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Extended states in one-dimensional aperiodic lattices with linearly varying patches
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We introduce a family of one-dimensional aperiodic tight-binding models with linearly varying patches of
A-type sites with on-site energies εA = 0 connected by single B-type sites with εB = W . We analytically show
such structures have strong spatial correlations. We theoretically find states are extended at resonance levels in
the vicinity of E κ

M = −2 cos κπ

M if they are allowed energies, where M = md are the size differences of patches,
d is the variation rate of patch sizes, m ∈ N+, and κ = 1, 2, . . . , M − 1. Related delocalization-localization
transitions are explored. Numerical evidence is in excellent quantitative agreement with theoretical predictions.
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I. INTRODUCTION

For a long time, the localization phenomenon has at-
tracted a lot of attention in condensed matter physics [1,2]. In
uncorrelated disorder potentials, Anderson transitions of non-
interacting electrons can happen in 3D systems as potentials
increase [3–5]. Such transitions are sometimes referred to as
metal-insulator transitions or delocalization-localization tran-
sitions. Periodic potentials have translational symmetry, and
according to Bloch’s theory, all states are extended. In con-
trast, aperiodic potentials have no translational symmetry but
have strong spatial correlations, which is clearly distinguished
from the disordered and periodic ones [6]. For instance, states
in the Aubry-André-Harper model may be extended, criti-
cal, or localized, which depend on potential strength [7,8].
There are extended critical states in the Fibonacci lattices [9]
and there may be extended states in the Thue-Morse ones
[10,11]. Thus states in aperiodic structures exhibit intermedi-
ate properties. In practice, aperiodic structures can provide an
inspiring guide to design devices in optoelectronics, optical
communication applications, and others [12]. So it is inter-
esting to propose novel aperiodic structures with remarkable
properties.

At the same time, it is a challenging and important problem
to understand the nature of quantum states [13], i.e., whether
states are extended or localized. Disorder can induce local-
ized states and inhibit electronic, vibrational, and transport
properties [4]. However, not all states in one-dimensional
(1D) disordered systems are localized. For example, multiple-
resonance necklace states are typical quasiextended states,
which are formed due to the coupling of many nearly degen-
erate localized states that are centered at different parts of a
chain [14,15]. These localized modes are strung together like
beads around a necklace, so such states are called necklace
states. They can improve the electronic transport properties.
A different approach to creating localized states is in periodic
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systems with a flat-band spectrum [16]. Due to internal sym-
metries or fine-tuned coupling, flat-band states are perfectly
localized to several lattice sites, leading to compact localized
states. In such systems, the disorder can induce delocaliza-
tion, i.e., a transition from an insulating to a metallic phase,
dubbed the inverse Anderson transition [17]. More interest-
ingly, resonance nonscattered states have also been found in
a 1D random-dimer tight-binding model [18], where A-type
and B-type sites are randomly distributed and one component
appears in pairs. There are short-range correlations in its on-
site potentials. Since then, resonance states have been found
in similar models, for instance, random trimer [19], random
dimer-trimer [20], and random n-mer ones [21–23].

Recently, Bykov et al. proposed guided-mode resonant
gratings with linearly varying periods [24]. These structures
can exhibit resonance reflectance peaks with the spatial posi-
tion depending on the incident wavelength, so such gratings
can be used as novel optical filters. It is worth extending it to
other fields. Very recently, Citrin proposed quadratic superlat-
tices and found extended states [25]. In fact, it is a specific
linearly-varying-period structure. However, the mechanism of
the presence of extended states should be further explained.

Inspired by the above mentioned, we propose a family of
1D aperiodic lattices with linearly varying periods. We ana-
lytically show such structures have strong spatial correlations.
With a tight-binding model, we theoretically find extended
states at resonance energies and their underlying mechanism.
The state localization properties are also intensively certified
by numerical evidence.

II. MODEL

The family of 1D aperiodic structure is sketched in Fig. 1,
where the distance between two nearest sites is set to the
unit. The jth patch has s j = d0 + ( j − 1)d A-type sites, and
we call it an s j-mer. Here, d0 is the size of the first patch,
d is the variation rate of patch sizes, and j = 1, 2, . . . , jm.
They are linearly varying patches (LVPs) [24]. The inlaid
single B-type sites link these LVPs with positions Zj = j( j +
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FIG. 1. Schematic diagram of 1D aperiodic lattices. The jth linearly varying patch has s j = d0 + ( j − 1)d A-type sites (blue solid circles),
where d0 is the size of the first patch and d is the variation rate of patch sizes; the inlaid single B-type sites (red solid circles) link these patches
with positions Zj = jd0 + j( j − 1)d/2 + j. Here, d0 = 2 and d = 5 are given as examples.

1)d/2 + j. The basic length d defines a family of structures.
The structure is periodical if d = 0. It becomes the model
proposed in Ref. [25] if d0 = 0 and d = 2. Further, these
s j-mers are arranged in order of increasing size and there are
long-range correlations in structures (see the next section),
which is different from those in the random-dimer model [18]
as well as its variants [19–23] having short-range correlations.

For an electron moving in such structures, the nearest-
neighbor tight-binding Hamiltonian can be written as

H =
N−1∑
n=0

εn|n〉〈n| − t
N−2∑
n=0

(|n〉〈n + 1| + |n + 1〉〈n|), (1)

where |n〉 = c†|0〉, c† is the creation operator, εn is the on-site
potential, and t is the nearest-neighbor hopping integral. The
system size N = Zjm + 1. In Fig. 1, for simplicity, we suppose
the A-type sites have zero potentials and the B-type sites have
constant potentials with strength W , i.e.,

εn =
{

W, n = Zj and j = 0, 1, 2, . . . , jm,

0, otherwise. (2)

At W = 0, eigenstates can be
expressed by |�β〉 = ∑N−1

n=0 ψβ (n)|n〉 =∑N−1
n=0

√
2

N+1 sin[ β(n+1)π
N+1 ]|n〉 with β = 1, 2, . . . , N , where

all states are extended [26,27].

III. RESULTS

We will study structure factors of the 1D aperiodic lattices
shown in Fig. 1, energy spectrum properties of the Hamilto-
nian in Eq. (1), state localization properties, and the effect of
randomness. In the following, results for d = 5 along with
d0 = 2 are presented.

A. Structure factors

For the structure in Fig. 1, structure factors are defined by

S(k) =
∣∣∣∣∣∣

jm∑
j=0

exp(ikZ j )

∣∣∣∣∣∣
2

, (3)

where k are wave vectors and i = √−1. They directly relate
to the results of x-ray and neutron-diffraction experiments
[6,12]. They also underlie behaviors observed in the elec-
tronic, vibrational, and transport properties. We set k =
2
L k̃π , where L is an integer and k̃ = 1, 2, . . . , [L/2]. At L =
7, 9, 11, and 13, we get

S(k) = SL jαm, (4)

where S7 = 1/7, S11 = 1/11, and S13 = 1/13; S9 = 1/3 at
k̃ = 3, and S9 = 1/9 at k̃ = 1, 2 and 4, respectively; and the
scaling exponent α = 2 (see Appendix A). They agree with
the numerical results plotted in Figs. 2(a) and 2(b). Like
quasiperiodic systems [28,29], we find there are sequences
of hierarchical δ-function peaks in S(k); i.e., for some k, the
factor SL is finite even at system sizes N → ∞. In Ref. [25], it
is found α → 2 as k → 0 at d = 2 and d0 = 0, which agrees
with our results. The exponent α = 2 has been found in pe-
riodic and some quasiperiodic structures [30]. So it indicates
that the structure in Fig. 1 is aperiodic, with strong spatial
correlations. They may induce extended or critical states.

B. Resonance levels

If we only consider two patches, with the theory of a trace
map of transfer matrices [31], we analytically show at energies

Eκ
M = −2 cos

κπ

M
(5)

the trace of transfer matrices |χ | � 2 and corresponding states
are extended or critical, where M is the size difference of
the two patches, and κ = 1, 2, . . . , M − 1 (see Appendix B).
For a string with more than two patches, using a numer-
ically accurate renormalization scheme [32], both the sites
in intermediate patches and intermediate inlaid sites can be
renormalized into “one” inlaid site, so they can be taken as
“two patches.” The expression of Eκ

M in Eq. (5) also holds but
M is the size difference of the patches at two edges. This is a
local heuristic argument. The details are given in Appendix B.
However, for a string with many patches, the renormalized
“one” inlaid site may induce localization effects.

FIG. 2. (a) Structure factors S(k) versus wave vectors k at sys-
tem size N = 107 227 ( jm = 207). (b) Finite-size scaling of S(k) at
k = 6π/9. In (a), the vertical dashed lines correspond to k = 2

L k̃π

with k̃ = 1, 2, . . . , [L/2], and L = 7 (blue), 9 (green), 11 (red), and
13 (purple), respectively. In (b), the dashed line is linearly fitted to
corresponding data.
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FIG. 3. (a) Density of state versus energies E and (b) level spac-
ing distributions P(s), where W = 0.5t, 3.5t , and 5t , and system size
N = 301 197 ( jm = 347). (c) Level spacings s versus E at W = 0.5t .
The vertical dashed lines in (a) and (c) are for energies E κ

M with
M = 5 (blue), M = 10 (red), and M = 15 (black), respectively. In
(b), PP and PW D are for Poisson and Wigner-Dyson distributions,
respectively.

For a few patches (superpatches), there are states with en-
ergies Eκ

M . Locally, these states are extended in a few patches;
globally, they are localized in different spaces of the whole
lattices. So they are locally extended localized states. In our
model (Fig. 1), these patches linearly vary with variation rate
d . Such locally extended localized states with the same ener-
gies Eκ

M exist for each superpatch, i.e., resonance conditions,
where M = md and m ∈ N+. When these superpatches are
linked together by inlaid B-type sites, the energies of whole
lattices around Eκ

M may become resonance levels if they are
allowed energies, and related states may be extended.

C. Energy spectrum properties

Statistical properties of the energy spectrum can reflect
overall properties of systems [5,33–35]. Two quantities are
of special interest, i.e., the density of states (DOS) and level
spacing distributions.

The singularity of the DOS can reflect mobility edges in
quasiperiodic systems [36] and resonance energies in quan-
tum percolation models [37]. In Fig. 3(a), we plot the DOS
ρ(E ), which is defined by ρ(E ) = ∑N

β=1 δ(E − Eβ ) and Eβ

is the βth eigenenergy. We only consider energies |E | � 2.
When E is beyond this range, we find states are local-
ized. Figure 3(a) shows in the curves of the ρ(E ) there are
many sharp peaks along with sharp dips, i.e., the singular-
ity in DOS. The sharp dips mean there may exist energy
gaps. Interestingly, most of these peaks (dips) in the DOS
present at energies that are around Eκ

M with M = 5, 10,
and 15, which are labeled by vertical dashed lines. The
three Ms are the size difference between nearest-neighbor
(NN), next NN, and next to next NN patches. In the figure,
the κ = 1, 2, 3, 4 for M = 5, κ = 1, 3, 5, 7, 9 for M = 10,
and κ = 1, 2, 4, 5, 7, 8, 10, 11, 13, 14 for M = 15. This can

ensure the repeated energies are taken into account only once.
For aperiodic systems, such singularities may indicate there
exist critical or extended states [36].

At the same time, for 3D Anderson models, level spac-
ing distributions P(s) are the Wigner-Dyson distribution PW D

in a metal region, obey the Poisson law PP in an insula-
tor region, and they are intermediate at the metal-insulator
transitions [38], where s are spacings between unfolded
nearest-neighboring levels. The P(s) are also intermediate
distributions in disorder systems with long-range correlations
[39] and in quasiperiodic systems such as Fibonacci and Thue-
Morse chains [34]. We plot P(s) in Fig. 3(b) for W = 0.5t ,
3.5t , and 5t , respectively. It shows the behaviors of P(s) are
intermediate between PW D and PP. Such behaviors are consis-
tent with that the structures in Fig. 1 are aperiodic. Further,
Fig. 3(b) shows P(s) have local sharp peaks at some of s. In
Fig. 3(c), we show the two main peaks at s = 1 and 1.4 are
mainly attributed to these energies with singularity in DOS.
As a comparison, at s = 0.5 [without peaks in P(s)], their
attributions are common.

D. State localization properties

We use three effective quantities, i.e., the local tensions
[40,41], Lyapunov exponents [32], and fractional dimensions
[5], to directly characterize state localization properties.

1. Local tension

First, the local tension successfully distinguishes metals
from insulators in many-body systems [40]. For 1D systems,
it is defined by λ2

xx = 〈�|Q̂†
xQ̂x|�〉 − 〈�|Q̂†

x |�〉〈�|Q̂x|�〉,
where Q̂x = N

2π i

∑N−1
n=0 [exp( 2π i

N x̂n) − 1], and x̂n is the position
operator in the x direction [42], i.e., x̂n = |n〉. The reduced
local tension (RLT) is defined by

� = 2πλxx/N. (6)

As system sizes N → ∞, � → 1 for extended states and
� → 0 for localized ones [43].

Figure 4(a) shows generally the � are relatively large
(small) for relative small (large) W . The vertical dashed lines
mark the position of Eκ

M obtained from Eq. (5). The � are rela-
tively large when E are around these Eκ

M [also seen Fig. 4(b)],
which means these states may be extended. Partial enlargers
of Fig. 4(a) for E near four Eκ

M are plotted in Fig. 4(c). It
shows when W are relative large, energy gaps along with level
squeezing will occur, which corresponds to the singularity in
DOS shown in Fig. 3(a); for these squeezed levels, the values
of � may be relatively large; in these energy gaps, states with
energies Eκ

M are not permitted. In Fig. 4(d), we plot typical
wave functions with E that are nearest to three Eκ

M , where they
spread over the whole lattices; i.e., they are extended states.
In fact, we find the same results for other cases, including
different d0 at d = 5 and other ds (see Appendix C).

Figures 5(a)–5(c) show at W = 0.5t , as system sizes
N increase, the values of � are close to 1 for states at
energies Eκ

M = E3
5 , E5

10, and E10
15 , respectively, while they de-

crease when states with energies E depart from these Eκ
M .

In Fig. 5(d), we plot the � versus Eκ
M with M = 300. In

calculations, these states are the ones with energies nearest
to Eκ

M . It shows most of � almost equal 1, which correspond
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FIG. 4. (a) RLTs � as functions of energies E and potential
strengths W . (b) The � versus E at W = 0.5t, 3.5t , and 5t , respec-
tively. (c) From left to right, partial enlarger for E near E 5

10 = 0, E 3
5 ≈

0.618t , E 10
15 = t , and E 4

15 ≈ −1.338t , respectively. (d) At W = 0.5t ,
three typical wave functions with eigenenergies nearest to E 3

5 , E 5
10,

and E 10
15 , respectively. The vertical dashed lines in [(a)–(c)] are the

same in Fig. 3. The gray fold lines in (d) are for the functions of
on-site potentials. System size N = 5086 ( jm = 45).

to extended states; many are much smaller than 1, which
correspond to localized states. As a comparison, we also plot
the � at M = 301. The value 301 is not the size difference of
patches, so the corresponding Eκ

M are not resonance energies.
For them, Fig. 5(d) shows almost all � are smaller than 1,
which means these states are localized.

FIG. 5. At W = 0.5t , RLTs � as functions of energies E when
they are near (a) E 3

5 , (b) E 5
10, and (c) E 10

15 , respectively. (d) The �

versus E κ
M with M = 300 and 301. The vertical dashed lines in [(a)–

(c)] are the same in Fig. 3. System sizes N = [104.5] = 31 980 ( jm =
227), [105.5] = 317 019 ( jm = 356), and [106.5] = 3 164 626 ( jm =
1125). Here, [10z] denotes the system size that is greater than and
nearest to 10z.

FIG. 6. RLTs � as functions of potential strengths W at energies
E that are nearest to (a) E 3

5 , (b) E 5
10, (c) E 4

15, and (d) E 10
15 , respectively.

(e) Wc versus E κ
M at M = 5, 10, and 15, and lines represent the

range of W where states are extended. The insets in [(a)–(d)] show
the E − E κ

M versus W at N = [106.5]. The vertical dashed lines in
[(a)–(d)] mark the position of Wc.

In Fig. 6, we plot the � as functions of W when E
are nearest to Eκ

M . It shows the values of � are close to 1
in some regions of W , where states are extended. We call
them “extended-state-W regions.” And � rapidly decrease at
the boundaries of such regions. These are the signatures of
delocalization-localization transitions, and the corresponding
critical potential strength is denoted by Wc. So the states have
delocalization-localization transitions at Wc. We plot the E −
EM versus W in the insets of Figs. 6(a)–6(d) at N = [106.5].
We find in extended-state-W regions, E − Eκ

M ≈ 0; i.e., Eκ
M

is allowed energies of systems. In localized state regions of
W , E − Eκ

M are relatively large; as displayed in Fig. 4(c),
these Eκ

M are in energy gaps. We plot the phase diagram in
Fig. 6(e) for M = 5, 10, and 15, where lines represent the
ranges of extended-state-W regions. Similarly, we can obtain
phase diagrams for larger M, but the corresponding ranges are
relative small, or even disappear.

2. Lyapunov exponent

Second, the energy-dependent Lyapunov exponent (LE)
γ (E ) is another often used quantity to characterize electronic
localization properties, which is defined by

γ (E ) = − lim
N→∞

[
1

N
ln

∣∣∣∣GNN (E )

G1N (E )

∣∣∣∣
]
, (7)
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FIG. 7. At W = 0.5t , LEs γ versus system sizes N with energies
E at and near (a) E 3

5 , (b) E 5
10, and (c) E 10

15 , respectively. The γ versus
E κ

M with M = 300 and 301. The dashed curves in [(a)–(d)] are for the
function γ = 1/N .

where GNN (E ) and G1N (E ) are the Green-function matrix ele-
ments. We use a numerically accurate renormalization scheme
to calculate them [32]. Generally, the LE γ is inversely pro-
portional to localization length. At finite system sizes for
extended states, γ may be less than zero. In practice, for finite
system size the inequality γ � 1/N is often used as a sign that
states are extended.

Figures 7(a)–7(c) show γ � 1/N when energies at Eκ
M ; as

system sizes N are large enough, γ > 1/N when energies
deviate from Eκ

M even a little bit. This implies Eκ
M are discrete

resonance levels. In Fig. 7(d), we plot the γ versus Eκ
M with

M = 300. It shows most of γ are smaller than 1/N , which
indicates these states are extended. At the same time, many are
larger than 1/N . We also plot the γ at M = 301. Conversely,
all values of γ are larger than 1/N ; i.e., all these states are
localized ones.

Panels (a), (c), (e), and (g) of Fig. 8 show as N increases,
there exist regions that γ → 0 and γ are finite. The Wc sepa-
rates the two types of regions, which agrees with that shown
in Fig. 6. At the same time, panels (b), (d), (f), and (h) of
Fig. 8 plot γ versus W at Eκ

M and Eκ
M ± 10−4t . They show in

extended-state-W regions, when energies deviate from Eκ
M a

little bit, γ are finite, which means these states are localized.
Figures 9(a)–9(d) show the behavior of the γ with respect

to system sizes N when potential strength is at Wc, Wc − 0.1t ,
Wc + 0.01t , and Wc + 0.5t , respectively. As the logarithm is
applied, the γ for some N are not displayed if their val-
ues are smaller than zero. These figures show when W are
in the extended-state-W regions, generally, γ ∝ N−1, which
confirms these states are extended. At the same time, when
W are beyond such regions, γ ∝ N−ν and scaling exponents
ν are less than 1, which indicates these states are localized.
To demonstrate the localization properties intuitively, we plot
typical wave functions with eigenenergies nearest to E3

5 in
Fig. 10. We find the state in Fig. 10(a) is an extended state,

FIG. 8. LEs γ as functions of potential strength W for energies
E at and near (a), (b) E 3

5 ; (c), (d) E 5
10; (e), (f) E 4

15; and (g), (h) E 10
15 ,

respectively. The vertical dashed lines in [(a)–(d)] mark the position
of Wc.

which spreads over the whole lattices. The states in Figs. 10(b)
and 10(d) are critical (intermediate) and localized ones, re-
spectively. In Fig. 10(c), the varying of the state (with W
being close to Wc) is similar as that in Fig. 10(b). From
Fig. 9(a), we can infer such state should be localized for the
corresponding ν much less than 1 when N is large enough.
At the same time, for critical and localized states, the square
moduli of wave functions are plotted in Figs. 10(e) and 10(f),
which exhibit three hierarchies and may indicate such wave
functions have fractal properties. Interestingly, every hierar-
chy can be fitted by the function y = axb1 exp(−cxb2 ). In 1D
systems, for exponentially localized states [44], LEs γ remain
finite when N → ∞, so ν = 0; for power-law localized states
[45], γ → 0 as N → ∞, but ν are finite. Different from the
two cases, in the present work, critical and localized states
can be described by the power-law function tuned with ex-
ponential decay functions. Lyapunov exponents can also be
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FIG. 9. LEs γ versus system sizes N with potential strength
at critical Wc, Wc − 0.1t , Wc + 0.01t , and Wc + 0.5t , respectively.
Energies E are at (a) E 3

5 , (b) E 5
10, (c) E 4

15, and (d) E 10
15 , respectively,

where the dashed lines are for the function γ ∝ N−ν .

FIG. 10. Typical wave functions with eigenenergies nearest to
E 3

5 when W equals (a) Wc − 0.1t , (b) Wc, (c) Wc + 0.01t , and (d)
Wc + 0.5t , respectively, where Wc = 5.85t . The square moduli of
wave functions when (e) W = Wc and (f) W = Wc + 0.5t . The gray
fold lines in [(a)–(d)] are for the functions of on-site potentials. In (e),
c1 = 2.8712 × 10−8, c2 = 2.8321 × 10−8, and c3 = 2.8578 × 10−8.
In (f), c1 = 2.3522 × 10−8, c2 = 2.2195 × 10−8, and c3 = 1.3897 ×
10−8 and x0 = 5087. System size N = 5086 ( jm = 45).

FIG. 11. At W = 0.5t , FDs Dq versus 1/ ln(N ) for energies E
that are nearest to (a) E 3

5 , (b) E 5
10, and (c) E 10

15 , respectively. (d) At
q = 2, the D∞

q versus E κ
M with M = 300 and 301. The dashed lines

in [(a)–(c)] are linearly fitted to corresponding data. In (a), there are
two branches in the curves of Dq versus 1/ ln(N ).

calculated by [45] γ = 1
2N

∑N
x=1 ln y(x)

y(x−1) , so it can be written
as γ = γpower + γexp. As N increase, the former determines
the scaling property of γ , and the latter determines the upper
bound of γ . This agrees with that shown in Fig. 9, where the
scaling exponents ν are close to 1 for critical states and they
are much less than 1 for localized states.

3. Fractional dimension

Third, do these resonance states remain extended in the
thermodynamic limit? We shed light on this problem with
the fractional dimension (FD) [5], which is defined by Dq =

1
1−q ln Iq/ ln(N ), where Iq = ∑N

n=0 |ψβ (n)|2q and q is the mo-
ment. In the thermodynamic limit,

D∞
q = lim

N→∞
Dq. (8)

In 1D systems, D∞
q = 1 for perfectly extended states, D∞

q = 0
for localized states, and 0 < D∞

q < 1 for intermediate ones
[5,46].

At W = 0.5t , Figs. 11(a)–11(c) show Dq linearly decrease
with 1/ ln(N ). When N → ∞, D∞

q ≈ 1, which indicates these
states are extended. For M = 300 and 301, at q = 2, the D∞

q
versus Eκ

M are plotted in Fig. 11(d). It shows for M = 300,
most of D∞

q almost equal 1, which indicates these states are
extended. At the same time, many are smaller than 1. In
contrast, for M = 301, almost all D∞

q are smaller than 1; i.e.,
they are localized ones.

Figure 12 displays the variations of D∞
q with W . It shows

for the four Eκ
M , there exist regions that D∞

q ≈ 1 and D∞
q < 1.

The Wc separates the two types of regions, which agrees with
that shown in Fig. 6 and Fig. 8.
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FIG. 12. At q = 2, FDs D∞
q as functions of potential strength W

for energies E that are nearest to (a) E 3
5 , (b) E 5

10, (c) E 4
15, and (d) E 10

15 ,
respectively. The vertical dashed lines in [(a)–(d)] mark the position
of Wc. The inset in (c) shows Dq versus 1/ ln(N ) at W = 2t , where
there are two branches in the curve of Dq versus 1/ ln(N ).

E. Effect of randomness

Three kinds of randomness are considered, i.e., disordered
on-site potentials, randomly arranged patches, and fluctua-
tions in patch sizes.

1. Disordered on-site potentials

For the kind of randomness, the on-site potential for B-type
sites in Eq. (2) becomes εn = W (1 + fεξn), where ξn is a ran-
dom variable uniformly chosen within the range [−1/2, 1/2]
and fε characterizes the degree of randomness. The patch
sizes and their arrangement in space are the same as that in
Fig. 1.

In Fig. 13(a), we plot RLTs � versus energies E for fε =
0.5, where W = 2t is as an example. By contrast, we also plot
� for fε = 0. We find � will decrease when randomness is
present; i.e., disorder can induce localization. However, � are
relatively large when E are around Eκ

M , which means these
states are more extended than other states. Figures 13(b) and
13(c) show the larger the randomness is, the smaller the � is;
in general, when randomness is present, � are relative large in
extended-state-W regions [randomness vanishes; see Fig. 6(e),
the same below].

2. Randomly arranged patches

As mentioned in Sec. II, the jth patch in Fig. 1 has
s j = d0 + ( j − 1)d A-type sites, i.e., the s j-mer, where j =
0, 1, . . . , jm. These mers are arranged in order of increasing
size. We refer to it as the ordered lattice. In the random-dimer
model [18] as well as its variants [19–23], the dimer, trimer,
dimer-trimer, and n-mer are present randomly in space. Sim-
ilarly, we can randomly shuffle all the patches, i.e., {s j-mer},
in space. We call it the shuffled lattice. For this kind of ran-
domness, the on-site potentials εn do not change, which are
chosen according to Eq. (2).

FIG. 13. (a) RLTs � as functions of energies E at W = 2t . The
� as functions of potential strengths W at energies E that are nearest
to (b) E 3

5 and (c) E 4
15, respectively, where results of 50 random

realizations of {εn} are given for each W . The vertical dashed lines in
(a) are the same in Fig. 3. The vertical dashed lines in (b) and (c) mark
the position of Wc for fε = 0. System size N = 10 273 ( jm = 64) for
(a), and N = [106] = 1 002 040 ( jm = 633) for (b) and (c).

In Fig. 14(a), we plot the � versus energies E for the
shuffled lattices at W = 2t . Compared to that for the ordered
ones, � almost does not change when E are around E3

5 and
it rapidly decreases at other Eκ

M . For E3
5 , Fig. 14(b) shows

� almost equal to 1 in the extended-state-W region, which
means these states are extended. In fact, we can get similar

FIG. 14. (a) RLTs � as functions of energies E at W = 2t . The
� as functions of potential strengths W at energies E that are nearest
to (b) E 3

5 and (c) E 4
15, respectively, where results of 50 random

realizations of {εn} are given for each W . The vertical dashed lines in
(a) are the same in Fig. 3. The vertical dashed lines in (b) and (c) mark
the position of Wc for the ordered case. System size N = 10 273
( jm = 64) for (a), and N = [106] = 1 002 040 ( jm = 633) for (b)
and (c).
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FIG. 15. (a) RLTs � as functions of energies E at W = 2t . The
� as functions of potential strengths W at energies E that are nearest
to (b) E 3

5 and (c) E 4
15, respectively, where results of 50 random

realizations of {εn} are given for each W . The vertical dashed lines in
(a) are the same in Fig. 3. The vertical dashed lines in (b) and (c) mark
the position of Wc for ps = 0. At ps = 0, system size N = 10 273
( jm = 64) for (a), and N = [106] = 1 002 040 ( jm = 633) for (b) and
(c); at ps = 0.05 and 1, system sizes approach to just mentioned Ns,
respectively.

results for other Eκ
5 (κ = 1, 2, and 4). For other Eκ

M (M =
10, 15, . . .), the same as shown in Fig. 14(c); � heavily de-
crease even in extended-state-W regions when randomness is
present; i.e., extended states will disappear except at W = 0.
We know for the shuffled lattices, the size difference between
nearest-neighbor patches will be M ′ = 5m′ and m′ may be
1, 2, . . .. As mentioned in Sec. III B, the corresponding locally
extended localized states have the energies Eκ ′

M ′ = −2 cos κ ′π
5m′ ,

i.e., Eq. (5). For each patch, there always exists κ ′ satisfying
Eκ ′

M ′ = Eκ
5 (resonance conditions). So these states with en-

ergies Eκ
5 can be merged together to form extended states.

However, if M = 10, 15, . . ., the relation that Eκ ′
M ′ = Eκ

M is
not always satisfied, so states with these Eκ

M (M > 5) are
localized ones.

3. Fluctuations in patch sizes

Another randomness is that there are small fluctuations in
patch sizes s j in Fig. 1. For the randomness, we consider
s j = d0 + ( j − 1)d + [�sη j] with probability ps, and s j =
d0 + ( j − 1)d with probability 1 − ps, where [Z] represents
the integer of Z , and η j is a random variable uniformly chosen
within the range [−1/2, 1/2]. For this kind of randomness, we
do not alter the on-site potential εn in Eq. (2).

In Fig. 15(a), when W = 2t , we plot the � versus energies
E . We take �s = 5 as an example. Comparing with that for
ps = 0, we find � will decrease for ps = 1. The � as func-
tions of potential strengths W are plotted in Figs. 15(b) and
15(c) at energies E that are nearest to E3

5 and E4
15, respec-

tively. They show � become smaller as randomness is present,
which means there are absences of extended states. Resonance

conditions cannot be satisfied for patches with size fluctua-
tions, so all states are localized except at W = 0.

IV. CONCLUSIONS

A family of 1D aperiodic lattices with linearly varying
patches is introduced. Analytically, structure factors show
these lattices have strong spatial correlations. In the frame
of nearest-neighbor tight-binding models, we show extended
states at resonance levels. Three quantities, i.e., local tensions,
Lyapunov exponents, and fractional dimensions, all can cer-
tify the nature of these extended states. These studies may be
useful to design high-quality one-frequency selection devices
in optoelectronics, optical communication applications, and
other fields.
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APPENDIX A: SCALING LAWS OF STRUCTURE FACTORS

In Fig. 1, the position of inlaid B-type site Zj = jd0 +
j( j − 1)d/2 + j with j = 0, 1, 2, . . . , jm. When d0 = 2 and
d = 5,

Zj = 5 j2 + j

2
. (A1)

We set k = 2
L k̃π and Z̃L

j = 5 j2+ j
L , where L is an integer and

k̃ = 1, 2, . . . , [L/2]. Then

kZj = k̃π Z̃L
j . (A2)

We represent j = L j0 + � with � = 0, 1, . . . , L − 1. At L =
7, 9, 11, and 13, the values of mod (Z̃L

j , 2) are listed in
Table I.

TABLE I. Values of mod (Z̃L
j , 2).

mod (Z̃L
j , 2)

� L = 7 L = 9 L = 11 L = 13

0 0 0 0 0
1 6/7 2/3 6/11 6/13
2 8/7 4/9 0 22/13
3 6/7 4/3 4/11 22/13
4 0 4/3 18/11 6/13
5 4/7 4/9 20/11 0
6 4/7 2/3 10/11 4/13
7 0 10/11 18/13
8 4/9 20/11 16/13
9 18/11 24/13
10 4/11 16/13
11 18/13
12 4/13
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Based on mod (Z̃L
j , 2) and the definition of the structure factor in Eq. (3), at jm → ∞, we get

S(k) = SL j2
m, (A3)

i.e., the scaling parameter α = 2, where

S7 =
∣∣∣∣1

7

{
2 + 2 exp

(
i
4

7
k̃π

)
+ 2 exp

(
i
6

7
k̃π

)
+ exp

(
i
8

7
k̃π

)}∣∣∣∣2

, (A4)

S9 =
∣∣∣∣1

9

{
2 + 2 exp

(
i
2

3
k̃π

)
+ 2 exp

(
i
4

3
k̃π

)
+ 3 exp

(
i
4

9
k̃π

)}∣∣∣∣2

, (A5)

S11 =
∣∣∣∣ 1

11

{
2 + 2 exp

(
i

4

11
k̃π

)
+ exp

(
i

6

11
k̃π

)
+ 2 exp

(
i
10

11
k̃π

)
+ 2 exp

(
i
18

11
k̃π

)
+ 2 exp

(
i
20

11
k̃π

)}∣∣∣∣2

, (A6)

and

S13 =
∣∣∣∣ 1

13

{
2 + 2 exp

(
i

4

13
k̃π

)
+ 2 exp

(
i

6

13
k̃π

)
+2 exp

(
i
16

13
k̃π

)
+ 2 exp

(
i
18

13
k̃π

)
+2 exp

(
i
22

13
k̃π

)
+ exp

(
i
24

13
k̃π

)}∣∣∣∣2

.

(A7)

For all k̃, S7 = 1/7, S11 = 1/11, and S13 = 1/13. At k̃ = 3,
S9 = 1/3, and at k̃ = 1, 2, and 4, S9 = 1/9, respectively.

APPENDIX B: RESONANCE LEVELS

The Schrödinger equation for the Hamiltonian in Eq. (1)
can be written as

−ψn−1 − ψn+1 + εnψn = Eψn. (B1)

It can be rewritten in terms of the transfer matrix T (n),

�n+1 = T (n)�n =
(

εn − E −1
1 0

)
�n, (B2)

where

�n =
(

ψn

ψn−1

)
. (B3)

We set the matrix A = (−E −1
1 0 ) and B = (W − E −1

1 0 ),
which corresponds to blue (A-type) sites and red (B-type) sites
in Fig. 16. We consider a unit, which includes two patches and
two inlaid sites [see Fig. 16(a), not including the most right red
(B-type) site], so there are s1 + s2 + 2 sites. The total transfer
matrix

T = BAs2 BAs1 . (B4)

FIG. 16. The blue patches have s j sites and inlaid single red sites
link these patches.

Using the spectral decomposition method, A = U�U −1,
where � = (λ+ 0

0 λ−), and U ’s first and second rows are the

eigenvectors of A with eigenvalues λ+ = −E+√
E2−4

2 and λ− =
−E−√

E2−4
2 , respectively. When |E | < 2, λ± = e±iθ with that

sin θ =
√

4−E2

2 and cos θ = −E
2 . So

E = −2 cos θ (B5)

and

U =
(

eiθ 1
e−iθ 1

)
, (B6)

where i = √−1. The trace of total transfer matrix T is

χ = Tr(T ) = Tr(BU�s2U −1BU�s1U −1)

= a(W + 2 cos θ )2 + b(W + 2 cos θ ) + c, (B7)

where

a = 1

2 sin2 θ
{cos[(s1 − s2)θ ] − cos[(s1 + s2 + 2)θ ]}, (B8)

b = − 2

sin2 θ
{cos θ cos[(s1 − s2)θ ] − cos[(s1 + s2 + 1)θ ]},

(B9)

and

c = 2

sin2 θ
{cos2 θ cos[(s1 − s2)θ ] − cos[(s1 + s2)θ ]}.

(B10)
Based on the theory of the trace map of transfer matrices [31],
for allowed energies

|χ (E )| � 2. (B11)

States are extended and critical when |χ | < 2 and |χ | = 2,
respectively.

For Eq. (B7), we consider the condition that

cos[(s1 − s2)θ ] ≈ cos[(s1 + s2 + 2)θ ], (B12)

i.e., a ≈ 0 in Eq.(B8). We replace cos[(s1 − s2)θ ] by
cos[(s1 + s2 + 2)θ ] in Eqs. (B9) and (B10), then

b ≈ 2

sin θ
sin[(s1 + s2 + 2)θ ] (B13)
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FIG. 17. (a) The trace χ and (b) RLTs � as functions of energies
E at potential strengths W = 0.5t, 5t , and 50t , respectively. Here
s1 = 3330 and s2 = 3336. The blue vertical lines mark the positions
E κ

M with M = |s1 − s2| = 6.

and

c ≈ 2 cos[(s1 + s2 + 2)θ ] − 4 cot θ sin[(s1 + s2 + 2)θ ].
(B14)

If E in Eq. (B5) is represented by

E = −2 cos(θ ) = −2 cos

(
κ̃π

s1 + s2 + 2

)
, (B15)

cos[(s1 + s2 + 2)θ ] = ±1 and sin[(s1 + s2 + 2)θ ] = 0,
where κ̃ = 1, 2, . . .. From Eqs. (B13) and (B14), we get
b ≈ 0 and c ≈ ±2, so in Eq. (B7)

χ ≈ ±2, (B16)

which is nearly independent of potential strength W . In com-
bination with Eq. (B15), the condition in Eq. (B12) indicates

E ≈ Eκ
M = −2 cos

(κπ

M

)
(B17)

with M = |s1 − s2| and κ = 1, 2, . . . , M − 1. The corre-
sponding χ ≈ ±2, and states are extended or critical. If s1 =
s2 = s, according to Eqs. (B12) and (B15), we get

Eκ
M = −2 cos

(
κπ

s + 1

)
, (B18)

which agrees with Bloch’s theory.
Based on Eq. (B7), we plot χ versus energies E in

Fig. 17(a) at W = 0.5t, 5t , and 50t , respectively. It shows
χ ≈ ±2 when E are at Eκ

M , which agrees with theoretical
conclusions. The reduced local tensions (RLTs) � can directly
characterize state localization properties [40]. Figure 17(b)

FIG. 18. (a) The trace χ and (b) RLTs � as functions of ener-
gies E at potential strengths W = 1.5t, 3.5t , and 5.5t , respectively.
Here s1 = 2331, s2 = 2338, and s3 = 2344. The vertical lines mark
the positions E κ

M with M = |s1 − s2| = 7 (blue), M = |s2 − s3| = 6
(red), and M = |s1 − s3| = 13 (black), respectively.

(c) (d)

FIG. 19. At d = 5 and W = 2t , the RLTs � versus energies E
for (a) d0 = 0, (b) d0 = 1, (c) d0 = 3, and (d) d0 = 4, respectively.
The vertical dashed lines mark the positions E κ

M with M = 5 (blue),
M = 10 (blue), and M = 15 (black). System sizes N = [104].

shows � → 1 when E are at Eκ
M , which indicates these states

are extended.
Then, we consider a unit which consists of three patches

and three inlaid sites [Fig. 16(b), not including the rightmost
red (B-type) site]. Using the numerically accurate renormal-
ization scheme [32], both the sites in the intermediate patch
and the intermediate inlaid sites can be renormalized into
“one” inlaid site [the yellow site in Fig. 16(c)], so they can be
taken as “two patches.” Equation (B17) also holds but M is the
size difference of the patches at two edges. Based on Eq. (B2),

FIG. 20. At d0 = 2, the RLTs � versus energies E for (a)
d = 1,W = t , (b) d = 2,W = 2t , (c) d = 13,W = 3t , and (d)
d = 24,W = 3t , respectively. The vertical dashed lines mark the
positions E κ

M . In (a), M = 2d (blue), M = 3d (red), and M =
4d, 5d, . . . , 12d (black), where d = 1; in (b), M = d (blue), M = 2d
(red), and M = 3d, 4d, . . . , 10d (black), where d = 2; in (c), M = d
(blue), M = 2d (red), and M = 3d (black), where d = 13; in (d),
M = d (blue), M = 2d (red), and M = 3d (black), where d = 24.
System sizes N = [104].
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we directly calculate χ . We plot χ and � in Figs. 18(a)
and 18(b), respectively. It shows generally, χ are relatively
small and � are relative large when E are around Eκ

M . At
some Eκ

M , � → 1, which indicates these states are extended.
Similarly, for more patches, the results are the same, but the
renormalized “inlaid” site may induce localized effects. For a
few of patches (we call it a superpatch), there are states with
energies Eκ

M . When these superpatches are linked together by
inlaid B-type sites, the energies of whole lattices around Eκ

M
may become resonance levels if they are allowed energies, and
related states may be extended.

APPENDIX C: LOCAL TENSIONS AT DIFFERENT d

We know the reduced local tensions (RLTs) � can directly
characterize state localization properties [40]. The larger the
� are, the states are more extended. In Fig. 19, at W = 2t ,
we plot � versus energies E at d0 = 0, 1, 3, 4 with d = 5,
respectively. The � at d0 = 2 was shown in Fig. 4. In
Fig. 20, at d0 = 2, we plot � versus E at d = 1, 2, 13,
and 24. All the figures show � are relatively large when
E are around Eκ

M , which indicates these states are extended
(delocalized).
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