful demonstrated in Fig. 2, with
the boundary at the curve | /(2t)| = | cos ¢| exist, i.e.,

|l < |2t cos @| (gapless),
|| > |2t cos ¢| (gapful). (16)
In the gapless phase, the degenerate points are isolated and

can be classified as topologically trivial and nontrivial using
topological numbers or invariants [18,29,30].
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FIG. 4. (a) Color contour plots of numerical results of the absolute value of the gradient of the order parameter |V O, (i, ¢)| defined in
Eq. (23). (b) Plots of |V O, (1, ¢ )| for several representative values of ¢. (c) Plots of [V O, (1o, ¢)| for several different p1y. The parameters are
N =2000,7 = 1, and A = 2. We can see that there are boundaries between different regions in (a), which are phase boundaries in Fig. 2, and
(u, ¢) = (0, &7 /2) are nonanalytic points. (b) shows that phase boundaries are determined by the equations |u| = |2¢ cos ¢|, and (c) indicates
|V O,(1t, ¢)| has nonanalytic points at the boundaries if the parameters are in the gapless region.

II1. BCS-PAIR ORDER PARAMETER

In this section, we investigate the phase diagram from an-
other point of view. We introduce a BCS-pair order parameter,
which is a quantity to describe the rate of the transition from
free fermions to BCS pairs. It is related to a set of pseudospin
operators, which is defined as

=60 =y
si = 3l e+ cfac— 1), (17)

satisfying the Lie algebra commutation relations

[s, s ] =255, [s5,si] = Lsp. (18)

Obviously, slf is the BCS-pair creation or annihilation opera-
tor in the k channel, while s; relates to the pair number.
We introduce an order parameter

2
0p = 3 DG, Pl IG(, 9], (19)

keA

which is the sum of the expectation absolute value of cikczK

for the ground state, characterizing the pairing progress. The
exact expression of the ground state results in

A sin k, — sin k
Oy =— z Y (20
keA

which indicates that Oy is a quantity intimately related to the
spectrum ¢x. It is expected that the analytic behavior of O,
should demonstrate the phase diagram. To this end, we plot
O, in Fig. 3 and the corresponding derivatives,

H kea Ok
00, 1 J sin ¢(cos k, + cos k,)B,B3
W =Nz i ,  (22)
keA k

and

_[(80.\ | (00,
[VOy (1, @) = /(W) + <W> , (23)

in Fig. 4. We find that O, attains its maximum at the point
(0, /2), and there is an evident jump at the quantum phase
boundary.

The nonzero order parameter indicates only that there are
some pairs of electrons with zero momentum in the ground
state; when local pairs in a set are spatially separated from
each other, it is only a pair state rather than a superconducting
state. However, a k-space pair is a superposition of pairs with
both long- and short-range corrections, which is different from
a single short-range corrected real-space pair. Therefore, it is
easy to condense pairs separated by long distances. In the
following, we study the features of condensation from the
perspective of real space.

+ r =250
121 o) 7’=5><103 i
’ * r=5x10°
+
1 ‘ S ‘
0 0.1 0.2 0.3 0.4 0.5
0/m

FIG. 5. The numerical results of polarity defined in Eq. (41). The
results show that « is 2 for 8 = 0 or 6 = 7 /2 but approaches 1 for
0 = m /4 as r increases, and there is a drastic change in the vicinity of
7 /4. This indicates that the correlation intension of pairs is different
in different directions.
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IV. COHERENT-STATE-LIKE GROUND STATE

We note that the expression of the order parameter O, in
Eq. (19) can also be written in the form

2

YA PIsTIG(w, 9))| (24)
due to the fact that sink, — sink, is always positive within
region A. Here, a set of operators

- Zslf, 5 = Zsi (25)

keA keA

0y =

is still pseudospin operators, satisfying the Lie algebra com-
mutation relations
[sT,s7]1=2s% [s5sT] = £s7. (26)

The finite value of O, indicates that the ground state |G(i, ¢))
is probably the superposition of the set of states

1 +\n 2
V) = Q—(s )'10),  ne[0,N7/2], 27

in some cases. In fact, the ground state can be expressed
explicitly in terms of 6,

N S
G, ) =] | <z cos — + sin —c,ic*_k>|0)k|0)_k, (28)
2 2
keA
which can be expressed as a tensor product state of a pair in
real space. We consider an arbitrary tensor product state that
has the form as follows

6(8)) = [ [1—ie™ sin(B/2)s{ +cos(B/DINY.  (29)

=1

where the set of spin (or hard-core boson) operators {s[+
of number m has actions s;[|); = [1);, s |1); =0, and
(sl Y[4); = 0. The parameters « and B are two arbitrary
angles to determine the profile of the state. Direct derivation
shows that it can also be written in the form

m

B(B)) = dultha). (30)
n=1

where a set of states {|v,), n € [0, m]} can be constructed as

no oy,

ial
|Ya) = ,)ﬁ(Ze *) ]‘[u 31
where |y,,) is defined as

dy = \/Ci(—=i)" sin" (B/2) cos™ ™ (B/2).  (32)

Note that |¢(B)) is in the form of a coherent-state-like
state, which always exhibits the feature of condensation in k
space and ODLRD in real space. One can apply the above
result to span part of the product state of the ground state,

% . 0
l_[ (i cos ?k + sin gkCiCik) 10)x10) . (33)

keC

with A O C, in which 6 is k independent. For instance, taking
u = 0, we have

tan O =

tank_, 34
tcos¢ an (34

which ensures the constancy of 6 if the set C corresponds
to the line with fixed k_ in the Brillouin zone. In this work,
we focus on an extreme case with ¢ = /2, which ensures
A = C, and then

1— T T
IGO0, 7/2)) = [ ——=K[0),0)
keA
N?/2 jny—N/4 .
-y (s%)"10). (35)

n=0

It is obvious that |G(0, 7w /2)) represents the condensates of
a collective BCS-like pair, which is a superposition of all
possible pairs cikclfK in k space. Importantly, it can also be
regarded as the condensate of a collective pair in real space
due to the following fact. In the thermodynamic limit, a direct
derivation from the Appendix shows

+_ & sin [ (Ax + Ay)/2]
7 (AP - (A

r,r

s (36)

where the displacement r’ — r has two components (Ax, Ay).
It is a superposition of all possible pairing configurations with
(Ax, Ay)-dependent amplitudes and is then referred to as the
collective pair operator. Notably, the amplitudes are zero when
Ax + Ay is even. The nonzero amplitudes decay as a power
law with an exponent of 2 in the x and y directions and have
strong polarity. In the following section, we study this feature
by means of a correlation function.

V. CORRELATION LENGTH AND POLARITY

The exact expression for the ground state in Eq. (36) allows
us to investigate the details of the fermion condensates. In this
section, we calculate the particle-particle correlation function
between two sites (0, 0) and (x, y),

8(r,0) = [{G(0, 7 /2)|cfy /¢l ) |GO, T/2))],  (37)

which represents the correlation intension of the pairs with
distance r = y/x% + y? in the 6 direction. The coherent-state-
like ground state yields

1 .
8 0) = 15 > sin(kex + k)| (38)
keA
which becomes
1
g(r,0) = e / sin(kyx + kyy)dk,dk, |, 39)
keA

in the thermodynamic limit. A straightforward derivation
leads to the following result:

2
72y — 2]
2

SR S— 40
2r2|cos (20)| (40)

a power law decay, indicating an infinite correlation length.
This agrees with the fact that (u, ¢) = (0, 7 /2) is the critical
point with a gapless spectrum in the phase diagram. Neverthe-
less, the relative correlation intension of the pairs in different

g(r,0) = (x +y = odd)
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directions, i.e., the exponent, is polarized and can be obtained
from
| . 0) + In(2/2
#(00.8) = — lim RnOFI@/D)

r—s00 Inr

‘We have

a®(00,0) = a(oo, w/2) =2,
a(oco, m/4) = 1. (42)

We plot the exponent in Eq. (41) in Fig. 5. We find that « is
approximately 2 but only experiences a sharp dip at 6 = 7 /4.

In general, the particle-particle correlation measures the
response of a state to the external field, and a local pair can
be regarded as a quasiboson with an intrinsic structure. In
this sense, the response should be anisotropic. Intuitively, the
existence of polarity of the pairing may induce the anisotropic
current density.

VI. CORRELATOR AND ODLRO

It is clear that state |G) is a coherent state of zero-
momentum-pair condensation. In the following, we will show
that such a state literally possesses ODLRO. To get more
details about condensation, we introduce the correlator

Crr' = [(G(0, /2)|(crerar) crcr i ar|GO, 7/2))|, (43)

where R =r + Ar and R'=r’ + Ar’. It measures the corre-
lation of two pairs and characterizes the condensation of pairs.
Under the condition |r'—r| 3> |Ar|, |Ar’|, two pairs can be
regarded as bosons located at r and r’, i.e., (ceCranr)t — b;f
and ¢y ¢y yar —> by. Then, for a boson condensate state

1 {1 A
by, n) = ﬁ(ﬁ;ek bI) 0), (44)

we have

|(bx, n|blby b, n)| ~ (45)

n
m7
which identifies the ODLRO of the state |b, n) . In parallel,
we can employ the correlator Cxgr’ to identify the condensa-
tion of fermion pairs. In the thermodynamic limit, the direct
derivation of Crg in the Appendix shows that

Crr = g(A1, 0)g(AY,0") (46)

for |[r'—r| > |Ar|, |Ar’|. Then, we conclude that the ground
state at the triple critical point possesses the exact ODLRO.
In comparison with the real bosons, the values of Cggr' depend
on the parity of (Ar, Ar") and the orientation of (6, 0") since
the fermion pair is not a point particle and has its own intrinsic
structure. In this sense, the correlator Crr’ not only can iden-
tify condensation but can also disclose the relation between
pairing and condensation of p-wave superconductivity.

Obviously, the magnitude of Crg’ is determined by two
factors: the density of the p-wave pairs and the correlation of
the two pairs. In this sense, nonzero Cry’ indicates the nonzero
p-wave pair density. In contrast, zero Cgg’ cannot rule out the
existence of p-wave pairs.

VII. SUMMARY

In summary, we have provided a concrete example to
demonstrate the fermionic condensate in a spinless system,
which is different from the n-pairing mechanism in a spinful
system, such as the Hubbard model. We have shown that the
ground state can be expressed in two forms: (i) a BCS-like
state, which consists of two fermions with opposite momenta,
and (ii) a coherent-state-like form, which is a standard for-
malism for the condensation of a collective pairing mode. In
this sense, such a pair mode can be regarded as an extension
of the n-pairing mode. We also employed three quantities
to characterize the ground state in the thermodynamic limit.
The BCS-pair order parameter measures the average number
of pairs with zero momentum and can be used to identify
the phase diagram; however, the order parameter cannot pro-
vide condensation information. The two-operator correlation
function characterizes the features of pairing of p-wave super-
conductivity and reveals the components and the polarity of
the pairing. The four-operator correlator not only confirms the
ODLRO as expected but also supplies us with more complete
information about the condensation of pairs in real space. In
our model, the fact that the correlator of two pairs is the prod-
uct of the two two-operator correlations is interesting, which
may stimulate further study. Taken together, these results
unveil the properties of the p-wave superconductivity state,
including the pairing mechanism and fermionic condensation.
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APPENDIX

In this Appendix, we present a derivation of the expression
of s* in coordinate space, Eq. (25) in the main text, on the
basis of which we obtained the two correlation functions in
Egs. (37) and (43).

Applying the Fourier transformation

1 .
= > e, (A1)
r
we have
. 1 P N
) MRS )
keA keA r,r’
i
=7 Z Z sin[k - (t' — r)]cfc],
keA r,x’
= iZ (' —r)cicl, (A2)

r,r

where ['(r’ — r) is only a function of r' — r =(Ax, Ay),

I(r'—r)= ]% Z sin[k - (r' — r)]. (A3)

keA
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In the thermodynamic limit, it can be integrated as a function of (Ax, Ay),

2 sin[x(Ax + Ay)/2]
2 (Ay)? = (Ax)?

1
e —r)= 4—2/ sin[k - (' — r)]d’k =
T keA

and then we have
+ 2 sin [T (Ax + Ay)/2]

vt
sT=— .
2 2 _ 2 ror
72 (A — (Ax)
On the other hand, inversely, we have
e =y TN ey = LY (R - s e
rér — N2 kCk! = N2 — kC—k
kK k.K €A, (K'#k)

o 2i
+ e N T e + (kK — —k, —K)} + —= Y sinfk - (' — B)le_xcx,
N2
keA

and then

e = 15 Z {[e*Te® T — (k = K)ekew + [eKTe T — (k S K)]e_kew

kK €A, (k. >ky)

, o y o 2i
+ [*Te R T _ (k S —K)]cke_w + [€F Te *T — (k S —K)]ewek) + ]712 Z sin[k - (r' — r)Jc_kck.

keA

Taking r =0 and r’ = r, this relation directly results in

T 2i : it
g1, 0) = {G(0, /2)|cyc GO,  /2))| = ¥ Z (G(0, w/2)|sin (K - r)c, ¢’ |G(O, 7 /2))
keA
-z _ 2 = odd
= = wres ey Ty T odd)

In addition, applying the relation to four operators

1

T _ —iky-(r+Ar) —ikyr iksr' iky-(r'+Ar) FT
(crCryar) CrCrpar = N4 E e ki Dokt ik T ks ( )

Ck] CkzckS Cky,
ki ky. k3 kg

results in

Ok, ki Oky ks » (kix| > ko, 1kax] > [k3xl),

1
(G0, 7 /2)l i, 1,1 G (O, 7/2)) = 71 Bk (el < Thael, [Kael < [k,
28k;,—k, Ok, —k, Oky K5 »

—20k;,—ky Ok, —k> Oks, k3 »
S(k3)S(k2)dk, —k, 8k, k- (k3 # £ko),

where S is defined as
S(k) = sgn(sin k, — sink,).

Thus, we have

1 1 . e oAw o
Ge =l— sin(ka - Ar)sin(ks-Ar) + o I etk on ki ar-an _ kAT pikiary

ko ks€A, (ks#ks) K1 |7 kx|

where R = r 4+ Ar and R'=r’' 4+ Ar’. In the thermodynamic limit, it can be integrated as
Crr' = IT(AX)T(AL) + 38 rSar.ar — S rrardrr+ar)l.
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— 01,k Ok ks> (kix| < lkoxl, [kax] > lkax]),

— 0k K, Ok ke » (K1l > ko], [kax] < |k3xl),

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)
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