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Stability of the % magnetization plateau of the J; — J, kagome Heisenberg model
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In this study, we investigate the finite-temperature properties of the spin-1/2 J; — J, Heisenberg model on
the kagome lattice using the orthogonalized finite-temperature Lanczos method. Under a zero magnetic field,
the specific heat exhibits a double-peak structure, as |J»| increases. Additionally, at approximately J, = 0, the
magnetic entropy remains finite, even at low temperatures. The finite-temperature magnetization curve reveals
the asymmetric melting behavior of the 1/3 plateau around J, = 0. As |J,| increases, the 1/3 plateau becomes
more stable, exhibiting symmetric melting behavior. Specifically, for J, > 0, the Q = 0 up-up-down structure is
stabilized, whereas for J, < 0, the ﬁ X «/3 up-up-down structure is stabilized.
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I. INTRODUCTION

The study of the spin-1/2 kagome Heisenberg model has
garnered significant attention in the fields of condensed mat-
ter physics and materials science owing to the prevalence of
novel quantum phenomena [1-3]. The ground state of this
model is expected to be either a gapped quantum spin liquid
(QSL) [4,5], a gapless QSL [6-9], or a valence bond crystal
(VBC) state [10-12] because of the synergy between frustra-
tion and quantum fluctuations. In a magnetic field at 7 = 0,
field-induced quantum phase transitions occur [13-18]. The
magnetization curve of this model exhibits multiple plateaus
at M/Mg,, =0, 1/9,1/3,5/9, and 7/9, where M is the mag-
netization, and Mg, is the saturation magnetization [15-17].

Even at finite temperatures, this model has been exten-
sively studied in recent years. The specific heat is predicted
to exhibit a distinctive multipeak structure [19-21]. The
high-temperature peak is attributed to a crossover from the
paramagnetic state to a short-range-ordered state. Notably,
the finite-temperature magnetization curve exhibits an asym-
metric melting behavior of the 1/3 plateau [21-23]. This
phenomenon arises because of the significantly higher density
of low-energy states in the regime with M/Mg, < 1/3 com-
pared with the density of low-energy states in the regime with
M /Mg, > 1/3. These features do not appear in the triangular
lattice model, which suggests that they are caused by the
strong frustration effect of the kagome lattice [22].

Several model compounds exist for S = 1/2 kagome
antiferromagnets [24-36]. In the model compounds, the
next-nearest-neighbor exchange interaction J, always exists
regardless of whether it is large or small. The ground state
of the J; — J, kagome lattice has been studied theoretically
[37-41]. For J; > 0 and J, > 0 (where positive indicates
antiferromagnetic), the ground state exhibits a Q = 0, 120°
structure, whereas for J, < 0, the ground state exhibits a
/3 x +/3 120° structure. In addition, it is predicted that the
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ground state will undergo QSL or VBC in —0.1 < J»/J;
< 0.1 [38-41]. However, theoretical studies on the kagome
model with J, have primarily focused on the case of T = 0,
and there have been few studies on its finite-temperature
properties.

In this study, we investigate the finite-temperature prop-
erties of the J; —J, kagome Heisenberg model using the
orthogonalized finite-temperature Lanczos method (OFTLM)
[42,43]. In this paper, J; is set to 1 as the energy unit.
At J, = 0, the specific heat exhibits a multipeak structure;
however, as |J,| increases, the multipeak structure transitions
into a double-peak structure. Furthermore, the position of the
low-temperature peak among the two peaks gradually shifts
to the high-temperature side as |J;| increases. For —0.05 <
J> < 0.01, the magnetic entropy exhibits a finite value even
at low temperatures, indicating the presence of a QSL. In the
magnetization curve, similar to previous studies, we observe
the asymmetric melting of the 1/3 plateau at J, = 0. In con-
trast, as |J»| increases, an apparent flattening of the 1/3 plateau
is observed, even at T = 0.1, and the 1/3 plateau melts
symmetrically as the temperature increases. This is because,
in the region of a larger |J,|, a semiclassical ground state
characterized by up-up-down (UUD) structures (see Fig. 10)
similar to the structure of the 1/3 plateau in the triangular
lattice emerges. For J, > 0, the Q = 0 UUD state is stable,
whereas for J, < 0, the /3 x 4/3 UUD state is stable. The
region around J, = 0 is situated in the intermediate region
between these phases, leading to the instability of the 1/3
plateau. Consequently, the 1/3 plateau undergoes rapid melt-
ing, as the temperature increases. Contrary to the conventional
understanding that as the degeneracy of the classical ground
state increases, quantum effects become more pronounced,
leading to the emergence of a magnetization plateau, our
findings demonstrate that the 1/3 plateau stabilizes as the
degeneracy is reduced. By comparing our results with the
experimental results, we will be able to determine the value
of J, for spin-1/2 J; — J, kagome compounds with antiferro-
magnetic J;. If a 1/3 plateau is not observed in the experiment,
this suggests that the kagome compounds possess a relatively
small |J,]|.

©2023 American Physical Society
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FIG. 1. Lattice structure of the J;
and dashed lines represent J; and J,, respectively. J; is set to 1.
The green circles represent the sites with a spin. a and b represent

— J» kagome lattice. The solid

the primitive vectors of magnitude 1 (Ja] = |b| = 1). The red and
blue quadrangles represent the clusters of N = 36 and N = 27 with
periodic boundary conditions, respectively, where N is the number
of sites.

II. MODEL

The Hamiltonian for the spin-1/2 J; — J, kagome lattice
shown in Fig. 1 in a magnetic field is defined as follows:

HZJ]ZSi-Sj+J2ZS,WSj—hZSf, (1)
(i, ) () i

where S; is the spin-1/2 operator at the ith site, S} is the z com-
ponent of S;, (i, j) and ({7, j)) run over the nearest-neighbor
and next-nearest-neighbor spin pairs of the kagome lattice,
respectively, and & represents the magnitude of the magnetic
field applied in the z direction. Here, J; is set to 1 as the energy
unit. In this study, we consider both positive and negative
values of J,. In Heisenberg models, the operator ), S7 is a
conserved quantity. Here, the eigenvalue of operator ), S7 is
defined as S7,,. The vectors a and b shown in Fig. 1 represent
primitive vectors of magnitude one. Main calculations are
performed on a cluster consisting of 36 sites with periodic
boundary conditions (PBC) shown in Fig. 1. Calculations for
a cluster consisting of 27 sites with PBC are performed only
to check for finite-size effects.

I1I. METHOD

The finite-temperature Lanczos method (FTLM) has been
employed in studies on frustrated quantum lattice models be-
cause it does not have the sign problem [40,44-56], which is a
concern in quantum Monte Carlo simulations. The OFTLM is
a more accurate method than the standard FTLM, particularly
at low temperatures. Here, we provide a brief summary of the
OFTLM [43].

The partition function using the standard FTLM is as fol-
lows:

Myt N(m) R M;—-1 m
Z(T, h)prL = Z ZZ Pan®|f Vm|wjm> )
m=—Mgy r=1 j=0

(@)

where R denotes the number of random samplings of the
FTLM, M; denotes the dimension of the Krylov subspace,

|V..m) is a normalized random initial vector with Si, = m,

and |1ﬂ;’m <r) (W] are the eigenvectors (eigenvalues) in the
(Mp)th Krylov subspace with i, =m. As ), S7 is a con-
served quantity, € _(r) (h) can be expressed as e(r) (h) =€ —

j.m

mh. We define the order of {6(.”} as €)), < EY,)M <e) <
< im

to the exact ground state energy Ey ,,. However, [(V. | 1# )|2

does not converge to the expected value, that is, d,,/N, S(,m),

where d,, represents the degeneracy of the ground state in the
subspace with S;, = m. Therefore, unless a sufficient number
of random samples are considered, the accuracy of Z(T, h)grL
will not improve at low temperatures.

In the OFTLM, we first calculate several low-lying exact
eigenvectors |\V; ,,) with Ny levels. We define the order {E; ,,}
as Eo;m < Erjy < -+ < En,—1,m- We then calculate the fol-
lowing modulated random vector:

. If My is sufficiently large, 60 ") becomes equal

Ny—1
i=0
with normalization
V. ) = _ Vi) 4)
o (ZMZ8

The partition function of the OFTLM is obtained using |V, )
as the initial vector, as follows:

My (m) _ M -1
Z(T, h)oFrL = Z N R W Z
m=—Msa r=1j=0
—BeD )y | V|2 - —BEim(h)
x e P @V i)+ ) e :
i=0

(5
If Nv > d,,, Z(T, h)ofrrL, reaches its exact value at low tem-
peratures. Therefore, it is recommended that Ny be greater
than or equal to d,,. Similarly, in the OFTLM, the energy
E(T)orrL, magnetic specific heat C(T )oprL, magnetic en-
tropy Sm (T )orrr at i = 0, and magnetization M (T, h)oprL are
obtained as follows:

1 L [N — Ny
E(MorrL = o —
Z(T, O)ortL = R
R M-
D IDIL st MMk
r=1 j=0
Ny—1
+ > Ei,me—ﬁﬂ, (6)
i=0
C(T) ! o [N =
OFTL = THm —_—
T2Z(T, O)orr , =, R
R 2 -pel) 2
X R )
r=1 j=0
Ny —1 2
+ EiZme—ﬁE.-,m:| _ E (T)S)FTL’ (7
i—0 T
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TABLE 1. Conditions for the calculation at N = 36.

m N method R M, Ny
18 1 Exact - - -
17 36 FullED — — —
16 630 FullED - - -
15 7140 FullED - - -
14 58905 FullED — - —
13 376992 OFTLM 10 160 5
12 1947792 OFTLM 10 160 5
11 8347680 OFTLM 10 160 5
10 30260340 OFTLM 10 160 5
9 94143280 OFTLM 10 160 5
8 254186856 OFTLM 10 160 5
7 600805296 OFTLM 10 160 5
6 1251677700 OFTLM 10 160 5
5 2310789600 OFTLM 10 160 5
4 3796297200 OFTLM 10 160 5
3 5567902560 OFTLM 10 160 5
2 7307872110 OFTLM 10 160 5
1 8597496600 OFTLM 10 160 5
0 9075135300 OFTLM 10 160 5

Su(Morm =~ (T Oor. (®)

1 La [N _ N,
Y N — ZM[ E
R M;—1
<3 me (vl ) ©)
r=1 j=0

i=0

Ny—1
+ Y me—ﬂE/;m(h)],

Since Egs. (5), (6), (7), (8), and (9) include the exact values
E; ., they are more accurate than those obtained using the
standard FTLM, particularly at low temperatures. The con-
ditions for the calculation of the OFTLM are listed in Table 1.
Here, FullED in Table I represents the full exact diagonaliza-
tion method. Note that it is possible to set values of R, Mj,
and Ny depending on m in the OFTLM, but we maintain
them constant in the present study. In the J; — J, kagome
lattice, when J, < 0, the ground state exhibits a V3 x+/3
structure. Therefore, it is desirable for the lattice size N to be
a multiple of 9. Accordingly, in this study, we mainly perform
calculations for the N = 36 cluster.

Before delving into the main part of the calculations, we
confirm the presence of finite-size effects. Figure 2 presents
a comparison of the magnetization curves for N = 27 and
N = 36. The two curves closely coincide, indicating that there
are almost no finite-size effects for T > 0.1. Figure 3 presents
the calculation results of the specific heat. The results of the
27-site and 36-site clusters exhibit a remarkable agreement
for T 2 0.1. Furthermore, for T > 0.4, our results are in
excellent alignment with the result of the high-temperature
series expansion combined with the [7,8] Padé approximant
[19]. From these results, it is evident that our calculations for

104 £702
7=0.1
0.8
g 0.6
; 0.4
— 27site
0.21 —— 36site
0.0 T T T : Y
0 1 2 3 4 5

FIG. 2. Magnetization curve of the J; — J, kagome lattice at T =
0.1 for J, = 0.2 with N = 27 (blue solid line) and N = 36 (red solid
line). This calculation was performed to confirm the finite-size effect.

the 36-site cluster accurately determine physical quantities for
T = 0.1 in the thermodynamic limit.

IV. RESULTS

A. Specific heat and entropy

Figure 4(a) and 4(b) show the specific heat results for
—0.28 < J, < 0and 0 < J; < 0.28, respectively. At J, =0,
the specific heat exhibits multiple peaks, which is consis-
tent with a previous study [20,21]. As |J»| increases, the
low-temperature peak shifts to higher temperatures, and the
specific heat tends to exhibit a double-peak structure. At J, =
0, the specific heat remains finite even at 7 = 0.01. This sug-
gests that the entropy remains finite, even at low temperatures
at approximately J, = 0. Therefore, entropy calculations are
also performed.

The results of entropy calculations are shown in Fig. 5.
The entropy remains finite, even at low temperatures for
—0.05 < J, < 0.01. Beyond this region, the temperature in-
creases rapidly under conditions of low and constant entropy.
These results suggest that the QSL state is realized in the
region of —0.05 < J, < 0.01. In a classical spin system, at

0.20 4
0.154
=
©0.101
— 27site
0.05 — 36site
------- HTE Pade [7,8]
0.00 T T T T ,
0.0 0.4 0.8 1.2 1.6 2.0

FIG. 3. Specific heat of the kagome lattice (J, = 0) with N = 27
(blue solid line) and N = 36 (red solid line). The result of the
high-temperature series expansion combined with the [7,8] Padé ap-
proximant [19] is also included for comparison (black dashed line).
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0.001 0.01 0.1 1 10
T

FIG. 4. Temperature dependence of the specific heat per site for
the J; — J, kagome lattice with N = 36 at &1 = O for (a) J, > 0 and
() > <0.

J> > 0, the ground state is the Q = 0, 120° structure, whereas
at J, < 0, it is the /3 x +/3 120° structure. Furthermore, at
J» = 0, the ground state is infinitely degenerate. Hence, even
in the quantum spin system, the entropy remains finite even at
low temperatures at approximately J, = 0.

To investigate the cause of the changes in the spe-
cific heat and entropy depending on J,, we calculate
the static spin structure factor Sfl at T =0, where Sfl =

S, /N
10 l 0.6920
0.6055
L 0.5190
| R —
— R
B~ HL 03460
L 0.2595
0.1
L 0.1730
0.08650
0.01 0.000

-03 -02 -0.1 00 01 02 03
J2

FIG. 5. Color plot of the magnetic entropy S,, per site for the
Ji — J» kagome lattice with N = 36. The calculation of the entropy
dependent on 7 and J, was performed at 3001 points for 7 and 31
points for J,.

MM~ 0
T=0 — q=(27t,21t/\/ 3)

e q=(87/3,0)

0.2 0.1 0.0 0.1 0.2
']2

FIG. 6. Static spin structure factor Sf1 atT =0and M/Mg; =0
for the J; — J, kagome lattice with N = 36. The figures on the left
and right show the schematics of the \[3 x +/3120° and Q=0,120°
structures, respectively.

¥ 2 Dy €4TISE §% with the position vector r; and ry.
If (Sg) is maximal at q = (27, 27 /+/3), the ground state
is expected to have the Q = 0 structure, whereas if (Sq) is
maximal at q = (87/3,0), the ground state is expected to
have the /3 x /3 structure. The calculation results for (Sq)

are presented in Fig. 6. For J, > 0, (S¢) at q = (27, 27 //3)
increases as J, increases, whereas for J, < 0, (Sfl) at q =
(87/3,0) increases as J, decreases. Thus, the system is
expected to exhibit the Q = 0, 120° order for J, > 0 and
the +/3 x +/3 120° order for J, < 0. This finding is con-
sistent with previous studies [37—41]. Schematic views of
these magnetic structures are presented in Fig. 6. At ap-
proximately J, = 0, both values are similarly small, which
suggests the existence of a QSL state. These results are con-
sistent with the behavior in which the entropy remains finite
even at low temperatures for —0.05 < J, < 0.01, as shown
in Fig. 5.

B. Magnetization curve and 1/3 plateau

Figure 7 shows the magnetization curves at 7 = 0.1 for
—0.3 < J, < 0.3. These results exhibit almost no finite-size
effects as shown in Fig. 2. No apparent plateau is observed
around J, = 0. As |J,| increases, an evident 1/3 plateau began
to appear. This indicates that the magnetic properties change
around J, = 0, which is similar to the behavior at 4 = 0. In
a classical spin system, even in a magnetic field, the ground
state is the Q = 0 structure for J, > 0, and the V3 x /3
structure for J, < 0. At J, = 0, the ground state is infinitely
degenerate. In the quantum spin system, a decrease in the
degeneracy leads to the stabilization of the 1/3 plateau, as
shown in Fig. 7. A 1/3 plateau also appears in the triangular
lattice, which is stabilized by the UUD structure arising from
quantum fluctuations and frustration effects. In contrast, in
the J; — J, kagome lattice, the 1/3 plateau became unstable
when the ground state in the classical limit is infinitely de-
generate, that is, at J, = 0. Thus, if an evident 1/3 plateau is
not observed in the experimental measurements of spin-1/2
Ji — J, kagome compounds with antiferromagnetic Ji, it can
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2.5

h

FIG. 7. Magnetization curves of the J; — J, kagome lattice with
N =36 for —0.3 < J, <03 at T =0.1. The origin of the vertical
axis is shifted by 0.05 for every 0.02 decrease in J, for better visi-
bility. The green lines present the results for J, > 0, the blue line for
J> = 0, and the red lines for J, < 0.

be expected that the magnitude of J, in that compound is
small.

To investigate the stabilization of the 1/3 magnetization
plateau and the asymmetric melting phenomenon in the J; —
J> kagome lattice, we calculate the magnetization curves at
various temperatures for J, = —0.3,0, and 0.3. Figure 8(a)
shows the calculated results for the magnetization curves at
J» = —0.3; Fig. 8(b), at J, = 0; and Fig. 8(c), at J, = 0.3.
A 1/3 plateau can be observed at J, = 0.3 and J, = —0.3;
however, there is no apparent 1/3 plateau at J, = 0. The cal-
culation results down to 7 = 0.05 do not reveal the presence
of plateaus other than the 1/3 plateau. Further calculations
at lower temperatures are required to confirm the presence
of the other plateaus. However, owing to finite-size effects,
the magnetization curve at the thermodynamic limit remains
unclear at lower temperatures.

Figures 9(a), 9(b), and 9(c) show enlarged views of the
finite-temperature magnetization curves around M /Mg, =
1/3. AtJ, = £0.3, the 1/3 plateau gradually melts in a nearly
symmetric manner as the temperature increases. However, at
J» = 0, the deviation of the magnetization from 1/3 starts on
the left side of the 1/3 plateau, which indicates an asymmet-
ric melting behavior. This result is consistent with previous
studies [21-23]. Hence, it is evident that the phenomenon of
asymmetric melting occurs only around J, = 0. Instead of a
plateau, a ramp appears at M /M, = 1/3 and thus the slope
is different to the left and right. Consequently, one anticipates
a difference in the density of states on each side. While in
the cases where a plateau exists, the slope remains relatively
consistent at both ends of the plateau, implying a comparable

1.04 (a)

J,=-0.3
081 "?

0.6

MIM,,,

0.41
— 71=0.05

0.2 —0.1
—0.2

0.0 x .

1.04 (®
0.8

0.6+

MIM,,

0.4+

0.2

0.0 : ;

1.04 (©

J,=0.3
0.8

0.6

MIM,

0.4

0.24

0.0 x w x :

FIG. 8. Finite-temperature magnetization curves of the J; —J,
kagome lattice with N = 36.

density of states on either side. This conjecture is later con-
firmed through numerical calculations

To investigate the singularity around J, = 0, we examine
the magnetic structure of the 1/3 plateau at T = 0 by cal-
culating (Sg) at M/Mg = 1/3. The calculation results for
(Sq) are presented in Fig. 10. For J, > 0, as J, increases the
Q = 0 UUD structure stabilizes, whereas for J, < 0, as |J,|
increases, the v/3 x +/3 UUD structure stabilizes. Schematics
of these magnetic structures are shown in Fig. 10. Both these
structures are semiclassical magnetic structures with UUD
structures similar to the 1/3 plateau of the triangular lattice.
Therefore, when |J;| is large, the 1/3 plateau melts symmet-
rically, similar to the triangular lattice. In Fig. 10, a phase
transition occurs at J, ~ 0.015. The 1/3 plateau becomes
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FIG. 9. Finite-temperature magnetization curves of the J, — J,
kagome lattice with N = 36 around M /M, = 1/3.

unstable at approximately J, = 0 because of its proximity to
the phase transition point.

AtJ, =0, (Sg) reaches its highest value at q = (87/3, 0).
This result does not negate previous studies that the 1/3
plateau exhibits a VBC structure [15,16]. Although this study
does not provide conclusive evidence, we anticipate a phase
transition between the +/3 x +/3 UUD phase and the VBC
phase to occur at a certain value of J, in the thermodynamic
limit, because the ground state is expected to be the v/3 x /3
UUD state when J, is sufficiently negative.

We calculate low-energy excitation spectra to investigate
further the reasons for the asymmetric melting of the 1/3
plateau at J, = 0 and the symmetric melting at J, = +0.3
as shown in Fig. 9. Figure 11 shows the low-energy excita-
tion spectra for states with Si, = 5,6, and 7 at J, = 0 and
J, = —0.3. Here, S{, = 6 corresponds to M/Mg: = 1/3. At

tot
J, =0, for ¢, = 7, all the excitation energies are AE > 0.1,

3.0
M/M_=1/3

st —— q=(21,27/V/ 3
250 =0 q=(2m,2n/V' 3)

e q=(87/3,0)
2.0

5’1.5—
1.0-

0.5

0.0 - - . .
—-0.2 —-0.1 0.0 0.1 0.2

J

FIG. 10. Static spin structure factor Sg at T = 0 and M/My, =
1/3 for the J; — J, kagome lattice with N = 36. The figures on the
left and right show the schematics of the +/3 x +/3 UUD and Q = 0
UUD structures, respectively.

whereas for S5, = 5, there are 76 states in AE < 0.06. This

indicates that the states with S{; = 5 are entropically favored
over those with S5, = 7. Therefore, these energy spectra lead
to the asymmetric melting of the 1/3 plateau. In contrast, at
Jo = —0.3, similar energy spectra are observed regardless of

S&. =5,6, and 7. They all exhibit pseudo-triple-degeneracy

tot
corresponding to the +/3 x +/3 structure, and the excitation
energies are AE > 0.2. These energy spectra are different
from those at J, = 0. Hence, the 1/3 plateau at J, = —0.3
melts symmetrically.

(a)0.06f
0.05 —e
_._
0.044
L;510.03—
0.02
0.01
0.00+ —— ——
(b) 0.4+ ®
==l e ®
031 —o—
—_——
Fo02;
0.1
0.0{ —Seo— —oeo— —eoo—
5 6 7
S°

tot

FIG. 11. Low-energy excitation spectra of the J; — J, kagome
lattice with N = 36 for the states with S{,, = 5,6, and 7 at (a) J, =0
and (b) J, = —0.3. The horizontal bars indicate the energy gap AE.
The number of filled red circles represents the degeneracy. Note that
the vertical scales are different between (a) and (b).
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V. SUMMARY

Inspired by recent studies on the finite-temperature prop-
erties of the kagome lattice, we investigated the finite-
temperature properties of the spin-1/2 J; — J, kagome lattice
using OFTLM. At J, = 0, the specific heat exhibited a mul-
tipeak structure, but as |J,| increased, the multipeak structure
transitioned into a double-peak structure. For —0.05 < J, <
0.01, the magnetic entropy exhibited a finite value even at
low temperatures, indicating the presence of a QSL. This
range of —0.05 < J, < 0.01 is slightly narrower than the
range of —0.1 < J; < 0.1 in the previous studies [38-41]. In
the magnetization curve, we observed an asymmetric melting
phenomenon with a 1/3 plateau around J, = 0. In contrast,
as |J»| increased, the 1/3 plateau melted symmetrically, ex-
hibiting apparent flatness. In the 1/3 plateau, the Q = 0 UUD
state was stabilized for J, > 0, whereas the /3 x +/3 UUD
state was stabilized for J, < 0. Contrary to the conventional

understanding that as the degeneracy of the classical ground
state increases, quantum effects become more pronounced,
leading to the emergence of a magnetization plateau, our
findings demonstrated that the 1/3 plateau stabilizes as the
degeneracy is reduced. In the future, by comparing our re-
sults with experimental data, we will be able to determine
the magnitude of J, in spin-1/2 J; — J, kagome compounds
with antiferromagnetic J;. We believe that our results con-
tribute to a deeper understanding of the physics of kagome
lattices.
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