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Composite topological phases via Floquet engineering
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The hybridization of different topological phases is attractive because it can facilitate the simultaneous uti-
lization of their respective advantages. Three-dimensional (3D) higher-order topological insulators host gapless
hinge states or corner states, while Weyl semimetals have novel properties such as chiral anomaly. However,
so far, the general method to induce 3D composite topological phases with coexisting Weyl semimetals and
higher-order topological insulators is still lacking. Here, we propose a scheme to induce this kind of composite
topological phase by periodic driving and demonstrate that such a phase is the intermediate phase between
anomalous Floquet higher-order topological insulators and Floquet first-order Weyl semimetals. Our results may
open a possibility to realize different phases without static analogs.
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I. INTRODUCTION

Recently, traditional topological phases with gapless edge
states [1–3] or surface Fermi arcs [4–10] have been extended
to nth-order topological phases, which feature the presence
of (d − n)-dimensional boundary states [11–29]. Both various
theoretical schemes to realize these new phases [30–56] and
some experimental observations [57–61] have been reported
over the past few years. Explorations of physical systems
supporting exotic topological states is a main theme of con-
densed matter physics. One of the interesting questions is
whether different topological phases can coexist in one sys-
tem. The proposal of this novel state has the following two
meanings: (1) It can greatly enrich the family of topological
states. (2) Various hybrid topological phases can take advan-
tage of two kinds of different phases and be used to design
bifunctional devices [62]. Although composite topological
semimetals with nodal points and nodal lines [63], hybrid
topological photonic crystals that can host simultaneously
quantum anomalous Hall and valley Hall phases in different
band gaps [64], and hybrid order topological insulators [65]
have been found in several systems, the topological phases in
all band gaps are either topological insulators or topological
semimetals. A natural question is whether composite topo-
logical phases with topological semimetals and insulators can
exist in a single system. Due to the different definitions of each
topological phase, it seems to be difficult to achieve composite
topological phases with several different topologies in a single
system.

Coherent control via periodic driving dubbed Floquet
engineering has become a versatile tool in artificially cre-
ating novel topological phases in systems of ultracold
atoms [66,67], photonics [68,69], superconductor qubits [70],
and graphene [71]. Inspired by the fact that periodic driv-
ing can generate new topological phases without static
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analogs [65,72–77], whether the composite topological phases
with coexisting Weyl semimetals and higher-order topolog-
ical insulators can be induced by periodic driving is worth
studying.

In this paper, we propose a scheme to artificially create
three-dimensional (3D) composite topological phases with
coexisting Weyl semimetals and higher-order topological
insulators by Floquet engineering. The basic picture is il-
lustrated in Fig. 1. Starting from a 3D anomalous Floquet
higher-order topological insulator with gapless hinge states
in both 0 and π/T gaps, we observe that the chiral hinge
state in the φ/T (φ = 0 or π ) gap can be destroyed by ap-
propriate perturbations, and then the phase with high-order
topology in this gap is converted to a Weyl semimetal. In the
process of gradually increasing perturbation, the higher-order
topological states in the π/T gap will be converted succes-
sively into second- and first-order Weyl semimetals, while
the higher-order topological insulator in the 0 gap is main-
tained. A composite topological phase with a coexistence of a
first- (second-) order Weyl semimetal and a higher topological
order insulator will appear. When the perturbation is large
enough, the phases in both gaps will become a Floquet first-
order Weyl semimetal phase. Such a strategy that only takes
advantage of two energy gaps in a periodically driven system
can be used to induce various other composite topological
phases.

II. ANOMALOUS FLOQUET HIGHER-ORDER
TOPOLOGICAL INSULATOR

We consider a static four-band model on a cubic lattice. Its
Bloch Hamiltonian is

H(k) = (v + λ cos kx )τxσ0 − (λ sin kx )τyσz

+ (v + λ cos ky)τyσy + (λ sin ky)τyσx

+χ cos kz(τxσ0 + τyσy) +
√

2χ ′ sin kzτzσ0, (1)
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FIG. 1. Schematic of (a) an anomalous Floquet higher-order
topological insulator and (b) a composite topological phase. As
shown in (a), the band gap labeled in cyan color indicates that there
are gapless chiral hinge states in this gap. According to topological
classification, the higher-order topological number can be defined. So
we believe that there is a higher-order topological phase at this gap.
With the introduction of perturbation, two three-dimensional bands
with a linear dispersion are degenerate at two isolated momentum
points, which are called Weyl points. The existence of Weyl points
indicates the formation of a Weyl semimetal phase at the π/T gap.
Due to the topological charge of the Weyl point, Weyl semimetals can
be sliced into a family of two-dimensional (2D) Chern and normal
insulators parametrized by kz. So we realize a second-order topo-
logical insulator in the quasienergy-0 gap, and a Weyl semimetal in
the quasienergy-π/T gap. Here, the dispersion relation is calculated
using the parameters in Fig. 4(b).

where σi and τi (i = x, y, z) are the Pauli matrices
acting on the spin and orbital degrees of freedom,
respectively. τ0 and σ0 are identity matrices. The system has
mirror-rotation symmetry MxyH(kx, ky, kz )M−1

xy =
H(ky, kx, kz ) with Mxy = [(τ0 − τz )σx − (τ0 + τz )σz]/2.
Along the high-symmetry line kx = ky = k, H(k)
can be expressed as diag[H+(k, kz ),H−(k, kz )] with
H±(k, kz ) = h± · σ and h± = √

2[(χ cos kz + v +
λ cos k),±(λ sin k), χ ′ sin kz]. Its topology is described
by the mirror Chern number C = (C+ − C−)/2 with
C± = 1

4π

∫
BZ

1
E3/2 h± · (∂kh± × ∂kz h±)d2k [78,79]. For our

system, the Chern number C can be ±1 and 0. When C is
nonzero, there are four gapless chiral hinge states in the bulk
gap. The underlying mechanism for the formation of hinge
states can be explained by surface theory. For our higher-order
topological phase, the mass terms of adjacent side surfaces
have opposite sign [78], so the hinge is a domain wall of
the Dirac mass and consequently harbors a hinge state.
A higher-order topological insulator with mirror-rotation
symmetry is also studied in Ref. [78]. We consider the
periodically driven scenario as

λ(t ) =
{
λ1, t ∈ [NT, NT + T1),
λ2, t ∈ [NT + T1, (N + 1)T ), (2)

where T (T = T1 + T2) is the driving period. Due to the fact
that the energy of our system is not conserved, this kind of
time-periodic system does not have a well-defined energy
spectrum. According to the Floquet theorem, the one-period
evolution operator U (T ) = Te−i

∫ T
0 H(t )dt defines an effective

Hamiltonian Heff ≡ i
T ln U (T ) whose eigenvalues are called

quasienergies [80]. From the eigenvalue equation U (T )|ul〉 =

FIG. 2. Quasienergy spectrum under the x, y direction open
boundary condition in (a) and the x, y, z direction open boundary
condition in (b). The insets of (b) show the probability distribution of
the 0 mode and π/T mode hinge states, respectively. We use v = 1.3,
λ1 = −λ2 = 1.5, χ = χ ′ = 1, T1 = 0.2, and T2 = 0.6.

e−iεl T |ul〉, we conclude that the quasienergy is a phase factor,
which is defined modulus 2π/T and takes values in the first
quasienergy Brillouin zone [−π/T, π/T ] [81]. The topolog-
ical phases of our periodically driven system are defined in
such a quasienergy spectrum. Correspondingly, edge modes
can occur at both the quasienergies 0 and π/T gap [82]. It
means that two topological invariants which separately count
the edge modes at 0 and π/T are needed. Inspired by the
definition of a topological invariant in a static second-order
topological insulator and the unique topology in periodically
driven systems [78,83,84], we can construct a pair of topolog-
ical indices Vφ (φ is 0 or π ) that is equal to the number of the
gapless hinge states at the φ/T quasienergy. Along the high-
symmetry line kx = ky = k, U (k, k, kz, t ) can be diagonalized
into diag[U+(k, kz, t ),U−(k, kz, t )]. The dynamical winding
number which characterizes the number of gapless hinge
states at φ/T (φ = 0 or π ) quasienergy is Vφ = Vφ,+ − Vφ,−
with

Vφ,± = 1

24π2

∫ T

0
dt

∫
dkdkzε

i1i2i3

× Tr
[
U †

φ,±∂i1Uφ,±U †
φ,±∂i2Uφ,±U †

φ,±∂i3Uφ,±
]
, (3)

where Uφ,± = U±(k, kz, t )[U±(k, kz, T )]−t/T
φ with

[U±(k, kz, T )]−t/T
φ =

∑
l

exp

[
− t

T
logφ e−iεk,l,±T

]
Pl,±(k, T ).

(4)

Here, εk,l,±T labels the quasienergy bands derived from
U±(k, T ) satisfying εk,l,±T ∈ [φ, φ + 2π ) and Pl,±(k, T )
is the projection matrix given by the eigenvector of
εk,l,±T [78,83,84]. The relationship between Vφ and Chern
number C is Vπ − V0 = C. Figure 2(a) shows the anomalous
Floquet higher-order topological insulator which hosts robust
gapless chiral hinge modes even when its bulk Floquet bands
carry trivial mirror Chern numbers C = Vπ − V0 = 1 − 1 =
0 [85]. The corresponding quasienergy spectrum under an
open boundary condition along three directions in Fig. 2(b)
has gapless chiral hinge states at quasienergies 0 and π/T
[see the inset of Fig. 2(b)]. It signifies the formation of a
3D second-order topological insulator. On this basis, we will
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FIG. 3. The χ±
C4zI as the change of m. The other parameters are

the same as in Fig. 2.

further discuss the formation mechanism of composite topo-
logical phases in the following sections.

III. METHOD TO OBTAIN COMPOSITE
TOPOLOGICAL PHASES

By applying appropriate perturbation to our anoma-
lous Floquet higher-order topological insulator shown in
Fig. 2, a phase with higher-order topology in the π/T gap
can be converted to Weyl semimetals and we can realize
composite topological phases with coexisting Weyl semimet-
als and second-order topological insulators. We consider
H′ = H + mτ0σy, which breaks mirror-rotation symmetry,
but preserves rotoinversion symmetry C4zI. The operator
C4zI changes wave vectors as (kx, ky, kz ) → (ky,−kx,−kz ).
Four C4zI invariant points in the k space are K4 = {� =
(0, 0, 0), M = (π, π, 0), Z = (0, 0, π ), A = (π, π, π )}. The
topological indices which describe the higher-order topology
in rotoinversion-symmetric system are

χ±
C4zI = 1

2 [n± π
4
(Z ) − n∓ 3π

4
(Z ) + n± π

4
(A)

− n∓ 3π
4

(A) − n± π
4
(�) + n∓ 3π

4
(�)

− n± π
4
(M ) + n∓ 3π

4
(M )] mod 2, (5)

where n+ π
4
(k), n− π

4
(k), n+ 3π

4
(k), and n− 3π

4
(k) are the numbers

of occupied states with C4zI eigenvalues, ei π
4 , e−i π

4 , ei 3π
4 , and

e−i 3π
4 at k, respectively [86]. When χ±

C4zI are both nonzero,
chiral hinge modes appear in the static system. The effective
Hamiltonian H′

eff inherits the rotoinversion symmetry, which
suffices to study the system via topological indices in Eq. (5).
Due to the fact that χ±

C4zI are Z2 indices, the topological in-
dices of previous anomalous Floquet higher-order topological
insulators are zero [87]. Once the higher-order topology in
the π/T gap is destroyed, the topological indices will be
nontrivial. They may just be used to describe the higher-order
topology of our composite topological states.

Figure 3 shows the topological indices with the change of
the perturbation strength. χ±

C4zI for anomalous Floquet higher-

order topological insulators at m = 0 are 0. The two phase
transition points m = 0.3864 and m = 0.6364 correspond to
the position where the π/T mode and 0 mode hinge states
disappear, respectively. When 0.3864 < m < 0.6364, the
phase with higher-order topology in the π/T gap has been
converted to a Weyl semimetal phase (see the next section for
details). χ±

C4zI = ±0.5 for such composite topological states is
nontrivial.

IV. TWO KINDS OF COMPOSITE TOPOLOGICAL PHASES

To reveal the detailed process of inducing composite topo-
logical states, we plot in Fig. 4 the quasienergy spectra
for different perturbation m and corresponding kz-dependent
Chern numbers. C(kz ) is defined as

C(kz ) = 1

2π

∫ 2π

0
dkx

∫ 2π

0
dky[∂kx Aky − ∂ky Akx ], (6)

where Akx,y = i〈ψ (kx, ky, kz )|∂kx,y |ψ (kx, ky, kz )〉 with
|ψ (kx, ky, kz )〉 being the eigenstate of H′

eff [88]. Based on
the quasienergy spectrum in Fig. 4(a) and the corresponding
Chern number in Fig. 4(d), we can know that there are two
pairs of Weyl points (black dots A, B, C, D) at quasienergy
π/T . The existence of Weyl points indicates the formation
of a Weyl semimetal phase. Furthermore, the gapless chiral
hinge states demonstrate the higher-order topology in the π/T
gap. These results confirm the higher-order Weyl semimetal
phase which is similar to the one studied in Ref. [86].
Unlike the higher-order Weyl semimetals in the π/T gap, the
gapped bulk band and gapless chiral hinge states at the 0 gap
show a higher-order topological insulator phase. Therefore,
an interesting phase with the coexistence of higher-order
Weyl semimetals and higher-order topological insulators
has been induced. In fact, this is an intermediate state from
an anomalous Floquet higher-order topological insulator to
another composite topological state. With the increase of
m, Weyl points B and C will meet at kz = 0, resulting in
the disappearance of the hinge state in the π/T gap. The
higher-order Weyl semimetal phase in the π/T gap will been
converted to traditional first-order Weyl semimetal phases. It
is seen from Fig. 4(e) that the 3D phase in the π/T gap shown
in Fig. 4(b) can be sliced into a family of two-dimensional
(2D) Chern topological insulators (|kz| < 1.194) and normal
insulators (|kz| > 1.194) parametrized by kz. Two Weyl
points are present where C(kz ) jumps between 0 and −1.
It is remarkable to find that the phase with higher-order
topology in the π/T gap has been converted to a traditional
Weyl semimetal phase. Such a coexistence of first-order
Weyl semimetals and second-order topological insulators is
absent in its original static Hamiltonian. When m is large
enough, both the hinge states in the 0 gap and π/T gap will
be destroyed [as shown in Fig. 4(c)]. According to the Chern
number C0 and Cπ/T in Fig. 4(f), the higher-order topological
insulators in both the 0 gap and π/T gap have been converted
to first-order Weyl semimetal phases. These results confirm
the superiority of the periodic driving in synthesizing a
different composite topological phase.

Based on Figs. 3 and 4, it is concluded that the transition
from a phase with higher-order topology to traditional first-
order Weyl semimetals is accompanied by the emergence of
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FIG. 4. Quasienergy spectrum under the x, y direction open boundary condition in (a)–(c) and the corresponding Chern numbers C0 (yellow
solid) and Cπ/T (red dashed) in (d)–(f) with the change of kz. Here, Cπ/T and C0 are calculated for the first and second band, respectively
(according to the magnitude of energy, the four bands can be labeled as ε1T < ε2T < ε3T < ε4T ). We use m = 0.30 in (a), 0.45 in (b), and
0.8 in (c). The other parameters are the same as in Fig. 2.

Weyl points at kz = 0 (kz = π ) for m = 0.3864 (m = 0.6364),
and the value of m at these two phase transition points
can be obtained analytically. Considering kz = 0 or π and
kx = ky = k = 0 or π , which leads to [H′(λ = λ1),H′(λ =
λ2)] = 0, the corresponding eigenvalues of the effective
Hamiltonian are

εT = ±(T1 + T2)m ±
√

2|(T1 − T2)λ cos(k)

+ (T1 + T2)[v + cos(kz )]|, (7)

where λ = λ1 = −λ2. The band touching points at m =
0.3864 (εT = π ) and m = 0.6364 (εT = 0) can be obtained
by setting kz = 0, k = π and kz = π, k = 0, respectively.

Although two kinds of composite topological phases have
been observed in Fig. 4, the surface states of Weyl semimetals
are not clearly shown. The existence of Weyl semimetals is
manifested in the topological surface states which are called
Fermi arcs. The entire quasienergy spectrum in Fig. 5 can
show the existence of lines connecting Weyl points with op-
posite chiralities, which is analogous to the Fermi arc in static
Weyl semimetal systems. These 0 or π/T mode edge states in
Fig. 5 are directly related to the corresponding kz-dependent
Chern number in Fig. 4. When C0(kz ) or Cπ/T (kz ) is nonzero,
the quasienergy spectrum of the 2D sliced system at fixed kz

will show gapless chiral edge states which originate from the
topology of the Chern insulator. These gapless chiral edge
states cross at ky = 0 or π . All edge state crossings are what
appear as a Fermi arc joining two Weyl points [89,90]. All
these results reconfirm the existence of Weyl semimetals.

V. DISCUSSION AND CONCLUSION

The static second-order topological insulators have been
observed in several systems [60,61,91–93], in the latter of
which the static higher-order topological insulators of our
2D subsystems have been realized. Periodic driving has been
used to generate different topological phases in systems of

FIG. 5. Surface Fermi arcs connecting bulk nodes. We use m =
0.30, ky = π in (a), m = 0.45, ky = π in (b), m = 0.8, ky = π in (c),
and m = 0.8, ky = 0 in (d). The other parameters are the same as in
Fig. 2.
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ultracold atoms [66,67], photonics [68,69], superconductor
qubits [70], graphene [71], and circuit [94]. We believe that
our result may be realizable in the recent state-of-the-art
experiment.

In summary, we have developed a method to induce a
composite topological phase with the coexistence of Weyl
semimetals and higher-order topological insulators by pe-
riodic driving. The corresponding complete description of
such a phase is established. Such a strategy that only takes

advantage of two energy gaps in a periodically driven sys-
tem can be used to induce various other hybrid topological
phases.
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