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Temperature-driven change in band structure reflecting spin-charge
separation of Mott and Kondo insulators
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The electronic band structure can change with temperature in Mott and Kondo insulators, even without
a phase transition. Here, to clarify the underlying mechanism, the spectral function at nonzero temperature
is studied. By considering the selection rules, the spin excited states of Mott and Kondo insulators, whose
excitation energies are lower than the charge gap, are shown to emerge in the electronic spectral function at
nonzero temperature, exhibiting momentum-shifted magnetic dispersion relations from the band edges, as in
the case of the doping-driven Mott transition at zero temperature. Based on this characteristic, we interpret
the numerical results for the temperature-driven change in the band structure in the one- and two-dimensional
Hubbard models, Hubbard ladder, and one-dimensional periodic Anderson model at half-filling obtained using
the cluster perturbation theory with the low-temperature Lanczos method. This characteristic also explains why
the band structures of Mott and Kondo insulators can change with temperature even in the energy regime
far higher than the temperature and why spectral weights emerge in the energy regime within the band gap,
where the excitation energies are lower than the lowest electronic excitation energy from the ground state.
Furthermore, if the bandwidth of the spin excitation is comparable to the electronic band gap, the emergent
electronic modes can cross the Fermi level and gain spectral weight as the temperature increases, which leads to
an insulator-metal crossover. These features are primarily caused by the spin excited states that are transparent
in electronic measurements at zero temperature, in contrast to the conventional view where thermal effects on
electron-added states, electron-removed states, and static spin correlations are considered to mainly affect the
band structure. This innovative perspective provides a different understanding from the conventional view on the
electronic states at nonzero temperatures.

DOI: 10.1103/PhysRevB.108.195116

I. INTRODUCTION

Metallic states at high temperatures, where the electronic
modes cross the Fermi level, can change to insulating states
as the temperature decreases in Mott and Kondo insulators.
An explanation based on the antiferromagnetic mean-field
approximation is that an electronic band splits into two by
opening an energy gap at the Fermi level when an antiferro-
magnetic phase transition occurs [1,2]; symmetry breaking is
essential for the metal-insulator transition. Another explana-
tion based on the dynamical mean-field approximation is that
a first-order transition occurs between metallic and insulating
phases [3,4]; the change from metallic to insulating states is
discontinuous.

However, recent studies on the doping-driven Mott tran-
sition at zero temperature indicate that the Mott transition
can be characterized in terms of the spin-charge separation
of Mott and Kondo insulators [5–15], i.e., the spin excited
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states of Mott and Kondo insulators, whose excitation energies
are lower than the charge gap, emerge as an electronic mode
exhibiting a momentum-shifted magnetic dispersion relation
upon doping of Mott and Kondo insulators [5–15].

In this paper, this characteristic is extended to the change
in the band structure with respect to the temperature in Mott
and Kondo insulators by considering the selection rules in
the spectral function and using numerical methods for the
one-dimensional (1D) and two-dimensional (2D) Hubbard
models, the Hubbard ladder, and the 1D periodic Anderson
model (PAM).

At nonzero temperature, the spin excited states of Mott
and Kondo insulators are shown to emerge in the electronic
spectral function, exhibiting momentum-shifted magnetic dis-
persion relations from the band edges, as in the case of the
doping-driven Mott transition [5–15]. The emergence of the
electronic modes changes the band structure. If the emergent
electronic modes cross the Fermi level, the band structure can
be regarded as metallic. This implies that the band structure
can change from insulating to metallic as the temperature in-
creases. The conditions for this insulator-metal crossover are
derived using the selection rules, and the temperature evolu-
tion of the emergent modes and the insulator-metal crossover
are demonstrated by numerical calculations. This crossover
has not been expected in the conventional mean-field ap-
proximations [1–4]; symmetry breaking is not necessary, and
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the electronic states continuously evolve from insulating to
metallic states with an increase in the temperature.

In the 1D and 2D Hubbard models and 1D PAM, numerical
calculations have indicated that the band structures change
with temperature [16–23]. The spectral features have been
discussed by comparing the numerical results with the band
structures of the Hubbard-I approximation [24] and antifer-
romagnetic mean-field approximation [1,2] and interpreted in
terms of the static spin correlations [18,19] and quasiparticles
such as dressed electronic quasiparticles [19], spinons, and
(anti)holons [17] for electronic excitation.

In this paper, why and how the band structures of Mott
and Kondo insulators change with temperature are clarified
using the selection rules and numerical calculations. The
temperature-driven change in the band structure can be pri-
marily explained as resulting from the spin excited states,
which have not been recognized as crucial in previous stud-
ies. The reasons why the band structure can change with
temperature even in the energy regime far higher than the tem-
perature, why spectral weights emerge in the energy regime
within the band gap, where the excitation energies are lower
than the lowest electronic excitation energy from the ground
state, and why the emergent modes exhibit momentum-shifted
spin-mode-like dispersion relations from the band edges are
explained without depending on the spatial dimension, anti-
ferromagnetic order, or quasiparticle picture.

The emergence of electronic modes due to doping [5–15]
and temperature is consistently explained in terms of the spin-
charge separation of Mott and Kondo insulators (existence
of spin excited states with excitation energies lower than the
charge gap), which is a fundamental and general property of
Mott and Kondo insulators.

II. MODEL AND METHOD

The Hubbard model and PAM are defined by the following
Hamiltonians:

HHub = −
∑

〈i, j〉,σ
ti, j (c

†
i,σ c j,σ + H.c.)

+ U
∑

i

(
nc

i,↑ − 1

2

)(
nc

i,↓ − 1

2

)
− μ

∑
i,σ

nc
i,σ , (1)

HPAM = −
∑

〈i, j〉,σ
ti, j (c

†
i,σ c j,σ + H.c.) + U

∑
i

n f
i,↑n f

i,↓

− tK
∑
i,σ

(c†
i,σ fi,σ + H.c.) − �

∑
i,σ

n f
i,σ

− μ
∑
i,σ

(
nc

i,σ + n f
i,σ

)
, (2)

where ci,σ ( fi,σ ) and nc
i,σ (n f

i,σ ) denote the annihilation and
number operators, respectively, of an electron with spin σ

in the conduction (localized) orbital at site i. Here, 〈i, j〉
indicates that sites i and j are nearest neighbors; ti, j = t in
chains and planes; ti, j = t⊥ between chains on a ladder. In the
PAM, each site has a conduction orbital and localized orbital.
The numbers of electrons and sites are denoted as Ne and Ns,
respectively. The thermal average of Ne is denoted as N̄e. The
electron density n̄ is N̄e/N , where N = Nsno with no being the

number of orbitals at a site: no = 1 for the Hubbard model
and 2 for the PAM. In this paper, the particle-hole symmetric
case at half-filling (N̄e = N , μ = 0 in the Hubbard model;
N̄e = N , μ = 0, and U = 2� in the PAM) for t, t⊥, tK,U , and
� > 0 with even N is considered unless otherwise mentioned.
In the symmetric case, the spectral function is symmetric with
respect to (ω, k) = (0,π/2). Hereafter, the units h̄ = 1 and
kB = 1 are used.

We study the spectral function at temperature T , which is
defined as

Aa(k, ω) = 1

2�

∑
n,m,σ

e−βEn [|〈m|a†
k,σ

|n〉|2δ(ω − Em + En)

+ |〈m|ak,σ |n〉|2δ(ω + Em − En)], (3)

where � = ∑
n e−βEn , β = 1

T , and |n〉 denotes the nth eigen-
state with energy En. Here, ak,σ represents ck,σ and fk,σ ;
ck,σ and fk,σ denote the Fourier transforms of ci,σ and fi,σ ,
respectively.

The spectral function can also be expressed as

Aa(k, ω) = − 1

2π

∑
σ

ImGa
k,σ (ω) (4)

through the Källén-Lehmann representation of the following
Green function:

Ga
k,σ (ω) = −i

∫ ∞

0
dt eiωt−εt

∑
l l〈T|{ak,σ (t ), a†

k,σ
}|T〉l∑

l l〈T|T〉l
,

ak,σ (t ) = eiHt ak,σ e−iHt , |T〉l = e− βH
2 |I〉l (5)

in the limit of ε → +0. Here, H represents HHub and HPAM.
The single-particle density of states is defined as

ρa(ω) =
∫

dk
(2π )d

Aa(k, ω) (6)

in d dimensions for the 1D and 2D Hubbard models (a = c)
and 1D PAM (a = c and f ). For the Hubbard ladder,

ρc
ky

(ω) =
∫

dkx

2π
Ac(kx, ky, ω). (7)

To investigate the spectral weight in the subspace of
specific quantum numbers, the spectral function whose
thermal-state components e− βEn

2 |n〉 in Eq. (3) are restricted in
the subspace of the number of electrons Ne and z component
of spin Sz is denoted as Aa(k, ω)|(Ne,Sz ) for a = c and f . The
Ne component of Aa(k, ω) is obtained as

Aa(k, ω)|Ne =
Sz

max∑
Sz=−Sz

max

Aa(k, ω)|(Ne,Sz ), (8)

where Sz
max = Ne

2 . The Ne component of Aa(k, ω) with spin S
is obtained as

Aa(k, ω)|Ne;S = 2S + 1

2

∑
η=±1

[Aa(k, ω)|(Ne,ηS)

− Aa(k, ω)|(Ne,η(S+1))], (9)
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where Aa(k, ω)|(Ne,±(Sz
max+1)) = 0. The spectral weights of

these components are obtained as

W a|Ne =
∫

dω

∫
dk

(2π )d
Aa(k, ω)|Ne ,

W a|Ne;S =
∫

dω

∫
dk

(2π )d
Aa(k, ω)|Ne;S (10)

in d dimensions for the 1D and 2D Hubbard models (a = c)
and 1D PAM (a = c and f ).

In this paper, the numerical results for the spectral func-
tion at nonzero temperatures obtained using the cluster
perturbation theory (CPT) [25,26] are shown. In the CPT,
real-space Green functions Ga

i, j,σ (ω) calculated with the low-
temperature Lanczos method (LTLM) [27] in clusters with
N = 12 were used. In the 2D Hubbard model, (4 × 3)-site
clusters were used; the symmetrized spectral function is de-
fined as Āc(k, ω) = [Ac(kx, ky, ω) + Ac(ky, kx, ω)]/2. In the
LTLM, which is equivalent to the thermal-pure-quantum-state
method with the Lanczos algorithm [21,28], typically 10
thermal states were generated from random vectors [|I〉l in
Eq. (5)] in each sector specified by the numbers of up spins
N↑ and down spins N↓. The orthonormal states obtained via
QR decomposition from the random vectors were used as
initial block states in the block Lanczos method. Typically
600 eigenstates obtained with the block Lanczos method were
used as |m〉 and |n〉 in Eq. (3) for each (N↑, N↓) sector. To
obtain Ga

i, j,σ (ω), Ga
i, j,σ (ω)� and � were calculated in all the

(N↑, N↓) subspaces separately, and the summation was taken
over all (N↑, N↓).

The numerical results at zero temperature presented in
this paper were obtained using the non-Abelian dynamical
density-matrix renormalization group method [8–11,29–32]
under open boundary conditions for N = 120 (80), where 120
(240) eigenstates of the density matrix were retained in the
1D Hubbard model and Hubbard ladder (1D PAM). In the
2D Hubbard model, the spectral function at zero temperature
was obtained using the CPT, where real-space Green func-
tions were calculated with the continued-fraction expansion
using the simple Lanczos method in (4 × 4)-site clusters.
The transverse dynamical spin susceptibility at zero temper-
ature was obtained using the random-phase approximation
[13,33] based on the antiferromagnetic mean-field approxima-
tion [1,2] in the 2D Hubbard model.

The dynamical spin structure factors of the Hubbard model
and PAM at zero temperature are defined as

SHub(k, ω) =
∑
m,α

|〈m|Sc,α
k |GS〉|2δ(ω − em),

SPAM(k, ω) = 1

2

∑
m,α

|〈m|(Sc,α
k − S f ,α

k

)|GS〉|2δ(ω − em),

(11)

where Sa,α
k denotes the α component of the spin opera-

tor (α = x, y, and z) with momentum k for a = c and
f , and em denotes the excitation energy of eigenstate |m〉
from the ground state |GS〉. The transverse dynamical spin
susceptibility of the Hubbard model at zero temperature is

defined as

χ (k, ω) = 1

2
[χ+−(k, ω) + χ−+(k, ω)],

χ±∓(k, ω) = −
∑

m

[
|〈m|Sc,∓

k |GS〉|2
ω − em + iε

− |〈m|Sc,±
−k |GS〉|2

ω + em + iε

]

(12)

for ε → +0, where Sc,+
k and Sc,−

k denote the raising and
lowering operators, respectively, of the z component of spin
with momentum k.

III. SPECTRAL FEATURES

The numerical results for the 1D Hubbard model, Hubbard
ladder, 1D PAM, and 2D Hubbard model are shown in Fig. 1.
At zero temperature, there are no electronic states around
the Fermi level (ω = 0) [Figs. 1(a-4)–1(d-4)]. However,
electronic states emerge within the band gap, and their spec-
tral weights increase with temperature [Figs. 1(a-1)–1(a-3),
1(b-1)–1(b-3), 1(c-1)–1(c-3), and 1(d-1)–1(d-3)]. When the
bandwidth of the spin excitation is comparable to the elec-
tronic band gap, as shown in Fig. 1, the emergent electronic
states form modes crossing the Fermi level, which can be
regarded as a metallic band structure. In this paper, the
characteristic modes carrying significant spectral weights are
identified as bands.

This insulator-metal crossover has not been expected in
the conventional band picture or mean-field approximations
[1–4]. The origin and properties of the emergent modes are
explained in the following sections in terms of the spin-charge
separation of Mott and Kondo insulators.

IV. EMERGENT ELECTRONIC MODES
AT NONZERO TEMPERATURE

A. Quantum numbers

To identify the origin of the emergent modes, we consider
quantum numbers of states in the spectral function. Here-
inafter, the number of electrons Ne, z component of spin Sz,
and momentum k of a state are indicated as (Ne, Sz, k). The
z component of spin of an electron is denoted as sz: sz = 1

2
and − 1

2 for σ =↑ and ↓, respectively. The ground state and
its energy in the subspace of Ne electrons are denoted as
|GS〉Ne and EGS

Ne
, respectively. The ω values at the bottom of

the upper band and top of the lower band at zero temperature
are denoted as μ+ and μ−, respectively:

μ+ = EGS
N+1 − EGS

N (>0),

μ− = EGS
N − EGS

N−1(<0). (13)

The spin excited state in the subspace of Ne electrons is de-
noted as |Spin〉Ne . In the spin excitation [Figs. 1(a-5)–1(d-5)],
the spin modes (the magnon in antiferromagnetically ordered
systems [Fig. 1(a–5)–1(d–5)], the triplon in spin-gap systems
[Figs. 1(b-5) and 1(c-5)], and the lower edge of the contin-
uum in chains [Fig. 1(a-5)]) are dominant. Hence, |Spin〉Ne

basically represents the eigenstate of the spin mode in the
subspace of Ne electrons in this paper.

195116-3



MASANORI KOHNO PHYSICAL REVIEW B 108, 195116 (2023)

FIG. 1. Spectral function and spin excitation of the 1D Hubbard model for U/t = 3.4 [(a-1)–(a-5)], Hubbard ladder for U/t = 4 and t⊥/t =
2 [(b-1)–(b-5)], 1D PAM for U/t = 6 and tK/t = 1.2 [(c-1)–(c-5)], and 2D Hubbard model for U/t = 5 [(d-1)–(d-5)]. (a-1)–(a-4) Ac(kx, ω)t at
T/t = 1 [(a-1)], 0.6 [(a-2)], 0.4 [(a-3)], and 0 [(a-4)]. (a-5) SHub(kx, ω)t/3 at T = 0. (b-1)–(b-4) Ac(kx, 0, ω)t + Ac(kx, π, ω)t at T/t = 1 [(b-
1)], 0.5 [(b-2)], 0.3 [(b-3)], and 0 [(b-4)]. (b-5) SHub(kx, π, ω)t/3 at T = 0. (c-1)–(c-4) Ac(kx, ω)t + Af (kx, ω)t at T/t = 0.5 [(c-1)], 0.3 [(c-2)],
0.2 [(c-3)], and 0 [(c-4)]. (c-5) SPAM(kx, ω)t/3 at T = 0. (d-1)–(d-4) Āc(k, ω)t at T/t = 3 [(d-1)], 1 [(d-2)], 0.5 [(d-3)], and 0 [(d-4)]. (d-5)

1
2π

Imχ (k, ω)t at T = 0. The panels on the right show the single-particle density of states ρ(ω): ρc(ω)t [(a-1)–(a-4)], ρc
ky=0(ω)t + ρc

ky=π (ω)t

[(b-1)–(b-4)], ρc(ω)t + ρ f (ω)t [(c-1)–(c-4)], and ρc(ω)t [(d-1)–(d-4)]. The green lines indicate ω = 0. Gaussian broadening with a standard
deviation of 0.1t was used.

For brevity, |GS〉Ne and |Spin〉Ne with (Ne, Sz, k) are
denoted as |GS〉Sz,k

Ne
and |Spin〉Sz,k

Ne
, respectively. The z com-

ponent of spin of |GS〉Ne with odd Ne is denoted as ζ : ζ = 1
2

or − 1
2 . The z component of spin of |Spin〉Ne with even Ne is

denoted as sz
T: sz

T = 1, 0, or −1.
If |n〉 has (Ne, Sz, k), a†

k′,σ |n〉 has (Ne + 1, Sz + sz, k + k′),
and ak′,σ |n〉 has (Ne − 1, Sz − sz, k − k′). Hence, the matrix

elements 〈m|a†
k′,σ |n〉 and 〈m|ak′,σ |n〉 can be nonzero only

when |m〉 has (Ne + 1, Sz + sz, k + k′) and (Ne − 1, Sz −
sz, k − k′), respectively.

B. Zero temperature

At zero temperature, |n〉 in Eq. (3) is the ground state at
half-filling |GS〉0,0

N . The electron-addition matrix element
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TABLE I. Selection rules for 〈m|c†
k,σ

|n〉 and 〈m| f †
k,σ

|n〉 at half-
filling. The energy, z component of spin, and momentum are shown
in parentheses. The ω values at the bottom of the upper band and
top of the lower band at zero temperature are denoted as μ+ and μ−,
respectively: μ+ = EGS

N+1 − EGS
N ; μ− = EGS

N − EGS
N−1. The energy of

spin excitation with momentum q at half-filling is denoted as espin
q .

The z component of spin of |GS〉N±1 is denoted as ζ : ζ = 1
2 or − 1

2 .

|m〉 |n〉 ω = Em − En

|GS〉N+1 |GS〉N⎛
⎝ EGS

N+1

sz

k(=k+
F )

⎞
⎠

⎛
⎝EGS

N

0
0

⎞
⎠ ω = μ+

|GS〉N+1 |Spin〉N⎛
⎝EGS

N+1

ζ

k+
F

⎞
⎠

⎛
⎜⎝espin

−k+k+
F

+ EGS
N

−sz + ζ

−k + k+
F

⎞
⎟⎠ ω = −espin

−k+k+
F

+ μ+

|GS〉N |GS〉N−1⎛
⎝EGS

N

0
0

⎞
⎠

⎛
⎝ EGS

N−1

−sz

−k(= − k−
F )

⎞
⎠ ω = μ−

|Spin〉N |GS〉N−1⎛
⎜⎝espin

k−k−
F

+ EGS
N

sz + ζ

k − k−
F

⎞
⎟⎠

⎛
⎝EGS

N−1

ζ

−k−
F

⎞
⎠ ω = espin

k−k−
F

+ μ−

〈m|a†
k,σ

|GS〉0,0
N and electron-removal matrix element

〈m|ak,σ |GS〉0,0
N can be nonzero if |m〉 has (N + 1, sz, k)

and (N − 1,−sz,−k), respectively.
The bottom of the upper band at (k, ω) = (k+

F , μ+) corre-

sponds to |m〉 = |GS〉sz,k+
F

N+1 , and the top of the lower band at

(k, ω) = (k−
F , μ−) corresponds to |m〉 = |GS〉−sz,−k−

F
N−1 , where

k+
F and k−

F denote the Fermi momenta of the one-electron-
doped and one-hole-doped systems, respectively [Table I;
Fig. 2(a)]. There are no electronic excited states within the
band gap at zero temperature.

C. Excitation between spin excited states
and one-hole-doped ground state

At nonzero temperatures, |n〉 in Eq. (3) can be any eigen-
state. However, because of e−βEn in Eq. (3), low-energy
eigenstates primarily contribute to the spectral weight at low
temperatures.

Here, we regard the one-hole-doped ground state |GS〉ζ ,−k−
F

N−1
as |n〉 in Eq. (3). In this case, |m〉 with (N, sz + ζ , k −
k−

F ) can have a nonzero electron-addition matrix element

〈m|a†
k,σ

|GS〉ζ ,−k−
F

N−1 .

The ground state at half-filling |GS〉0,0
N can have a nonzero

electron-addition matrix element when sz = −ζ and k = k−
F

(Table I). This process yields spectral weight at the top of the
lower band: k = k−

F and ω = EGS
N − EGS

N−1(= μ−) [Eq. (13)].

FIG. 2. Schematic diagrams for the elementary processes of elec-
tronic excitation. (a) Excitation from the ground state at half-filling
|GS〉N to the one-electron-added (removed) state [Ne = N + 1 (N −
1)]. (b) Excitation from the spin excited state at half-filling |Spin〉N to
the one-electron-added and removed ground states |GS〉N±1. The blue
square and purple dot represent |GS〉N and |GS〉N±1, respectively. The
dashed purple curve represents the energy at momentum k of the
one-electron-added and removed states, EN±1

k ; ε̄k = EN±1
k − EGS

N±1.
The solid blue curve in (b) represents the energy at momentum k
of the spin excited state E spin

k ; the excitation energy from |GS〉N is
denoted as espin

k . The energy and momentum transfers are denoted as
�EN±1

k and �k, respectively. The dispersion relation in the electronic
spectrum is denoted as ω(k).

The spin excited state at half-filling |Spin〉sz+ζ ,k−k−
F

N can
also have a nonzero electron-addition matrix element. The
spectral weight appears along ω = espin

k−k−
F

+ EGS
N − EGS

N−1,

where the excitation energy of |Spin〉sz
T,q

N from the ground state
at half-filling |GS〉0,0

N is denoted as espin
q . This implies that an

electronic mode emerges, exhibiting the spin-mode dispersion
relation shifted by the Fermi momentum k−

F from the top of
the lower band (Table I):

ω = espin
k−k−

F
+ μ−. (14)

The above explanation can also be simplified as follows. Be-
cause the thermal state [Eq. (5)] involves the one-hole-doped
ground state, the doping-induced states at zero temperature,
which can be identified as spin excited states of the Mott
and Kondo insulators [5–15], appear at nonzero temperatures
[15]. Thus, the electronic mode induced by temperature can be
primarily identified as spin excited states of Mott and Kondo
insulators, as in the case of the doping-induced states at zero
temperature [5–15].

The inverse process is the electronic excitation from the
spin excited state at half-filling |Spin〉N to the one-hole-
doped ground state |GS〉N−1 [Fig. 2(b)]. If the energy of
|Spin〉N is lower than the energies of electronic excited states
with Ne = N ± 1, |Spin〉N has a larger Boltzmann weight
and can occupy a substantial part of the thermal state; the
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electronic excitation from |Spin〉N is expected to contribute
significantly to the spectral function at nonzero tempera-
tures. If we regard |Spin〉sz

T,q
N as |n〉 in Eq. (3), |m〉 with

(N + 1, sz + sz
T, k + q) can have a nonzero electron-addition

matrix element 〈m|a†
k,σ

|Spin〉sz
T,q

N , and |m〉 with (N − 1,−sz +
sz

T,−k + q) can have a nonzero electron-removal matrix el-

ement 〈m|ak,σ |Spin〉sz
T,q

N . Hence, the one-hole-doped ground

state |GS〉ζ ,−k−
F

N−1 can have a nonzero electron-removal matrix
element when −k + q = −k−

F and −sz + sz
T = ζ (= 1

2 or − 1
2 )

[Table I; Fig. 2(b)]. The spectral weight appears along ω =
espin

k−k−
F

+ EGS
N − EGS

N−1, which implies that an electronic mode

exhibiting the spin-mode dispersion relation shifted by the
Fermi momentum k−

F emerges from the top of the lower band
[Eq. (14)].

The above processes (electron-addition excitation from
|GS〉N−1 to |Spin〉N , electron-removal excitation from |Spin〉N

to |GS〉N−1) contribute to the spectral function for the same
dispersion relation. In fact, Eq. (3) can be rewritten as

Aa(k, ω) = 1

2�

∑
n,m,σ

(e−βEn + e−βEm )

× |〈m|a†
k,σ

|n〉|2δ(ω − Em + En), (15)

where |〈m|a†
k,σ

|n〉|2 = |〈n|ak,σ |m〉|2.

D. Excitation between spin excited states
and one-electron-doped ground state

The above analyses can be extended to the electronic exci-

tation between the one-electron-doped ground state |GS〉ζ ,k+
F

N+1

and |Spin〉−sz+ζ ,−k+k+
F

N , by regarding them as |m〉 and |n〉 in
Eq. (15), respectively. This excitation exhibits ω = EGS

N+1 −
(espin

−k+k+
F

+ EGS
N ), which is the spin-excitation dispersion re-

lation inverted for ω ↔ −ω and shifted by the Fermi
momentum k+

F , hanging down from the bottom of the upper
band [Table I; Fig. 2(b)]:

ω = −espin
−k+k+

F
+ μ+. (16)

Thus, the spin excited state at half-filling |Spin〉N gener-
ally emerges within the band gap of the electronic spectrum,
exhibiting momentum-shifted spin-excitation dispersion rela-
tions from the band edges [Eqs. (14) and (16)] at nonzero
temperature because it can have nonzero matrix elements with
the doped ground states |GS〉N±1 (N 〈Spin|a†

k,σ
|GS〉N−1 �= 0

and N 〈Spin|ak,σ |GS〉N+1 �= 0) [Eq. (15)], as in the case of the
doping-induced states at zero temperature [5–15]. Note that
the electronic states reflecting spin excitation do not appear at
half-filling at zero temperature because N 〈Spin|a†

k,σ
|GS〉N =

N 〈Spin|ak,σ |GS〉N = 0, where |GS〉N is the only component
in the thermal state at zero temperature.

E. ω and k regimes of emergent modes

According to the above quantum-number analyses, the
spin excited states at half-filling generally appear in the
electronic spectrum at nonzero temperature, exhibiting the
spin-excitation dispersion relation shifted by the Fermi mo-

mentum from the top of the lower band [Eq. (14)] and
the inverted spin-excitation dispersion relation shifted by
the Fermi momentum from the bottom of the upper band
[Eq. (16)]. If the spin excitation is gapless, the emergent
electronic modes should be gapless from the band edges; if
the spin excitation has an energy gap, the emergent electronic
modes should also have the same energy gap in the electronic
spectrum.

Because the lower (upper) band in the momentum regime
inside (outside) the Fermi sea essentially remains entirely
filled (empty) in |GS〉N−1 (|GS〉N+1), the spectral weights
emerge from the lower (upper) band primarily in the momen-
tum regime outside (inside) the Fermi sea in the Hubbard
model, as in the case of the doping-induced states at zero
temperature [5–14,34,35]. The spectral-weight distributions
are symmetric with respect to (ω, k) = (0,π/2) in the sym-
metric Hubbard model and symmetric PAM at half-filling
[Figs. 1(a–d-1–4)].

F. Conditions for metallic emergent modes

If the band gap (charge gap) is significantly larger than the
spin-excitation energy, the emergent electronic modes near
the band edges do not reach the center of the band gap; an
insulator-metal crossover, as shown in Fig. 1, does not occur
if the Fermi level (ω = 0) is located near the center of the band
gap. According to the above analyses, the emergent modes can
cross the Fermi level if the following conditions are satisfied:

espin
max + μ− > 0 and espin

min + μ− < 0;

−espin
max + μ+ < 0 and − espin

min + μ+ > 0, (17)

where espin
max and espin

min denote the maximum and minimum val-
ues of the spin-mode excitation energy, respectively. In the
case of gapless spin excitation, the emergent mode crosses
ω = 0 if the highest excitation energy of the spin mode (espin

max)
exceeds the depth of the top of the lower band (|μ−|) or the
excitation energy to the bottom of the upper band (μ+):

espin
max > |μ−| or μ+. (18)

Equation (17) [Eq. (18)] implies that the spin excitation
(espin ) and charge excitation (μ±) determine whether Mott
and Kondo insulators can become metallic with an increase
in the temperature. This characteristic reflects the spin-charge
separation of Mott and Kondo insulators (Sec. V D).

G. Multiple-hole-doped and multiple-electron-doped states

Thus far, the contributions of the one-hole-doped and one-
electron-doped ground states to the spectral function have
been considered. The analyses can be extended to the cases
of multiple-hole-doped and multiple-electron-doped states,
which are relevant when the electronic band gap is comparable
to or smaller than the temperature or the Fermi level is located
near or within the bands.

The following discussion is based on the fact that regard-
less of the number of electrons, the matrix element 〈m|a†

k,σ
|n〉

in the spectral function [Eq. (15)] can be nonzero only if
|m〉 has the number of electrons, z component of spin, and
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TABLE II. Selection rules for 〈m|c†
k,σ

|n〉 and 〈m| f †
k,σ

|n〉 in doped
systems. The energy, z component of spin, and momentum are shown
in parentheses. The energy of spin excitation with momentum q in
the subspace of Ne ± 1 electrons is denoted as ẽspin

q , and μ̃+ = EGS
Ne

−
EGS

Ne−1 for Ne > N ; μ̃− = EGS
Ne+1 − EGS

Ne
for Ne < N . The momenta of

the ground states with Ne + 1 and Ne − 1 electrons in (a) are denoted
as k̃

−
F and −k̃

+
F , respectively, and those in (b) are assumed to be 0.

The z component of spin of |GS〉Ne with odd Ne is denoted as ζ :
ζ = 1

2 or − 1
2 .

(a) Even Ne

|m〉 |n〉 ω = Em − En

|Spin〉Ne+1 |GS〉Ne (<N )⎛
⎜⎝ẽspin

k−k̃−
F

+ EGS
Ne+1

sz

k

⎞
⎟⎠

⎛
⎝EGS

Ne

0
0

⎞
⎠ ω = ẽspin

k−k̃−
F

+ μ̃−

|GS〉Ne (>N ) |Spin〉Ne−1⎛
⎝EGS

Ne

0
0

⎞
⎠

⎛
⎜⎝ẽspin

−k+k̃+
F

+ EGS
Ne−1

−sz

−k

⎞
⎟⎠ ω = −ẽspin

−k+k̃+
F

+ μ̃+

(b) Odd Ne

|m〉 |n〉 ω = Em − En

|Spin〉Ne+1 |GS〉Ne (<N )⎛
⎜⎝

ẽspin

k−k̃−
F

+ EGS
Ne+1

sz + ζ

k − k̃
−
F

⎞
⎟⎠

⎛
⎝EGS

Ne

ζ

−k̃
−
F

⎞
⎠ ω = ẽspin

k−k̃−
F

+ μ̃−

|GS〉Ne (>N ) |Spin〉Ne−1⎛
⎝EGS

Ne

ζ

k̃
+
F

⎞
⎠

⎛
⎜⎝

ẽspin

−k+k̃+
F

+ EGS
Ne−1

−sz + ζ

−k + k̃
+
F

⎞
⎟⎠ ω = −ẽspin

−k+k̃+
F

+ μ̃+

momentum larger than those of |n〉 by 1, sz, and k, respectively
(Sec. IV A).

In the case of even Ne, the selection rules are presented
in Table II(a). For Ne < N , by adding an electron to |GS〉0,0

Ne
,

|Spin〉sz,k
Ne+1 with spin-excitation energy ẽspin

k−k̃
−
F

from |GS〉ζ ,k̃
−
F

Ne+1

can emerge in the electronic spectrum, for which the disper-
sion relation is

ω = ẽspin

k−k̃
−
F

+ μ̃−
Ne≈N≈ espin

k−k−
F

+ μ−, (19)

where μ̃− = EGS
Ne+1 − EGS

Ne
.

For Ne > N , by removing an electron from |GS〉0,0
Ne

,
|Spin〉−sz,−k

Ne−1 with spin-excitation energy ẽspin

−k+k̃
+
F

from

|GS〉ζ ,−k̃
+
F

Ne−1 can emerge in the electronic spectrum, and the
corresponding dispersion relation is

ω = −ẽspin

−k+k̃
+
F

+ μ̃+
Ne≈N≈ −espin

−k+k+
F

+ μ+ (20)

where μ̃+ = EGS
Ne

− EGS
Ne−1.

In the case of odd Ne, the selection rules are pre-
sented in Table II(b). For Ne < N , by adding an electron to

|GS〉ζ ,−k̃
−
F

Ne
, |Spin〉sz+ζ ,k−k̃

−
F

Ne+1 with spin-excitation energy ẽspin

k−k̃
−
F

from |GS〉0,0
Ne+1 can emerge in the electronic spectrum, and the

dispersion relation is given by Eq. (19).

For Ne > N , by removing an electron from |GS〉ζ ,k̃
+
F

Ne
,

|Spin〉−sz+ζ ,−k+k̃
+
F

Ne−1 with spin-excitation energy ẽspin

−k+k̃
+
F

from

|GS〉0,0
Ne−1 can emerge in the electronic spectrum, and the dis-

persion relation is given by Eq. (20).
In both even and odd Ne cases, the emergent electronic

modes exhibit the spin-mode dispersion relation shifted by
the Fermi momentum. This is because the difference in mo-
mentum between the ground states with Ne ± 1 and Ne is
the Fermi momentum regardless of whether the number of
electrons is even or odd. The spin-mode dispersion relation
near half-filling (ω = ẽspin

q ) is typically almost identical to that
at half-filling (ω = espin

q ), and the Fermi momentum near half-

filling (k̃
±
F ) is also almost identical to that in the small-doping

limit (k±
F ). Thus, the emergent electronic modes reflecting

the spin excitation obtained using multiple-hole-doped and
multiple-electron-doped states near half-filling (Ne ≈ N) ex-
hibit dispersion relations almost identical to those of the
one-hole-doped and one-electron-doped cases, respectively
[Eqs. (14), (16), (19), and (20)] [5–15].

In a doped system, the spin and charge excitations obtained
as particle-hole excitations within a band exist, as in the
case of a noninteracting metal. Although the selection rules
(Table II) are also valid for the spin excited states of the
particle-hole excitations, most of these excited states usually
contribute to the almost featureless background behind the
characteristic modes.

H. Doped-state contributions

When the band gap is comparable to or smaller than
the temperature, doped components (Ne �= N) in the ther-
mal state can contribute substantially to the spectral function
(Secs. IV C, IV D, and IV G). As in the case of the doping-
induced states at zero temperature [5–15,17], electron-doped
(hole-doped) components in the thermal state yield a consid-
erable spectral weight of the emergent mode from the bottom
of the upper band (top of the lower band) [Figs. 3(a) and 3(b)].

As the temperature increases, larger-doping components
increase [Fig. 3(d)] because their Boltzmann weights become
considerable with the temperature. Hence, the intensity of the
emergent modes increases with the temperature, although the
line shape becomes broader because of the accumulation of
different-Ne modes with slightly different dispersion relations
(Sec. IV G) as well as contributions from other processes
(Sec. IV K).

Note that the undoped component (Ne = N) in the thermal
state also contributes to the emergent modes [Fig. 3(c)] as well
as to the upper and lower bands that exist at zero temperature
[Fig. 1(a-4)]. This is because spin excited states as well as
spin-singlet states are included in the undoped component in
the thermal state (Sec. IV I).

Even if the band gap is significantly larger than the tem-
perature, hole-doped components (Ne < N) in the thermal
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FIG. 3. Spectral function restricted in the subspace of Ne elec-
trons of the thermal state in the 1D Hubbard model for U/t =
3.4 at T/t = 0.6. (a) Ac(kx, ω)|Ne=N+1t . (b) Ac(kx, ω)|Ne=N−1t .
(c) Ac(kx, ω)|Ne=Nt . (d) W c|Ne at T/t = 0.4 (red triangles with dotted
curve), T/t = 0.6 (blue circles with solid curve), and T/t = 1 (green
squares with dashed curve). The curves are guides for the eye. The
green lines in (a)–(c) indicate ω = 0. Gaussian broadening with a
standard deviation of 0.1t was used.

state can contribute considerably to the spectral function when
the chemical potential is lowered and the Fermi level is lo-
cated near the top of the lower band (Fig. 4). The increase
in hole-doped components in the thermal state enhances
the spectral weight of the mode emerging from the lower
band, whereas the decrease in electron-doped components
caused by lowering the chemical potential reduces the spectral
weight of the mode emerging from the upper band. This
can be explained as the doping effect [5–15,36,37] in the
thermal states (Secs. IV C and IV D). This feature implies
that the spectral weight below the Fermi level can increase
as the chemical potential is lowered toward the top of the
lower band [blue solid diamonds in Fig. 4(b)]. However,
this does not mean that the electron density increases as the
chemical potential is lowered. The increase in the spectral
weight is primarily due to the electron-addition excitation
from the hole-doped states [ω < 0 in Fig. 4(c)], which does
not contribute to the electron density. In the d-dimensional
Hubbard model, the spectral weight below the Fermi level is
obtained as

ν

2
=

∫ 0

−∞
dω

∫
dk

(2π )d
Ac(k, ω), (21)

whereas the electron density is obtained as

n̄ = 2
∫ ∞

−∞
dω

∫
dk

(2π )d
Ac

−(k, ω). (22)

FIG. 4. Spectral function at μ/t = −2.3, which is slightly above
μ−/t ≈ −2.8 for μ = 0, in the 1D Hubbard model for U/t = 9 at
T/t = 0.4. (a) Ac(kx, ω)t . (b) Electron density n̄ (open red circles)
and ν = 2

∫ 0
−∞ dω ρc(ω) (solid blue diamonds) at T/t = 0.4. The

dashed blue line is a cubic spline fit to ν. The dotted green and solid
red lines indicate n̄ obtained using the Bethe ansatz at T/t = 0 and
0.4, respectively. (c) Ac

+(kx, ω)t . (d) Ac
−(kx, ω)t . The panels on the

right in (a), (c), and (d) show the single-particle density of states:
ρc(ω)t [(a)], ρc

+(ω)t [(c)], and ρc
−(ω)t [(d)]. The green lines in (a),

(c), and (d) indicate ω = 0. Gaussian broadening with a standard
deviation of 0.1t was used.

Here, the spectral functions for electron-addition and electron-
removal excitations are defined as follows:

Ac
+(k, ω) = 1

2�

∑
n,m,σ

e−βEn |〈m|a†
k,σ

|n〉|2δ(ω − Em + En),

Ac
−(k, ω) = 1

2�

∑
n,m,σ

e−βEn |〈m|ak,σ |n〉|2δ(ω + Em − En),

(23)

where � = ∑
n e−βEn [Eq. (3)]. The single-particle density of

states for Ac
±(k, ω) is defined as

ρc
±(ω) =

∫
dk

(2π )d
Ac

±(k, ω). (24)

As shown in Fig. 4(b), the electron density decreases
monotonically as the chemical potential is lowered [open
red circles in Fig. 4(b)], which is consistent with the results
obtained using the Bethe ansatz [solid red line in Fig. 4(b)]
[38–41], whereas the spectral weight below the Fermi level
changes nonmonotonically with respect to the chemical po-
tential [solid blue diamonds in Fig. 4(b)]. This feature reflects
the change in the spectral-weight distribution with respect to
the Fermi level. In fact, if the spectral-weight distribution
is assumed to be unaffected by the Fermi level, the spectral
weight below the Fermi level decreases monotonically as the
chemical potential is lowered. This spectral feature cannot
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be explained in the conventional band picture or mean-field
approximations (Secs. V A and V B).

When the Fermi level enters the lower band by lowering
the chemical potential further, the components of Ne ≈ N̄e in
the thermal state mainly contribute to the spectral function.
The spectral function is continuously deformed into the zero-
temperature spectral function of the doped system [5–15] with
the decreasing of the temperature.

I. Reason why band structure can change in the energy regime
far higher than temperature

In Mott and Kondo insulators whose electronic band gap is
significantly larger than the temperature, doped states (Ne �=
N) contribute little to the thermal state if the Fermi level is
located far from the band edges (|μ±| � T ). Nevertheless,
Eq. (15) indicates that the spectral weight can emerge along
the same dispersion relation as the doping-induced states if
the spin excited states of Mott and Kondo insulators have
excitation energies comparable to or lower than the temper-
ature because e−βespin

q can be considerable even if e−β|μ±| is
negligibly small in the spectral function.

Thus, even if the electronic band gap is significantly larger
than the temperature, electronic modes can emerge, reflecting
the spin excitation in Mott and Kondo insulators [Fig. 2(b)].
The spectral weights of the emergent modes increase with
temperature because the contribution of the spin excited states
to the thermal state increases. This explains why the band
structure changes with temperature in Mott and Kondo insula-
tors even in the |ω| regime far higher than the temperature. In
other words, the spin-charge separation of Mott and Kondo
insulators [existence of spin excited states with excitation
energies lower than the band gap (charge gap)] causes the
change in the band structure even if the electronic excitation
energies to the bands are significantly higher than tempera-
ture, provided that the temperature is comparable to or higher
than the spin-excitation energies.

Figure 5 shows the change in the band structure for |μ±| �
T in the 1D Hubbard model. The excitation energies from
|GS〉N to |GS〉N±1 (|μ±| ≈ 2.8t) [band edges in Fig. 5(b)]
are far higher than the temperature (T = 0.4t). The temper-
ature is comparable to the energy scale of the spin excitation
J = 4t2

U ≈ 0.4t [Fig. 5(d)]. Although the bottom of the upper
band and top of the lower band at T = 0 are located at kx = π

2
[Fig. 5(b)], those at T = 0.4t are located at kx = 0 and π ,
respectively [Fig. 5(a)], reflecting the spin-mode dispersion
relation [Fig. 5(d)] shifted by the Fermi momentum k±

F = π
2

[Eqs. (14) and (16)]. This indicates that the band structure
is changed by the temperature which is significantly lower
than the lowest electronic excitation energy from |GS〉N (T �
|μ±|) and comparable to the spin-excitation energies (T ≈
J). Although similar results have been obtained by numeri-
cal calculations [16–23], the crucial role of the spin excited
states of Mott and Kondo insulators has not been recognized
(Sec. V C).

At the temperature far lower than the lowest electronic
excitation energy from |GS〉N (T � |μ±|), the thermal state
basically consists only of Ne = N states [inset of Fig. 5(f)].
Among the Ne = N states, the spin-triplet (S = 1) and spin-
quintet (S = 2) states are dominant [Figs. 5(c) and 5(f)]. The

FIG. 5. Spectral function and spin excitation of the 1D Hub-
bard model for U/t = 9. (a) Ac(kx, ω)t at T/t = 0.4. (b) Ac(kx, ω)t
at T/t = 0. (c) Ac(kx, ω)|N ;S=1t + Ac(kx, ω)|N ;S=2t at T/t = 0.4. (d)
SHub(kx, ω)t/3 at T/t = 0. (e) Ac(kx, ω)|N ;S=0t at T/t = 0.4. (f)
W c|N ;S at T/t = 0.4. The inset shows W c|Ne . The green lines in (a)–
(e) indicate ω = 0. Gaussian broadening with a standard deviation of
0.1t was used.

spectral weight from the spin-singlet (S = 0) states, which
include the ground state, is significantly smaller than that of
S = 1 and 2 already at T = 0.4t [Figs. 5(e) and 5(f)]. Because
the thermal state consists only of the ground state at zero
temperature, the distribution of W c|N ;S changes from δS,0 to
a distribution that has a maximum at a small but nonzero S as
the temperature increases [Fig. 5(f)]. Figure 5 indicates that
the dominant components in the thermal state for the spectral
function are the spin excited states with S > 0 rather than
the ground state when the temperature is comparable to the
spin-excitation energies.

J. Interpretation of spectral features

Based on the selection rules, the spectral features shown in
Fig. 1 are interpreted below. In the low-temperature regime,
spectral weights emerge around ω = 0 [Figs. 1(a-3)–1(d-
3)] within the zero-temperature band gap (μ− < ω < μ+)
[Figs. 1(a-4)–1(d-4)]. According to the selection rules (Ta-
ble I), the emergent electronic modes within the band gap
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FIG. 6. Identification of electronic modes in the 1D Hubbard
model [(a)], Hubbard ladder [(b)], 1D PAM [(c)], and 2D Hubbard
model along (0,0)–(π, π ) [(d)]. Modes I and II are the dominant
lower and upper modes that exist even at T = 0, respectively. Modes
i and ii are the temperature-induced modes corresponding to the hole-
and electron-doping-induced states, respectively. The dashed red
curves and dashed blue curves indicate ω = espin

k−k−
F

+ μ− [Eq. (14)]

and ω = −espin
−k+k+

F
+ μ+ [Eq. (16)] in the k regimes of hole- and

electron-doping-induced states, respectively, using the dispersion
relations of the spin modes (ω = espin

k ) extracted from Figs. 1(a-5)–
1(d-5). The dominant part of the spin mode was used in (c). The
spectral-weight distributions are the same as those in Figs. 1(a-2)–
1(d-2). The green lines indicate ω = 0.

exhibit the spin-mode dispersion relation shifted by k±
F and

μ± [Eqs. (14) and (16)]. The Fermi momentum at the top of
the lower band k−

F is π
2 in the 1D Hubbard model, (π, 0) in the

Hubbard ladder, π in the 1D PAM, and π
2 in the 2D Hubbard

model. The Fermi momentum at the bottom of the upper band
k+

F is π
2 in the 1D Hubbard model, (0, π ) in the Hubbard

ladder, 0 in the 1D PAM, and π
2 in the 2D Hubbard model

[Figs. 1(a-4)–1(d-4)].
As shown in Fig. 6, the emergent modes (modes i and ii

in Fig. 6) can be interpreted reasonably well as originating
from the spin mode, essentially exhibiting the spin-mode dis-
persion relation shifted by k−

F and μ− (top of the lower band)
[Eq. (14); the dashed red curves in Fig. 6] and the inverted
spin-mode dispersion relation shifted by k+

F and μ+ (bottom
of the upper band) [Eq. (16); the dashed blue curves in Fig. 6]
in the momentum regimes where hole- and electron-doping-
induced states appear, respectively (Sec. IV E).

As the temperature increases, the spectral weights of the
emergent modes increase [Figs. 1(a-1)–1(a-3), 1(b-1)–1(b-3),
1(c-1)–1(c-3), and 1(d-1)–1(d-3)] because the Boltzmann
weights of the spin excited states and doped states increase
[Eq. (15); Figs. 3 and 5; Secs. IV H and IV I]. If the bandwidth
of the spin excitation is comparable to the electronic band
gap, the emergent modes can cross the Fermi level (ω = 0)

and gain considerable spectral weight, forming a band struc-
ture that can be regarded as metallic in the high-temperature
regime [Figs. 1(a-1)–1(d-1)].

In the 1D PAM, because the dispersion relation of the
spin mode is almost flat [Fig. 1(c-5)], the emergent electronic
modes also exhibit almost flat dispersion relations, which are
located almost on the Fermi level (ω = 0) and cross the Fermi
level [modes i and ii in Fig. 6(c)]. A possible relation of the
emergent modes to the metallic behavior observed in Kondo
insulators [42–50] has been discussed in Ref. [15].

K. Remarks on effective emergent modes

In the high-temperature regime, various processes can sub-
stantially contribute to the spectral function. The dispersion
relations of effective (dominant) emergent modes represent-
ing accumulated emergent modes from all possible processes
can deviate from Eqs. (14) and (16). For example, contri-
butions from one-hole-doped (one-electron-doped) excited
states, whose energies are higher than the one-hole-doped
(one-electron-doped) ground-state energy, can effectively in-
crease |μ−| in Eq. (14) (μ+ in Eq. (16)). In addition, because
spin excited states in doped systems and larger-spin states
can have excitation energies different from espin

k , the effec-
tive dispersion relation can deviate from Eqs. (14) and (16).
Hence, depending on the relevant excitations in the tem-
perature regime and their energies and values of the matrix
elements in the spectral function, the dispersion relations of
the effective emergent modes can deviate from Eqs. (14)
and (16).

Accordingly, the conditions under which the effective
(dominant) emergent modes cross the Fermi level can deviate
from Eqs. (17) and (18) depending on the temperature. The
conditions for the insulator-metal crossover given by Eqs. (17)
and (18) are the conditions under which the emergent mode
due to the processes between the spin excited states of Mott
and Kondo insulators and the one-hole-doped or one-electron-
doped ground state [Fig. 2(b)] crosses the Fermi level, which
generally ensure the existence of spectral weights along the
dispersion relation of this mode that crosses the Fermi level
for T > 0 as long as the matrix elements of these processes
are nonzero [Eq. (15)].

V. COMPARISONS WITH PREVIOUS STUDIES

A. Comparisons with antiferromagnetic
mean-field approximation

In the antiferromagnetic mean-field approximation [1,2],
the spectral function can be obtained as

Ac(k, ω) = W +
k δ(ω − E+

k ) + W −
k δ(ω − E−

k ), (25)

where

W ±
k = 1

2

(
1 + εk

E±
k

)
, E±

k = ±
√

ε2
k + m2

sU 2,

εk = −2t
d∑

i=1

cos ki (26)

for the Hubbard model at half-filling on a d-dimensional cubic
lattice (k1 = kx, k2 = ky, and k3 = kz). The sublattice magne-
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FIG. 7. (a), (b) Ac(k, ω)t obtained using the antiferromagnetic
mean-field approximation in the 1D Hubbard model for U/t = 3.4
and ms = 0.2 [(a)] and 2D Hubbard model for U/t = 5 and ms = 0.2
[(b)]. (c), (d) Ac(k, ω)t obtained using the Hubbard-I approximation
in the 1D Hubbard model for U/t = 3.4 [(c)] and 2D Hubbard
model for U/t = 5 [(d)]. The green lines indicate ω = 0. Gaussian
broadening with a standard deviation of 0.1t was used.

tization per site is denoted as ms. As the temperature changes,
only the value of ms changes in Eqs. (25) and (26). Above
the antiferromagnetic transition temperature (ms = 0), the
spectral function is exactly the same as that of the noninteract-
ing case (U = 0). Below the transition temperature, because
an energy gap opens around the Fermi level, the electronic
modes do not cross the Fermi level, as shown in Figs. 7(a)
and 7(b); the temperature-driven insulator-metal crossover
[Figs. 1(a-1)–1(a-3) and 1(d-1)–1(d-3); Sec. IV F] does not
occur in the antiferromagnetic mean-field approximation.

The momenta at the bottom of the upper band and top of
the lower band k±

F = π
2 are consistent with those of the 1D

and 2D Hubbard models at zero temperature [Figs. 1(a-4),
1(d-4), and 5(b)] [5,7,17–19,25,26,51] but differ from those
at nonzero temperatures [Figs. 1(a-1)–1(a-3), 1(d-1)–1(d-3),
and 5(a)] [17–22].

B. Comparisons with Hubbard-I approximation

In the Hubbard-I approximation [24], the spectral function
can be obtained as

Ac(k, ω) = ω

Ẽ+
k − Ẽ−

k

[δ(ω − Ẽ+
k ) − δ(ω − Ẽ−

k )], (27)

where

Ẽ±
k =

εk ±
√

ε2
k + U 2

2
(28)

for the Hubbard model at half-filling on a d-dimensional cubic
lattice. For the Hubbard ladder,

ε(kx,0) = −2t cos kx − t⊥, ε(kx,π ) = −2t cos kx + t⊥. (29)

In this approximation, the spectral function does not change
with temperature. Two electronic excited states exist at each
momentum for U > 0 in the Hubbard model: one is in the
ω > 0 regime and the other is in the ω < 0 regime, because
|εk| <

√
ε2

k + U 2 in Eq. (28).
In the 1D and 2D Hubbard models, the bottom of the

upper band and top of the lower band are located at k = 0 and
π, respectively, in the Hubbard-I approximation [Figs. 7(c)
and 7(d)], which differ from those of the 1D and 2D
Hubbard models at zero temperature [Figs. 1(a-4), 1(d-4),
and 5(b)] [5,7,17–19,25,26,51] but are consistent with those
at nonzero temperatures [Figs. 1(a-1)–1(a-3), 1(d-1)–1(d-3),
and 5(a)] [17–22]. The electronic modes do not cross the
Fermi level for U > 0 in the Hubbard model [Eqs. (27) and
(28)], as shown in Figs. 7(c), 7(d), and 8(a-2). Additionally,
the spectral function does not change with temperature.
Hence, the temperature-driven insulator-metal crossover
[Figs. 1(a-1)–1(a-3), 1(b-1)–1(b-3), and 1(d-1)–1(d-3);
Sec. IV F] does not occur in the Hubbard-I approximation.

The overall spectral features obtained using the Hubbard-
I approximation in Hubbard models [Figs. 7(c), 7(d),
and 8(a-2)] are similar to those of the numerical results in
the high-temperature regime [Figs. 1(a-1), 1(b-1), 1(d-1), and
8(a-1)]. However, even in the high-temperature regime, the ω

levels and ky values of the in-gap modes in the Hubbard ladder
are not correctly described in the Hubbard-I approximation. If
the modes in Figs. 8(a-1) and 8(a-2) are identified according
to the ω at each kx, the ky values of the in-gap modes in the
Hubbard-I approximation [Figs. 8(b-2) and 8(c-2)] differ from
those of the numerical results [Figs. 8(b-1) and 8(c-1)].

To identify the emergent modes with respect to ky, we
consider the Hubbard ladder in the large-t⊥/t and large-U/t
regime [11]. The ground state can be effectively described as
the direct-product state of the spin-singlet rungs, which has
ky = 0: |GS〉0,0

N . The spin excited state is obtained by replacing
one of the spin-singlet rungs with a spin-triplet rung, which
has ky = π [11]: |Spin〉sz

T,(qx,π )
N . The one-hole-doped ground

state is obtained by removing an electron from the top of
the lower band [Fig. 1(b-4)], which has ky = 0 [Fig. 8(b-1)]:
|GS〉ζ ,(−π,0)

N−1 . The one-electron-doped ground state is obtained
by adding an electron to the bottom of the upper band
[Fig. 1(b-4)], which has ky = π [Fig. 8(c-1)]: |GS〉ζ ,(0,π )

N+1 [11].

The matrix elements ζ ,(−π,0)
N−1 〈GS|c(kx,π ),σ |Spin〉sz+ζ ,(kx−π,π )

N

and ζ ,(0,π )
N+1 〈GS|c†

(kx,0),σ |Spin〉−sz+ζ ,(−kx,π )
N can be nonzero.

Thus, the electronic mode due to the spin excited state
|Spin〉sz

T,(kx−π,π )
N emerges in Ac(kx, π, ω), exhibiting ω =

ēspin
kx−π

+ μ− [Eq. (14)], and that of |Spin〉sz
T,(−kx,π )

N emerges

in Ac(kx, 0, ω), exhibiting ω = −ēspin
−kx

+ μ+ [Eq. (16)], where

ēspin
kx

denotes the spin-excitation energy as a function of kx at
ky = π [Fig. 1(b-5)].

As shown in Figs. 8(b-1) and 8(c-1), the electronic
modes emerge at the same ky values in the spectral func-
tion as expected from the spin-excitation origin described
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FIG. 8. Comparisons with the Hubbard-I approximation in
the Hubbard ladder for U/t = 4 and t⊥/t = 2. (a-1)–(c-1)
Ac(kx, 0, ω)t + Ac(kx, π, ω)t [(a-1)], Ac(kx, 0, ω)t [(b-1)], and
Ac(kx, π, ω)t [(c-1)] at T/t = 0.8. (a-2)–(c-2) Ac(kx, 0, ω)t +
Ac(kx, π, ω)t [(a-2)], Ac(kx, 0, ω)t [(b-2)], and Ac(kx, π, ω)t [(c-2)]
obtained using the Hubbard-I approximation. The green lines indi-
cate ω = 0. Gaussian broadening with a standard deviation of 0.1t
was used.

above. In contrast, in the Hubbard-I approximation, the
upper (lower) mode near ω = 0 [Fig. 8(a-2)] whose dispersion
relation is close to that of the upper (lower) emergent mode
[Fig. 8(a-1)] has ky different from that of the upper (lower)
emergent mode [Figs. 8(b-1), 8(b-2), 8(c-1), and 8(c-2)]. If the
in-gap modes are identified according to the ky values, the in-
gap mode at ky = 0 is lower in ω than that at ky = π at each kx

[Figs. 8(a-1)–8(c-1)]; the results obtained using the Hubbard-I
approximation are opposite to this [Figs. 8(a-2)–8(c-2)].

In the PAM, the Green functions for U = 2� are obtained
using the Hubbard-I approximation as follows:

Gc
k,σ (z) = (z + �)(z − �)

(z − εk)(z + �)(z − �) − t2
Kz

,

G f
k,σ

(z) = (z − εk)z

(z − εk)(z + �)(z − �) − t2
Kz

, (30)

FIG. 9. Comparisons with the Hubbard-I approximation in the
1D PAM for U/t = 6 and tK/t = 1.2. (a-1)–(c-1) Ac(kx, ω)t +
Af (kx, ω)t [(a-1)], Ac(kx, ω)t [(b-1)], and Af (kx, ω)t [(c-1)] at T/t =
0.4. (a-2)–(c-2) Ac(kx, ω)t + Af (kx, ω)t [(a-2)], Ac(kx, ω)t [(b-2)],
and Af (kx, ω)t [(c-2)] obtained using the Hubbard-I approximation.
The green lines indicate ω = 0. Gaussian broadening with a standard
deviation of 0.1t was used.

where z = ω + iε for ε → +0 [52]. There are three poles
for U > 0: one corresponds to a gapless dispersing mode
primarily due to the conduction-orbital electron, and the other
two correspond to almost flat modes at high |ω| primarily due
to the localized-orbital electron [Figs. 9(a-2)–9(c-2)].

The overall spectral features of the Hubbard-I approxima-
tion [Fig. 9(a-2)] are consistent with those of the numerical
results in the high-temperature regime [Figs. 1(c-1) and
9(a-1)]. However, the hybridization around ω = 0 [disconnec-
tion of the dispersing mode of the conduction-orbital electron
at kx = π

2 ; almost flat dispersion relations around kx = 0 and
π near ω = 0 in the excitation of the localized-orbital elec-
tron], which occurs even at zero temperature [Fig. 1(c-4)],
is not properly described in the Hubbard-I approximation
[Figs. 9(a-2)–9(c-2)]. In addition, the temperature-induced
modes exhibiting almost flat dispersion relations almost on
the Fermi level (ω = 0) around kx = 0 and π primarily in the

195116-12



TEMPERATURE-DRIVEN CHANGE IN BAND STRUCTURE … PHYSICAL REVIEW B 108, 195116 (2023)

excitation of the localized-orbital electron [Figs. 9(a-1) and
9(c-1); modes i and ii in Fig. 6(c)] are not properly described
in the Hubbard-I approximation [Figs. 9(a-2) and 9(c-2)].

C. Comparisons with previous numerical studies

Numerical calculations have indicated that the band
structures change with temperature in the 1D and 2D Hub-
bard models and 1D PAM [16–23]: the band structures
in the high-temperature regime are similar to those of the
Hubbard-I approximation (Sec. V B), whereas those in the
low-temperature regime are similar to those of the anti-
ferromagnetic mean-field approximation (Sec. V A) for the
Hubbard models. These features have been interpreted pri-
marily in terms of spin correlations and dressed electronic
quasiparticles for the 2D Hubbard model and 1D quasipar-
ticles such as spinons and (anti)holons for the 1D Hubbard
model.

For the 2D Hubbard model, in Refs. [18,19], the reason
why the band structure in the low-temperature regime is
similar to that of the antiferromagnetic mean-field approxi-
mation has been considered that the spin correlation length
becomes comparable to the cluster size of the Monte Carlo
simulation; the system can be effectively regarded as antifer-
romagnetically ordered. In contrast, in the high-temperature
regime, because the spin correlation length becomes shorter,
the band structure has been considered similar to that of the
Hubbard-I approximation in which the spatial spin correlation
is neglected. Thus, the Hubbard-I-like band structure has been
considered to be primarily attributed to the reduction in the
spin correlation through thermal fluctuations, in contrast to the
interpretation presented in this paper, i.e., that the spin excited
states involved in the thermal states [Fig. 2(b)] are the main
cause of the Hubbard-I-like band structure. The reason why
the spectral weights within the band gap (μ− < ω < μ+) fade
away instead of the continuous deformation of the dispersion
relation from the Hubbard-I-like band structure into the low-
temperature band structure has not been considered.

The behavior of the modes responsible for the Hubbard-
I-like band structure in the low-temperature regime is as
nontrivial as that of the zero-temperature doping-induced
states. In the doping-driven Mott transition, how the free-
electron-like mode around the Fermi level in the large-doping
regime changes toward the Mott transition (whether the dis-
persion relation becomes flat as expected for the Fermi-liquid
quasiparticle [53] with a divergent effective mass [54] or
not; if not, how the mode behaves and why) has been a
central question [5–15,55–64]. It has been shown that the
free-electron-like mode above (below) the Fermi level in
a hole-doped (electron-doped) system loses spectral weight
toward the Mott transition, exhibiting a momentum-shifted
magnetic dispersion relation, because the doping-induced
states can be essentially identified as the spin excited
states of Mott and Kondo insulators [5–15]. Regarding the
temperature-driven change in the band structure, it is shown
in this paper that the modes induced by temperature are pri-
marily due to the spin excited states involved in the thermal
state [Sec. IV; Fig. 2(b)]. Because their contributions to the
thermal state decrease to zero as the temperature is lowered,
the spectral weights of the emergent modes fade away. In

addition, the dispersion relations of the emergent modes in
the low-temperature regime can be effectively expressed as
momentum-shifted magnetic dispersion relations from the
band edges, reflecting the spin excited states. These charac-
teristics are continuously connected to the doping-driven Mott
transition [5–15] (Sec. IV H).

For the 1D Hubbard model, in Ref. [17], it has been rec-
ognized that the origin of the emergent modes can be traced
back to the zero-temperature doping-induced states [6], and
the temperature evolution has been interpreted in terms of 1D
quasiparticles such as spinons and (anti)holons for electronic
excitation [65,66] [spin-charge separation characteristic of
1D electronic excitation (Sec. V D)]. The effective hopping
(bandwidth) at high temperatures has been considered to be
determined by the holon excitation that can be described as a
spinless quasiparticle with hopping t , and the band structure
has been interpreted using the Hubbard-I approximation with
effective U .

In this paper, the emergent modes are interpreted from a
broader perspective in terms of the spin-charge separation of
Mott and Kondo insulators (Sec. V D), which does not de-
pend on the spatial dimension. The properties of the emergent
modes within the band gap (μ− < ω < μ+) are primarily
determined by the spin excited states in the thermal state,
regardless of whether the spatial dimension is one or larger,
whether the electronic excitation is described in terms of
spinons and (anti)holons or not, whether the spin excitation is
gapless or not, or whether the system is antiferromagnetically
ordered or not.

The filling of the band gap with spectral weights, which is
also called the melting of the gap [17,67], has been indicated
by numerical calculations at nonzero temperatures for the 1D
Hubbard model and 1D PAM in Refs. [16,17,23]. In this
paper, it is explicitly demonstrated that the emergent modes
reflecting the spin excitation can cross the Fermi level, gain
considerable spectral weight, and form a robust band structure
that can be regarded as metallic not only in the 1D Hubbard
model and 1D PAM but also in the Hubbard ladder and 2D
Hubbard model. In addition, the mechanism and conditions
for the insulator-metal crossover in Mott and Kondo insulators
in general are clarified in terms of the spin excitation (espin

q )
and charge excitation (μ±) of the Mott and Kondo insulators
(Sec. IV F).

D. Spin-charge separation of Mott and Kondo insulators

Spin-charge separation means that the lowest spin-
excitation energy is different from the lowest charge-
excitation energy. In 1D interacting metals, the spin velocity
vs, which is characterized by a spinon, is generally different
from the charge velocity vc, which is characterized by a holon
or an antiholon [39,40]: the lowest spin-excitation energy
�Es = 2π

L vs differs from the lowest charge-excitation energy
�Ec = 2π

L vc, where L denotes the number of sites on a chain.
Thus, spin-charge separation occurs in 1D interacting metals
in the energy scale of the order of 1

L .
On the other hand, in Mott and Kondo insulators, spin-

charge separation occurs in any spatial dimensions. In the
large-U/t Hubbard model, the spin-excitation energies are
of the order of J = 4t2

U , whereas the lowest charge-excitation
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energy is the charge gap of the order of U [39,40]. Owing to
the spin-charge separation of the Mott and Kondo insulators,
the low-energy properties can be described using spin mod-
els such as the Heisenberg model, by neglecting high-energy
charge degrees of freedom.

The emergent electronic modes at nonzero temperature
discussed in this paper, along with the doping-induced states
in Refs. [5–15], reflect the spin-charge separation of Mott and
Kondo insulators (existence of spin excited states with excita-
tion energies lower than the charge gap). Thus, the emergence
of the electronic states reflecting the spin excitation is a fun-
damental and general characteristic around Mott and Kondo
insulators regardless of the spatial dimension, antiferromag-
netic order, or quasiparticle picture [5–15].

In a band insulator which is described in terms of noninter-
acting electrons, spin-charge separation does not occur. The
spin excitation is obtained as a particle-hole excitation: a spin
excited state with the z component of spin Sz = 1 from the
ground state with Sz = 0 is obtained by removing a down-
spin electron from the lower band and adding an up-spin
electron to the upper band. The lowest spin-excitation energy
is equal to the band gap (lowest charge-excitation energy).
Thus, electronic states reflecting the spin excitation of the
band insulator do not emerge within the band gap even with
doping or temperature rising.

In mean-field approximations where the effective Hamil-
tonian is described in terms of noninteracting electronic
quasiparticles, the spin excitation is obtained as a particle-hole
excitation, as in the case of a band insulator. Thus, in mean-
field approximations such as the antiferromagnetic mean-field
approximation, electronic states reflecting the spin excitation
of the insulator do not emerge within the band gap even with
doping or temperature rising. By taking into account the spin
excitation obtained beyond the mean-field approximations,
the emergent modes can be explained [13].

E. Difference from conventional wisdom

In previous studies, changes in the band structure with
respect to the temperature have been interpreted in terms of
quasiparticles such as dressed electronic quasiparticles [19],
spinons, and (anti)holons [17] for electronic excitation. Elec-
tronic states that emerge within the band gap (μ− < ω < μ+)
should be considered according to conventional wisdom, as
follows. Eigenstates whose excitation energies from |GS〉N are
lower than |μ±| should exist with Ne = N ± 1, similar to the
electronic excited states in the upper (Ne = N + 1) and lower
(Ne = N − 1) bands. Because they are invisible in the spectral
function at zero temperature, their spectral weights should be
zero. By increasing the temperature, they would gain spectral
weight through thermal fluctuations and emerge in the spectral
function at nonzero temperature.

However, there is no eigenstate with Ne = N ± 1 whose
energy is lower than the ground-state energy in the subspace
of Ne = N ± 1 according to the definition of the ground state;
i.e., no eigenstate with Ne = N ± 1 exists in the energy regime
of the band gap. One might consider that the doping-induced
states in one-hole-doped (one-electron-doped) systems, which
emerge within the band gap, should exist as eigenstates with
Ne = N − 1 (N + 1), similar to the electronic states in the

TABLE III. Selection rules for 〈m|c†
k,σ

|n〉 and 〈m| f †
k,σ

|n〉 between
|Spin〉N±1 and |GS〉N . The energy, z component of spin, and momen-
tum are shown in parentheses. The ω values at the bottom of the
upper band and top of the lower band at zero temperature are denoted
as μ+ and μ−, respectively: μ+ = EGS

N+1 − EGS
N ; μ− = EGS

N − EGS
N−1.

The energy of spin excitation with momentum q in the subspace of
Ne = N ± 1 is denoted as ẽspin

q . The momenta of the ground states
with Ne = N + 1 and N − 1 are denoted as k+

F and −k−
F , respectively.

|m〉 |n〉 ω = Em − En

|Spin〉N+1 |GS〉N⎛
⎜⎝ẽspin

k−k+
F

+ EGS
N+1

sz

k

⎞
⎟⎠

⎛
⎝EGS

N

0
0

⎞
⎠ ω = ẽspin

k−k+
F

+ μ+

|GS〉N |Spin〉N−1⎛
⎝EGS

N

0
0

⎞
⎠

⎛
⎜⎝ẽspin

−k+k−
F

+ EGS
N−1

−sz

−k

⎞
⎟⎠ ω = −ẽspin

−k+k−
F

+ μ−

lower (upper) band. However, the doping-induced states in
one-hole-doped (one-electron-doped) systems have N elec-
trons because they are induced by the addition (removal) of
an electron. They are essentially identified as the spin excited
states of Mott and Kondo insulators (Ne = N), which exhibit
momentum-shifted magnetic dispersion relations from the
band edges in the electronic spectrum with doping (Secs. IV C
and IV D; Table I) [5–15].

One might also consider that the doping-induced states in
two-hole-doped (two-electron-doped) systems, which emerge
within the band gap, should exist as eigenstates with Ne =
N − 1 (N + 1) in the energy regime within the band gap.
However, the doping-induced states in two-hole-doped (two-
electron-doped) systems can be identified as the spin excited
states with Ne = N − 1 (N + 1) (Sec. IV G; Table II) [5–15],
whose energies are higher than the ground-state energy in the
subspace of Ne = N − 1 (N + 1). Thus, they should appear
outside the band gap [ω < μ− (ω > μ+)] in the excita-
tion from |GS〉N . According to the selection rules between
|Spin〉N±1 and |GS〉N presented in Table III, the dispersion
relations are

ω = ẽspin
k−k+

F
+ μ+ ≈ espin

k−k+
F

+ μ+, (31)

ω = −ẽspin
−k+k−

F
+ μ− ≈ −espin

−k+k−
F

+ μ−, (32)

where ẽspin
q denotes the energy of spin excitation with mo-

mentum q in the subspace of Ne = N ± 1. This excitation is
included in the spectral function even at zero temperature,
which can be identified as the mode known as the spinon
mode in 1D systems [6,39,40,68] and the mode originating
from the 1D spinon mode in the (0,0)–(π, π ) direction in
2D systems [7,9]. The selection rules [Table III; Eqs. (31)
and (32)] provide a simple interpretation of the electronic
excitation whose energy is close to the spin-excitation energy
of the order of J (= 4t2

U ) in Mott insulators at zero temperature
[6,7,9,18,39,40,68–73] regardless of the spatial dimension,
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antiferromagnetic order, or quasiparticle picture. The above
argument [Table III; Eqs. (31) and (32)] can also be extended
to the electron-removal (electron-addition) excitation in hole-
doped (electron-doped) systems, as described in Sec. IV G.

The fundamental difference between conventional wisdom
and the interpretation presented in this paper is that the elec-
tronic states with Ne = N ± 1 are considered to change with
temperature in the former, whereas the spin excited states
of Mott and Kondo insulators, which become significant in
the thermal state as the temperature increases, are considered
to change the electronic spectral features in the latter. This
interpretation explains why the band structure can change
with temperature even in the energy regime significantly
higher than the temperature (Sec. IV I) and why electronic
modes emerge within the band gap and exhibit momentum-
shifted spin-mode-like dispersion relations from the band
edges [Secs. IV C and IV D; Table I; Fig. 2(b)]. In addition,
it provides a unified view of the doping-driven [5–15] and
temperature-driven unconventional spectral features around
Mott and Kondo insulators without depending on the spatial
dimension, antiferromagnetic order, or quasiparticle picture.
The essence of this interpretation is the spin-charge separation
(existence of spin excited states with excitation energies lower
than the charge gap), which is a fundamental and general
property of Mott and Kondo insulators [5–15].

VI. SUMMARY

The mechanism underlying the change in the band struc-
ture with respect to the temperature in Mott and Kondo
insulators was clarified by considering the selection rules in
the spectral function and using numerical methods. Because
the spin excited states of Mott and Kondo insulators are
involved in the thermal state at nonzero temperature, they
can appear in the electronic spectral function and exhibit
momentum-shifted magnetic dispersion relations from the
band edges. In addition, one-hole-doped and one-electron-
doped states in the thermal state induce electronic states that
exhibit the momentum-shifted magnetic dispersion relations
within the band gap, which can also be identified as the spin
excited states of Mott and Kondo insulators, as in the case
of the doping-driven Mott transition. Hence, the origin of the
emergence of electronic modes (change in the band structure)
at nonzero temperature can be traced back to the spin excited
states of Mott and Kondo insulators; the essence is the spin-
charge separation of Mott and Kondo insulators (existence
of spin excited states with excitation energies lower than the

charge gap). This perspective contrasts with the conventional
view where thermal effects on electron-added states (Ne =
N + 1), electron-removed states (Ne = N − 1), and static spin
correlations are considered to mainly affect the band structure.

The present perspective can explain (1) why the band
structure changes even in the |ω| regime far higher than the
temperature, (2) why spectral weights emerge in the ω regime
within the band gap, where the excitation energies are lower
than the lowest electronic excitation energy from the ground
state, and (3) why the dispersion relations of the emergent
modes are similar to the spin-mode dispersion relation shifted
by k±

F and μ± (k and ω at the band edges).
The emergent modes can cross the Fermi level if the band-

width of the spin excitation is comparable to the band gap;
the band structure can be regarded as metallic. The mecha-
nism and conditions for this insulator-metal crossover were
clarified in terms of the spin-charge separation of Mott and
Kondo insulators. Additionally, the spectral weight below the
Fermi level can increase as the chemical potential is lowered,
reflecting the change in the spectral-weight distribution with
respect to the Fermi level in Mott and Kondo insulators. These
features cannot be explained in the conventional band picture
or mean-field approximations.

The mechanism of the temperature-driven change in the
band structure revealed in this paper is general. It does not
depend on (1) the spatial dimension, (2) quasiparticle picture
such as electronic quasiparticles, spinons, or (anti)holons, (3)
whether the system is antiferromagnetically ordered or not,
or (4) whether the spin excitation is gapless or not. This is
because it reflects the spin-charge separation which is a fun-
damental and general property of Mott and Kondo insulators.

Because raising the temperature is far easier than doping
Mott and Kondo insulators, the emergence of electronic states
reflecting the spin excitation of Mott and Kondo insulators
can be experimentally confirmed for various materials that are
difficult to dope. Furthermore, the change in the band structure
with respect to the temperature, including the insulator-metal
crossover, can be utilized in optical and electronic devices
beyond the conventional rigid-band-based electronics.
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