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Screening response of valence and core electrons in a metal: Inelastic x-ray scattering study
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The screening response of valence and core electrons against a test charge embedded in a metal is investigated.
The real space-and-time dynamical response function χ (r, t ) is derived from the x-ray inelastic scattering spectra
measured over a wide momentum and energy space on elementary Li. Embedding a charge initially induces
local screening due to core electrons. This is followed by screening due to valence electrons, which exhibits an
oscillatory behavior where the frequency is determined by the plasmon energy. Finally, static screening charges
are produced. The static screening charge consists of a local electron cloud surrounding the embedded charge
over several angstroms and the oscillatory charge densities have a periodicity twice that of the Fermi wave
number in a larger r scale (i.e., the Friedel oscillation). The core electrons also exhibit an oscillatory behavior,
where the frequency is determined by the absorption edge energy. This eventually leads to more local screening,
further reducing the screening distance.
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I. INTRODUCTION

A fundamental and critical problem in condensed matter
physics is the screening effect. An external potential perturbs
electron gas. This redistributes the electrons, creating an addi-
tional Coulomb potential. Consequently, the potential probed
by a test charge differs from the external one. The screening
effect is basically a many-body problem, which cannot be ex-
actly solved in many cases. To overcome the problem, various
types of the approximations such as the density functional
theory (for ground states) and the time-dependent density
functional theory (excited states) [1–4] or numerical diagonal-
izations on finite size systems such as quantum Monte Carlo
simulations [5–7] have been developed. One of the most sim-
ple and familiar examples of the screening effect in real matter
is the effective ionic potential in a metal. Conduction electrons
aggregate near ions to screen positive charges. Hence the
effective potential felt by a test charge becomes much more
attenuated than the bare one. Another type of screening effect
is the so-called Friedel oscillation, which reaches a rather long
distance. It exhibits an oscillatory behavior in real space at a
periodicity twice that of the Fermi wave number.

Screening effects in an electron gas are expressed by a
key quantity—the density-density response function of elec-
trons. This plays a crucial role in describing the effective
interactions between electron–electron, electron–test charge,
and test charge–test charge. Other phenomena such as the
collective modes, which are observed in the energy loss scat-
tering process, are also connected with the density-density
response function in a unified manner [8,9]. Recently, the
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effective interaction in the electron liquid and the screening
effects has been theoretically investigated [10–15]. Extended
theories have been constructed to evaluate the density re-
sponse function with the refinement of a local field factor
[6] or the inclusion of nonlinear effects [16,17]. The spatial
modulation of the local density of states (DOS) has been
experimentally observed as the fingerprint of the Friedel os-
cillation [18–21]. Several studies have attempted to extract
information about the Friedel oscillation by evaluating the
effective interionic potential in the liquid state based on the
integral equation theory. This approach is somewhat empirical
because experimental structure factors are used as the input
parameters in the calculation [22,23].

The screening effect has been extensively studied but there
are few reports for the time dependence. The screening due
to the electrons occurs in a timescale of 10–100 attoseconds
[24,25]. Typical experiments for such ultrafast phenomena
are the pump-probe measurements using a short-pulse laser
[26–30]. The advanced laser technology makes the fem-
tosecond or even attosecond spectroscopy possible with the
interferometry methods [31,32]. Nevertheless, the typically
available energy for photons is <100 eV at present. This fact
hampers the access to the density-density response function in
the wide momentum range and thus limits a spatial resolution
in the Fourier transformation.

Previously we showed that the static response function
χ (q, ω→0) and the screening charge density n(r, t→∞) are
available from the dynamical structure factor, S(q, ω) [33].
S(q, ω) is an observable quantity by inelastic x-ray scattering.
Here, q and ω represent the wave number and the angular
frequency, respectively. Additionally, r is the distance from
the test charge and t is the duration time after it is embedded.
However, several questions remain unanswered. (i) How is
the screening charge induced after the charge is embedded?
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That is, what is the time dependence of the screening charge
density? (ii) How do the core or bound electrons contribute to
screening? Both the valence and core electrons have charac-
teristic features in S(q, ω). For the Li metal, the former has
a plasmon peak observable at low momenta, while the latter
shows an absorption edge like feature enhanced at middle or
high momenta (although this exists at any momenta), which
appear at 7 eV and 60 eV, respectively [34–36]. This study
focuses on the dynamical response and discusses how the
screening charge evolves over time at an attosecond time
resolution (1.03 as).

II. EXPERIMENTS

The experiments were performed on the Taiwan IXS beam-
line at SPring-8 (BL12XU). Synchrotron radiation from an
undulator light source was monochromatized by Si111 dou-
ble crystals at Eo = 20 or 26 keV (more precisely, 19.98 or
25.91 keV, respectively). For the Eo = 20 keV experiment, a
high-resolution monochromator consisting of a pair of Si220
channel-cut crystals was installed after the Si 111 monochro-
mator to achieve a higher ω resolution (1.2–1.4 eV). For
the Eo = 26 keV experiment, the spectra was collected at a
5–6 eV resolution without the channel-cut crystals. X rays
scattered from the sample were monochromatized by a curved
Si analyzer crystal before being counted by a NaI scintillation
detector [37]. With a Si 660 reflection, the inelastic spectra
were measured in Eo − E � 350 eV, where Eo = 19.98 keV,
at 19 points in q � 3.47 Å−1 (SET-I), while, in Eo − E �
2000 eV, where Eo = 25.91 keV, at 30 points in q � 16.0 Å−1

(SET-II). Here E represents the scattered photon energy. The
samples were elementary Li metal having a thickness of 3
or 10 mm, which were sealed in a cell with He atmosphere.
The measurement was performed at room temperature. The
count rate in the 20 keV experiment was 1600 counts/s
at the plasmon peak when q = 1.0 Å−1, while that in the
26 keV experiment was 5500 counts/s at the same peak when
q = 1.15 Å−1. The counts were accumulated for 10 or 2 s
each point. The data were first corrected for the beam intensity
variation, the absorption in the samples, and the polarization
factor between two wave vectors for the incident and the
scattered photons. After the removal of a tail of the elastic
line for each spectra, low-q data were fit to the f -sum rule, so
that a common normalization factor was determined to obtain
S(q, ω) in an absolute scale. For the high-q data, the f -sum
rule was utilized again to find a common normalization factor,
but it was only applied at the highest q, 16.0 Å−1. Finally,
two data sets were obtained as shown in Table I: SET-I is the
high resolution data, while SET-II is the wide range data in
q − ω space, which provide the wide-range information and
the high-resolution information in r − t space, respectively.
SET-I is the data identical with ones in the previous report
[33], while SET-II is new data [see Fig. 1(a)]. As q increases,
S(q, ω) rather quickly converges to Compton profiles shown
in the earlier reports [38,39].

III. MODELS

For a comparison with the experiments, we calculated
S(q, ω) based on two models. One was the electron gas

TABLE I. Obtained data sets in the experiments: SET-I is high
resolution data, while SET-II is wide range data in q-ω space. Those
sets inversely provide wide range and high resolution information in
r-t space, respectively.

SET-I SET-II

ω range 2.0–350 eV 5.0–2000 eV
ω step (�ω) 0.5/1.0 eV 2.5 eV
ω resolution (δω) 1.2–1.4 eV 5–6 eV

q range 0.30–3.5 Å−1 0.5–16.0 Å−1

q step (�q) 0.1/0.2 Å−1 ∼0.5 Å−1

q resolution (δq) 0.18 Å−1 0.22 Å−1

T maximum 4135 (2067) as 827 as
T resolution 5.91 as 1.03 as

r maximum 31.4 (15.7) Å 6.28 Å
r resolution 0.90 Å 0.20 Å

model based on random phase approximation (RPA). S(q, ω)
was calculated from a Lindhard dielectric function εL(q, ω)
(see, e.g., Ref. [40]) for Fermi momentum kF = 1.112 Å−1.
εL(q, ω) was convoluted with the Lorentzian having a 2 eV
width before calculating S(q, ω), so that the plasmon has a
finite lifetime broadening. The range and the step were 350
and 0.5 eV, respectively. In order to compare the RPA model
with the experiment over a wide q − ω range (SET-II), the
inclusion of the contribution of core electrons was essential.
We adopted the expressions by Eisenberger and Platzman for
a bound electron model based on a hydrogenlike atom [41].
In Ref. [41], S(q, ω) is discussed with/without the impulse
approximation (IA), where the electron wave function in the
final state is approximated as a plane wave. IA would greatly
simplify the problems. Even though this approximation is only
valid at the limit of q → ∞ and ω → ∞, the obtained S(q, ω)
reproduces the experiments fairly well in many cases. How-
ever, the so-called Raman features, namely the edge feature
near the threshold, cannot be implemented. We have adopted
the model without IA for a comparison with the experiments.
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FIG. 1. Experimental (a) and model (b) S(q, ω). The model is
based on RPA implemented with the core contribution.
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Li has the most simple core shell and thus the expressions in
Ref. [41] are applicable in a straightforward way. The model
only consists of a core level and a continuum above a thresh-
old. The final state involves a term of p−1/2 = (2m E f )−1/4,
where E f = h̄ω − E B, in the normalization prefactor [see
Eq. (7) in Ref. [41]] and thus the amplitude of the wave func-
tion would display a diverging behavior near the threshold.
Nevertheless, this prefactor is canceled out with the density
of state of the final state, which is proportional to E f

1/2 or
p. Here, one can add a small density of states at E f = 0
in order to produce the Raman feature [see Fig. 1(a) in the
Supplemental Material [42]]. This procedure is reasonable
because the wave function near the threshold should differ
from the plane wave in reality and be expressed as the Bloch
waves in metals or the localized orbitals in atoms. Note that
this is still different from common Raman features because it
represents neither band structure in Li metal nor multiplets in
a Li atom. However, it is still a good marker to investigate how
such an edge feature influences the evolution of the screening
charge. After summing S(q, ω)core and S(q, ω)RPA obtained
in the ways mentioned above, we convoluted it with a 5-eV-
wide Gaussian for a comparison with the wide range data
(SET-II). [See the Supplemental Material [42]; S(q, ω) and
the screening charges due to core electrons with and without
IA are compared.]

IV. DERIVATION OF SCREENING CHARGE DENSITY

To obtain the screening charge densities from the dynami-
cal structure factors, we adopt a way similar to ones in other
reports [43–45] but somewhat different in details. One defines
the potential due to a test charge of +e, which is embedded at
time t = 0,

Vext (r, t ) = e(−e)

r
�(t ). (1)

Here, r is the distance from the test charge, −e an electron
charge, and �(t ) a Heaviside step function, which is 0 for
t < 0, while 1 for t � 0. Through Fourier transform (FT) in
terms of t , we have

Vext (q, ω) =
∫ ∞

−∞
dt

∫ ∞

−∞
d3r Vext (r, t )e−i(ωt−qr)

= −4πe2

q2

[
πδ(ω) − 1

iω

]
. (2)

In q-ω space, assuming the homogeneous electron gas model,
the induced charge is simply given as [46]

δn(q, ω) = Vext (q, ω)χ (q, ω). (3)

To obtain δn(r, t ), we first perform FT along the ω axis to have
δn(q, t ):

δn(q, t ) =
∫ ∞

−∞
dωVext (q, ω)χ (q, ω)e−iωt

= −2e2

q2
{π Re[χ (q, 0)] − 2qF (q, t )} , (4)

where

F (q, t )=
∫ ∞

0
dω

Im[χ (q, ω)]cos(ωt )− Re[χ (q, ω)]sin(ωt )

qω
.

(5)
As the causality is admitted, Im[χ (q, ω)] and Re[χ (q, ω)] sat-
isfy the Kramers-Kronig relationship (see, e.g., Refs. [40,47]).
Based on the manner in Refs. [43–45], we have them as
follows:

Im[χ (q, ω)] = π{−S(q,−ω) + S(q, ω)},

Re[χ (q, ω)] = π−1P
∫ ∞

−∞
dω′ Im[χ (q, ω)](ω′ − ω)−1, (6)

where P denotes a principal value integral. Finally, we obtain
δn(r, t ) by FT on δn(q, t ) in three-dimensional q space:

δn(r, t ) = 1

2π2r

∫ ∞

0
dq δn(q, t ) sin(qr)

= e2

π2r

∫ ∞

0
dq{2F (q, t ) − πq−1 Re[χ (q, 0)]}sin(qr)

= 2e2

π2r

∫ ∞

0
dq F (q, t ) sin(qr) + 1

2
δn(r). (7)

Here, the isotropic system is assumed and thus screening oc-
curs as a function of q (= |q|) or r (= |r|). This approach can
be applied to an anisotropic system. Then a numerical FT in q
space would be required. The first team in Eq. (7) is dynamic,
while the second term static, meaning that the former has
time dependence, while the latter does not. In fact, they have
the same magnitude with the opposite signs when t = 0 and
thus δn(r, 0) = 0. When t → ∞, we find the second term
approaches the first term again with the same sign. Namely,
we just need to make the second term double in order to have
the static charge density δn(r,∞). In this paper, the source of
the disturbance (here referred to as the test charge) is assumed
to be a step function �(t ) in Eq. (1), while in the earlier reports
a delta function δ(t ) is assumed [43–45,48,49]. Therefore, the
expressions have differences but they are basically the same
procedure.

V. RESULT AND DISCUSSION

Valence electron screening. Figures 2(a)–2(c) show
−Imχ (q, ω), δn(q, t ), and δn(r, t ) derived from the high q-ω
resolution data (SET-I) along with those for the electron gas
model (RPA). In the model, the plasmon shows a quadratic
dispersion even for the q range over the critical momentum
qc = 1 Å−1: the peak position in ω increases with q increasing
across qc. On the other hand, the experiment indicates the
plasmon less dispersive and strongly damped as q increases.
The differences between the experiment and the model are
also recognizable in δn(q, t ) [see Fig. 2(b)]. This is an in-
termediate quantity before obtaining δn(r, t ), but it provides
useful hints to understanding the evolution of the screening
charge as a function of time. Since δn(q, t ) is derived by the
Fourier transform of Imχ (q, ω) and corresponding Reχ (q, ω)
along the ω axis (or vertical axis), the well defined plasmon
peak observed in Imχ (q, ω) leads to the oscillation along the t
axis. The plasmon in the model has a long lifetime and shows
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FIG. 2. −Imχ (q, ω) (a), δn(q, t) (b), and δn(r, t ) (c). Left panels
indicate those for the experimental data (SET-I), while right panels
those for the electron gas model. The theory excludes contributions
of core electrons. Note that the color scale in (c) is multiplied by a
factor of 400 in the region of r > 3 Å and t > 0.5 fs.

the oscillation for t > 2 fs, while it damps at t ∼ 1 fs in the
experiment due to the shorter lifetime.

Finally, δn(r, t ) is obtained by 3D Fourier transform of
δn(q, t ) along the q (or horizontal) axis [see Fig. 2(c)]. Note
the color scales multiplied by a factor of 400 in the region
of r > 3 Å and t > 0.5 fs. The major part of the screen-
ing charges is in r < 3 Å around the origin; namely, the
charges mostly aggregate around the embedded charge (see
also Fig. 4). Nonetheless, an interesting feature is seen in
a larger r scale. The stripes appear more and more clearly
as t increases, representing the development of the so-called
Friedel oscillation. The wave numbers of the stripes are given
as kexp = 2π/λδn = 2.14 Å−1 and kRPA = 2.24 Å−1, which
reasonably agree with 2 kF , where kF (= 1.11 Å−1) is the
Fermi wave number obtained from the density of Li. Until the
Friedel oscillation fully develops, the screening charge repeats
the several beats. The frequencies of the beats are ωexp =
2π/Tδn = 1.2 × 1016 s−1 (at r = 6.0 Å and t = 1.3 fs),
while ωRPA = 1.4 × 1016 s−1 (at 7.0 Å and 1.1 fs). They corre-
spond to 7.8 eV and 9.2 eV in electron energies, respectively,
which are slightly larger than the plasmon energies 7.2 eV
(experiment) and 8.2 eV (RPA). The deviations may be as-
cribed to the plasmon dispersions. The plasmon linewidth δω

is 3.0 eV at q < 1.0 Å−1 in the experiment, while that used
in RPA is 2.0 eV. The lifetime τ = π/δω is estimated to be
0.7 fs (experiment) and 1 fs (RPA), which agree well with
what we see in Figs. 2(b) and 2(c). The integration of the

FIG. 3. −Imχ (q, ω) (a), δn(q, t ) (b), and δn(r, t ) (c). Left panels
indicate those for the experimental data (SET-II), while right panels
those for the RPA + coremodel. Arrows show an oscillatory feature
due to core electrons.

densities amounts to 0.99 and 1.01 in r < 5.0 Å for the ex-
periment and RPA, respectively.

A prominent difference between the model and the exper-
iment is a phase shift of the oscillation between r = 4 and
6 Å, which is seen in the experiment but not in RPA. The
reason is unknown. One possibility is that this is an intrinsic
difference between experiment and RPA. The plasmon shows
different behaviors in the experiment and RPA as seen in
Fig. 2(a) and thus such a phase shift might happen. However,
we do not have any other evidence supporting this scenario.
Another possibility is the extrinsic effect such as an artifact
during the removal of the tail of the elastic scattering. We
tried several ways for the subtraction, but such a phase shift
still appears. We cannot provide any solid interpretation for
this discrepancy.

Core electron screening. Figure 3(a) compares the
experimental −Imχ (q, ω) derived from the data set in the
wide q-ω range (SET-II) with that from the RPA + coremodel.
They appear very similar. A difference is a sharper edge
feature near the threshold in the model, which appears
more modest in the experiment [see the insets in Fig. 3(a)].
This is because of the model simplified without the band
structures in Li metal. It is interesting to see how the edge
feature influences the development of the screening charges.
Figures 3(b) and 3(c) show the screening charges δn(q, t ) and
δn(r, t ), respectively. A prominent feature is the fast beats that
are seen in the RPA + coremodel (arrows in the right panels).
In fact, as seen in Fig. 4, the beats of the same frequency
are also discernible in the experiment although they are not
as clear as those in the model. The period is commonly
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74 as, which almost coincides with that estimated from the Li
K-edge energy, 60 eV, corresponding to 69 as. This oscillatory
feature is definitely due to the edge jump at this energy (see the
Supplemental Material [42]) [50]. The slightly longer period
is due to the contribution from the real part of the χ (q, ω)
having a spectral weight in the low ω side (not shown). The
first beat shows up at t = 27 as. This beat makes the trigger
for the screening due to the core electrons, which is faster
than that due to valence electrons. Note that this oscillation
feature is very small in the experiment, although Li has the
simplest core level among all the elements. It may be difficult
to observe such an oscillation in most of the materials except
for the elementary Li and Be metals. Other samples have
multiple core levels at larger energies. Generally, deeper core
electrons show smaller edge features in an inelastic spectrum.

Compared to the SET-I, where core electron contributions
are only partially involved, the SET-II including the full con-
tribution leads to a significantly smaller radius of the induced
charge cloud. For example, the half widths at the half maxi-
mum of the induced charge cloud ��n are 0.68 Å and 0.45 Å at
t = 900 as for the SET-I and the SET-II data, respectively. The
former is close to the Thomas-Fermi screening length, 0.61 Å
for Li, while the latter is much smaller due to the core electron
contribution. Assuming that the potential is uniform at large
t , just like a static electric field in metal, a smaller radius
of the charge cloud means a smaller effective distance of the
potential due to an embedded charge. The model adopted here
has a free parameter for the effective nuclear charge Z (see
the Supplemental Material [42]), which critically influences
the radius of the induced charge cloud, and thus the quantita-

tive comparison may not make a lot of sense (�δn = 0.66 Å
for RPA, while 0.40 Å for RPA + core). Nonetheless it is
noted that they consistently indicate that the core electron
makes the effective distance for the screening substantially
smaller.

An important difference between the experiment and the
model is that the screening charge develops more slowly in
the experiment. This tendency is more clearly recognized in
the valence electron screening (cf. EXP-I and RPA in Fig. 4).
The first beat shows up at 50 as and this reaches more than
90% of the static screening charge in magnitude. In the ex-
periment, the charge develops more slowly and shows the
maximum at 200–300 as. This is ascribed to the different
dispersions of the plasmon peaks. The plasmon peak at ω =
8.2 eV in RPA has a large dispersion. The peak shifts to the
higher ω side as q increases, meaning that fast components
are involved for the screening. In contrast, the plasmon peak
at 7.2 eV observed in experiment only shows a very small dis-
persion. The difference suggests the electron correlation effect
and/or the orbital hybridization between the valence and core
electrons impedes the development of the fast response and
slows down the aggregation of the screening charges.

VI. CONCLUSION

When a test charge is embedded in a metal, a screening
due to core electrons first occurs, and then it is followed by
the screening due to the valence electrons. The screening by
the valence electrons displays an oscillatory feature with a
frequency (of penta-Hz) corresponding to the plasmon energy
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(of ∼10 eV), finally leading to a static screening charge in
femtoseconds. The static screening charge consists of an elec-
tron cloud surrounding the embedded charge within several
Å and the Friedel oscillation in a larger r scale. The core elec-
trons form fast and local screening charges and they contribute
to making the effective distance for the potential smaller.
The core electrons having a binding energy of � 100 eV (in
general) display the oscillatory behavior with a frequency of
� 10 penta-Hz, determined by the absorption edge energy.
Compared to those in the electron gas model, the experi-
mentally observed screening charges slowly develop. This
suggests that the electron correlation effect and/or the orbital

hybridization impedes the fast response and slows down the
charge aggregation.
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